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PRENEX NORMAL FORM THEOREMS IN SEMI-CLASSICAL
ARITHMETIC

MAKOTO FUJIWARA AND TAISHI KURAHASHI

Abstract. Akama et al. [1] systematically studied an arithmetical hierarchy of the law of excluded
middle and related principles in the context of first-order arithmetic. In that paper, they first provide
a prenex normal form theorem as a justification of their semi-classical principles restricted to prenex
formulas. However, there are some errors in their proof. In this paper, we provide a simple counterexample
of their prenex normal form theorem [1. Theorem 2.7], then modify it in an appropriate way which still
serves to largely justify the arithmetical hierarchy. In addition, we characterize a variety of prenex normal
form theorems by logical principles in the arithmetical hierarchy. The characterization results reveal that our
prenex normal form theorems are optimal. For the characterization results, we establish a new conservation
theorem on semi-classical arithmetic. The theorem generalizes a well-known fact that classical arithmetic
is IT,-conservative over intuitionistic arithmetic.

§1. Introduction. Prenex normal form theorem is one of the most basic theorems
on theories based on classical first-order predicate logic. In contrast, it does not
hold for intuitionistic theories in general. Therefore it does not make sense to
consider an arithmetical hierarchy in an intuitionistic theory. On the other hand,
if one reasons in some semi-classical arithmetic which lies in-between classical
arithmetic and intuitionistic arithmetic, one can take an equivalent formula in prenex
normal form for any formula with low complexity. Akama et al. [1] introduces the
classes of formulas E; and U, which correspond to the classes of classical X
and Il formulas respectively, and showed that the former is equivalent to the
class of formulas of X; form and the latter is so for IT; over some semi-classical
arithmetic respectively. This prenex normal form theorem justifies their investigation
on the arithmetical hierarchy in the context of intuitionistic first-order arithmetic.
Unfortunately, however, there are some crucial errors in their proof of the prenex
normal form theorem [1, Theorem 2.7]. In this paper, we revisit their formulation
and modify their prenex normal form theorem in an appropriate way.

In §2, we recall the definitions and basic properties. In §3, we provide a simple
counterexample of [1, Theorem 2.7]. In §5, we show the corrected version of
the prenex normal form theorem (see Theorem 5.3). In addition, we present a
simplified version of the prenex normal form theorem for formulas which do not
contain the disjunction (see Theorem 5.7). In §6, we establish a new conservation
theorem on semi-classical arithmetic. The theorem generalizes a well-known fact
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that classical arithmetic is [1,-conservative over intuitionistic arithmetic. In §7, using
the generalized conservation theorem in §6, we characterize several prenex normal
form theorems with respect to semi-classical arithmetic. In particular, among other
things, we show that for any theory 7' in-between intuitionistic arithmetic and
classical arithmetic, T proves a semi-classical principle (IT; V IT;)-DNE if and only
if T satisfies the prenex normal form theorem for Uy, and IT;/ for all k' < k (see
Theorem 7.3).

Throughout this paper, we work basically over intuitionistic arithmetic. When we
use some principle (including induction hypothesis [I.H.]) which is not available in
intuitionistic arithmetic, it will be exhibited explicitly. As regards basic reasoning
over intuitionistic first-order logic, we refer the reader to [10, §6.2].

§2. Preparation. Throughout this paper, we work with a standard formulation of
intuitionistic arithmetic HA described e.g., in [8, §1.3], which has function symbols
for all primitive recursive functions. We work in the language containing all the
logical constants V, 3, —, A, V., L. Let T denote a theory (e.g.. HA), and P and Q
denote schemata (e.g., logical principles). Then T + P denotes the theory obtained
from 7" by adding P into the axioms. In particular, the classical variant PA is defined
as HA + LEM. where LEM is the axiom scheme of the law of excluded middle.
We write T - Q (or T proves Q) if any instance of Q is provable in 7. We write
TEFP+QifTHPand T+ Q.

NortatioN 1. For a formula ¢, FV (¢) denotes the set of free variables in ¢.
Quantifier-free formulas are denoted with subscript “qf” as ¢qr. In addition, a list
of variables is denoted with an over-line as X. In particular, a list of quantifiers of
the same kind is denoted as 3x and VX respectively.

DEerINITION 2.1. The classes X, and I, of formulas are defined as follows:

e X, as well as Iy, is the class of all quantifier-free formulas;
o 1, is the class of all formulas of form QX7 -+ Ok 11 X151 @qr:
e 3 is the class of all formulas of form Q{X7 -+ Q) | Xk+1 ¥qf

where Q; represents V for odd i and 3 for even i and Q! represents 3 for odd i and
V for even i. Following [1], we define the classes £; and I in the non-cumulative
manner (namely, each Q;X; and Q/X; must not be empty). A formula ¢ is of prenex
normal form if ¢ € ¥, UTI, for some k.

REMARK 2.2. Since the list of variables can be contracted into one variable in HA
by using a fixed primitive recursive pairing function (see e.g., [8, §1.3.9]). one may
assume that for each natural number k& > 0, a formula in I is of form Jx¢ (x) with
some ¢(x) € II;_; and a formula in IT} is of form Vxy (x) with some w(x) € Z;_;
without loss of generality.

LeMMA 2.3. Let k be a natural number. Let ¢ be in Il and w be in X;.. Then, for
all natural numbers i and j, there exist @', y' € Iyy; and @" . " € Xy ; such that
FV (p) = FV () = FV ("), FV () = FV (') = FV ("), HAF- ¢ & ' ©> "
and HA+ yw < v/ < y”.
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ProoF. Straightforward by the fact that
HAF & < Vz& + 3z¢ (1)
forany z ¢ FV (). —

DEFINITION 2.4. For a class T of formulas, I'(X) denotes the class of formulas ¢
in T such that FV (p) C {x}.

REMARK 2.5. In the light of Lemma 2.3, throughout this paper, we identify the
classes Z; and IT; with the classes defined as in Definition 2.1 with allowing the
quantifiers Q; and Q! to be empty. Under this identification, for all k£ and £’ such
that k < k', I1;(¥) and X4 (X) are considered to be sub-classes of X/ (¥) N I/ (X).
We frequently use this property in what follows.

Recall the logical principles from [1] and related principles:

DEFINITION 2.6. Let I' and F’ be classes of formulas.

e -LEM : Vx (p(x ) where ¢(x) € T'(x).

e I-DML : Vx (—( x) (x)) = —p(x) vV —w(x)) where p(x), w(x) e (x).

e I'-DNE : Vx (—mgo(x) ( )) where ¢(x) € T'(x).
o (T'VI')-DNE : Vx (—— w(x)) = o(x) Vw(x)) where ¢(x) € I'(x)
and y(x) € T'(x).

e I-DNS : Vx (Vy——¢(x.y) = ==Vyp(x, p)) where o(x. y) € T'(x. ).

elet Pe {I-LEM,[-DML,T-DNE, (' VI’)-DNE,-DNS}. —=P: =—=¢
where ¢ is an instance of P.

Note that our logical principles are equivalent also to those defined with lists of
quantifiers of the same kind (cf. Remark 2.2).

REMARK 2.7. One has to care about the formulation of the double negated
variants. That is, one has to take the double negations of the universal closure
of the original logical principles as in Definition 2.6. The double negated variants
defined as such are not provable in HA, which has been overlooked in the proof of
[1. Theorem 2.7] (see also §3). In fact, one may think of the double negated versions
as variants of the double negation shift principle (see [3]). In addition, our double
negated versions are equivalent to (the universal closures of) those with allowing
free variables (cf. [3, Remark 2.5]).

ReEmMARK 2.8. For any class I" of formulas, ['-DNS is intuitionistically equivalent
to -—I"-DNS since

Vx (Vy——p — ==Vyp)
— Vx—= (Vy-—p — =Vyp)
+—  —Vx (Vy——p = V).

Akama et al. [1] introduces the classes F, U, and E;, of formulas. In the following,
we reformulate them and introduce two additional classes U,Jg and E;CL in a formal
manner.

DEeFINITION 2.9. An alternation path is a finite sequence of + and — in which +
and — appear alternatively. For an alternation path s, let i (s) denote the first symbol

https://doi.org/10.1017/js1.2021.47 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.47

PRENEX NORMAL FORM THEOREMS IN SEMI-CLASSICAL ARITHMETIC 1127

of s if s # () (empty sequence); x if s = (). Let s+ denote the alternation path
which is obtained by switching + and —in s, and let /() denote the length of s.

DerINITION 2.10. For a formula ¢, the set of alternation paths A/t(¢) of ¢ is
defined as follows:
o If ¢ is quantifier-free, then Alt(p) := {()}:
o Otherwise, A/t(y) is defined inductively by the following rule:
—Ifp =@ Apyorp =@V, then Alt(p) := Alt(p)) U Alt(py);
—If o = o1 — @o. then Alt(p) := {sT | s € Alt(p))} U Alt(p»):
—If p=Vxp;, then Alt(p):={s|s € Alt(p;) andi(s) = —JU{-s|s €
Alt(py) and i(s) # -}
—If ¢ =3xp;, then Alt(p):={s|s € Alt(p;) andi(s) = +} U {+s | s €
Alt(py) and i(s) # +}.
In addition, for a formula ¢, the degree deg(p) of ¢ is defined as

deg(p) := max{l(s) | s € Alt(p)}.

DEFINITION 2.11. The classes F. Uy. Ey (from [1. Definition 2.4]). U} and E;
of formulas are defined as follows:
o Fj :={p | deg(p) = k}:
° UO = EO = Fo;
e Ui :={peFyy|i(s)=- foralls € Alt(p) such that I(s) =k + 1};
o E 1 :={p€Fiy|i(s)=+foralls € Alt(p) such that /(s) = k + 1};
.U}: = UkUUFi;
i<k
.EZ ::EkUUFi.
i<k
REMARK 2.12. From the perspective of Proposition 4.6 below, the introduction
of Uy and E; in addition to Uy and Ej is mathematically superfluous. However,
we introduce these auxiliary classes for facilitating our arguments below.

Note Fy = £y = Ilj. For each formula ¢ € E; (resp. w € Uy ) of PA, one can take
aformula ¢’ € I (resp. y’ € I;) of PA which is equivalent to ¢ (resp. ) over PA.
On the other hand, this is not the case for HA. In what follows, we study what kind
of semi-classical arithmetic in-between PA and HA captures this property for each
k. In fact, Akama et al. [1] has already undertaken this. In particular, [1, Theorem
2.7] asserts the following:

1. For any ¢ € E, there exists ¢’ € ¥; such that
HA +Z,-DNEF ¢ < ¢'.
2. For any ¢ € Uy, there exists ¢’ € I, such that
HA + (TT; V I )-DNE F ¢ < .

However, the first assertion is wrong as we show in §3. In fact, a weak variant
U,-DNS of the double negation shift principle is missing in the verification theory,
which will be revealed by our modified version of the prenex normal form theorem
(Theorem 5.3) below. On the other hand, the second assertion is correct. This will
be revealed also by Theorem 5.3.
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§3. A counter example. Recall that [1, Theorem 2.7] asserts that for any ¢ € Eg,
there exists ¢’ € ¥ such that

HA + 5-DNE F ¢ < ¢'.

However, there are some errors in the proof. In particular, in [1, p. 5, lines 15-17],
it is written that “Since the double negations of DNE is intuitionistically provable,
Fpa 74 < =—3x9.Cy (which means HA - —-—4 <> =—3x(Cy in our notation)”.
As studied in [3], however, the double negations of (the universal closure of) DNE
is not provable in HA, and hence, their proof actually uses some double negated
logical principles in the sense of Definition 2.6. Our counterexample below shows
that such a use of some additional principle is unavoidable.
Recall the arithmetical form of Church’s thesis from [8, §3.2.14]:

CTy : Vx3y o(x. y) = FeVxTv (T(e. x,v) A p(x. U(v))).

where T and U are the standard primitive recursive predicate and function from the
Kleene normal form theorem. Note that CT is a sort of combination of so-called
Church’s thesis stating that every function is recursive and the countable choice
principle (see [9, §4.3.2]).

ProrosiTION 3.1.  The following sentence
@0 := =V (=3u (T(x. x,u) AU(u) = 0) vV —3u (T(x, x,u) AU(u) # 0))
is not equivalent to any sentence ¢ € Xi over HA 4+ X-DNE.

Proor. Wk first claim that HA + CT, proves ¢,. For the sake of contradiction,
assume

Vx (=3 (T(x. x,u) AU(u) = 0) V=3 (T(x, x.u) A Uu) #0)) (2)

and reason in HA + CTy. Since @1 V ¢ <> Tk ((k =0 — ¢1) A (k # 0 — ¢)) (see
[8.§1.3.7]). by CTy, there exists e such that

T(e, x,v)
V3w | A(U(v) =0 — —3u (T(x.x.u) A U(u) = 0))
A(U(v) # 0 — =3u (T(x. x,u) AU(u) #0))

In particular, for that e, there exists v, such that T(e, e, v, ).
U(ve) =0 — —3u (T(e.e.u) A U(u) = 0)
and
U(ve) # 0 — —3u (T(e.e.u) AU(u) #0).

Since U(v,) = 0V U(v,) # 0, we obtain a contradiction straightforwardly.

If ¢ is equivalent to some sentence ¢ € X; over HA + X;-DNE. we have HA +
2-DNE + CT |- ¢ from the above claim. Since ¢ € Xi, by the soundness of
Kleene realizability (see [8, §3.2.22]), we have that

HA + %;-DNE F ;.
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and hence, HA + X,-DNE F . On the other hand, since
Vx= (Ju (T(x. x, u) AU(u) = 0) A Ju (T(x, x,u) A U(u) #0))
is provable in HA, we have HA + £;-DML I (2). Therefore we have
HA +X;-DNE + X-DML L,
and hence, PA 1, which is a contradiction. -

REMARK 3.2. One can easily see that ¢y in Proposition 3.1 is in E;. Thus
Proposition 3.1 shows that ¢y is a counterexample of [1, Theorem 2.7] for k = 1.

§4. Basic lemmata. In this section, we show several lemmata which we use in the
proofs of our prenex normal form theorems.

Lemma 4.1, For any logical principle P in Definition 2.6 and any formula ¢ (possibly
containing free variables), if HA + P + ¢, then HA + —=—P = ——.

Proor. Assume HA + P I . Then there exists finite instances /1, ...,y of P
such that HA + w1 + .- + wi F . Since HA satisfies the deduction theorem, we
have that HA proves w1 A -+ A wi — ¢, and hence, == (w1 A - A wi — @), which
is equivalent to ==y A --- A == — ——p. Then we have HA + =-—P F ——p. -

COROLLARY 4.2. For any logical principle P in Definition 2.6 and any formulas ¢,
and @, (possibly containing free variables), if HA + P I @1 <> 3. then HA + ——P I-
P < ).

ProOF. Immediate from Lemma 4.1 and the fact that =—(p; <> ) is intuition-
istically equivalent to == <> =—s. o

LeEMMA 4.3. Let k be a natural number. Let ¢, and @, be formulas in Xy, and let
3 and @4 be formulas in Ty, Then the following hold.:

1. There exists a formula ¢ € Xy such that FV (@) = FV (p1 A @2) and HAF ¢ <

p1 A\ pa.

2. There exists a formula ¢’ € Ty such that FV (¢’) = FV (o3 A ¢4) and HA +
@' < @3 A .

Proor. Straightforward by simultaneous induction on k. -

LemMA 4.4. For any formulas ¢, and o, in Xy, there exists a formula ¢ € Zj, such
that FV () = FV (o1 V ) and HA E ¢ < @1 V 3.

Proor. Note that 1 V ¢, is equivalent to
Fk ((k=0—= @) A(k#0— ¢))

over HA (see [8. §1.3.7]). Since ¢qr — Ixy (x) and pgr — Vxy/(x) are equivalent
to 3x (g — w(x)) and Vx (pgr — w(x)) respectively over HA when x ¢ FV (¢q).
our assertion follows from Lemma 4.3 straightforwardly. -

LemmA 4.5, Let k be a natural number greater than 0.

L. @1 ANy isin U] (resp. E) if and only if both of \ and o, are in U} (resp. E[[).
2. @1 Vg isin U] (resp. E[) if and only if both of o\ and ¢, are in U] (resp. E[[).
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3. 1 = @ isin U (resp. Ef) if and only if py is in E (resp. U[") and ¢, is in U}
(resp. EJ).

Vxopy is in U if and only if ¢y is in U

Ixgi is in E} if and only if @\ is in E}.

Vxg is in E_| if and only if it is in U

Ixepy is in U, if and only if it is in E][.

Nk

Proor. (1): Assume ¢ Ay € Uf. Then I(s) <k for all s € Alt(p1 A ¢2) =
Alt(p1) U Alt(p2).

o If I(s) < k forall s € Alt(py). then ¢y isin | JF; € U}
i<k
e Otherwise, there is sy € Alt(p1) such that /(sg) = k. Then, since @1 A @, ¢
U F;, we have | A > € Uy. Then, for each s € Alt(p) such that /(s) = k.,
i<k
we have i(s) = — since s € Alt(p) A p3). Thus ¢ € Uy C U}
We also have ¢, € UJ in the same manner.
For the converse direction, assume that ¢; and ¢, are in U} . Then, for all
s € Alt(p1 A @y). since s € Alt(py) or s € Alt(p,). we have [(s) < k, in particular,
i(s)=—ifI(s) = k. Thus ¢ A @y isin U,
As for the case of E;", an analogous proof works.
(2): Analogous to (1).
(3): Assume | — ¢, € U Letsbein Alr(¢;). By the definition of Alt(¢) — ¢2).
we have s+ € Alt(p; — ¢,) and I(s) < k.

o If/(s) < k forall s € Alt(¢;). then ] isin U F; CE;.
i<k
e Otherwise, thereis sy € Alt(p1) suchthat/(sy) = k.Since so’ € Alt(p; — ).
we have ) — ¢, € Uy. Then, foreach s € Alt(p) such that/(s) = k, we have
i(s1)= -, and hence. i(s) = +. Thus ¢; € E; C E/‘:

We also have ¢, € UZ in the same manner.
For the converse direction, assume ¢; € E; and ¢, € U} Since deg(p;) < k and
deg(p3) < k. we have deg(p; — ) < k.

° Ifdeg(gol — (pz) < k,then 1 — ¢y € U F; C U;g
i<k
o If deg(p; — ¢2) =k, for all s € Alt(p; — ¢7) such that /(s) = k, we have
s € Alt(p,) or s = st for some sy € Alt(p;). In the former case, we have
i(s)= — by ¢, € UJ. In the latter case. we have i(sy) = + by ¢1 € E;. and
hence, i(s) = —.

One can also show that ¢; — ¢ is in E] if and only if ¢; is in U} and ¢; is in
E; analogously.
(4): Assume Vx| € U}

o If Vxip; ¢ Uy, then Vxyp; € U F;. Since deg(yp) < deg(Vxp;) < k. we have
i<k
@] € U F; C U/:—

i<k
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e Otherwise, deg(p;) < deg(Vxp1) = k. If deg(p)) < k, then we have ¢ €
U F; C U} . Assume deg(ip1) = k. Let s be an alternation path of ¢; such that
i<k
[(s) =k.1Ifi(s) # —, by the definition of A/t(Vxy;). we have —s € Alt(Vxp;).
which contradicts deg(Vxp,) = k since /(—s) = k + 1. Then we have i (s) = —.
Thus we have ¢; € U C U

For the converse direction, assume ¢; € U

o If o1 ¢ Uy, then ¢ € U F;. Thus deg(p;) < k. and hence, deg(Vxyp,) < k.
i<k
If deg(Vxp1) < k., then Vx| € U F; C U/ . If deg(Vxp) = k. since i(s) = -
i<k

for all s € Alr(Vxp,). we have Vxp; € Ui C U

e Otherwise, deg(p1) = k and i(s) = — for all s € Alt(p;) such that /(s) = k.
By the definition of A/t(Vx¢p;), for all s € Alt(Vxep;), we have [(s) < k. and
hence, deg(Vxp,) = k. In addition, again by the definition of A/t(Vxy). we
havei(s) = —forall s € Alt(Vxy)suchthat/(s) = k. ThusVxp; € Up C Uf.

(5): Analogous to (4).
(6): Assume Vxo; € E[,|. Since i(s) = — for all s € Alt(Vx¢p;). Vxg) is not in
Ej41. Then Vxp; € U F;, and hence, deg(Vx¢p;) < k.

i<k
o If deg(Vxip)) < k. then Vxg € | JF; € UJ.
i<k
o If deg(Vxp1) = k. since i(s) = — forall s € Alt(Vxep,). we have Vxp; € U, C
U;.
The converse direction is trivial since U;” C U F, CE[,,.
i<k+1
(7): Analogous to (6). 4

As mentioned in Lemma 2.3, our non-cumulative definition of the classes ; and
I, does not cause any trouble. In a similar sense, the following proposition allows
us to think of E; and Uy in the cumulative manner:

PROPOSITION 4.6. Let k be a natural number. Then the following hold.:

1. If o € U}, then there exist ¢’ € Uy such that FV (o) = FV (¢') and HA F ¢ +
@'

2. If p € E[ . then there exist ¢’ € Ey such that FV (@) = FV (¢') and HA - ¢
@'

Proor. By simultaneous induction on k. The base case is trivial.

For the induction step, assume that the assertion holds for k. We show the assertion
for k + 1 by induction on the structure of formulas.

The case of that ¢ is prime: Suppose ¢ € U/ | UE/ . Since ¢ is prime, the
assertion for k ensures that there exist ¢’ € Uy and ¢” € E; such that FV (¢) =
FV(¢') =FV(¢"”) and HAF ¢ < ¢’ < ¢”. Put v’ :=3x¢’ and y" :=Vxp”
where x ¢ FV (¢') UFV (¢”). By the definition, it is straightforward to show that
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w' € Epp1.w"” € Ugyand FV () = FV (z//’) = FV (y”). In addition, by (1) in the
proof of Lemma 2.3, we have HA F ¢ < v/ < v,

The case of ¢ := p; A @2: Suppose ¢ € UkJrl By Lemma 4.5.(1), we have ¢, €
U, and ¢, € U,,. By the induction hypothesis, there exist ¢{, 5 € Uy such
that FV (¢1) = FV (¢]). FV (¢2) = FV ((pé) HAF @1 <> @] and HA - ¢y < ).
Then it is straightforward to show that ¢ A ¢ € Uy, FV () = FV (¢] A ¢}) and
HAF ¢ < @] A @5. In the same manner, if ¢ € E . there exists ¢’ € E;; such
that FV (¢) = FV (¢’) and HAF ¢ < /.

The case of ¢ := ) V (s is similar to the case of p := | A ¢ (use Lemma4.5.(2)
instead of Lemma 4.5.(1)).

The case of ¢ :=¢; — ¢y Suppose ¢ € U, ;. By Lemma 4.5.(3). we have
o1 € Ef L and ¢ € Ul .- By the induction hypothesis, there exist | € E; 1| and
@5 € Uy such that FV (p1) = FV (), FV (¢2) = FV (Lpé) HAF @1 <> ¢ and
HA F ¢ <+ ). Then it is straightforward to show that ] — ¢} € U1, FV (¢) =
FV (¢ — ¢}) and HAF ¢ <> (] — ¢5). In the same manner, if ¢ € E; . there
exists ¢’ € Ey1g such that FV (¢) = FV (¢’) and HAF ¢ < ¢'.

The case of ¢ := Vx¢,: First, suppose ¢ € UkJr1 By Lemma 4.5.(4), we have
@1 € UL, . By the induction hypothesis, there exists | € Uy such that FV (¢;) =
FV (gol) and HA ¢ < . Then it is straightforward to show that Vx| € Uy, .
FV (¢) = FV (Vxp{) and HA I ¢ < Vx¢p|. Next, suppose ¢ € E/, . By Lemma
4.5.(6). we have ¢ € U, . The assertion for k ensures that there exists ¢’ € Uy such
that FV (¢) =FV (<p’) and HAF ¢ + ¢'. Put y := 3y’ where y ¢ FV (¢'). By
the definition, it is straightforward to show that w € E;,;, FV (¢) = FV (w) and

k+1°

k+1°

HAF @ < u.
The case of ¢ := Jx¢; is similar to the case of ¢ := Vx| (use Lemma 4.5.(7)
and Lemma 4.5.(5)). -

In what follows, based on Proposition 4.6, we often identify U;-DNS with
UZ-DNS (especially in the assertions of our theorems). The latter will play a crucial
role in the arguments below.

Lemma 4.7. Let k be a natural number. For all ¢\ and @, in Ty, there exists
¢ € Iy such that FV (¢) = FV (g1 V ¢2) and HA + ——%;_|-DNE (HA if k = 0)
proves ==(@1 V ) > .

Proor. Without loss of generality, assume k > 0, ¢ := Vxp;(x) and ¢, :=
Vypa(y) where pi1(x), p2(y) € i1 (see Remark 2.2). By Lemma 4.4, it suffices
to show

HA + ==%;_-DNE F == (Vxp; (x) V Vypa(p)) <> ==Vx. y (p1(x) V pa()) .

The implication from the left to the right is straightforward. The converse implication
is shown as follows:

=X,y (pr(x) v pz »))
—  Vxy (p(x) V= (y))

E— nyyﬁ—\ —|—\l[)1 \/ —|—|p2(y))
23y (p(x) Vo ()
—

=3x. y (=p1(x) A=pa(y))
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s = (—\Vx—\ﬂpl(X) A _‘Vy_‘_‘p2(y))
— - (VXﬁﬁpl(X) \/vyﬁﬁPZ(y))
I S (Vxp1(x) V Vypa(y)) . =

LemMA 4.8. Let k be a natural number.

1. For all ¢ €1Ily, there exists w € Xy such that FV () =FV (y) and
HA + 2;-DNE proves —~¢ < .

2. For all ¢ € %y, there exists y € Iy such that FV (¢) = FV (y) and HA +
i 1-DNE (HA if k = 0) proves —p <+ .

Proor. By simultaneous induction on k. The base case is trivial. In what follows,
we show the induction step for k + 1.

Let ¢ := Vxp(x) where p(x) € Z;. By induction hypothesis, there exists p’(x) €
I, such that FV (p(x)) = FV (p/(x)) and

HA 4+ X, 1-DNE F —p(x) < p'(x).
Then HA + %, -DNE proves

—Vxp(x)
EmE —Vx——p(x)
— ——3Ix—p(x)
I H.]ﬁDNE e (x)
EkﬁNE ! (x).

which is in ;4.
Next, let ¢ := dxp(x) where p(x) € I1;. By induction hypothesis, there exists
p'(x) € = such that FV (p(x)) = FV (p’(x)) and

HA 4+ Z,-DNE - —p(x) < p’(x).
Then HA + Z;-DNE proves

!
—Ixp(x) <> Vx—p(x) [I.H‘E)DNE Vxp'(x),

which is in I, . =

LEmMA 4.9. Let k be a natural number. For all ¢ € Iy, there exists y € Xy such
that FV (p) = FV () and HA + =—%;-DNE F —¢ < ——y.

Proor. Let ¢ €II;. By Lemma 4.8.(1), there exists y € X; such that
FV(p) =FV(y) and HA+ X,-DNEF —¢ < w. By Corollary 4.2, we have
HA + —-—=%;-DNE F —p < . —

LemMA 4.10. HA + U,-DNS + ==X, _-LEM for each natural number k > 0.

Proor. Fix an instance of =—X;_;-LEM

@ = —Vx (p1(x) V —er(x)) .
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where ¢1(x) € Zx. Note (p1(x)V —pi(x)) € Fry €U/, Since HA proves
Vx—= (p1(x) V=1 (x)), we have that HA + U, -DNS proves =—Vx (¢ (x) V=i (x)).
namely, . .

COROLLARY 4.11. HA + U;-DNS F ——%,_;-DNE for each natural number k > 0.

Proor. Immediate from Lemma 4.10 and the fact that X; ;-LEM implies
%_1-DNE. o

§5. Prenex normal form theorems. In this section, we show the modified version
of [1, Theorem 2.7]. Prior to that, we first show a variant of the prenex normal form
theorem:

LEMMA 5.1. For each natural number k and a formula . if ¢ € U}, then there
exists @' € I such that FV (¢) = FV (') and

HA + U-DNS F = ¢ =’

Proor. By simultaneous induction on k, we show the following two statements
(which are in fact equivalent):
1. If ¢ € EJ. then there exists ¢’ € IT; such that FV (¢) = FV (¢’) and

HA 4+ U -DNS F = <> ==,
2. If ¢ € U/, then there exists ¢’ € I, such that FV (¢) = FV (¢’) and
HA + U/-DNS F == > =g’

The base case is trivial (one can take ¢’ as ¢ itself). In what follows, we show the
induction step.

For the induction step, assume the items 1 and 2 for £ — 1. We show the items
1 and 2 for k simultaneously by induction on the structure of formulas. When ¢ is a
prime formula, by Lemma 2.3, we have ¢’ which satisfies the requirement. For the
induction step, assume that the items 1 and 2 hold for ¢; and ;. When it is clear
from the context, we suppress the argument on free variables.

The case 0 1 A py: First, assume ¢ A ¢y € E,t By Lemma 4.5, we have ¢y, ¢, €
E;. By induction hypothesis, there exist ¢, ) € IT; such that HA 4+ U}-DNS
proves —p; <+ | and —ps ++ ). By Lemma 4.7, there exists ¢’ € IT; such
that

HA + ==X, |-DNE F ==(p] V ¢3) <> =,
By Corollary 4.11, HA + U}/ -DNS proves

(1 A p2)
(—) —\(—\—\(p] /\ _‘_‘SOZ)
— (=] A —e5)
[LH.] U;-DNS
— (o1 V —3)
(—) e | /‘
——3;_|-DNE 14

Next. assume ¢; A ¢y € U} . By Lemma 4.5, we have ¢1. ¢, € U; . By induction
hypothesis. there exist ¢{. ¢} € II; such that HA + U, -DNS proves ~—¢p; <> =]

https://doi.org/10.1017/js1.2021.47 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2021.47

PRENEX NORMAL FORM THEOREMS IN SEMI-CLASSICAL ARITHMETIC 1135

and =~y <> ). By Lemma 4.3, there exists ¢’ € I1; such that HAF ¢’ <
@1 A 5. Then HA + U;"-DNS proves

(o1 Aga) & e ATy o) Ao ¢ (] A ) 4 g
[LH] U} -DNS

The case of ¢ V ¢y: First, assume @1 V @3 € E;". By Lemma 4.5, we have ¢1. @3 €
E/. By induction hypothesis. there exist ¢{. ) € IT; such that HA + U} -DNS
proves —p; <> 7] and —p; <> ~—pl. By Lemma 4.3, there exists ¢’ € I such
that HA - ¢’ <> o[ A 5. Then HA + U} -DNS proves

(1 V ¥2)
— 2 WA}
[LH] U} -DNS
> (] A @)
— —-—’.

Next, assume ¢; V ¢, € U;". By Lemma 4.5. we have . ¢, € U;. By induction
hypothesis. there exist ¢}. ¢} € ITj such that HA + U} -DNS proves ~—¢p; > ~—¢]
and =, <> =), By Lemma 4.7, there exists ¢’ € ITj such that

HA + ==X, |-DNE F =—(p] V ¢3) <> ==,
By Corollary 4.11, HA + U;-DNS proves

—=(p1 V ¢2)
— —=(=m1 V )
[LH] U} -DNS
— (1 V 93)
(—) e | /.
-—3;_|-DNE 14

The case of ¢; — ¢,: First, assume ¢; — ¢, € E; By Lemma 4.5, we have
@1 € Ul and ¢, € E. By induction hypothesis. there exist 1. ¢} € IT; such that
HA 4 U; -DNS proves -—p1 <> =—¢f and =@, < =), By Lemma 4.3, there exists
@' € I such that HA - ¢’ <> ¢} A @5. Then HA + U;"-DNS proves

(1 — ¢2)
— =1 A 2
> —\ﬂgoi N —\—wpé
[LH] U} -DNS
— (e A )
— —\ﬂgol.

Next, assume ¢ — ¢, € U;. By Lemma 4.5, we have ¢; € E and ¢, € U}.
By induction hypothesis. there exist ¢{. ) € Il such that HA + U;"-DNS proves
1+ 7] and )y <> ). By Lemma 4.7, there exists ¢’ € II; such that

HA + ==X, ;-DNE F ==(p] V ¢3) <> ==’
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By Corollary 4.11, HA + UZ-DNS proves

==(p1 = ¢2)
—> —|(—|—\(p1 A\ _'QDZ)
— —(=f A=)
[LH] U} -DNS
— (] V 3)
— =’
——%;_|-DNE ¥

The case of Vxepi(x): First, assume Vxo;(x) € E;. By Lemma 4.5, we have
Vxepi(x) € U . By the item 2 for k — 1, there exists ¢’ € IT;_; such that

HA + U} -DNS F ~=¥xgp; (x) > —g'.
By Lemma 4.9, there exists ¢ € X;_; C I, (see Remark 2.5) such that
HA + ——%; -DNE F —¢' ¢ ~—"".
By Corollary 4.11, HA 4 U;-DNS proves

—Vxep(x) — o e

[LH.] U} |-DNS - |-DNE

Next, assume Vxgi(x) € U;. By Lemma 4.5, we have ¢ (x) € U} By induction
hypothesis, there exists ¢{(x) € II; such that

HA + U/ -DNS F == (x) <> =] (x).
Then HA + U} -DNS proves

—=Vxpi(x) +— Vx—-mpi(x) +—  Vxompi(x) — Ve (x).
U, -DNS [LH] U} -DNS U -DNS

The case of 3x¢p;(x): First, assume Jx¢p;(x) € E;. By Lemma 4.5, we have
¢1(x) € E; . By induction hypothesis. there exists ¢ (x) € IIj such that

HA + U/ -DNS F =g (x) ¢ == (x).
Then HA + U} -DNS proves

—Ixpr(x) < Vx—p1(x) = Vxo—pi(x) +— ——Vxp(x).
[LH]U;-DNS U;f-DNS

Next, assume that Ix¢p;(x) € U . By Lemma 4.5, we have Ix¢p;(x) € E; |. By
the item 1 for & — 1, there exists ¢’ € I1;_; such that

HA + U} |-DNS F =3xp;(x) <> =g’
By Lemma 4.9, there exists ¢ € X;_; C I, (see Remark 2.5) such that
HA + ——%; -DNE F —¢ ¢ ~—"".
By Corollary 4.11, HA 4+ U; -DNS proves

e (x) = ot = o

[LH.] Ultl -DNS -—-%;_1-DNE 4
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The following lemma is used a lot of times implicitly in the proof of our prenex
normal form theorem (Theorem 5.3).

LemMA 5.2 (cf. Fact 2.21in [1]). Let k be a natural number.
1. HA + 3;.-DNE F (IT; v I1;)-DNE.

2. HA+ (Hk+1 V Hk+1)—DNE F2.-DNE.

3. HA + —\_‘<Hk+1 \% Hk+1)-DNE F ——%,-DNE.

4. HA + X;-DNE + I1;,-DNE.

ProoF. (1): For formulas ¢; and ¢; in I, @1 V ¢ is equivalent (over HA) to
Fk((k=0—=p1)A(k#0—¢)),

which is equivalent to some ¢ € X, such that FV (¢) = FV (¢ V ¢;) over HA by
Lemma 4.3.(2). Therefore any instance of (IT; V IT;)-DNE is derived from some
instance of Z;,-DNE.

(2): Any instance of 2, -DNE is derived from some instance of (IT;; V II;,;)-DNE
since ¢ € Xy is equivalent to Vyp € Il with a variable y not occurring freely in
¢ (cf. Lemma 2.3).

(3): Immediate from (2) and Corollary 4.2.

(4): Note that =—Vxp(x) implies ——Vx—-—p(x), which is intuitionistically
equivalent to Vx——¢(x). Then any instance of I, ;-DNE is derived from some
instance of £;,-DNE. =

We are now ready to show the modified version of [1, Theorem 2.7].
THEOREM 5.3. For each natural number k and a formula ¢, the following hold:
1. If ¢ € Ef, then there exists ¢’ € Xy such that FV (@) = FV (¢') and
HA + Z;-DNE + U;-DNS F ¢ <> ¢”;
2. If ¢ € Uy, then there exists ¢’ € Iy such that FV (¢) = FV (¢’) and
HA + (TT; V I )-DNE F ¢ < .

ProOF. For the proof, we prepare the following auxiliary assertion (which is in
fact a consequence of the item 2):

3. If ¢ € E. then there exists ¢’ € II; such that FV (¢) = FV (¢’) and
HA 4 =—(I1; v I )-DNE I 4 —\_‘(,0/.

We show the items 1-3 by induction on k simultaneously. The base case is trivial
(one can take ¢’ as ¢ itself). In what follows, we show the induction step.

Assume the items 1-3 for k — 1. Since HA + IT;_;-DNE F IT;_;-DNS, by the
item 2 for k — 1, we have

HA + (IT;_, V I ;)-DNE |- U} -DNS. 3)

We show the items 1-3 simultaneously by induction on the structure of formulas.
When ¢ is a prime formula, by Lemma 2.3, we have ¢’ which satisfies the
requirement. For the induction step, assume that the items 1-3 hold for ¢; and ;.
When it is clear from the context, we suppress the argument on free variables.
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The case of ;1 A ¢y: For the second item, assume @1 A @2 € U;". By Lemma 4.5,
we have 1., € Uf. By induction hypothesis. there exist ¢{.p} € Il such that
HA + (IT; V I1; )-DNE proves ¢; <> ¢] and ¢, <> ¢5. By Lemma 4.3, there exists
¢’ € I such that HA F ¢’ <> ¢f A 5. Then HA + (I, V I )-DNE proves

@1 A @2 — LAy < ¢
[LH.] (TT; VIT; )-DNE

For the first and third items, assume ¢; A ¢, € E. By Lemma 4.5, we have
@1.¢2 € Ef. Then we have ¢’ € X; such that HA +X-DNE + U;-DNS I- ¢; A
2 <+ ' as in the second item. On the other hand, by induction hypothesis, there
exist ¢, ¢! € Iy such that HA + ——(IT; V II;)-DNE proves —¢; <+ ~—¢|" and
3 <> ~—py. In addition, by Lemma 4.7, there exists ¢” € Il such that HA +
== 1-DNE F =—¢" > ==(¢] V ¢}). Then, by Lemma 5.2, we have that HA +
—— (I V I )-DNE proves

—(p1 A ¢2)
— _\(_|_\(pl A —\—|S02)
— (=1 V —)
— —\—|(—|—\§0;/ V _|_|(p£/)
[ILH.] ‘!‘\(Hk\/nk>-DNE
— (=)' A —p))
— () V @y)
— ——”.
——X;_1-DNE

The case of ¢; V ¢,: For the second item, assume ¢; V @2 € U/". By Lemma 4.5,
we have 1., € U;. Then, by induction hypothesis, there exist pi(x1). p2(x2) €
Y1 such that HA + (I, Vv I1; )-DNE proves ¢ <+ Vx1p1(x1) and @; <+ Vx2p2(x2).
By Lemma 5.2, HA + (I, V I )-DNE proves

Vx1p1 (1) V Vxapa(xz)

VX1, X2 (Pl(xl) V pa(x2))

= (3x1-p1(x1) A Txapa(x2))

= (==3x17p1(x1) A ==Fx=pa(x2))
= (2Vx1p1(x1) A =Vx2p2(3x2))

== (Vx1p1(x1) V Vx202(x2))
Vx1p1(x1) V Vo pa(x2).

L1111

(Hk\/

=

«)-DNE

By Lemma 4.4, there exists &(x1, x2) € ;1 such that HA F &(x1, x2) < p1(x1) V
p2(x2). Then we have that HA + (IT Vv I, )-DNE proves

w1V
— Vxip1(x1) V Vxapa(xa)
[LH.] (IT; VII; )-DNE
— Vxr. x2 (p1(x1) V pa(x2))
(Hk\/l'lk)—DNE
< Vxl,fo(xl,)Q) e Ilg.

For the first and third items. assume ¢; V ¢, € E. By Lemma 4.5. we have
¢1. 92 € Ef. By induction hypothesis, there exist p;(x1), p2(x2) € IT_; such that
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HA + Z;-DNE + U; -DNS proves ¢; <+ 3xipi(x1) and @3 <> Ixzp2(x2). By the
item 2 for k — 1, there exists &(x1, x») € II;_; such that

HA + (I V T 1)-DNE F &(x1. x2) > p1(x1) V pa(x2).
By Lemma 5.2, we have that HA + £;-DNE + U, -DNS proves

p1V @
— Ixipi(x1) V Ixapa(x2)
[LH]Z;-DNE. U/ -DNS
— 3x1. x2(p1(x1) V p2(x2))

— Ixy, x2 E(x1, x2).
[1.H.] (Hk—l \/Hk71>-DNE
Thus we are done for the first item. For the third item, by induction hypothesis,
there exist ¢/, ¢4 € I such that HA + ——(IT; V I1;)-DNE proves - <> =g}
and -, <> =), In addition, by Lemma 4.3, there exists ¢” € IT; such that
HAE " < ¢ A py. Then HA 4+ == (I1; V I )-DNE proves
—\(801 V 902) <> —\901 N _'QDZ —> _'_'Soil N —|—|g0£,
[LH.] =—(IT; VIT;)-DNE
o (] Apy) e

The case of ¢ — »: For the second item. assume ¢; — ¢; € U;. By Lemma 4.5,
we have ¢| € E; and ¢, € U;. By induction hypothesis, there exist p; (x1), p2(x2) €
w1 such that HA + ——(IT; VII;)-DNE F —p; <+ ==Vx;p;(x;) and HA+
(T1; v I1;)-DNE F 0 <+ Vx2p2(x2). By Lemma 4.5, we have that —p; (x1) — p2(x2)
is in E; . Then, by the item 1 for k —1. there exists &(x1.x3) € Zx such
that

HA + %, -DNE + U]ill-DNS FE(x, X2) & (ﬁpl (Xl) — pz(Xz)) .
Then, using Lemma 5.2 and (3). we have that HA 4 (IT; Vv I1; )-DNE proves

P1r— @2

— o1 — Vx2p2(x2)
[LH.] (IT, VIT, )-DNE

w1 — —\_‘VXQpQ (Xz)

1, -DNE
— ——p1 — Vxop2(x2)
< ﬂVxlpl(xl) — ﬁﬁVszz(XQ)
[LH.] =—(I1; VI1; )-DNE
2,c4<——D>NE —=3x1-p1(x1) = 2Vxap2(x2)
— —=Vx1. x2 (21 (x1) = pa(x2))
<—— ﬂ—Mxl,xzf(xl,xz)

[L.LH]Z;_;-DNE. U/ ,-DNS
— Vxl,XQf(xl,Xz)EHk.
I, -DNE
For the first and third items, assume ¢; — ¢, € E;". By Lemma 4.5, we have ¢; €
U} and ¢, € E;. By induction hypothesis. there exists p»(x2) € ITi_; such that HA +
2-DNE + U;—DNS F ¢y <> Ixzp5(x5). In addition, by Lemma 5.1, there exists
p1(x1) € iy such that HA 4+ U -DNS F =g <+ ==Vxp;(x;). By Lemma 4.5,
we have =p2(x2) — —pi(x1) is in U} . Then, by the item 2 for k — 1, there exists
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&(x1,x2) € Ty such that

HA + (ITjy V I )-DNE F &(x1. x2) 5 (=p2(x2) = =p1(x1)) .
Then. using Lemma 5.2, we have that HA 4 X,-DNE + U; -DNS proves

P11 — P2
— o1 — Ixapa(x2)
[L.LH]Z;-DNE, U/ -DNS
— — -3
5\ DNE »1 le)z(xz)
PRI =) — —mﬂxzpz(xz)
— —=Vxpp1(x1) = ==3x2p2(x2)
Ujf-DNS
— —=dx, (Vxlpl (Xl) — pz(Xz))
I, DNE Xz( p2(x2) x1p1(x1))
zkf,-—D)NE x2 (—p2(x2) — x1=p1(x1))
RN —=dx,——dxg (“,Dz(XZ) — 7Pl (Xl))
— ==3x1, X2 E(x1. X2)

[LH.] (TT;_; VIT;_;)-DNE
s oE 3x1. x2 E(xr, x2) € 2y
Thus we are done for the first item. For the third item, by induction hypothesis,
there exist ¢].¢5 € Iy such that HA + (IT; V I1;)-DNE - ¢; <> ¢ and HA +
== (IT; V I )-DNE F =g, ¢ =—¢4. On the other hand. by Lemma 4.3, there exists
&' € T such that HA - @ A @) <+ &' Then HA + =~ (T1; V I, )-DNE proves
~(1 = 2) ¢ (1 A =) p— =) A )
[LH.] =—(IT; VI1;)-DNE
& () A py) < e

The case of Vx¢p1 (x): For the second item. assume Vxy;(x) € U, . By Lemma 4.5.
we have ¢;(x) € U/". By induction hypothesis. there exists ¢{(x) € I such that
HA + (T1; V [T )-DNE F ¢ (x) <> ¢](x). Then Vx¢p; (x) is equivalent to Vxg[ (x) €
I, over HA + (I V I, )-DNE.

For the first and third items, assume Vx¢p;(x) € E;. By Lemma 4.5, we have
Vxpi(x) € Ul ,. Then. by the item 2 for k — 1. there exists ¢ € IT;_; C X (see
Remark 2.5) such that

HA + (ITx_; V I, )-DNE F Vxp (x) ¢ €. (4)

By Lemma 5.2, we are done for the first item. For the third item, by Lemma 4.8,
there exists ¢’ € X C I (see Remark 2.5) such that HA + X, |-DNE - =& < &/,
By Corollary 4.2, we have HA + ==X, {-DNE F ¢ «+ ——¢’. In addition,

HA + ——=(IT;_; V II;_;)-DNE F ——Vxp; (x) & =&

follows from (4). Then, by Lemma 5.2, we have that HA 4+ ——(IT; Vv I1;)-DNE
proves

—Vxp1(x) — & E
[LH.] =—(I; | VII; ;)-DNE  —-%;_|-DNE

Thus we have shown the third item.
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The case of Jx¢;(x): For the second item, assume Jx¢;(x) € Uf. By Lemma
4.5, we have Ix¢p;(x) € E; |. Then, by the item 1 for k — 1. there exists & € Z; | C
IT; (see Remark 2.5) such that HA + X, |-DNE + U;" |-DNS - 3x¢; (x) > £. By
Lemma 5.2 and (3), we have HA + (IT; V I, )-DNE F 3x¢p; (x) < E.

For the first and third items, assume Jx¢;(x) € EZ By Lemma 4.5, we have
¢1(x) € Ef. By induction hypothesis, there exist o] (x) € Z; and ¢{'(x) € IIj such
that HA 4 X, -DNE + U; -DNS F ¢;(x) <+ ¢{(x) and HA 4+ ——(IT; V IT; )-DNE -
—p1(x) > =1 (x). Then Ixp;(x) is equivalent to Ixe|(x) € I over HA +
>i-DNE + U,‘(*—DNS. Thus we are done for the first item. For the third item, since
HA + ——=(T1; Vv II; )-DNE proves

—Ixp;(x) < Vx—p(x) — Vx——py (x),
[ILH.] ‘!‘\(Hk\/r[k)-DNE

we have that HA + ——(I1j V I1; )-DNE proves
—Ixp1(x) < == Vx——p) (x).

On the other hand. the latter is equivalent to ——Vxy;(x) in the presence
of ——II;-DNE. Thus we have HA + —=(II; Vv II;)-DNE F —3x¢p;(x) <
—=Vxepy (x). 4

COROLLARY 5.4. HA + ——(II; V I1;)-DNE I U;-DNS.

Proor. Since U,-DNS is intuitionistically equivalent to ——U;-DNS (see
Remark 2.8), it suffices to show HA 4+ (IT; Vv I1; )-DNE F U,-DNS. By Theorem
5.3.(2), any formula ¢ € Uy is equivalent to some ¢’ € IT; such that FV (¢) =
FV (¢’) over HA + (I1; v I1;)-DNE. Since HA + IT;,-DNE  IT,-DNS, we have

HA + (I, V IT; )-DNE I U;-DNS. 4

REMARK 5.5. Corollary 5.4 shows that Lemma 5.1 (equivalent to the item 1
in the proof of Lemma 5.1) is a stronger statement of the item 3 in the proof
of Theorem 5.3. On the other hand, it is still open whether HA + U;-DNS is a
proper sub-theory of HA + ——(T1; V I, )-DNE. In fact, in the proof of Theorem
5.3, Lemma 5.1 is only used for obtaining y; € II; such that ——y; < ——¢p)
(where ¢; € U;) in the verification theory of the first item. Since this argument
is available in HA + ——(II; V I1;)-DNE with assuming the second item for ¢y,
one can show the alternative assertions of Theorem 5.3 where U;-DNS is replaced
by —=—(IT; V I )-DNE without using Lemma 5.1. Thus, if HA 4+ U;-DNS proves
—— (I Vv I )-DNE, we can simplify the proof of Theorem 5.3.

REMARK 5.6. It follows from Theorem 5.3 and the resultsin §3 that HA + X,-DNE
does not prove U;-DNS.

At the end of this section, we study the prenex normal form theorem for formulas
which do not contain the disjunction V. In fact, the proof of Theorem 5.3 suggests
that the unusual form (ITj, V IT; )-DNE of the double negation elimination is caused
by the argument especially in the case of ¢ V ;. On the other hand, if a formula ¢
does not contain V, one can intuitionistically derive the original formula ¢ from a
formula in prenex normal form which is classically equivalent to ¢ (cf. [10, Lemma
6.2.1]). Then the proof of the prenex normal form theorem for those formulas
becomes to be fairly simple.
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THEOREM 5.7.  For each natural number k and a formula o which does not contain V,
the following hold.:

1. If ¢ € E[[. then there exists ¢’ € Xy such that FV () = FV (¢') and
HA + 3, -DNEF ¢ ¢ ¢'.
2. If ¢ € U}, then there exists ¢’ € Iy such that FV (¢) = FV (¢’) and
HA + 3, -DNE (HA ifk = 0) F ¢ < ¢

PrOOF. We mimic the proof of Theorem 5.3. Thus we first prepare the following
auxiliary assertion (which is in fact a consequence of the item 2):

3. If ¢ € E/. then there exists ¢’ € IIj such that FV (¢) = FV (¢’) and
HA + =%, ;-DNE F = < ——¢'.

Then we show the items 1-3 by induction on k simultaneously. The base case is
trivial. Most of the parts for the induction step is the same as those for Theorem
5.3. The same proof works since each of the logical principles in the items | and 2
implies both of them for k — 1 and the logical principle in the item 3 is the double
negation of the logical principle in the item 2 as in Theorem 5.3.

Only the difference with the proof of Theorem 5.3 is in proving the item 1 for
¢ := @1 — 2 € B}, where we use Lemma 5.1. Here one can use the item 2 instead
of Lemma 5.1. This is because X;,-DNE includes X;_;-DNE while the verification
theory of the item 1 in Theorem 5.3 contains the verification theory of Lemma 5.1.
To be absolutely clear. we present the proof of this part: Let ¢; — ¢ € E/[. By
Lemma 4.5, we have ¢; € U] and ¢, € EZ By induction hypothesis, there exists
pl(xl) € X and /)2()62) eIl such that HA + 2i1-DNE F Y1 < Vxlpl(xl) and
HA + Z;-DNE F ¢, <> 3xyp2(x2). By Lemma 4.5, we have —py(x3) — —p1(x1) is
in U . Then, by the item 2 for k — 1. there exists &(x1. x2) € IT;; such that

HA 4 24 2-DNE F &(x1. x2) ¢ (mp2(x2) = =pi(x1)) .
Then HA + X, -DNE proves

Y1 — P2
3
[I-H.E)DNE p1r— X2p2(X2)
ﬁﬁﬂ
5\ DNE 1 — x2p2(x2)
[LH %, DNE Vxipi(x1) = ~=3xapa ()
— ﬁ‘!ﬂxz (vx1p1 (Xl) — /)Z(XZ))
HkﬁNE x2 (2pa(x2) = =9xip1(x1))
_\_‘3 - _\_\3 =
5. -DNE X2 (~pa(x2) = == 3x1=pi (1))
— —|—|E|X2—\—|E|X1 (_|p2(x2) — ﬁpl(xl))
A —=3x1, x2 E(x1. x2)

[LH.] % ,-DNE

— dxi, x E(xq. x0) € Zi.
s oE 1.2 E(x1. x2) € 2 4

Remark 5.8. It follows from Theorem 5.3 and Corollary 5.4 that E;-LEM,
U-LEM and U;-DNE are equivalent to X;-LEM, IT;-LEM and (IT; V I1; )-DNE
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respectively over HA (cf. [1. Corollary 2.9]). This may not be the case for E;.-DNE
and Z;-DNE. On the other hand, Theorem 5.7 implies that HA 4+ £;,-DNE proves
the double negation elimination for all formulas in E; which do not contain V.

§6. A conservation theorem. In this section, we generalize a well-known fact that
PA is Il -conservative over HA in the context of semi-classical arithmetic (see
Theorem 6.14). The fact is normally shown by applying the negative translation
followed by the Friedman A-translation (seee.g., [6, Chapter 14]). As for the negative
translation, there are several equivalent forms (see [8, §1.10.1]). Here we employ
Kuroda’s negative translation among them.

DEFINITION 6.1 (cf. [6, Definition 10.1]). Let ¢ be a HA-formula. Then its negative
translation ¢? is defined as ¢V := ——py. where @y is defined inductively as
follows:

* (¢p)y = @p if p is a prime formula;

e (proga)y :=(p1)y 0 (p2)y. Where o € {A. V. =}

o (Ixepy)y = 3x(p1) y:

o (Vxp1)y = Vx—=(p1)y-

REMARK 6.2. By induction on the structure of formulas, one can show FV (¢) =
FV (on) =FV (¢") for all formulas ¢. When it is clear from the context. we
suppress the argument on free variables.

Lemma 6.3. For any HA-formula ¢ in prenex normal form, HA proves ¢ — @n.
Proor. By induction on the structure of formulas in prenex normal form. -
PROPOSITION 6.4. For any HA-formula ¢, if PA = @. then HA - V.

Proor. By induction on the length of the derivations (see the proof of [6,
Proposition 10.3]). -

LEMMA 6.5. Let k be a natural number.
1. For any HA-formula ¢ € X;, HA + X,-DNE proves oV « ¢.
2. For any HA-formula ¢ € TI, HA + %, -DNE (HA if k = 0) proves oV « .

Proor. By simultaneousinduction on k. The base case is trivial. For the induction
step, assume the items 1 and 2 for k to show those for k + 1. For the first item, let
dxp; € L1 where ¢ € II;. We have that HA + X, |-DNE proves

3 N = ﬂﬂa —|—\3 -/ —\—\3 3 .

(3xpr) X(p1)y < 73X (01 ny S e Y ZkﬁNE xXpi
For the second item, let Vxp; € ;. where ¢ € 2. Since I, ;-DNE is derived
from X;-DNE (see Lemma 5.2.(4)). we have that HA + X, -DNE proves
)N

(Vxp1)" = -=Vx-=(p1)y - Vxp  <—  VYxoi. 4

[LH]Z,-DNE I, -DNE

Let HA™ denote HA in the extended language where a predicate symbol * of
arity 0, which behaves as a “place holder”, is added. In particular, HA* has 1 —
x as an axiom. To make our arguments absolutely clear, we prefer to add the
distinguished new predicate * rather than discussing about A-translation inside the
original language as done in [2, 6].
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DEFINITION 6.6 (A-translation [2]). For a HA-formula ¢, we define ¢* as a
formula obtained from ¢ by replacing all the prime formulas ¢, in ¢ with @, V *.
Officially, ¢* is defined inductively as in Definition 6.1. In particular, 1 *:= (L V ),
which is equivalent to * over HA*. In what follows, -, ¢ denotes ¢ — *.

REMARK 6.7. By induction on the structure of formulas, one can show FV (¢) =
FV (¢*) for all HA-formulas ¢.

PrOPOSITION 6.8 (cf. [2, Lemma 2]). For any HA-formula ¢. if HA\- . then
HA* - p*.
ProOOF. By induction on the length of the derivations. o

REMARK 6.9. An analogous assertion of Proposition 6.8 holds for HA 4+ Z;-LEM
and HA* + X;-LEM instead of HA and HA™ respectively (see [7, Lemma 3.1]).

The following substitution result is important in the application of the A-
translation:

LeMMA 6.10 (cf. [10, Theorem 6.2.4]). Let X be a set of HA-sentences and ¢ be a
HA*-formula. If HA* + X + ¢, then HA + X + [y/*] for any HA-formula w such
that the free variables of w are not bounded in @, where @[y /%] is the HA-formula
obtained from ¢ by replacing all the occurrences of x in ¢ with .

Proor. Fix a set X of HA-sentences. By induction on k, one can show
straightforwardly that for any k& and any HA*-formula . if HA* + X I ¢ with
the proof of length &, then HA + X + ¢[w/x] for any HA-formula w such that the
free variables of y is not bounded in ¢. The variable condition is used to verify the
case of the axioms and rules for quantifiers. o

The following lemma is a key for our generalized conservation result.

LemMA 6.11. Let k be a natural number.

1. For any HA-formula ¢ € %, HA* + %, _|-LEM (HA" if k = 0) proves (on)" <
PN V k.

2. For any HA-formula ¢ € TI;, HA* + Z-LEM proves (on)" < oy V *.

Proor. We show the items | and 2 simultaneously by induction on k.

The base case: Since every quantifier-free formula ¢4 such that FV ((qu) ={x}
is equivalent to a prime formula #(¥) = 0 for some closed term ¢ (see e.g., [6.
Proposition 3.8]), by Proposition 6.8, it suffices to show the assertions only for
prime formulas. Since ((¢p) )" = ¢p* = @p V * = (p) y V *. We are done.

The induction step: Assume that the items 1 and 2 hold for k. We first show the
item 1 for k 4+ 1. Let ¢ € Tj. Since

(Bxpn)y)" = @x (pr)y) =3 ((e1)y)"
by induction hypothesis, we have
HA* + Z-LEM F ((3xp1)y)" <> 3x ((@1)y V *) .

Since HA* proves 3x (1) V *) > (3x (¢1)y V%) = ((3xe1) y V *). we have
HA* + Z-LEM F ((3xe1) )" < ((3xp1)y V *) .
Thus we have shown the item 1 for k + 1.
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Next, we show the item 2 for k + 1. Let ¢, € ;. We shall show that HA® +
%;-DNE (and hence, HA* + X, 1-LEM) proves (Vxep2)y V* — ((Vxp2)y)". By
Lemma 6.5.(1), we have

HA + Z-DNE F ¢ ¢ (92)" = ==(2) - (5)
Then we have that HA* + X, -DNE proves
(Vxga)y V= (Vx=2(2) y V %) 5 Vs V .

By Lemma 6.3, HA proves ¢» — (1) . Then, using induction hypothesis and the
fact that £,-DNE derives £;_-LEM, we have that HA* + Z,-DNE proves

(Vxp2) y V * Z;RE Vxp, V *
— Vax(p2)y V *
— Vx((p2)y V *)
— Vx ((¢2)y)

Vx (((((pz)N)* — *) — *)

—
<o ((Vxp2)y) "
In the following, we show the converse direction:
HA* + 2 -LEM = ((Vxga) )" = (Vx2) 5 V . (6)

Reason in HA* + X ,.;-LEM. Suppose ((Vx¢2) )" equivalently.
Vx (((((pz)N)* — *) — *) ) (7)

By induction hypothesis. (7) is equivalent to Vx (((¢2)y V * — %) — ), which is
intuitionistically equivalent to

Vx (((cpz)N — *) — *) .
Then we have
Ix=(p2) y = *. (8)

By Lemma 4.8.(2), there exists w, € I1; such that FV (¢;) = FV (y,) and —p» is
equivalent to w»,. Since Ixy, € iy, by X5 1-LEM, we have Ixy, V —3Ixy,, and
hence,

Ix ¢ V VX g).
Then, by (5). we obtain
Ax—(p2) y V VX (2) y-

In the former case, we have * by (8). In the latter case, we have (Vx¢2) . Thus we
have shown (6). -

LeEMMA 6.12. Let ¢ be a HA™ -formula.
1. HA* F o — =0,
2. HA* F Vx—,p < —,3xp.
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3. HA® F —y—mp — .
4. HA™ F 3x—, e — e dxe.

ProoF. (1)-(3) are immediate from the definition of —, (see Definition 6.6). (4)
follows from (1)—(3). =

LEMMA 6.13. For any HA-formula ¢ in prenex normal form, HA* = ¢ — ((pN)*.

PrOOF. Since there exists a closed term ¢ such that HA F oge(xi, ... x5) <>
t(x1.....x,) =0 for each quantifier-free formula g such that FV (pg) =
{x1,....x¢} (see eg., [6. Proposition 3.8]), by Proposition 6.4 and Proposition
6.8, one can assume that formulas in prenex normal form consist of the formulas
of form Qixi ... Orxi ¢, Where Q;s are quantifiers and ¢, is prime. We show our
assertion by induction on the structure of formulas of this form.

For a prime formula ¢, it is trivial to see that HA™ proves

N *
Pp = pp V= T (Pp V) ((Sop) ) .
Assume the assertion for . Then, using Lemma 6.12, HA™ proves

*

A o 3w ()" = 3x () Ivmm (o) = a3 (o)
& ((ﬂxcp)N)*
and
Vxep o Vx (V)" = Vx (mmpn)" ¢ Vs (on)" = eV (o)
& ((Vw)N)*. 4

THEOREM 6.14. Let k be a natural number. For any ¢ € Ty, and any y in prenex
normal form, if PA -y — ¢, then HA + 2,-LEM F v — .

PROOF. Let ¢ := Vx3yp; where ¢; € I1;. Since one can freely replace the bound
variables, assume that the free variables of dyp; are not bounded in w and x does
not occur in y without loss of generality.

Suppose PAF w — Vx3dyp;. By Proposition 6.4, we have that HA proves
==(wny — Vx—=—3y (¢1)y). which is intuitionistically equivalent to ——wy —
Vx==3y (¢1)y. namely. y — Vx——-3y (¢1) . Then we have

HAF y — ==3y (1) -
By Proposition 6.8, we have
HA" F (y)" = ~=3r ((e1)y) "

and hence,

HA* -y — =3y ((p1)y)”
by Lemma 6.13. Then, by Lemma 6.11.(2), we have that HA* + X, -LEM proves

y — =3y ((e1)y V%)
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which is intuitionistically equivalent to

y — =3y (1) y-

Since the free variables of dyy; are not bounded in . using Lemma 6.10 with
Remark 6.2, we have

HA + Z-LEM F w — ((3y (1) y — Iye1) = Tyer) . )

On the other hand, by Lemma 6.5.(2) and the fact that X;-LEM derives X;-DNE,
we have that HA 4+ X,-LEM proves
_ N
1)y = ==(e1)y = (1) s o P
and hence. 3y (¢1)y — Jyer. Then, by (9), we have HA + Z,-LEM F w — Jye;.

By our assumption, x does not occur in w, and hence, HA + X-LEM + v —
Vx3yp; follows. -

COROLLARY 6.15. HA +X,-LEM is closed under the Xj.|-generalization of
Markov’s rule: If HA + X;.-LEM proves ——p where ¢ € Zjy, then HA + Z;-LEM
proves ©.

Corollary 6.15 is announced in [5, §4.4] without proof and the proof for k =1
with using the soundness of the A-translation for HA + X;-LEM (cf. Remark 6.9)
can be found in [7, Proposition 3.2]. In fact, by using the latter, Kohlenbach and
Safarik essentially show an instance of Theorem 6.14 for k =1 and y =0 =0 in
[7, Proposition 3.3].

In this paper, we have shown Theorem 6.14 in order to prove the optimality
of our prenex normal form theorems in §5 (see §7). On the other hand. the
conservation result on semi-classical arithmetic itself is interesting. This will be
studied comprehensively in [4].

§7. Characterizations.

NotaTION 2. Let T be an extension of HA. Let I"and I'” be classes of HA-formulas.
Then PNFT7 (I',T”) denotes the following statement: for any ¢ € I', there exists
o' €eI"suchthat FV (p) =FV (¢ )and T + ¢ < ¢’.

Under this notation, Theorem 5.3 asserts (modulo Lemma 2.3) that for a semi-
classical theory T containing HA + (IT; V I1;)-DNE, PNFT7 (U, IT;/) holds for
all k¥’ < k as well as the analogous assertion for E; and Xj. It is natural to ask
whether the verification theories are optimal. In this section, among other things
(see Table 1), we show that this is exactly the case:

1. For a theory T in-between HA and PA, T  (I1; Vv II;)-DNE if and only if
PNFTr (Ug, /) for all kK’ < k. (Theorem 7.3)

2. For a theory T in-between HA + I1;_;-LEM ( HA if k =0) and PA, T I
%-DNE + U,-DNS if and only if PNFT7 (E;/, Z;/) for all ¥’ < k. (Theorem
7.11)

LeEMMA 7.1. Let T be a theory in-between HA + ¥ _»,-LEM (HA if k < 2) and PA.
IfPNFT (Uk, Hk), then T + (Hk V Hk)—DNE
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P (Tr. Ax) Qx cf.
~—3%, |-DNE ((den)df, de“) ——II; »-LEM  Thm.7.18
U,-DNS (den, nkdn) 0 Thm. 7.6
>._1-DNE (U9 11y 1, ,-LEM Thm. 7.16.(2)
Y 1-DNE B
+ Uk _DNS (Uk n’ Hk) kaz—LEM Thm. 7.17
%, -DNE (B9 %) I, ;-LEM Thm. 7.16.(1)
X-DNE
+ Uk -DNS (Ek, Zk) Hk,I—LEM Thm. 7.11
(Hk vV Hk)-DNE (Uk,Hk) 1] Thm. 7.3
2;-DNE (U TL,) & (Ej.55) 0 Cor. 7.14

+ (T, v T1;)-DNE

TaBLE 1. Characterizations of the prenex normal form theorems

ProoF. Fix an instance of (IT; Vv I1;)-DNE
@ =Vx (- (e1(x) Vpa(x)) = @1(x) Va(x)).

where ¢1(x). p2(x) € I (x). Since == (p1(x) V ¢2(x)) and @i (x) V p2(x) are in
Uy. by our assumption, there exist p(x) and p’(x) in II;(x) such that T proves
p(x) < o1(x) V pa(x) and p’(x) <> == (p1(x) V g2(x)). Since PA ¢ and PA is
an extension of T, we have PA I- p’(x) — p(x). By Theorem 6.14, we have that
HA + % _»-LEM proves p’(x) — p(x). and hence, Vx (p’(x) — p(x)). Since T isan
extension of HA + X, ,-LEM, we have T + Vx (p/(x) — p(x)). and hence, T F ¢.
_|

LemMA 7.2. Let T be a theory in-between HA and PA. If PNFT 7 (U, I1;/) for
all k! <k, then T -X_;-LEM.

Proor. By induction on k. The base case is trivial. For the induction step, assume
PNFTy (U, 1) for all &’ < k + 1. Then, by induction hypothesis, we have T
2r_1-LEM. Fix an instance of X;,-LEM

@ = Vx(p1(x) V —pr1(x)).

where ¢1(x) € Z;(x). Since ¢ € Uy, by our assumption, there exists a sentence
¢’ € i, suchthat T F ¢ <> ¢’. Since PA F ¢, we have PA - ¢’. Then, by Theorem
6.14, we have HA + X, |-LEM F ¢’, and hence, T + ¢’. Thus we have T F .

THEOREM 7.3. Let T be a theory in-between HA and PA. Then T+
(I v I )-DNE if and only if PNFTr (U, ) for all k' < k.

Proor. The “only if” direction is immediate from Theorem 5.3.(2). We show
the converse direction. Assume PNFT7 (U, I/ ) forall k&’ < k. Let k > 0 without
loss of generality. By Lemma 7.2, T + %;_;-LEM. Then, by Lemma 7.1, we have
T + (I1; v II;)-DNE. o
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DerNiTION 7.4. Let T be a class of formulas. Then T denotes the class of
HA-formulas =—¢ where ¢ € I', and I'" denotes that for —¢ where ¢ € T

LEMMA 7.5. Let T be a theory in-between HA and PA. If PNFT (Uk/dn, Hk/d“>
forallk’ <k, then T +—-—%;_;-LEM.

Proor. By induction on k. The base case is trivial. For the induction step, assume
PNFT; (Uk/dn, Hk/dn> for all K’ < k + 1. Then, by induction hypothesis. T' proves
——X;_1-LEM. Fix an instance of =—X;-LEM

p = V(1 (x) V =i (x)).

where o (x) € Z;(x). Since ¢ € U1, by our assumption. there exists a sentence
@' € Ty such that T+ ¢ <> =—¢p’. Since PA I Vx(p;(x) V —p1(x)), we have
PAF ¢’. Then, by Theorem 6.14, we have HA +X;_|-LEM I ¢’. and hence,
HA + ——%; |-LEM I ==’ by Lemma 4.1. Then T + ¢. -

THEOREM 7.6. Let T be a theory in-between HA and PA. The following are pairwise
equivalent:

1. PNFT; (Ek nk,d“) forall k' < k:
2. PNFTy (Uk,d“, nk,d“) for all k' < k:
3. T F U,;-DNS.

Proor. The equivalence of (1) and (2) is trivial (cf. the proof of Lemma 5.1).
In addition, (3 — 2) is immediate from Lemma 5.1 and Proposition 4.6. In what

follows, we show (2 — 3). Assume PNFT7 (Uk/d“,l'[k/d“) for all k' < k. Since
U;-DNS is intuitionistically equivalent to ——U;-DNS (See Remark 2.8), it suffices
to show T = ==U;-DNS. Let k > 0 without loss of generality. Fix an instance of
——U;-DNS

p = -Vx (Vy—'—mp] (x, y) — VY (x) J’)) s

where 1 (x, y) € Ug(x. y).Sincei(s) = — forall alternation paths s of Vy——¢1 (x, y)
and Vye; (x, ), it is straightforward to show that Vy——¢p(x, y) and Vyy; (x, y) are

in Uy (x). Then, by PNFT7 (de“, de“>, there exist p(x), p’(x) € I (x) such that

T proves ——p(x) <> ==Vypi1(x.y) and =—p’(x) + ==Vy—-—¢1(x. ). Since PA is
an extension of T and PA | ¢, we have PA I~ p’(x) — p(x). Then, by Theorem
6.14, we have that HA 4 X; ,-LEM (HA if k < 2) proves p/(x) — p(x), and hence,
Vx (—=p'(x) = =—p(x)). By Lemma 4.1, we have

HA + =% 5-LEM F —=Vx (== (x) = —=p(x)) .

On the other hand, by Lemma 7.5 and our assumption, we have T+ ——%;_;-LEM.
Then we have

T b —=Vx (==Vy——ep(x. y) = ==Vyer(x. ).
and hence. T  ¢. N
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REMARK 7.7. Theorem 7.6 shows that the verification theory for Lemma 5.1 is
optimal.

DEFINITION 7.8.  Let ' be a class of HA-formulas. 'Y denotes the class of formulas
in I" which do not contain V.

LEMMA 7.9. Let T be a theory in-between HA + I1;_1-LEM (HA if k = 0) and PA.
IfPNFT; (Ek,df, zk,) forall k' < k. then T - %, -DNE.

Proor. By induction on k. The base case is trivial. For the induction step,
assume the assertion for k& and let 7 be a theory in-between HA + I1;-LEM
and PA. Assume also that PNFT, (Ek/df,Zk/) holds for all k¥’ < k + 1. Then, by

induction hypothesis, 7' proves Z;-DNE. Since T contains HA + I1;-LEM, we have
T + 2-LEM by [1, Theorem 3.1(ii)]. Fix an instance of X ,-DNE

@ = Vx(—=p1(x) = 1(x)),
where ¢1(x) € Z;,1(x). Without loss of generality, one can assume that ;(x)
does not contain V (cf. [6. Proposition 3.8]). Since ——¢;(x) € B ¥, By
PNFT7 (Ek+ldf,2k+1), there exists ¢](x) € Zy;1(x) such that 7 F ¢ (x)

¢} (x). Since PA is an extension of T and PA |- ¢, we have PA F ¢](x) — ¢1(x).
Then, by Theorem 6.14, we have that HA + ;-LEM proves ¢ (x) — ¢1(x). and
hence. Vx (p](x) = ¢i(x)). Since T is an extension of HA 4 X;-LEM, we have
ThHo. .

LemMMA 7.10. Let T be an extension of HA + ——%;_1-DNE (HA if k = 0). If
PNFTy (Ey. 30 for all k' < k. then PNFT; (Ek nk,dn) forall k' < k.

ProoF. Assume PNFTy (E;/,%;/) for all ¥’ < k. Fix k' <k and ¢ € E;/. By
PNFT (E;/. X;/), there exists ¢’ € X,/ such that FV (¢) =FV (p/)and T + ¢ «
©’'. Then

T —p .

On the other hand, by Lemma 4.8.(2), there exists ¢” € I, such that FV (¢') =
FV (¢"”) and HA + X,/ |-DNE | —¢’ +> ¢”. Then, by Corollary 4.2, we have

HA 4 =%/ ;-DNE F ¢’ <+ =" .
Then FV(—-¢)=FV(-—¢"”) and T+ —-¢ <> =—¢"”. Thus we have shown
PNFT; (Ek/“, zk,d“). -
THEOREM 7.11. Let T be a theory in-between HA + I1;_;-LEM (HA if k = 0) and
PA. Then T F X;-DNE + U;-DNS if and only if PNFTr (Eyr, Zy/) for all k' < k.

Proor. The “only if” direction is immediate from Theorem 5.3.(1). We show
the converse direction. Assume PNFTy (E;/, Z/) for all k' < k. Let k > 0 without
loss of generality. By Lemma 7.9, we have T - X;-DNE. Then, by Lemma 7.10 and
Theorem 7.6, we have T + U;-DNS. =

REMARK 7.12. Itis still open whether the assumption that 7" contains I[1;_-LEM
can be omitted in Theorem 7.11.
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REmMARK 7.13. Akama et al. [1] shows that I1;-LEM does not derive X;-DNE
and X, -DNE does not derive (IT; V IT; )-DNE. Theorem 7.11 reveals that the prenex
normal form theorem for E; and ¥, does not hold in HA + I1;-LEM, and Theorem
7.3 reveals that the prenex normal form theorem for U, and IT; does not hold in
HA + X, -DNE.

COROLLARY 7.14. Let T be a theory in-between HA and PA. Then T + X,-DNE +
(Hk V Hk)-DNE ifand OVlly lfPNFTT (Ek/, 2](/) and PNFTT (Uk/7 Hk/)for all k' <
k.

Proor. Let T be a theory in-between HA and PA. The “only if ” direction follows
from Theorem 5.3 and Corollary 5.4.

For the converse direction, assume that PNFT7 (E;/, Z;/) and PNFT 7 (Uys, ;)
hold for all k' <k. By Theorems 7.3, we have T F (IT; Vv II;)-DNE. Since
I1; 1-LEM is derived from (T V I1; )-DNE (cf. [1, Theorem 3.1(1)]), by Theorem
7.11, we also have T + X;,-DNE. -

In the following, we show the optimality of Theorem 5.7 (see Theorem 7.16).
LeMMA 7.15. Let T be a theory in-between HA 4 I1;_,-LEM (HA if k < 2) and
dr
PA. If PNFT; ((Uk,dn) ,nk,> forall k' < k. then T F £; -DNE.

Proor. By induction on k. The base case is trivial. For the induction step,
assume the assertion for k and let 7 be a theory in-between HA + IT;_;-LEM and

df
PA. Assume also that PNFT, ((Uk/d"> ,Hk/> holds for all k&’ < k + 1. Then, by

induction hypothesis, T proves X;_;-DNE. Since T contains HA + I1;_;-LEM, we
have T+ X;_|-LEM by [1, Theorem 3.1(ii)]. Fix an instance of £;-DNE

@ = Vx(=pr(x) = @1(x)).

where ¢ (x) € X, (x). Without loss of generality, one can assume that ¢;(x) does
not contain V (cf. [6, Proposition 3.8]). From the perspective of Remark 2.5, ¢;(x)

dr
is in I, ;(x). Then, by PNFT7 ((UkHd“) ,Hk+1>, there exists | (x) € I (x)

such that 7'+ == (x) <> ¢f(x). Since PA is an extension of 7" and PA F ¢, we
have PA F ¢ (x) — ¢1(x). By Theorem 6.14, we have that HA + %;_;-LEM proves
@1 (x) = ¢1(x), and hence, Vx (] (x) — ¢1(x)). Since T is an extension of HA +
%, 1-LEM, we have T + ¢. a

THEOREM 7.16.

1. Let T be a theory in-between HA +I1;_-LEM (HA if k = 0) and PA. Then
T + 3-DNE if and only if PNFT 1 (Ew . 24/) for all k' < k.

2. Let T be a theory in-between HA 4 T1;_»-LEM (HA if k < 2) and PA. Then
T + %4 -DNE if and only if PNFT (U Y TIi/) for all k' < k.

PrOOF. (1): The “onlyif” direction is by Theorem 5.7.(1). The converse direction
is by Lemma 7.9.
(2): The “only if” direction is by Theorem 5.7.(2). Note that any formula in

df
<Uk/dn> is in U9 Then the converse direction follows from Lemma 7.15. —
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At the end of this section, we characterize some variants of prenex normal form
theorems.

THEOREM 7.17. Let T be a theory in-between HA 4 I1; ,-LEM (HA if k < 2)
and PA. Then T + %4 1-DNE + U.-DNS if and only if PNFT7 (Uk/d“, nk,) for all
k' <k.

Proor. We first show the “only if” direction. Let k > 0 without loss of
generality. Assume 7' + X, _|-DNE + U;-DNS and fix k¥’ < k. Since T + U;,-DNS

(cf. Proposition 4.6), by Lemma 5.1, for any ¢ € Uy, there exists ¢’ € I/ such
that FV (¢) = FV (') and

TEF-p <+ —\—\90/.

Since T F £;_;-DNE, by Lemma 5.2.(4), we have T - =—¢’ <+ ', and hence, T -
~—p < ¢'. Thus we have PNFT (Uk/d“, nk,).

Next, we show the converse direction. Assume that PNFT <Uk/d“, Hk/) holds
for all K’ < k. By Lemma 7.15, we have T + X;_;-DNE. Then, by the assumption,
we have PNFTr (Uk/d“, Hk/d“) for all k' <k, and hence, T  U;-DNS by
Theorem 7.6. -

THEOREM 7.18. Let T be a theory in-between HA + ——I1;_,-LEM (HA if k < 2)
and PA. The following are pairwise equivalent:

1. PNFT; ((Ek/")df,nk,dn) forall k' < k;

dr d
2. PNFT; ((Uk/d“> T ) forall k' < k: and
3. T+ —-—=%,_;-DNE.
ProoF. The equivalence of (1) and (2) is trivial (cf. the proof of Lemma 5.1). In
addition, (3 — 1) is immediate from the item 3 in the proof of Theorem 5.7. Then

it suffices to show (1 — 3). We show this by induction on k. The base case is trivial.
For the induction step, assume the assertion for k and let 7" be a theory in-between

HA + ——II;_1-LEM and PA. Assume also that PNFT 7 ((Ek/“)df, Hk/d“> holds for
all ¥’ < k + 1. Then, by induction hypothesis, we have T + —=—X;_;-DNE. Since T
contains HA + =—II;_;-LEM, we have T I ==%;_;-LEM by [1, Theorem 3.1(ii)].
Fix an instance of =—X;-DNE
@ = 2=Vx (-1 (x) = @i1(x)).

where ¢1(x) € Z;(x). Without loss of generality, one can assume that ¢;(x) does
not contain V (cf. [6, Proposition 3.8]). Note Vx(——¢;(x) — ¢1(x)) € Uy 1%, and
hence, ¢ € (EkH“)df. By PNFT7 ((E]C+1n)df, Hk+]dn>, there exists a sentence ¢’ €

I, such that T - ¢ <> ——¢’. Since PA is an extension of 7" and PA I ¢, we have
PA I ¢’. By Theorem 6.14, we have HA + X;_1-LEM F ¢’. Then, by Lemma 4.1, we
have

HA + =%, -LEM + ﬁ—\(p/.
Since 7T is an extension of HA + ——%; {-LEM, we have T | ¢. o
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All of our characterization results are of the following form: For any theory T
in-between HA + Q, and PA, T I Py if and only if PNFT7 (T'y/, Ai/) holds for all
k' < k, where Py, Q, are logical principles and T/, A;s are classes of formulas.
Based on this representation, our results are summarized in Table 1.
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