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Suppose 2 < p < oo and ¢ is a holomorphic self-map of the open unit disk . We
show the following assertions:

(1) If ¢ has bounded valence and

S 1= 22 \P? dA(2)
,/IDJ (1 - \cp(z)P) (1—[22)2 < 00 (0.1)

then Cy is in the Schatten p-class of the Hardy space H2.

(2) There exists a holomorphic self-map ¢ (which is, of course, not of bounded valence) such
that the inequality (0.1) holds and Cj, : H? — H? does not belong to the Schatten p-class.
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1. Introduction and main results

1.1. Backgrounds and motivations

Let D = {z € C: |z| < 1} be the unit disk of the complex plane C. Let H(D) be
the space of holomorphic functions on D and let ¢ be a holomorphic function on
D with ¢(D) C D. For f € H(D), the composition operator C, is a linear operator
defined by C,(f) = foe.

Recall that a positive T' on a separable Hilbert space H is in the trace class if

o0

tr(T) = Z(Ten,en>H < 400

n=0

for some (or all) orthonormal basis {e,} of H. For any 0 < p < oo, the Schat-
ten p-class Sp(H) of H consists of bounded linear operators T': H — H such that
(T*T)P/? belongs to the trace class. In particular, S;(H) is the trace class of H,
and Sy (H) is called the Hilbert-Schmidt class. It is easy to check that T' € S,(H)
(© The Author(s), 2023. Published by Cambridge University Press on behalf
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if and only if T* € S,(H). For more details about Schatten p-class operators, we
refer the readers to Zhu [16].
The Hardy space H? is a Hilbert space of analytic functions f on ID such that

2w
oundO
91 = sup [ 1) < o
o<r<1Jo ™

For a > —1, the weighted Bergman space A2 consists of holomorphic functions f
on D satisfying

1 = [ 1£G:)Pd4a(:) < x.

where dA,(2) = (o + 1)(1 — |2]?)*dA(z) and dA(z) is the normalized area measure
on D. When « = 0, the space A2 is usually denoted by A2. Properties of composition
operator on A2 and H? has been widely investigated for decades, see e.g. [3, 8,
16]. In particular, conditions for C,, that belong to S,(A2) and S,(H?) are also
characterized, see [1, 2, 4-7, 9, 10, 12, 14].

It is well known (see e.g. Zhu [15]) that H? can be viewed as the limit case of
A% as a — —17 in some sense. It is also known that for 0 < p < oo, C,, € S,(H?)

if and only if
P/2
/ M dA(z) < oo,
D log m

dA(z) = (1 - |2*)2dA(2)

where

is the M6bius invariant measure on D, and

Ny(z)= Y log ITiI

wepT1(2)

is the Nevanlinna counting function of ¢. Similarly, C, € S,(A2) if and only if

Nsa,a+2(z) v

where Ny, o12(2) is a generalized Nevanlinna counting function of ¢ given by

1 a+2
Nap,a+2(z) = Z <1Og |U}|> .

wep—1(2)

See Luecking-Zhu [5].
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1.2. Main results

A holomorphic map ¢ : D — D is of bounded valence if there is a positive integer
N such that for each 2 € D, the set ¢~ 1(2) contains at most N points. Zhu [14]
shows that if &« > —1,2 < p < co and ¢ : D — D is an analytic function of bounded
valence, then C,, is in the Schatten class S, of A2 if and only if

1_ |Z‘2 p(a+2)/2
/ (1 - I@(Z)IQ) AA(z) < co.

Meanwhile, Zhu [16, Exercise 11.6.7] says that if p > 2 and C, € S,(H?), then

/D (%)m dA(z) < oo.

These observations hint us to give the following result.

THEOREM 1.1. If2 < p < 00, ¢ has bounded valence and

/ <11—|<P|(|§)/ A(z) < oo, (1.1)

then C, € S,(H?).

For p > 2, Xia [10] constructs a holomorphic map ¢ : D — D such that

1|z ),,
—— > | dA(z) <
/]D) (1 —le(2)?
and such that C,: A% — A? does not belong to the Schatten class S,(A?).
Motivated by Xia [10], we prove the following theorem:

THEOREM 1.2. For any 2 < p < 0o, there exists a holomorphic function ¢ : D — D

such that
1— |2 2 p/2
/D (1 — |<p|(z|)2> dA(z) < oo, (1.2)

but Cy, : H* — H? does not belong to the Schatten class S,(H?).

The proof of theorem 1.1 is based on Wirths-Xiao [9] and Zhu [14]. The proof
of theorem 1.2 is modified from Xia [10]. Although the idea of the proof of
theorem 1.2 is coming from [10], there are several technical barriers we need to
overcome. Thus, we need to adapt Xia’s construction for our situation.

Notation. Throughout this paper, we only write U <V (or V 2 U) for U < ¢V for
a positive constant ¢, and moreover U ~ V for both U <V and V S U. O
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2. Preliminaries

For o > —1, the Dirichlet-type space is a space of holomorphic functions f on D
for which

IF115 = 1£O)F + 13z < oo

It is easy to check that Ai = Dyy2 and H 2 = D, with equivalent norms.
The following lemma is contained in [9, Theorem 3.2].

LEMMA 2.1. Leta > —1 and 0 < p < co. Suppose ¢ : D — D is holomorphic. Then
Cy € §p(Dy) if and only if

— |lwl?)e 2+a p/2
/]D) (/]D) (W) |30’(Z)‘2(1 - |z|2)adA(z)> dA\w) < oo (2.1)
for some (any) £ > max{1/(2+ «), 2/(2p + pa)}.

For fixed a > 0, f, g € D, with

f(z)= Za”z” and g(z) = Z b"2",
n=0 n=0
let
B = nll(a)
<f7g>Da _;F(n+a) nYn

Then the reproducing kernel of D, associated with the inner product (-, -}p,_ is
given by
1

Kow(z) = Ko(z,w) = m,

z,w € D.
This means that for each f € D,

f(’LU) = <f7 Ka,w)Da w € D.

Meanwhile, if we write

0
= = o
then
f'(w) = {f, Jaw)p.- (2.2)
Let
1115, = (f, [)Da-
Then
Kalld, = ——
[ Kawllp, = m
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and

1+ ajw|?) 1
Jaw 2 = Jaw Jaw =J = a( ~ .
H ) HDQ < wsr Yo, >Du a,w(w) (1 IR |w|2)a+2 (1 _ |w|2)a+2

Let

 Kaw(2)
[ Kawllp,

The following lemma comes from [11, Lemma 10].

Jow(2)

Eow(2) = .
[ Jawllp,,

and  Jow(2)

LEMMA 2.2. Suppose o >0 and T : Dy — D,, is a positive operator. Let
TN w) = (Tjaw, jaw)Des W E D
(1) Let 0 < p < 1. If T™t € LP(D, d), then T is in Sy(Da).
(2) Let 1 <p<oo. If T is in Sp(Da), then T*! € LP(D, d)).
Immediately, we have the following theorem.

THEOREM 2.3. Suppose a > 0 and ¢ : D — D is a holomorphic function.

(1) fo<p<2and

/D ((1 - |22)“+2<P’(2)|2)p/2 ax(z) < oo,

(1= lp(z)[2)>+2
then Cy is in S, of Dq.
(2) If2<p< oo and C, is in S, of Dy, then (2.4) holds.
Proof. Write S = C,C, then S: D, — D, is a positive operator. We have
§a,t(w) = <Sjoz,w7.ja,w>Da = <C;ja,waC;ja,w>Da

_ <C;Ja,wvc;Ja,w>Da _ ||C;Ja,w|‘%a
eI, e 0

b,
For each f € D,, (2.2) implies that
(£,CoJaw)p, = (Cofs Jaw)p, = f'(0p(w))$' (w)
= @' (W[, Jayp(w)) D0 = {f2 9" (W) Jap(w)) Do

Thus,

C;Ja’w = W‘]a,w(w)'
Then (2.3) implies that
2

PR 105
P S Jplw)[2)2e

1C5Jaw
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This gives that

(CoJaws Codaw)ps (1= |w]?)2F2 ¢! (w)]?
(CoClfaws Josu) Do = — i ——— =~
e plagor o ol (1= fp(w) 22

An application of lemma 2.2 gives the desired assertions. O

By letting p = 2 in theorem 2.3, we have the following corollary.

COROLLARY 2.4. Suppose a >0 and ¢ : D — D is a holomorphic function. Then
Cy is in the Hilbert-Schmidt class of Dy if and only if

(1= 2’ (2)]?

There are several well-known characterizations of the Hilbert—Schmidt compo-
sitions on H? and A2, see e.g. [3, 13, 16]. Combine these characterizations with
corollary 2.4, we have the following corollaries.

COROLLARY 2.5. Suppose ¢ : D — D is holomorphic. Then the following statements
are equivalent:

(1) C, € Sy(H?).

(2) The following inequality holds:

(1 - P ()2
/ - lp(z)pye AR <o

(3) The following inequality holds:

No(2) 43(2) < oo,
D logm

(4) The following inequality holds:

/27\' die o
o (I=lpE)P) =

COROLLARY 2.6. Suppose a > —1 and ¢ : D — I is holomorphic. Then the follow-
ing statements are equivalent:

(1) Cp € Sa(42),
(2) The following inequality holds:
(1= [z[»)* 2’ (2)?
dA(z) < oo.
f a4
(3) The following inequality holds:

Ny,a+2(2)
———=d\(z) < oc0.
/D(log et )
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(4) The following inequality holds:

QP
| o 44 <o

3. Proof of theorem 1.1

Theorem 1.1 is just the case a = 1 of the following proposition.

PRrROPOSITION 3.1. Suppose >0, 2<p< oo and pa>2. Let ¢ :D—D is a
holomorphic function which has bounded valence and

L) o< o

then Cy is in the Schatten class Sy of Dy.

The condition paw > 2 in the above proposition is necessary. Indeed, if 0 < pa < 2,
then the involved integral is trivially divergent.

Proof. When p = 2, the condition pa > 2 implies that o > 1. Notice that in this case
D, = A2_,. According to [14], the condition (3.1) implies that Cy, € S,(A2_,).

Now we suppose 2 < p < co. According to lemma 2.1, if we can check the inequal-
ity (2.1) for some € > max{1/(2+ «), 2/(2p + pa)}, then we have C, € S,(D,).
Write ¢ = p/2, then ¢ > 1. Let

_ |lw[2)@ta)e
Flw) = [ ¥ (P~ :)dAG).

Then it is sufficient to check that F' € LY(D, d\).

Let
(1= w) @2 (1 — [(2)*)*(1 = [2[*)?]¢(2) 2
H(w,z) = - w(pé)|(2+a)(l+s) z
and
(=P
0= (g pm) -
Then,

F(w) = / H(w, z)h(z)dA(2).
D
Recall that ¢ : D — D is holomorphic. Schwarz’s lemma implies that

(1= 212" (=)
(1= le(2)1?)?

(3.2)
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Then, for each ¢ > 1/(2 + «), Forelli-Rudin’s estimate implies that

— |wl|? (a+2)e—2 w
[ a2 = = leaPra - k2P [ S e
< A= le@)P)*(1 = |2*)?¢'(2)
~ (1= [p(2)[2)>*
<1 (3.3)

Meanwhile, recall that ¢ is of bounded valence. Let n,(2) be the number of points
in p~1(z). Then,

supn,(z) < oo
zeD

and

/H(U),Z)d)\(Z) _ / (1 — |w|2)(a+2)5(1 _ |<)0(Z)|2)a|90/(z)|2 dA(Z)
D

D |1 = wip(2)| ) (+e)

2\«
o yas2)e [ ne(z) (1 —[2]7)
= (1= ul) b |1 — @z|@+a)(1+e) dA(2)

<1 (3.4)

Put (3.3) and (3.4) together. Application of Schur’s test tells us that the integral
operator with kernel H(w, z) is bounded on L?(ID, d)). Recall that condition (3.1)
implies that h € LI(D, d)\). This gives that F € L4(D, d\) as desired. O

4. Proof of theorem 1.2

4.1. Construction of ¢

The construction is modified from Xia [10]. We adapt some parameters for our
argument. Forn =1, 2, ..., let

T, = (2*(n+1)’ 2fn} and S, = ((4/3)27(n+1)7 (5/3)27(n+1) )
That is, S, is the middle third of T},. Let t,, = (4/3)2~("*1 be the left end-point

of S,,.
For fixed p € (2, 0), let € be a fixed rational number such that

2
O<e<-<1.
p

We can choose a strictly increasing sequence k(1) < --- < k(n) < ... of positive
integers such that

2—(%+s)k(n) 9. 25k(n) _ 2—%k(n)+1 < (1/3)2—(n+1) _ ‘Sn|

for all n and such that every ek(n) is an integer.

https://doi.org/10.1017/prm.2023.68 Published online by Cambridge University Press
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For integers n > 1 and 1 < j < 2‘5’“(")7 recall that ¢, is the left end-point of S,,.
Define the intervals

Tng = (@ngsng) = (ta+27GFIRO 2. (= 1) 4, 427G g )
and
L = (Gnjsbnj) = (tn 42 GHIRM o (1) 4, + 27 GHIRM (95 — 1)) .

It is easy to check that I, ; is the left half of J, ;, J, ;’s are pairwise disjoint,

25k(n)

U Inj C Sh,

j=1
and the length of the interval I,, ; is denoted by p,, that is
P = T il = by = any =27 GFR), (4.1)

We now define a measurable function u on the unit circle T = {w € C : |w| = 1}
as follows:

gek(n)

u(d) =27H tre {J Lgn>1,
j=1

0o 25k

u(e®) =1 ifte (—m, 7]\ U U I, ;

n=1 j=1

The harmonic extension of u to D is also denoted by u. Let

T it
h(z)zi/ CE ) dt

2 J_ . elt — 2

and

¢(2) = exp(—h(2)) (4.2)
for all z € D. Then, Re(h(z)) = u(z) > 0 for each z € D, and thus,

|QO(Z)| _ eRe(h(z)) _ efu(z) <1.

This implies p(D) C D. We will need the fact that ¢ € H? with

1 4 . 1 ™ .
lole = sup == [ |o(re®)|*do = / p@)Pdo.  (4.3)

0<r<12m J_, 2w J_ .
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4.2. Estimates
For z € D and e € T, let

_ 12
- ‘eit _ 2‘2

P(z,e")
be the Poisson kernel. It is shown in [10, p. 2508] that if 1/2 < r < 1 and |# — t| < 5,
then there exist constants 0 < a < 3 < oo such that

a(l—r) 1
T CEn R

p—r)
(1=7)2+(0—-1t)?2

P(re'? o) < (4.4)

We have the following lemma modified from [10, Lemma 4].

LEMMA 4.1. For any positive integer n and 1 < j < 25| let Gn,; be the Carleson
box based on I, ;, i.e.

ij:{reiezﬁeln,j,0<1—r<pn}. (4.5)
Then there is a constant Cy independent of n, j such that
1|z )W e,
] dA(z) < 27 TR, 4.6
[ () aeso o
Proof. Given such a pair of n, j, we write
k(n)

_ v
Guy = Gr.
v=0

where

GO . = {Tew 0e€1,;,0<1l—7r<pp- 2_’“(")},

n,j

and

n,J

Gy = {re" 0 € Ljp 27K 2 <1 < 27RO

for 1 < v < k(n).
It is shown in [10, p. 2509] that there is a constant 0 < ¢ < 1 independent of n, j
such that

1—Jp(z)] =1 —e 5 > 1 — exp(—c27 kM +)

if z€ GY . and 0 < v < k(n). Let § = infoo <1 271(1 — e7%). Then,

n,J

inf (1 —|p(2))P/2 = (Sc)P/2 . 27P/2K() L op/2v 0 < 1y < k(n). (4.7)
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This implies that

/a (%)m dA(2)
sl \?/ k(n) L
:/Gﬁi,j (11—|<p(2|')|) +Z/ <1l_|<p| | |> dA(2)
< 2(};5/:;;2)/(; (1= [=[)P/*72dA(2)

k(n)

2p/2k(n) B
(56)1)/22p/2/ (1— |2)P/22dA(2). (4.8)

=1

.3

Notice that p/2 — 2 > —1. Straightforward computation shows that

1 1

/ (1— |22)P/22d A(z) = f/ do (1-
GZ_] e In,j 1_pn,2—k(n)
< CypP/? . 2= (P/2=Dk(n)

7"2)”/2_27" dr

for some C5 > 0, and
1—pp -2~ k) v =1

1
[ alere2aac) =~ [ as (1= Pl rdr
U,j e I 1,pn_2—k(n),2u

< Cgpp/? . 2= ®/2=1)k(n) _9lp/2-1)v (4.10)

for some C5 > 0. Put (4.8), (4.9) and (4.10) together, we have

L (P e

Cy - 2k(n) . /2 . W 9p/2k(n) | 0y pBI? L 9= (0/2-1)k(n)  9(p/2-1)r
= (dc)p/2 —~ (6c)p/2 . 2p/2v
k(n)
C
_ ok(n) ., p/2 . 2 -
=2 Pr (66)17/2 (6c) p/2 Z 2

Recall the inequality (4.1), we get the desired inequality (4.6) by letting

Cy _V_Cg-i-Cg
G = dc)p/2 501’/22 ()2
(d¢c)

The following lemma is quoted from [10, Lemma 7].
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LEMMA 4.2. There is a Cy > 0 such that

00 25k(n)

u(z) > Cy  forevery zeD)\ U U Gnj|>

n=1 j=1
where G,, ; is defined by (4.5).

4.3. Proof of theorem 1.2

Let ¢ be the holomorphic self-map of D given by (4.2). It is sufficient to check
the inequality (1.2) for this ¢, and C, ¢ S,(H?).
Let

||
H C8

U i
where G, j is given by (4.5). For z € D\ G, lemma 4.2 implies that

|<,0(Z)| _ ech(h(z)) _ efu(z) < 6704.

Since p/2 — 2 > —1, we have

AP N e L[ epeaac
Lo (Tonir) 9O < gty [0 107040

1 —
< MW/@H — 2272 A(z) < oo,
(4.11)
Meanwhile, lemma 4.1 implies that
L— |2 )”/2 (1 — |2])P/22
T N2 d)\(z) ~ / —dA(z)
/G (1 — lp(2)I? a (L= le(2))P/?
) 25k(n)
1 — |z])p/2—2
503 A =- e
= Jow, = le2)))P
<O Z gek(n)  o—5k(n) <O Z 9—(p/2-1)ek(n) < oo,
n=1 n=1
(4.12)

where the last inequality is following from the fact that p/2 —1 > 0. Now (1.2)
follows from (4.11) and (4.12) easily.

It remains to check that C, ¢ S,(H?), or equivalently, tr((C:,C’SD)g) = 0. Let
er(z) =2 €=0,1,2,.... It is well known that {e,: ¢ >0} is an orthonormal
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basis for H2. Since p/2 > 1, we have

<(C;C¢)P/2 er, e£>H2 > <<C:;C¢eg, e£>H2)p/2

e b P 1 w y %dg p/2
ICeeelltz = [l¢'lls = { 55 | le(e®)] :

Write
gek(n)
= |J I
j=1
Then,
L] = 2640 p,, = =3k,
and

|0(€)] = exp(—u(e”)) = exp(—27*()

for almost every 6 € I,,. Thus,
- n=1 n=1
Notice that

(2%)32@

n

if s > 1 and a, > 0. We get

T p/2 [e'S) p/2 00
([ oenan) s (St} s S
n=1

- n=1

This gives that

(( o p/g) i< eé,eé> i(%/ﬂ )’2@(19)?/2

=0 =0

—pe-2~ k() 7k(n)
NN

1 > > —k(n)
_ 2—k(n) Z e—pl~2 )
|
(27(-)17/ n=1 £=0
R S < P 1
- (2m)p/? 2_:1 ? 1 P2

https://doi.org/10.1017/prm.2023.68 Published online by Cambridge University Press
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Since
1—e 7
sup e, < 1.
x>0 €
We have
1 . 1
1—ep2 " 7 5 o—k(n)’
Then,
LR D R IR
ep2 1 _ a—p2km 7 9 k(n) p
n=1

This implies that C,, ¢ S,(H?) and the proof is complete.
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