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Abstract  For a large integer m, we obtain asymptotic formulae for the number of solutions of certain
congruences modulo m with several variables, where the variables belong to special sets of residue classes
modulo m. In particular, we obtain new information on the exceptional set of the multiplication table
problem in the residue ring modulo m.
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1. Introduction

In this paper we continue to study the distribution properties in residue classes of the
sequence consisting of products of two positive integers bounded by a certain parameter.
For a prime number p, define the set

A= {zy (modp): 1< z,y < N}

The main problem is to find a value of N, as small as possible, for which any non-zero
residue class modulo p would belong to A. The main conjecture is that one can take N
to be as small as pt/2to(1)

Vajaitu and Zaharescu [6] observed that it would completely solve the pair correlation
problem for sequences of fractional parts of the form {an?} (see [5] for the details) if one
could deal with the case N = [p?/37¢] for some small ¢ > 0. However, it is only known
that N can be taken to be of the size O(p>/*) (see [2] and also [1,4]). The exponent 2 is
the best known at the time of writing this paper.

It is shown in [1] that for almost all primes p and N = [p*/?(logp)*%7] the set A
contains (14 o(1))p residue classes modulo p. It is also conjectured that A possesses this
property for any prime p and N = [p'/2*4]. We remark that one of our results from [3]
says that for N = p°/8+¢ the set A contains (1 + o(1))p residue classes modulo p.
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In this paper we will prove a general statement that in a particular case confirms
the validity of the mentioned conjecture from [1] and improves the corresponding result
of [3]. The arguments used in [1] and [3] are based on estimates of multiplicative character
sums. The approach we use here is based on trigonometric sums.

Throughout the text, the letters p and ¢ are used to denote prime numbers, m denotes
a positive integer parameter, S and L are some integers with 0 < L < m. For a given set
Q we use |Q| to denote its cardinality.

Theorem 1.1. Let A = A(m) — oo as m — co. Then the set

{qy (modm) : 1< q<m'?, S+1<y<8+Am%/m/é(m)logm}
contains (1 + O(A™1))m residue classes modulo m.
In particular we have the following corollary.

Corollary 1.2. Let A = A(p) — oo as p — oo. Then the set
{ay (modp) : ¢ <p'?, 1<y < Ap'/?logp}

contains (1 + O(A™1))p residue classes modulo p.

Since there are O(p'/?(logp)~!) primes not exceeding p'/2, we see that the set
{qy:q<pY? S+1<y< S+ Ap/?logp}

contains only O(pA) integers. This shows that the ranges of variables in Theorem 1.1
and Corollary 1.2 are sharp.
To prove Theorem 1.1, we study the congruence

v1(z1 + y1) = v2(x2 + y2) (modm),

where vy, v2 belong to the set of all primes not exceeding m'/? and not dividing m, and
x;, ¥; run through integers of special intervals. Now we denote by V any subset of prime

1/2

numbers not exceeding m'/< and not dividing m. Let J be the number of solutions of

the congruence
v1y1 = vy (modm), wvi,va €V, S+1<y1,y2 < S+ L.

Theorem 1.3. The following asymptotic formula holds:

m? log? m)

T
= o(m)

L* + |V|L+O(

where ¢(m) is the Euler function.

As we have mentioned, our argument is based on trigonometric sums. In particular,
we establish a result on a special trigonometric sum that can be useful in applications to
other additive congruences.
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Theorem 1.4. Let P be any subset of prime numbers not exceeding p'/?. Then, for
any complex coefficients o, 3y, the formula

p—1 p P 2 p—1, p p 2
Z Z Z Z azﬁyGQWiaq(w+y)/p = |P| Z Z Z axﬂye%ria(x-i-y)/P + 0p*L 1,
a=1"qg€eP x=1y=1 a=1"z=1y=1

holds, where |6] < 1 and

P P
L=) ol L=) |8
=1 y=1

From Theorem 1.4 one derives the following statement.

Corollary 1.5. Let X C Z,, Y C Zy, and let P be any subset of prime numbers not
exceeding p'/?. If J' denotes the number of solutions of the congruence

(1 +y1) = @2(x2 +y2) (modp), 1,92 €P, 1,22 € X, y1,y2 €Y,
then

J/

PI(P| -1
_ |(|p|)|2(|2y|2 + [P+ 6p|X] 1Y),

where || < 1 and I denotes the number of solutions of the congruence
T1+ 11 = a2+ y2 (modp), x1,22 €X, y1,y2 € V.
Since I < |X|3/2|Y|?/?, we see that if
[PEIXI V] =p*A, A =A(p) = 0o as p— oo,

then

_[PRIAPYE

J (1+0(A71/2).

In particular, the set

{e(z +y) (modp), g€ P, z€ X, yc Y}

contains (14 O(A~'/2))p residue classes modulo p.
Corollary 1.5 also follows from the following statement.

Theorem 1.6. Let X C Z,,, Y C Zj,, and let Z be any subset of positive integers not
exceeding p'/?. If J" denotes the number of solutions of the congruence

z1(z1 +y1) = za(w2 + y2) (modp), 21,20 € Z, 1,22 € X, y1,y2 €,
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subject to the additional condition (z1,z2) = 1, then

J// —

X2 y 2T
%wpmm

where |0| < 1 and Tz is the number of pairs z1,z9 € Z with (z1,22) = 1.

We will also prove the following result on the ratio of intervals modulo a prime, which
improves one of the results of [1].

Theorem 1.7. Let A = A(p) — oo as p — oo. Then the set
{zy™ (modp): N+1<ax < N+Ap/2 S4+1<y<S+Ap2)
contains (1 + O(A~2))p residue classes modulo p.

Note, however, that when N = S = 0 and A < £p'/2 the set described in Theorem 1.7
misses more than cp'/2A~"! residue classes modulo p for some positive constant ¢ (see [1]).

The rest of the paper is organized as follows. In §2 we prove Theorem 1.3. In §3 we
combine the method of §2 with that described in [2] and establish Theorem 1.1. The
rest of the results are proved in §§4—6.

In what follows, we use the abbreviation

ek(Z) _ eQWiZ/k'

2. Proof of Theorem 1.3
Recall that J denotes the number of solutions to the congruence
v1y1 = vays (modm), wvi,v2 €V, S+1<y1,y2 < S+ L.
We express J in terms of trigonometric sums. Since
0103 Y1 = Y2 (modm),

we have

1m
EZ Z NN emla(wivy 'yr — 2)),

VvV yi1 €L y2€L

where Z denotes the interval [S + 1, S + L]. Picking up the term corresponding to a = 0,
we obtain

J= IV' %Z DD Y emlalvvy g — p2))-

a=1 vieEV eV y1€L y2€Z
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Furthermore,
1 m—
EZ Z Z Z Zem a(vivy 'y — y2))
a=1 vieV eV y1€EL y2€L
1 m—
SEDIPIDIPIRIIEE)
a=1 veVy1 €L y2€T
m—1
1 _
LY S S S etattn - )
a=1 v €V v iV 1€ELZy2€T
-1
VIL? 1 -
= [VIL + > > em(alvivy 'y — o).
a=1 v1 €V v2€V y1€L y2€L
v2£V1
Therefore,
m—1

\V|2L2 \V|L 91
J = V|L — m -

EL 25 3D 0 Db PP SR T

a=1 v1EV v €V 'y1 ET y2€T
v2£V1

Here and everywhere below, 6; denotes a function with |6;] <1
For a given n, let 7(n) := ry(n) be the number of solutions of the congruence

Ul”Q_1 =n (modm), wvi,v2 €V, w1 #va.

In particular, 7(1) = 0, and if (n,m) > 1, then r(n) = 0. Therefore, the above formula
takes the form

|V|2L2 |V|L 91
J =
I Z > v
a=1 1<n<m
(n,m):l

n)| YD em(a(nys — y2))|.

y1€L y2€L

It is important to note that v? < m for any v € V. For this reason, we have r(n) < 1 for
any n, 1 < n < m. Indeed, if

v1vy ' = wguy b (modm)
for some vy, v9,v3,v4 € V and if v; # vy, then

V104 = v3v2 (modm).

Since v? < m for any v € V, we derive that v,v4 = v3vs. The elements of V are prime
numbers and v, # vo. Hence, v1 = vs, v3 = vy.
Thus,

[v]2L? |V\L L6
J =
I Z >
a=1 1<n<m
(n,m):l

Yo > emlalnys —g2))|-  (21)

y1€L y2€L
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It is now useful to recall the bound

1
Zem(by)‘ S Tsm(rb/m)]

yeT
which, applied to (2.1), yields
m—1
|VI2L? VILZ 05 1 1
J=——+|VIL-—+ = . 2.2
m + IV m + m Z Z [sin(ran/m)| |sin(ra/m)] (2:2)

a=1 1<n<m
(n,m)=1

For each divisor s | m we collect together the values of a with (a,m) = s. Then

D DENERELUSISIE
[sin(man/m)| |sin(ra/m)|

1 1
- Z Z Z [sin(ran/m)| |sin(ra/m)]

(n,m)=1
slm 1<a<m—1 1<n<m
s<m (a,m)=s (n,m)=1

1 1
<5 ) > |sin(wbn/(m/s))| |sin(xb/(m/s))]

slm  1<b<m/s—1 1<n<m/s
s<m  (bym/s)=1 (n,m/s)=1

o ¥ )

slm 1<bs<m/s
s<m (b,m/s)=1

2
m
<2 5)
slm 1<b<<m/2s
s<m

N

m?log? m
S g(m)

where we have used the inequality

Inserting this bound into (2.2), we obtain the required estimate.

3. Proof of Theorem 1.1

Without loss of generality, we may assume that

AmY2\/m/p(m)logm < m,

as otherwise the statement of Theorem 1.1 is trivial.
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We take V to be the set of all prime numbers coprime to m and not exceeding m!/2.
Let J; denote the number of solutions to the congruence

vi(y1 + 21) = va(y2 + 22) (modm)
subject to the conditions
v1,v2 €V, Y1,Y2, 21,22 e,

where Z denotes the set of integers z, [S/2] +1 < a < [S/2] + L, and

I Am!2\/m/p(m)logm
= 5 :

It is obvious that

S+1<y+2<S+Am2/m/¢(m)logm, i=1,2.

Following the lines of the proof of Theorem 1.3, we express J; in terms of trigonometric
sums. Since

vlvgl(yl +21) = Y2 + 22 (modm),

we have

—%Z_ NS enlalwvitmn +21) — 2 — 22).

a=0 v1EV 12EV y1,21 €L ya,220€L

Picking up the term corresponding to a = 0, we obtain

_|_7Z Z Z Z Z em(a(vivg (g1 +21) —y2 — 22)).

a=1 v1EV v2EV y1,21 €L y2,22€L

|V|2L

Ji =

Since the number of solutions of the congruence

y1+21=y2+ 2 (modm), wy1,21,y2,22 €T,
is O(L?), we obtain

m—1 |V‘ m—1 4
UES Y 5 entetnrn-n-)| <25 | S| < pies
a=1 vEV y1,21€T y2,22€L a=0 "yeT

Therefore,

% Z Z Z Z Z em(a(vivy ' (y1 +21) — y2 — 22))

V€V y1,21€L y2,22€L

= O(|V|L?) + % Z_j Y3 NN enlalvivgtyn +21) — g2 — 22)).

a=1 v1 €V v2E€V y1EL y2€T
v2£V1
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Using exactly the same argument that we used in the proof of Theorem 1.3, we derive
the formula

V 2L4
n=PE oqvir) + o),
where
1 m—1
R— - — Yy — .
1 5% entatntn ) -
a=1 (1gn<_ Y1,21€L y2,22€1

Next, introducing s = (a,m), we obtain

LY Y Y| S ennbntn -z

slm b<m/s—1 1<n<m ' y1,21€L y2,22€7L
s<m (b,m/s)=1 (n,m)=1

izsz >

slm  b<m/s—1 1<n<m/s
s<m  (b,m/s)=1(n,m/s)=

//\

>y em/s(bn(y1+21)—b(y2+z2))’

y1,21€L yY2,22€L

2
< ( em/s(n(yl + 21)) )
s|m 1<n<m/s y1,21€L
s<m (n m/s
2
s|m <m/s yeZ
s<m ,m /s)=1
Therefore,
A% 3
Ji ===+ O(VILY) + O(Ry) + O(Ra), (3.1)
where
1 2\2
Ri=— > 5( ST emys(ny) > (3.2)
slm 1<n<m/s ' yeL
s<m/L (n,m/s)=1
1 2\2
R2:% Z s< Z Zem/s(ny) ) (3.3)
slm 1<n<m/s ' yeT

m/L<s<m (n,m/s)=1

If s < m/L, then m/s > L and, therefore, the congruence

y1 = y2 (modm/s), y1,y2 €T,

has L solutions. Hence,

mlL

3

S

Z em/s(ny) -

yel

D

1<n<m/s
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:

whence, using (3.2),

R’

N

- 2

— S

" zm:z 1<r§m/s
s<m/L

= mL? Z st

slm
s<m/L

< mlL? Zs‘l

slm
m2L?
< .
$(m)
Inserting this bound into (3.1), we deduce that
|V|2L4
m

Z em/S (ny)

yeT

J= + O(|VIL?) 4+ O(m2L?/¢(m)) + O(Ry). (3.4)

We now proceed to estimate Ry. Note that in (3.3) we have (n,m/s) = 1. Therefore,

for any integer K,
K+m/s

Z em/s(ny) = 07

y=K+1
whence we deduce that there exist integers A and B with 0 < B < m/s such that
Z em/s(ny) = Z em/s(ny)'
yeL A<y<A+B

Hence
2

- ¥

2

>

Z em/s(ny)

Z €m/s (ny)

1<n<m/s ' y€L 1<n<m/s | A<y<A+B
(n,m/s)=1 (n,m/s)=1
m/s 2
<Y1 DD emys(y)
n=1! A<y<A+B

=mB/s < m?/s>.
Taking this into account, from (3.3) we deduce that

1
Ry < — 474 2
2 S — Z s(m*/s*) < mL
s=zm/L
Therefore, in view of (3.4), we obtain the asymptotic formula

7= PP i) + oGm2220m)

4% m m3
= <”O<|V|L * ¢<m>|V|2L2>>'
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Recalling that |V| > m'/?/logm and

I— Am!’2\/m/p(m)logm
= 5 ,

we arrive at the formula

|V|2L4
J1 = (1+0(A~ ))
Next, define

H={q(y+2) (modm), g€V, [S/2]+1<y,2<[S/2]+ L}.

Obviously, S+ 1 <y + 2z < S+ Am'/2/m/¢(m)logm. For a given h € H, by I(h) we

denote the number of solutions of the congruence

a(y+z)=h (modm), qeV, [S/2+1<y,2<[S/2+L

Then )
I*(h ( I(h)) V2L
h= 2P0l 2 !
Therefore,
2L4
sV m g oatym,

Ji 14+0(A-Y)

The result now follows in view of |H| < m

4. Proof of Theorem 1.4

Set
p—1

s-5°
a=1

D> abyeylaglz +y))
qEP =

P
=1ly=1

In the identity

1, if u #Z 0 (mod p),

p—1 o
e,(au) =
; vlau) {p—L if u =0 (modp),

we successively take u = ¢1(x1 + y1) — g2(z2 + y2) and then

U= thz_l(ﬂﬂl +y1) — (T2 + y2),

where ¢y 1 is defined from 4295 l=1 (mod p), and obtain

Zep a(qi(z1+y1) — @22 + y2)) Zep a(qigy (w1 + 1) — (22 + 12))).

Multiplying both sides by oy, &z, By, ByQ, performing the summation over

1,92 €P, 1< x1,22,Y1,92 <P
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and then changing the order of summation, we obtain

p—1
S = Z Z Z Z amldm25y1692€P(aqlq51(xl +y1) —alze +y2)),

a=1q1€P x1E€Lp y1E€Ly
Q2€P x9€Zy Yy2€Ly

where Z, = {1,2...,p}. The contribution to S which comes from the case ¢; = ¢z is
equal to

p—1
P Z Z Z azldxzﬂylgyzep(a(xl +y1 — 22 — y2))

a=1x1€Zy y1 €Ly
T2 €Ly Y2 €Ly

PP 2
ZZaxﬁyep(a(x—l—y)) :

rz=1y=1

p—1
=PI

a=1

Therefore,
2

Z Z azByep(a(z +y))| + 51,

z=1y=1

p—1
S=PY

a=1

where

p—1
S = Z Z Z Z O‘mamzﬁylﬂ_mep(a(hqz_l(ﬂ?l +y1) —alz2 + y2)).

a=1 q1EP x1E€ZLy y1€Ly
Q2€P x2€ZLy, y2€7Ly
q174q2

Hence, if we prove that |S;| < p?I; I, then we are done. To this end, we observe that

p—1p—1
1S <D D )| Y D @By, Baeplan(ar + y1) — alws + 1))
a=1n=1 w1€Zp yleZp

€2€L, y2€L,
where 7(n) := rp(n) denotes the number of solutions of the representation
qig; ' =n (modp), ¢1,q2 €P, 1 # go.
From the definition of the set P we derive that r(n) < 1. Hence,

p—1p—1
1S1] < Z Z Z Z Qy Oy By, By €pan(x1 + y1) — a(z2 + y2)) |-
a=1n=1"x1€Z, y1€Zy

T2€ZLp Y2E€Lyp

When n runs through the reduced residue system modulo p, an runs through the same
system for any fixed a # 0 (mod p). Therefore,

p—1, p p 2
511 < (Z D> ety late +1) )
_ (z_j Iz:amep(az) iﬂyep(ay) )
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Applying the Cauchy inequality, we obtain

p—1, p 2 p—1, p 2
‘Sl| < (Z Zawep(ax) )(Z Zﬁyep(ay> ) :p21112;
a=0"'z=1 a=0"'y=1

which concludes our proof of Theorem 1.4.

5. Proof of Theorem 1.6

The proof proceeds along exactly the same lines as that of Theorem 1.4: by remarking
that, for any given residue class n, the congruence

21251 =n (modp), 21,20 € Z, (21,22) =1,

has at most one solution.

6. Proof of Theorem 1.7
Without loss of generality we may suppose that
0<N<N+ApY2<p,  0<M<M+Ap/? <p.

Define X = [Ap'/?/2], Ny = [N/2], S; = [S/2], and let H* be the set of all residue
classes of the form (z +t)(y + z)~! (mod p), where

N1+1<l',t<N1+X7 Sl+1<y,z<51—|—X
Obviously,
N+1<z+t<N+AY2  S+1<y+2<5+Ap/2

Next, let
Hi ={h (modp):h & H*, h#0 (modp)}.

Then the congruence
x+t—(y+ 2)h =0 (modp)

has no solutions in variables h, z, ¢, y, z subject to the conditions
hE’HT, Ni+1<x,t< N+ X, Sl—i—lgy,zgSl-i—X.

Therefore,

ZZ Z Z ep(a(z+t—h(y+2))) =0,

a=0heH] z,teT) y,2€1s

where 7; and Z, denote the intervals [Ny + 1, N7 + X] and [S7 + 1, S1 + X], respectively.
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Separating the term corresponding to a = 0 we deduce that

Z a(z +1t)) Z Zepahy—l—z))‘

z,t€T, y,2€Lo heHT

p—1

Hi|X* < Z

=1

On the other hand, for (a,p) = 1, we have

Z Z ep(ah(y+z))‘ < Z

> eplahly+ z))‘

y,2€Ts hEH] he?—l{ y,2€T5
S| S e
h=1"y,z€Zy
p—1
S| S enthly+2)
h=0"y,z€Z>
=pX,

and, similarly,

p—1
a=1

5 enale+0)| <px
z, teTy

Hence,
[HIIX* < p*X2

whence 2

1M} < £ < pA~2
Since |H| =p — 1 — |H]|, the result follows.
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