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Abstract In this paper we consider the following semilinear elliptic equation

A uP — Y u? =
(1 + |z|)# 1+ |zl
where n > 3, A = Y7 ,(8%/0z%),and B 2 0,v 2 0, ¢ > p > 1, p and v are real constants. We note
that if y =0, 8 > 0 and p 2> 2, then the equation above is called the Matukuma-type equation. If 3 = 0,
4 > 0 and v > 2, then the complete classification of all possible positive solutions had been conducted by
Cheng and Ni. If 8 > 0, v > 0 and ¢ 2 v > 2, then some results about the maximal solution and positive
solution structures can be found in Chern. The purpose of this paper is to discuss and investigate the
blow-up and positive entire solutions of the equation above for the u > 2 2 v case.

Au +

0, inR",
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1. Introduction

In this paper we consider the following semilinear elliptic equation

B up — —
(1 +|=])* (L + |=z])~

where n > 3, A = Y7 (0?/8x2),and B > 0,7 > 0,¢ > p > 1, px and v are real
constants. Equation (1.1) arises from physics and geometry. Whenn =3, p=2,p > 1
and v = 0, (1.1) was proposed by Matukuma [8] in 1930 as a mathematical model to
describe the dynamics of a globular cluster of stars. In this context, u represents the
gravitational potential (therefore u > 0). Since the globular cluster has radial symmetry,
positive radial entire solutions are of particular interest. For the solution structures and
references of Matikuma-type equations, we refer to Li and Ni [7], Ni and Yotsutani [11]
and Yanagida [12]. When 8 = 0, v > 0 and ¢ = (n + 2)/(n — 2), (1.1) is then a
conformal scalar curvature equation in R™. In this case, (1.1) becomes the following
equation, without loss of generality we can assume vy =1,

1
_—— 9= in R™. 2
(1+|z|)"u =0, in R (1.2)

Au +

uwI =0, inR", (1.1)

Au
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The complete classification of all positive solutions of (1.2) for ¢ > 1 had been conducted
by Cheng and Ni [4]. From [4, Theorem II] they obtained Theorem 1.1.

Theorem 1.1. If v > 2, then the following conclusions hold.

(i) For every positive constant o, equation (1.2) possesses a unique positive solution
Uy such that u,(z) = a as x — co. Furthermore, u, is radially symmetric.

(ii) Let u be a positive solution of equation (1.2). Then either u = Uy or u = u, for
some o > 0, where u,, is given by (i) above, and Uy denotes the maximal solution:

Ug(z) = sup{v(z)|v is a positive solution of equation (1.2)}. (1.3)

iii) If « > B > 0, then Uy > u, > ug in R™. Furthermore, Uy is radially symmetric
B
and the asymptotic behaviour of Uy near oo is given by

Uo(z) ~ |z|"~2/971 near oo.

If 8 > 0 and v > 0, then, without loss of generality, we can assume v = 1 in (1.1) and
consider the following equation:

g p 1

Au + uP — ud
(1 + || )~ (1 + |=])”

=0, inR™ (1.4)

Let

Ry=Uo(0), Tg=p"/0"", :
U = sup{v(z)|v is a positive solution of (1.4) with u > T on R"}, (1.6)

where Up is defined in (1.3) of Theorem 1.1. Then some results about the maximal
solution U and positive solution structures of (1.4) can be found in Chern [5]. We proved
Theorem 1.2.

Theorem 1.2. If ¢ > p > 1 and 1 > v > 2, then the following conclusions hold.

(a) If Tg < Ro, then for each a € [Tg, Ry), (1.4) possesses a positive radial solution v,
satisfying va > Tp on R™ and lim,_, vo(r) = C(a), where C(c) is an increasing
function in o. Furthermore, if Tg < ay < az < Ry, then vy, < va, < U in R7,
where U is given by (1.6).

(b) For every constant ¢ > T, (1.4) possesses the type solution u. satisfying u. — ¢
as x — oo. Furthermore, if u. 2> T in R™, then such a solution u. is unique and
radially symmetric, i.e. u.(x) = u.(|z|) for all z € R™.

(c¢) For every bounded positive solution u of (1.4), there exists a constant ¢ 2 0 such
that u = u,, where u. is given by (b) above. Furthermore, if v > Tg in R", then
such a solution u. is unique and radially symmetric.
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(d) U is radially symmetric and satisfies the asymptotic behaviour

U(r) ~rv=2971 atr = oo.

(e) Suppose that Tz < Ry and u is a positive solution of (1.4) satisfying u > Tg in R™.
Then u is radially symmetric and either w = U or u = u. for some ¢ > Tg.

We note that all the bounded positive solutions in both Theorems 1.1 and 1.2 tend
to positive constants at infinity. The purpose of this paper is to discuss and investigate
the blow-up and positive entire solutions of (1.4). These solution types are different from
those mentioned in the above theorems. We will seek the radial solutions, i.e. u = u(|z|).
Let 7 = |z|. Then, in this case, (1.4) reduces to the following initial value problem:

" n—1 ’ ﬁ p 1 q _
u' + " u+(1+r)”u _(1+r)"u =0, r>0, 7
u(0) =, u'(0)=0.

Now we state our results as follows.

Theorem 1.3. If¢g>p > 1and u > 2 2 v > 0, then the following conclusions hold.

(i) For every a > 81/(4=P) > 0, there exists R(a) > 0 such that the solution u(r,a) of
(1.7) satisfies

u(r,a) >0, on[0,R(a)) and lim  u(r,a) = co. (1.8)
r—oR-(a)

(ii) There exists ag > 0 such that for every a € (0,ao|, (1.7) possesses a positive
solution u, on [0, 00) satisfying

ue(0) € @ and li)m uq(r) = 0. (1.9)

In addition, if (n+2)/(n—2) > p > 1, then (1.7) possesses a positive solution u(r)
on [0, 00) satisfying

u(r) = o(r®>~™), atr = oo. (1.10)

We organize this paper as follows. In §2, we prove the blow-up result of part (i) of
Theorem 1.3. Finally, we give the complete proofs of the existence results of parts (ii) of
Theorem 1.3 in § 3.

2. Proof of the blow-up solutions

In this section we give the proof of part (i) of Theorem 1.3.
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Proof of part (i) of Theorem 1.3. Let a > 3'/(9=?) and u(r, o) be the positive
solution of (1.7). Then, from ¢ > p > 1 and p > v, there exists 7; > 0 such that
wI™P(r,a) — B(1 +r)*"* > 0 Vr € [0,71]. From (1.7) we can easily obtain

u'("‘, a) = 7'11,1—1 Ar Sn_l(uq_p(s’a) B ,6(1 + S)V_“) (1 + S)V

>0, forallre(0,m] (2.1)

uP(s,a)ds

Hence, we obtain that u(r, @) is increasing on (0, 7], and

W' (r,a) >0 and wu(r,a) >, forallr in the interval in which « can be defined.
(2.2)

We shall prove that there exists R(a) > 0 such that u(r,a) = o0 as 7 — R~ ().
Suppose that this is not true. Then u(r, &) is defined on the entire domain [0, c0).
From (2.1) and (2.2), it is easy to see that

u(r,a) 2 a+ " i 2 /OT s [1 - <§>"—2} [a?™P ~ ﬁ]ﬁu”(s,a) ds. (2.3)

Since 2 2 v, it follows that there exists R; > 0 such that

1 1

— 22—, Vr>R,.
(147" r2 2k

Let r > R;. Then, from (2.3), we have

9-p _ T =214
u(r,a) 2 a+ an—_2—é o s[l - (;) ]s—2u”(s,a) ds

= Cilogr, (2.4)

for r > Ry > 2R, and for some C; > 0.

Now the rest of the argument is the same as that in the proof of Theorem 2.1 in [2].
We can get a contradiction. We omit the details. This completes the proof of part (i) in
Theorem 1.3. O

3. Proofs of existence results

In this section we give the complete proofs of part (ii) of Theorem 1.3.

Proof of the first result of part (ii). First we consider the equation

-1
At . w=0, r>0,
T (147~ (3.1)

v(0) =a, v'(0)=0.
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Since p > 2 and p > 1, from [11, Theorem 3], there exists ag > 0 such that for every
a € (0,a0), (3.1) possesses a solution v(r,a) > 0 on [0,00) and v is monotonically
decreasing in 7, which satisfies

lim v(r,a) =0.

T30

It is easy to see that v is a super-solution of (1.4).
Now, we choose

. :B 8 5p 1 (g—1)/(g—p)
< ]-7 o >
0<e mln{ [2“ n+8/ (10n+1)

eke™t —e7?z|?)5,  for 0 < |z] < V2,
0, for |z| > €'/2,

and define

Ve(z) = ve(|2]) = { (3:2)

where k = (5 — 4)/(qg — 1). Then v, € C?(R™) and

B o1
QI+rm#c Q4T =

= 1054 — e 2P (n + 8)r2 = ne] 4 D ePk(e - =22y

Av, +

(L+r)e
1
O 1”)116‘1'°(z:‘_1 —e2r?)%, (3.3)
In order to show that v, is a sub-solution of (1.4), we estimate (3.3) by two cases as
follows.
(i) For e1/2 > r > (n/(n + 8))/2e4/2:
(33)> 7 +1 R e = eI )P[B — (1 )R eI (e e aP))
1
> p(.—1 _ o=2,2\5p[g _ ou (9-p)/(¢—1)
(1+T)e (e eTro)PIB € ]

\%

1 q9-1/q9—-p
0 (smce €< (6 —) andg>p> 1).

(ii) For 0 < 7 < (n/(n + 8))Y/21/2:

(3.3) > —10ne" 4 + (8 5pe”’““f”" L eak-sg
R (1+7)#\n+8 (147

5p
—(10n + 1)e¥/ =1 4 ﬁ( 8 ) gP/(a= 1)
26\ n+8

5
— #p/(g-1) 'B 8 ’ _ (¢-p)/(q—-1)
= %\n13 (10n + 1)e

3 g8 \% 1 (¢-1)/(q—-p)
> i < | =
=20 (s:ncee\[2u<n+8> (10n+1)] and g > p> 1)
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Then we conclude that

B, 1
Q+r)»* (A4+7r)"

Ave + v1 >0, forallr=|z|>20.

Hence, v, is a sub-solution of (1.4).
Moreover, since v(r, ) is monotonically decreasing in 7, we can make sure that

ve(r) € v(r,a), forallr >0 if ¢ is sufficiently small.
Therefore, (1.4) possesses a radial solution u, = u,(r) satisfying
Ue(r) € ua(r) < v(r,a), forallr>0. (3.4)
Then it is easy to see that lim,_,c ua(r) = 0 and
o2 ua(0) 2 eV 4 (r) >0, Vr>0. (3.5)
This proves the first result of part (ii) in Theorem 1.3. ]

Proof of the second result of part (ii). Since (n+2)/(n~2)>p>1land p > 2,
by [1, Theorem 1.1], there exists a positive radial solution w = w(r) of (3.1), r = |z|,
such that

l_i)rn ™~ 2w(r) = ¢y, for some positive constant cp. (3.6)
700

Furthermore, w(r) is strictly decreasing in r and a super-solution of (1.4).
Hence, (1.4) possesses a positive radial solution v = u(r) and we have

Ve(r) S u(r) < w(r), forall 7 >0 and for ¢ sufficiently small, (3.7)
where v, is defined in (3.2). From (3.2), (3.6) and (3.7), we obtain
u(r) = o(r*™™), atr = co.
This proves the second result and completes the proof of part (ii) of Theorem 1.3. ]
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