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CONCERNING THE CONE = HYPERSPACE
PROPERTY

DOROTHY D. SHERLING

Introduction. In this paper it is shown that a sufficient condition for a
continuum X to have the cone = hyperspace property is that there exists a
selection for C(X)\{X} which, for some Whitney map for C(X), maps
each nondegenerate Whitney level homeomorphically onto X. Also, we
construct an example of a one-dimensional, nonchainable, noncircle-like
continuum which has the cone = hyperspace property. The continuum is
described by means of inverse limits using only one bonding map. Each
factor space in the inverse limit sequence is the quotient space resulting
from an upper semi-continuous decomposition of a disjoint union of
simple triods. The bonding map is an adaptation of the bonding map
defined by W.T. Ingram in his construction of an atriodic, tree-like
continuum which is not chainable [4].

Definitions, notation, and terminology. By continuum we mean a
nonempty, compact, connected metric space. If X is a continuum with
metric d, the hyperspace of subcontinua C(X) is the space of all
subcontinua of X metrized by the Hausdorff metric p, that is,

p(4, B) = inf {e > 0|4 S Ny(e, B) and B € Ny(e, A) },

where N,(e, A) is the set to which the point x belongs if and only if d(x, 4)
< €. The subspace of C(X) consisting of the degenerate subcontinua of X
is denoted by F(X).

The cone over X is the decomposition space of the upper semicontinuous
decomposition of X X [0, 1] obtained by identifying X X {1} to a point.
The cone over X is denoted by Cone (X), its base X X {0} by B(X), and
its vertex X X {1} € Cone (X) by v. We let p; be the projection mapping
of Cone (X)\{v} onto X, and p; the projection mapping of Cone (X) onto
[0, 1]. If X is a continuum such that Cone (X) is homeomorphic to C(X),
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then X is said to be a C-H continuum. A C-H continuum for which there
exists a homeomorphism that maps v € Cone (X) to X € C(X) and also
maps B(X) onto Fi(X) is said to have the cone = hyperspace property.

The term mapping refers to continuous function. A Whitney map for
C(X) is a mapping p:C(X) — [0, oo) satisfying the following:

1) w({x}) = 0 for each x € X, and
2) if A € B, then u(4) < u(B).
Suppose that X, X,, ... is a sequence of compact metric spaces each

having diameter less than a fixed positive number K, and suppose that f,.
/>3, ... is a sequence of mappings such that

X, =X, forn=12,....
The inverse limit lim {X,, £, 1} of the inverse limit sequence (X, /1Y
“«

is the subset of the product I1,=, X, to which (x, x,...) belongs if
and only if

fnJr](er-l) = X, forn = 1,2,....

We consider I, X, metrized by

00
d(x,y) = 2 27ndn(xm yn)s

n=1
where d,, denotes the metric on X, for each positive integer n. For i = 1,
2,..., let @; be the i™-projection mapping of llm {X, f,,”“} into Xj,
that s,

Ti((X1y X200 e ooy Xy o2 )) = X;
for each (x1, x5,...) € lim {X,, f,""'}.
«—

For positive integers i < j, f/ denotes the composite mapping
i+1pi+2 g
fi fish Si-nX o X,

with composition of mappings denoted by juxtaposition. Thus if fi2
/>3, ... is a constant sequence, where f,”" "' = ffor each positive integer n,
then f/ = /7.

If /:X — Y is a mapping of a continuum X into a continuum Y, then
f C(X) — C(Y) defined byf(A) = {f(a)la € A}, foreach 4 € C(X), is
the mapping induced by f.

In [19] J. Segal proved that the hyperspace operation C commutes with
inverse limits. We state here a portion of this theorem as it is given in [12,
1.169].
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THEOREM. Let X be a continuum and assume that
X = lim {X,. """}
pa—

where each of the spaces X,, is a continuum. Let
Coo(X) = lim {C(X,). /")

P
Then C.(X) is homeomorphic to C(X).

If M is a connected polyhedron, then a continuum X is said to be M-like
provided that, for each € > 0, there exists an e-mapping from X onto M. In
[6] Mardesi¢ and Segal show that a continuum X is M-like if and only if X
is homeomorphic to the inverse limit of an inverse limit sequence {X,,.
/7" 1Y such that X,, = M and /""" maps X, onto X,, forn = 1.2.. ..
The term chainable is synonymous with arc-like.

Selections and the cone = hyperspace property. In [7] E. Michael began
the study of selections. The following definition of selection is restricted to
the class of continua and is as stated by S. B. Nadler [12. Chapter VI.
Suppose that X is a continuum and 1" is a subset of the hyperspace C(X).
A function f:T' — X 1s calied a selection for T provided that fis continuous
and foreach 4 € T', f(4) € A.

THEOREM 3.1. Suppose that v:C(X)\{X} — X is a selection for
C(XO\{X}. If there exists a Whitney map p:C(X) — [0, 1] for C(X) such
that vip (1) is a homeomorphism from u~ (1) onto X for 0 = t < 1. then X
has the cone = hyperspace property.

Proof. Let h:C(X) — Cone (X) be defined as follows:

(r(A4), m(A4)) if A # X,
h‘/“*{v A= X

Clearly 4 is a function from C(X) into Cone (X) which is continuous on
C(X)\{X} and satisfies A(X) = v. We wish to show that h is a
homeomorphism from C(X) onto Cone (X), and furthermore. that # maps
Fi(X) onto B(X). :

To establish that the image under & of C(X) is Cone (X), let (x. t) €
Cone (X)\{v}. Then 0 = ¢ < 1, and so »|p " '(r) is a mapping of )
onto X. Hence there exists 4 € p~ !(7) such that »(4) = x; since 1 # 1,
then 4 # X. and thus

h(A) = (n(A), (A)) = (x. 1)

In order to prove that 4 is continuous at X, let A}, 45, . .. be a sequence
in C(X) converging to X. Since p is continuous on C(X). the sequence
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w(A7), w(Ay), . . . converges to 1, and hence h(A4), h(A4,), . . . converges to v
= h(X). Therefore /4 is a mapping from C(X) onto Cone (X).

Suppose now that #(A) = h(B). In case h(4) = v = h(B), then we have
that A = X = B. Assume then that h(4) # v. This implies that »(4) =
»(B) and w(A) = wB), where 0 = w(4) < 1. But »vlp "(w(A)) is a
homeomorphism and so 4 = B. Since the spaces are compact metric, this
establishes that A is a homeomorphism from C(X) onto Cone (X).

Now p~ '(0) = Fi(X) and »|p~ '(0) maps F,(X) onto X, thus A|F;(X)
maps F(X) onto B(X). This concludes the proof that X has the cone =
hyperspace property.

A nonchainable, noncircle-like continuum with the cone = hyperspace
property. In [15] J. T. Rogers proved that if X is a finite-dimensional
continuum and has the cone = hyperspace property, then X is an arc, a
circle, or an indecomposable continuum each nondegenerate proper
subcontinuum of which is an arc. Subsequently, in [11] Nadler proved that
if X is a finite dimensional, indecomposable C-H continuum, then every
homeomorphism from the cone over X to the hyperspace C(X) must map
the base B(X) onto F|(X) and map the vertex vto X € C(X). Hence X has
the cone = hyperspace property. As a result of the structure required of a
finite-dimensional, indecomposable C-H continuum, Nadler asked the
following question: “Must a finite-dimensional, indecomposable C-H
continuum be chainable or circle-like?” [12, 8.14, p 310]. In this section we
answer that question by constructing a finite-dimensional, indecomposa-
ble C-H continuum which is neither chainable nor circle-like. In [3] A. M.
Dilks and J. T. Rogers prove that the plane continuum described by R. H.
Bing in [1, p 222] answers this question. For completeness and notational
convenience we include a description of the nonchainable, atriodic,
tree-like continuum defined by Ingram in [4].

Example 4.1. (The mapping f and the continuum Y.) Let T denote the
simple triod

{r.)0=r=1andd =0, = jm,or 0 = 7}

in polar coordinates in the plane. We denote by J the junction point (0, 0)
= (0, 37) = (0, 7), by 4 the point (1, i7), by B the point (1, 7), and by C
the point (1, 0). If 0 = r = 1, we let 74 be the point (r, i7), while B de-
notes (r, 7), and rC denotes (r, 0). Thus the triod T is the sum of the three
arcs JA, JB, and JC, and the junction point J may also be denoted by 04,
0B, or OC. Let d, be the metric on T defined as follows:

If each of |V, and r,V, belongs to T, where 0 = r, = 1 and V; €
{4, B, C} fori = 1, 2, then
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lry — nl if V) = Vs,

d(rVi. nby) = {rl + r,  otherwise.

Thus T has diameter 2, and the distance between points in T measures the
length of the shortest arc in T which contains those points.
Define /2T — T as follows:

(1 — 4rB if0=/r=1/4,
o f@r—a itvasrs1n
JOA =13~ ama it12=r =34
(4r—3)C if3/4=r=1.
(1 = 3nB if0=r=1/3,
o G- 13 =r=10
JUBY =V 3~ 34 it12=r =25
Gr—2)C if23=r=1
oo JaA—=2nB if0=r=1/2,
Jr©) '{(2r —)C if1/2=r=1.

Figure 1 is a schematic representation of the mapping f.

A

Y2 A
B8

Ya A ¥ A A

B | el 128 8| c

jrie
J

Figure 1

For each positive integer n, put T, = T and f," "' = f. Let
Y = lim {T,, /,"" '},
—

and p; denote the metric on Y determined by d,.

Example 4.2. (The mapping g and the continuum X.) Let (T, d)) and f:T
— T be as defined in Example 4.1. We define an upper semi-continuous
decomposition D of the disjoint union 7 X {1, 2} by listing the only
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nondegenerate elements of D:{ (4, 1), (4, 2) }, { (B, 1), (B,2) }, { (C, 1),
(C,2)},{(J,1),(J,2)}, and { G4, 1), 34, 2) }. Let R be the equivalence
relation for the decomposition D. Put § = [T X {1,2} ]/R and let y: T X
{1, 2} — S be the quotient map.

If Ve {4, B, C, J, {4}, we shall denote the element y[ { (V, 1), (V,
2)}1in Sby V; for V € T\{4, B, C, J, 34}, we shall write (V, i) for
the element Y( { (V, i) }),i = 1, 2. We consider S = U,il Z;, where Z;
is given as follows:

Zy =ylUJB X {1} ], Z; = Y[JB X {2} ],
Zy = Yl X (1)1 Zy = Y4 X {2} )
Zs = Y[3A4 X {1} ], Zg = Y344 X {2} ],
Z7 = YJC X {1} ], Zg = YJC X {2} ].

Refer to Figure 2 for a diagram of the continuum S.

Figure 2

Suppose that M is a subcontinuum of S. Then for 1 =i = 8§, M N Z,
has at most two components. By considering ¢ [int Z,] as an arc in T,
where int Z; denotes the interior of the arc Z;, let /(M N Z;) equal the sum
of the diameters of the components of ¢~ '[M N int Z;], where /(M N

Z;) = 0 if M does not intersect Z;. Denote by d the metric on S
determined as follows: if each of x and y belongs to S, then

8
d(x,y) = inf {2 M N Z)IM € C(S) and M contains x and y}.

i=1

We have that the distance between two points of S coincides with the
length of a shortest arc in S which contains them, and the diameter of S
is 2.
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We now define a relation G on [T X {1,2}] X [T X {1, 2} ] which will
induce a mapping g:S — S. The relation G is given as follows:

- (frA). D) 00 1/4,
3/8 172, or

5/8 = r = 3/4,
G((rd, i) = { (fr4).j) wherej € (1,2}, # i,
if 1/4 = r = 3/8,
1/72 = r = 5/8, or

N 374 1.

(f(rB), i) if 0 1/3 or,
1/2 2/3,
G((rB,i)) = § (f(rB),j) wherej € {1,2},j # i,
if 1/3=r =1/2o0r
2/3 r 1.

@ IAHIA TIA

A IIA &

‘
IA A IA 1A~ ™A A fA

A 1IA

1A
1A

"
<

GLUC.0) = (f(r0), j) Where) € {1.2).) # i,
if1/2=r=1.

Suppose that s € S such that s € {4, B, C, J, 54}, then Y (s)is a
nondegenerate element of D, say ¢ '(s) = {(x, 1), (x,2) }, and f(x) €
{A. B. C}. Thus each of ((x, 1), (f(x). 1)), ((x. 1), (f(x), 2)). ((x. 2).
(f(x), 1)), and ((x, 2), (f(x), 2)) belongs to G. But f(x) € {4, B, C}
implies that

YOS 1)) = W (f(x), 2))

consequently, YGy~ '(s) denotes exactly one element of S. In case s €
S\{4, B, C,J,34},say s = (x, i), and each of ((x, 1), (f(x), 1)), and ( (x.
i), (f(x), 2)) belongs to G, then f(x) € {J, 14}, and hence

Y(Sx), D) =Y (f(x), 2)).

So again ¢Gy~ !(s) denotes exactly one element of S. Thus g:§ — S
defined by g(s) = ¢Gy~ !(s) for each s € § is a piecewise linear mapping
from S onto S. Figure 3 provides schematic representations of the
mappings g|Z; for each integer | = i = 8. By superimposing the eight
representations in Figure 3, we obtain the schematic of the mapping g
given in Figure 4.

lIA

For each positive integer n, put S, = S and g," "'

X = lim {S,, g,""'}.
«

= g. Let
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gz, 9|23
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Figure 3

We denote by p the metric on X determined by d; the diameter of X does
not exceed 2.

Throughout the remainder of this paper Y and X will denote the
continua as defined in Examples 4.1 and 4.2, respectively.

In [4, Theorem 1] it is proved that every nondegenerate, proper
subcontinuum of Y is chainable. The proof of the following theorem is
similar.

THEOREM 4.3. Every nondegenerate, proper subcontinuum of X is an
arc.

Proof. Suppose that « is a nondegenerate, proper subcontinuum of X.
Let N denote a positive integer such that if m is an integer and m = N,
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Figure 4

then the projection 7,,[a] is a proper subcontinuum of S,,. Suppose, by
way of contradiction, that there exist infinitely many integers i for which J
€ mi[a]. Select positive integers j and k such thatj = N + 3, kK = + 2,
Jem [a] and J € mifal. If n = 2, then g"(J) = C. Thus
g mila]] = g" V[mlal)
contains {J, C} as a subset, is a subcontinuum of §;, and contains at
least one of Z; or Zg as a subset. Suppose that Z; C g K(my[a] ], then
k
g ilmlal] > 2, U Z, gl lmlal] > S\(Zs U Z).
and hence
k
gj—slmlal] = S.
But j — 3 = N, and hence g] slmilal ] = m—3[a] is a proper subcon-
tinuum of S;_3, a contradiction. Similarly, if Zx C g;lmlal ], then
mi—3la] = S;—;.
Therefore, there exists a positive integer N, such that if m is an integer and

m = N, then 7,,[a] does not contain J. We now consider two cases.

Case 1. Suppose that there exist infinitely many integers / for which C
€ m;la]. Since C is a fixed point of the mapping g, it follows that C &€
7;[a] for each positive integer j. Thus 7y [a] is an arc containing C and
contained in (Z; U Zg\{J}, and moreover, if m > N|, then glr,[a] is a
linear mapping of arcs in (Z7 U Zg)\{J }. Hence « is homeomorphic to

lll’l’l {77/1 gn ]lwrl"f |[(X], n = Nl};

SO « 1§ an arc.
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Case 2. Suppose that there exists an integer Ny = N, such that if m is an
integer and m = N,, then 7,,[a] does not contain C. Now

g NC)={4,B,C), (g Y(C)={4,B,C,J, 4}, and
(g7 (C) = {4, B, C,J, 14}

U {(r4, i)lr = 1/4,3/8,5/8, or 3/4, and i = 1, 2}

U {rB,i)lr=1/3,1/2,0r 2/3,and i = 1, 2}

U {(¢C i)l = 1,2}

Thus if k is an integer greater than N, + 3, then
mlal © S\(g~ (O

From the definition of g, we have that the mapping g restricted to a
component of S\(g~ ")} (C) is a linear mapping. Whence glm;[a] is a
homeomorphism of an arc in S\(g~H*(C) to an arc in S\(g~")*(C).
Therefore, as in Case 1, we have that « is homeomorphic to an inverse
limit on arcs having linear bonding maps, and so « is an arc. This
concludes the proof of Theorem 4.3.

The next portion of this section is concerned with proving that X has the
cone = hyperspace property. Ultimately, this will be accomplished by
defining a selection » for C(X)\{X} and a Whitney map u for C(X) which
satisfy the hypothesis of Theorem 3.1. However, some additional notation
and terminology must first be introduced.

Let m denote the Hausdorff metric on C(S), where S is the
decomposition space with metric d defined in Example 4.2. We define a
function A:C(S) — [0, 6] as follows: for each element M € C(S), let

8
AM) = 2 1M 0 2y,
i=1
where /(M N Z;) is also defined in Example 4.2.
LEMMA 4.4. The function \:C(S) — [0, 6] is a Whitney map for C(S).
Proof. For each x € S,

8
AM{x}) = 2 I({x} N Z), and

i=1
I({x} N Z)=0 foreachl =i = 8.
Thus A( {x} ) = 0. If each of M and N belongs to C(S) and N is a proper
subset of M, then N N Z, is a proper subset of M N Z, for some 1 = k =
8,and hence (N N Z;) < IM N Zy). Ifi # kand1 =i = 8, then /(N N
Z)=I(M n Z). Thus A(N) < A(M). Clearly
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8
AS) = 2 1(Z;) = 6.

i=1
To see that A is continuous, let M € C(S)ande > 0. Let 0 < § < ¢/ 16.
Suppose that V € C(S) with n(V, M) < §, then
Ny6, M) > V and Ny6, V) D M.
If 1 =/ = 8, then
WVnZzZ)y<IlMnZ)+20<IMn Z)+ €8
Thus
8 8
AV) = 2D IVNZ)y< D UMNZ)+ e/8 = MM) + e
i=1 i=1
Similarly, A(M) < A(V) + ¢ and hence A(M) — A(V)] < e This
completes the proof that A is a Whitney map for C(S).
We denote by H the metric on

Coo(X) = lim {C(S,), g," ™"}
«—

determined by m; that is, if each of a and B is an element of C..(X),
then

H(a, B) = § 27 (i), m(B) ).

Considering the nature of the homeomorphism from Co(Z) to C(Z) given
in the proof of [12, 1.169], where Z denotes any continuum which is the
inverse limit of an inverse limit sequence, we shall consider Co(X) as
being identical with C(X). Thus for « € C(X), we denote 7, (a) by «,, for

each positive integer »n, and we write « = (a;, a3, ... ) Or
. n+1
a = lim {am 8n |an + l}
«—

when considering « as a point of C(X) or a subcontinuum of X,
respectively.

We are now ready to define the function »:C(X)\{X} — X, and prove
that » is a selection for C(X)\{X}. Recall from the proof of Theorem 4.3
that if « is a nondegenerate, proper subcontinuum of X, then there exists a
positive integer, denoted here by N, such that if m = N, then «,, € S\ {4,
B, J, 34} and 2" "My, 1 is linear, hence midpoint preserving. Thus
there exists exactly one point of a, which we denote by »(«), such that for
each m = N, 7,,(v(a) ) is the midpoint of the arc «,,. If @ € F|(X), say a
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= {x} for some x € X, then we put »(a) = x. Thus » is a function from
C(X)\{X} onto X.

THEOREM 4.5. The function v:C(X)\{X} — X is a selection for
CON{X}

Proof. Clearly »(a) € a for each a € C(X)\{X}. Hence we need only to
show that » is continuous. Suppose that « € C(X)\{X} and € > 0. Since
the projection mappings 7,:X — S, are 2~ "~ D.mappings, there exists a
positive integer N’ and a positive sequence 8y, Sy + 1, . . . such that if m =
N’ and each of x = (x|, xp,...)and y = (¥}, y2, ... ) belongs to X with
d(x,, ym) < 8,, then p(x, y) < e. Let N be a positive integer such that N
= N and if m = N, then

a, C S\{4, B, J,14}.
Put 0 < 8 < §y such that 26 < A(ay) and if K € C(S) with n(K, ay) < 8,
then K is a subset of the component of S\{4, B, J, 14} containing ay.
Thus for K € C(S) with n(K, ay) < 4, it follows that the midpoint of the
arc K is within a distance 8 of the midpoint of the arc ay. Since the
projection 7y is a mapping, there exists §, > 0 such that if 8 €
C(XO\{X} and H(a, B) < &, then n(ay, By) < 8. Denote »(a) by (x|,
X, ...) and »(B) by (v}, 2 . ..). Since each of ay and By is a subset of
S\{4. B, J, 14} then xy and yy are the midpoints of ay and By,
respectively. Thus d(xy, yy) < 8§ < 8y, and hence

p(r(a), ¥(B)) < e
This concludes the proof that »:C(X)\{X} — X is a selection for

COON{X}.
We now define a function A:C(X)\{X} — [0, +o0) which we shall use
to define a Whitney map p on C(X). Let

A:C(XN\{X} — [0, +o0)
be given by
Aa) = > Ae;) for each o in C(X)\{X}.
i=1
LEMMA 4.6. The function A:C(X)\{X} — [0, +o0) is continuous.

Proof. Suppose that a € C(X)\{X}. We wish to show that
3771 Ma;) converges. If a € Fi(X), then a; is degenerate and so A(¢;) =
0. Thus

> May) = 0.

i=1
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Suppose that « is nondegenerate. From the definition of A, we have that 0
= Ma;) = 6 for each positive integer /. There exists a positive integer N
such that if m = N, then a,, € S\{4. B, J, 14} and g,/ Va1 is a
linear mapping; moreover, from the definition of the mapping g, we have
that

Aay,+1) = [Ma,,) /2 for each m = N.

(o]
Therefore 2 M a;) converges.
i=1
To establish that A is continuous at a. let ¢ > 0. Since each of A and g is
uniformly continuous, then there exists a positive sequence 8;, 6, ...
satisfying the following conditions:
1) if i is a positive integer and each of M and V' belongs to C(S) with
n(M, V) < §,, then

AM) — AMV)| < e/21T 1

2) if i is an integer, i = 2, and each of M and V belongs to C(S) with
M, V) < §,, then

g (M), g'(V)) < 8_, forl =n=i— 1.
Let r be a positive integer such that if m = r, then
a, C S\{4, B, J,34} and Aa,,) < €/2.

Put 0 < § < 4, such that if K € C(S) and n(K, a,) < 8, then
K C S\{4.,B,J,}4}.
Since «, is continuous, there exists a positive number §; such that if 8 €
C(X)\{X} and H(a, B) < 8y, then n(e,, B,) < 6.
Now

|A(@) — AB)| = !§ Mai) = 2 A(B))

i=1

A

r—1
(2 Aey) — A(B»l) + @) = AB,)

i=1

(2 e - )

i=r+1
Since n(a,, B,) < 8§ < §,, then from (1) we have that

Na,) — NB,)l < e/27 L
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If 1 =n =r — 1, then from (2).
(& (@), £'(B)) < 8,

But g'(e,) = a,_, and g'(8,) = B,_,. Thus
Ny —ny Br—n) < 8-,

and hence from (1),
Aa,—,) — ANB,_,) < e/2 "7

So we have that

A —AB) < Z 27+ 2 A@) ~ MBI

i=r+1
=€/2 — /27 + 2 | A(a;) — MBI
[=r+

By the nature of the bonding map g and the choice of the integer r, for
each integer j = 1, we have that

0= Ma,+) = Ma,)/2 < /271,
Since n(a,, 8,) < & < §,. then

0 = MBr+) = MB)/2Y < (/2 + /277 1)/2.
Hence

Ne1) = ANB )l < (/2 + /27y

Consequently,
oo (o] )
D OAe) — MBI < D (/2 + /27 Y2l = €2 + /27T
i=rtl =1
Thus

[A(a) — AB)| < (/2 — /27y + (/2 + /277 =,
and hence

A:C(XN{X} — [0, +c0)
is continuous. This concludes the proof of Lemma 4.6.

Let I':[0, +0c0) — [0, 1) be a homeomorphism, and define p by 'A U
{(X. D).

THEOREM 4.7. The function p:C(X) — [0, 1] is a Whitney map for
C(X).
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Proof. The proof follows immediately from Lemmas 4.4 and 4.6, and the
definition of p.

Having now defined a selection » for C(X)\{X} and a Whitney map u
for C(X) with w(X) = 1, we need only to prove that »ju '(z) is a
homeomorphism from p~!(7) onto X for 0 = ¢ < 1 in order to establish
that X has the cone = hyperspace property.

THEOREM 4.8. The selection v|u™ (1) is homeomorphism from p~ '(t) onto
Xfor0=t<1.

Proof. Clearly, if t = 0, then »|u~ '(¢) is homeomorphism from p~ '(0) =
F(X) onto X. Suppose then that 0 < ¢ < 1. We first show that »|p~ (1) is
a mapping from p~ !(¢) onto X, that is if x € X, then there exists a €
1~ '(¢) such that »(a) = x. To establish the existence of such an a, we first
prove the following:

1) if x € X and a > 0, then there exists y € C(X) such that »(y) = x
and A(A) > a.

We denote x € X by (xj, x5, ... ) and let k be an integer such that 6k >
a. We consider two cases.

Case 1. Suppose that x; & Z; U Zg for infinitely many integers j. Then
there exists a positive integer N such that if m = N, then

xm € S\{4, B, C, J,34}.
We choose integers r and s so that
rZmax{k + 3, N}, s=r+ 2 and x, & Z; U Zs.

Thus x; € int Z, for some integer | = ¢ = 8. Denote by v, the maximal
arc in Z, having midpoint x,. Then y; N {4, B, C, J, 14} is nonempty,
and hence g2[y,] contains C. Since C is a fixed point of the mapping g,
then for n = 2, g"[y,] contains C. Consequently, g’ '[y;] is a
subcontinuum of S containing both C and a point not in Z; U Zg, namely
x,, and hence

g ] = s

For each positive integer j < s, puty; = g’ “/lv,]. Now again we make use
of the fact that the mapping g restricted to a component of g~ ! [S\{4, B,
J.3A4} ]is linear; for each positive integer n, let v, , be the closure of the
component of g~ '[int y,,,_,] which contains x,;,. Then x,,, is the
midpoint of the arc y,,, and for n = 2, y,4, does not intersect {4, B, J,
1A}, Thus if y = (yy, v2,...), theny € C(X)\{X} and »(y) = x.
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Since grr“[ys] = S. then

Yr—3 = gf‘*_?[Yx] = S.
But r — 3 = k and A(S) = 6, so

[e) A [ee]
A(y) = § ANy) = 2 M)+ 2 Ay)

i=1 i=k+1

o0
= 6k + 2 Ay,) > a.
=k

Case 2. Suppose that there exists a positive integer N’ such that if m is
an integer and m = N’. then x,, € Z; U Zg. This supposition and the
definition of the mapping g imply that there exists an integer N = N’ such
that d(x;, C) < 1/2 for each integer j = N.

We put r = max {k + 4, N}. and let y, be an arc in Z; U Zg\{/} such
that x, is the midpoint of y,, C € v,, and v, N {(3C, 1), GC, 2) } is
nonempty. Then vy, does not intersect {4, B, J, 34} and g[y,] must con-
tain one of Z; or Zg as a subset. Hence g%y,] = S. For each positive
integer j such thatj < r, we put y, = g’ /[y,]. From the definition of the
mapping g, we have that the component of g~ '[ (Z; U Zg)\{J} ] which
contains C is mapped linearly by g onto (Z7 U Zg)\{J/}. Thus for each
positive integer n, we denote by vy, ., the component of g~ ", 4 -] which
contains x,.,; clearly x,, is the midpoint of y,,,. Hence if y = (v,
Y2, ...), theny € C(X\{X} and »(y) = x.

Now

o0 A o)
AY) = DA = 2 My + 2 AT
i=1 i=1 i=k+1

Since y,—4 = g,_4lv,] = ¢'lv,] = S.r — 4 = k, and X(S) = 6, it follows
that

k [ee) [o's)
SA) +F D Ay =6k + D Ay > a
i=1 i=k+1 i=k+1

This establishes statement (1).
Thus for 0 < 1 < 1 and x € X. we have that I'"!(r) > 0, and hence
there exists y = (y|, Y2, - . - ). belonging to C(X)\{X} such that

»(y) = x and A(y) > T ().

But A(y) > I'"(z) implies that u(y) > r; thus y is an arc in X such that
»(y) = x and vy is “above” the Whitney level p~ (7).
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Let N be a positive integer such that if m is an integer and m = N, then
Ym € S\{4, B, J, 14}. Hence x,, is the midpoint of y,, for each m = N.
Consider C(y;) as a subset of C(S;) fori = 1,2, .... For each integer m =
N, let

U, ={Ve€ Cy,)l V= {xy} orx, is the midpoint of V.

Thus U, is an order arc in C(y,,) from {x,,} to v,,; we refer the reader to
[12, Chapter I, Section A] for a discussion of order arcs in the hyperspaces
of sets. Since gly,,+ is linear, thus midpoint preserving, then g|U,,, | is a
homeomorphism from the arc U, onto the arc U,,,. If j is an integer such
that 1 = j < N, let

U = g"/[Uy];
thus U; is a subcontinuum of C(S;). Put

U = lim {Um énn+l| Un+l}'
«—

Then U is a subcontinuum of C(X) which is homeomorphic to

lim {Un’ g”n+l| Uy+1, n = N}7
P

so U is an order arc in C(X) from {x} toy,and U C v~ [x]. Now p[U] =
[0, u(y)] and w(y) > ¢, thus there exists « € U such that p(a) = 1.
Therefore »|u~'(r) maps p~ !(¢) onto X.

We wish to show that »|u ™ !(7) is one-to-one. Suppose that »(a) = »(B)
for a, B € p~'(1). Denote »(a) by (x), x, . . . ). Then there exists a positive
integer K such that if m is an integer and m = K, then x,, is the midpoint
of each a,, and B,,. Thus for m = K, we have that «,, C B,, or B,, C «a,,,
and hence a € Bor 8 C a. Since w(a) = ¢t = w(B), this implies that a = B.
This concludes the proof of Theorem 4.8, and thus establishes that X has
the cone = hyperspace property.

The final portion of this section is concerned with proving that the
continuum X is neither chainable nor circle-like.

In [9] T. A. Moebes proved that Y is not weakly chainable, that is, Y is
not the continuous image of a chainable continuum. Next, we define a
mapping ® from X onto Y thus establishing that X is not chainable, in fact
not weakly chainable. We subsequently use the mapping ® in proving that
X is not circle-like.

Let p:T X {1, 2} — T denote the projection mapping. For each element
s € S,putk(s) = p[¢ " '(s) ], where ¢:T X {1,2} — S is the quotient map
as defined in Example 4.2. Thus k:S — T collapses S onto T in the natural
manner. From the definition of the mapping g, we have that kg = fk, and
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thus inductively, kg" = f"k for each positive integer n. If x = (x, x5,...)
belongs to X, let

O(x) = (k(x), k(x2), .. .).
Clearly ® is a well-defined function on X. Furthermore, if n is a positive
integer, then

f;in+l(k(xn+ 1)) = k(gn’1+l(x11+l) ) = k(xn)»
and thus ®(x) € Y. It follows immediately that @ is continuous and maps
X onto Y.

THEOREM 4.9. The continuum X is neither chainable nor circle-like.

Proof. As previously mentioned, since Y is not weakly chainable and ®
is a mapping from X onto Y, then X is not chainable, in fact X is not
weakly chainable.

Suppose, by way of contradiction, that X is circle-like. Then X is
homeomorphic to the inverse limit of an inverse limit sequence in which
each factor space is the unit circle S!. From [8, Theorem 3], if ¢, > 0, then
there exists a positive integer n and mappings y:S — S' and 8:S' — §
such that

d(g"(z), By(z)) < ¢ foreach:z € S.
Let :T— Z; U Z3 U Zs U Z; denote the embedding such that &7 is
the identity mapping on T. Then for each x € T, we have that
J"(x) = kg't(x);
also, if each of y and z belongs to S, then
di(k(y), k(z)) = d(y, z).
Hence
di(f"(x), kByr(x)) = di(kg"r(x), kByr(x))
and
di(k(g"m(x) ), k(Byr(x))) = d(g"r(x), Byr(x) ).
But
d(g'(z), By(z)) < ¢ foreach:z € S,
thus
di(f"(x), kByr(x)) < ¢ foreachx € T.
So for each € > 0, there exists a positive integer n and mappings y7:T —
S and kB:S' — T such that
d\(f"(x), kBym(x)) < ¢ foreach x € T.

Let € > 0. There exists a positive integer N and a positive sequence 8y,

dn+1, ON+2,...such thatif m = N and each of x = (x}, x5, x3....)andy
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= (y1. ¥2, 3. ...) belongs to Y with d(x,,. y,,) < §,, then pi(x, y) < €
and 7,:Y — T, is an e-mapping. As established above, there exists a
positive integer n and mappings v, 7. k. and 8 such that

di(f"(x), kByr(x)) < 8y/2 foreach x € T.

Thus the mapping y77y 4, is an e-mapping from Y to S'. Since Y is not
chainable, this implies that Y is circle-like. However. in [2] C. E. Burgess
proved that a continuum which is both tree-like and circle-like is
chainable. This is a contradiction, since Y is tree-like but not chainable.
Therefore X is not circle-like.
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