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GLOBAL ATTRACTIVITY IN DIFFERENTIAL EQUATIONS WITH
VARIABLE DELAYS
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Abstract

Consider the forced differential equation with variable delay
@O +bOxt -t =f(1), =0,
where
f € C([0,00)) and b, t € C([0, 00), [0, 00)).

We establish a sufficient condition for every solution to tend to zero. We also obtain a
sharper condition for every solution to tend to zero when f,'_t « b(s)ds is asymptotically
constant.

1. Introduction

Consider the forced delay differential equation
X +bHxt—t@)=f@), t=>0, (1.1)
where
f € C(0,00),R) and b, 7t € C([0, ), [0, 0))
with
’l_i’rg[t —17()] = o0. (1.2)
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[2] Global attractivity in differential equations 569

Our aim in this paper is to study the global attractivity of solutions of (1.1).
When f () = 0, (1.1) reduces to

X@W+bMxt—1@)=0, r>0. (1.3)

In the case of bounded delays, the asymptotic behaviour of solutions of (1.3), as well
as more general cases, has been studied by several authors; see, for example, Burton
and Haddock [1], Cooke [2, 3], Gydri [7], Yorke [12] and the references cited therein.
It is well known that if there are two positive numbers 8 and g such that

b(t)<p, 1(t)<q and Bq <3/2

for ¢ > 0, then the trivial solution of (1.3) is uniformly stable. Furthermore, the upper
bound 3/2 is sharp in the sense that if 8g > 3/2 there are equations with unbounded
solutions. Yoneyama [11] removed the boundedness hypothesis on b(¢) and proved
the following theorem.

THEOREM A. If there is a positive number q such that
t(ty<q fort=0,

1+q t+q
ing/ b(s)ds >0 and supf b(s)ds < 3/2,
120 J, t

1>0
then the trivial solution of (1.3) is asymptotically stable.

Recently, Kolmanovskii et al. [8] proved the following theorem which allows the
delay function in (1.3) to be unbounded.

THEOREM B. Assume that t is differentiable and
') <R<1 fort>0. 1.4)

Suppose also that
g
i{ngb(t) =B>0 and supf b(sds=B <1,
= >0 J¢

where g(t) is the inverse function of t — t(t). Then the trivial solution of (1.3) is
uniformly stable. Moreover, if b(t) is bounded, then the trivial solution of (1.3) is
uniformly asymprotically stable.

In the above theorem, although the delay function 7 (¢) is allowed to be unbounded,
there is still a relatively strong restriction (see (1.4)) on its growth. In addition, the
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persistence and boundedness of b(¢) are also needed for the asymptotic stability. In
the present paper, we establish a sufficient condition for the asymptotic stability of
the trivial solution of (1.3) without using these hypotheses. In fact, we will establish
this attractivity result for the more general forced equation (1.1). For the case that
f:'—z b(s)ds is asymptotically constant, we obtain a sharper condition for the global
attractivity of solutions of (1.1), which is an extention of the work of Ladas et al. [9].

For the last several decades, the asymptotic behaviour of various unforced delay
equations has been investigated by many authors. However, results about the behavior
of solutions of forced delay equations are relatively scarce. In general, the presence
of the forcing term makes the problem more interesting as well as considerably more
difficult. For recent studies of first-order forced differential equations, we refer the
reader to Lim [10], Graef and Qian [6] and the references contained therein.

2. Global attractivity of (1.1)

THEOREM 1. Assume that

b(t) > 0, / b(t)dt = o0 2.1
0
and
lim sup/ b(s)ds < 1. 2.2)
t—00 =)
In addition, assume that
. f@
lim —— =0 2,
% b(7) 2.3)
and
f f@®)dt converges. 2.4
0

Then every solution of (1.1) tends to zero as t tends to infinity.

PROOF. First, assume that x (¢) is an eventually monotonic solution. Suppose that
x () is eventually positive; the proof for the case that x(¢) is eventually negative is
similar and will be omitted. Let

I = lim x(¢);

-0
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then 0 < [ < co. Clearly, it suffices to show that = 0. Assume, for the sake of
contradiction, that / > 0. Then there is a T > 0 such that

x(t —t(t)) > min{l/2,1} fort>T. 2.5)
Now, integrating both sides of (1.1) from T to ¢ and letting t — oo, we have
o0 o0
l—xﬂ)+/.b0h0—10»dh=/ f @) d:e.
T T

Then, from (2.5), it follows that
[e o] [e.¢]
l—x(T)+min{l/2,1}/ b(t)dts/ f@)ds,
T T
which contradicts (2.1) and (2.4). Hence, [l = 0.

Next, assume that x(¢) is an eventually nonmonotonic solution. Then there is a
sequence {z,} with

O<th<bh<---<t,<--- and lim¢, =00 (2.6)
1~ 00
such that x(¢) has relative extrema at ¢,,n = 1,2, .... Since x’(¢,) = 0, it follows
from (1.1) that
f (&)

x(t, —t(ty)) = n=12,....

b(t,)’

Then, integrating both sides of (1.1) from z, — 1(2,) to t,, we obtain

() = L4 / " fwdi- f C b(nx(t — @) dt. @.7)

b(t,) —2(tn) —t(ty)

Clearly, (2.4) and (1.2) yield

In
lim / f(s)ds=0.
=0 J t—1(1a)

By noting this fact, (2.2) and (2.3), we see that there are three positive numbers 8, 1
and ¢, such that for r > 1,

& + f' fs)ds| <38, 2.8)

b(t) ~2(1)

/ b(s)ds < pu 2.9

—1(?)
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and
S+ u< 1. (2.10)

Since (1.2) and (2.6) hold, we can choose a subsequence {zy,} of {¢,} such that, for
any positive integer m,

t—1t(t)>1ty, when >ty —1t(tn,,,)

and

VAQNN £(s)ds

<4§" when >ty
b(l) :—:(x))

M =0r513§§l{lx(tn)l}-
We claim that
X)) <G+ M+1) for n>N,. (2.11)

In fact, from (2.7) we see that

(ol < |24 4 f " fwdl| + / N bkt — T @)dr
b(tNl ) vy —t(tny) tny —t(ny)
<s+m [ ba
ny—t(in))

S8+Mp <@+ M +1).
Now, assume that
x(@) < @+u)M+1) for Ny<n<m.

Then, noting that {x(z,)} is the sequence of relative extrema, it follows from (2.7),

(2.8) and (2.9) that
(tm Im+1 Imst
Ix (tms)| < 'f +1) / S ()t +f b()|x(t — t(r))|dt
b(t’"'H) Iy ) = T{tms1) l 41 =T (tm 1))
<8+ maxiM + 1, xuedl} | b(t)dt
tnt1 =T (tms1t)
<&+ max{M + 1, |x(tnsri}pt. (2.12)
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We claim that
Ix(tms)l < M + 1.
Otherwise, |x (t,41)| > M + 1. Then, from (2.12), we see that
X (tme)] < 8+ [x(tms) 114,

which implies

X (tms1)| <

It follows that
)
1—p
which clearly contradicts (2.10). Hence, (2.13) holds and so it follows that

>M+1,

IX(tms)] <6+ M+ Dp < 6+ pu)M +1).
Therefore, by induction, (2.11) holds when k = 1. Next, assume that
()l < G+ w)"(M+1) forn > N,.
We are going to show that
(@) < G+ )" (M 41) forn > Npyyi.

In fact, in view of (2.14), it follows from (2.7) that

f (@) /’"
| < d
)l <505+ ,n_m,)f(t) t

<& LB+ pu)"(M+1) b(t)dt

t=—1(8)

<&M+ (G + u)"uwM + 1).

+ / L bk — T())dr

~(tn)

Since
"+ )" < @+,
we see that

(@) < @+ uy™' (M +1) forn > Ny,

573

(2.13)

(2.14)

Hence, by induction, we see that (2.11) holds for all k = 1,2,.... Clearly (2.11)

implies that lim,_, ,, x (#) = 0. The proof is complete.
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The following result is a direct consequence of Theorem 1.

COROLLARY 1. Consider (1.3) and assume that (2.1) and (2.2) hold. Then the
trivial solution of (1.3) is asymptotically stable.

EXAMPLE 1. Consider the delay differential equation

x'() + 2(11_*_ t)x (%t(Z + sint)) = a0 t>0. (2.15)
Let
b(r) = ! , ()= lt(1 —sinf) and f(1) = .
26+ 1) 3 (1+1)?
Observe that
/:ob(t)dt = 00, ,l.lfgj;T(tt)) =0, /Ooof(t)dt =1

and

t t
1
b(s)ds =f ds
[-z(r) L4sing 2(1 +5)

! 1
5/ ds
1 2(1+5)

1 1 1
=5(ln(1+t)—ln<1+§t)>—-> 51n3 ast — 00.

Hence, by Theorem 1, every solution of (2.15) tends to zero as ¢ tends to infinity.

3. A sharper condition

In this section, we establish a sharper condition for the global attractivity of solutions
of (1.1) when f,'_t o b(s)ds is asymptotically constant. Our work is motivated by a
paper of Ladas er al. [9] for (1.3) with t(¢) = 7, a constant.

Consider the autonomous delay differential equation

YY) +pyt—1w) =0, t=>1, (3.1)
where

P, T € (0,00) and p1y < /2.
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It is known, see for example [4], that if y(¢, 1, ¢) denotes a solution of (3.1) and
y()y=¢@) with ¢ € C([to—1,%]R),
then there are two positive numbers M and y such that
ly(t. 00, ) <M 'o_rgg(ﬂo{lqﬁ(t)l}e"', 1> 1. (3.2
Furthermore, if z(t, 15, 0) is the solution of
Z(O)+pzt — 1) =h(), 1=,
with zero initial function, then

M
|z(2, 10, 0)] < 7e(p+y)r° max |h(s)]. (3.3)
ss<t

The following lemma is needed in the proof of our main result in this section.
LEMMA 1. Consider the delay differential equation
@ +x@-0o@)=g@), t=>0, 3.4)
where |
o € C([0,0),[0,00)) and g € C([0, c0), R).
Suppose that
‘lilga(t) =t <n/2 and tl_ifgg(t) =0.

Then every solution of (3.4) tends to zero as t tends to infinity.

PROOF. Let x(¢) be a solution of (3.4). Choose #, > 27 + 2 such that

o)<t+1 fort>1

and

M
— e —o (1)) <1/2 fort > g, (33)
Y

where the constants M and y are as defined in (3.2). Let y(¢) be the solution of

YO +yit—1)=0, t=>1,
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with initial condition
Y@ =x@), h—-t=<t=<t.
Then, by noting that T < 7 /2, we see that y(¢) tends to zero as t — 00. Set
2(t) =x(1) —y()
and observe that z(t) satisfies the equation
I+ —1)=x@t-1)—x(@t —0@)+g), >t

with zero initial condition z(#) = Ofor f, — T < t < 1,. Hence, applying (3.3) with
p=1and h(s) =x(s — 1) —x(s —o(s)) + g(s), we find that

lz()] < %e(””)’ max lx(s — 7) — x(s — o (s)) + g(s)]. (3.6) .

By the mean value theorem, we obtain

Ix(s — 1) —x(s —a(s)] = lo(s) — |ix' ()]
= lo(s) — 7||g&) —x(& —a (@),

where £ is between s — 7 and s — o(s). Setting
A= Jéﬁ’éo{lg(s)” and By = g&)}o{lx(s)l},
we have
max |x(s — 1) —x(s — o(s5)) + g(s)|

n<s=<t

< max |x(s — 1) —x(s —o ()| + max 1g(s)|

p<s<t
< max |o(s) — 7| (ggagg [g()] + max Ix(s)l) + max lg(s)l

p<s<t

<s<t

< max |o(s) — 1 (A + By +$Sa§t |x(s)|) + ;xgl(r lg ()1

Hence it follows from (3.6) that

<=s<t

_ < _Ai (14y)t _ A B
x@® =y < ” e max lo(s) —z|[A+ o+ max x (s)]

+ max Ig(s)l] , 3.7
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which, in view of (3.5), implies that
1 M (14y)t
lﬂMsW@Hi A+%+$§MMI+A767.
Thus
M (14+py)1
max [x(s)| <2max [y(s)|+ A+ By +2A—e"™", t>1,
p<s<t ps<t Y
and so x(?) is bounded. Let B be a positive constant such that
x| <B for t=>0.
Then (3.7) yields
M (1+y)r
x(@)] < ly@®|+ 76 F{ (A +2B) max lo(s) — |+ max lg(s)l ),
which clearly implies that lim,_, , x (¢) = 0. The proof is complete.

THEOREM 2. Consider (1.1). Assume that

b() > 0, /‘°° b(t)dt = o0, 3.8)
0
lim b(s)ds = B < /2 (3.9)
=00 J, 1
and
_f@

Then every solution of (1.1) tends to zero as t tends to infinity.
PROOE. Set
!
u=o()= / b(s)ds, t=>0.
0

In view of (3.8), we see that o ! exists, lim,_, . #(¢) = 00 and

t—1(1) t t
o(t—t() = / b(s)ds = [ b(s)ds — / b(s)ds
0 0 t

—-1(2)

o' (w)
=u —/ . b(s)ds.

“Yw)—r(0~ (u))
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Then the transformation z(u«) = x(c~"(x)) reduces (1.1)to

L O)] -1
Z(u)+z (u — f b(s)ds) = M (3.1D)

-1 —t(e 1)) b(o~1(w))

In view of conditions (3.9) and (3.10), the hypotheses of Lemma 1 are satisfied for
(3.11) and so

lim x(t) = lim z(u) = 0.
11— 00 u—=>00
The proof is complete.

The following result is a direct consequence of Theorem 2.

COROLLARY 2. Consider (1.3). Assume that (3.8) and (3.9) hold. Then the trivial
solution of (1.3) is asymptotically stable.

REMARK 1. It has been shown (see [5]) that if

b € C([0, 00), [0, 00)),
T € C([0, 00),[0,q)) for some number g > O, (3.12)

/ b(s)ds > 0 ast—> o© (3.13)
t—t ()

and
[e ]
/ b(s)ds = oo,
0
then the trivial solution of (1.3) is asymptotically stable. Here, in Corollary 2, we
need the hypothesis b(f) > O for the asymptotic stability of (1.3) but remove the

boundedness hypothesis (3.12) on t and improve condition (3.13) on b.

EXAMPLE 2. Consider the delay differential equation

, 2 1y 1
x(t)+——1+tx(§t)—(1+t)2, t=0. (3.14)
Let
b(t)—i t —lt d =
=T =3 ad fO=go

https://doi.org/10.1017/50334270000011826 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000011826

[12] Global attractivity in differential equations 579
Observe that
o0
/ b()dt = o0
0
and

4 t 2
/ b(s)ds =/ ds
—1(n) 3t 1+

1
=2(1n(1+z)-1n<1+§t))—>21n2<% ast — 00.

Hence by Theorem 2 every solution of (3.14) tends to zero as ¢ tends to infinity.
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