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Abstract

For any real number 8 with 8 > 1, let M(8) (N(f) respectively) denote the class of analytic functions f
in the unit disk D := {z € C : 2] < 1} of the form f(z) =z + X, a,2" and satisfyingRe Py <8 (Re Oy <8
respectively) in D, where Py = zf(2)/ f(z) and Qy = 1 + zf"(2)/ f'(2). Also, for 8 > 1, let MZ(B) (NZ(B)
respectively) denote the class of analytic functions g of the form g(z) = z(1 + X2, b,z™") and satisfying
Re P, < B (Re Q, < Brespectively) forz€ A={z€ C: 1 <|z| < co}. In this paper, we shall determine the
coefficient bounds, inverse coefficient bounds, the growth and distortion theorem and the upper bounds
for the Fekete—Szeg6 functional A, (f) = a3 — la% for functions f in the classes M(8) and N(f). Further,
we shall solve the maximal area problem for functions of the type z/f(z) when f € M(S), which is
Yamashita’s conjecture for the class M(3). We shall obtain the radius of convexity for the class N (/).
We shall also determine the coefficient bounds for functions g in the classes MZ(B) and NZ(f) and the
inverse coeflicient bounds for functions g in the class MZ(3). All the results are sharp.
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1. Introduction

Let H denote the class of analytic functions in the unit disk D :={z€ C: |z] < 1}.
Here we think of H as a topological vector space endowed with the topology of
uniform convergence over compact subsets of D. Let A denote the family of functions
f in H normalized by f(0) =0 = f'(0) — 1. If f € A, then f(z) has the following
representation:

fR=2+) ad" (1.1)
n=2
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A function f is said to be univalent in a domain Q C C if it is one-to-one in Q. Let S
denote the class of univalent functions in A. A function f € S is said to belong to the
class S*(a), called starlike functions of order «, if

zf'(z)
Re( f@

and is said to belong to the class C(a), called convex functions of order «, if

2f"(@)
Re(] + 0 )> a, z€D.
The classes S* := 8*(0) and C := C(0) are the familiar classes of starlike and convex
functions, respectively. It is well known that f € C(w) if and only if zf” € S*(@).

Let f and g be analytic functions in the unit disk D. The function f is said to be
subordinate to g, written as f < g or f(z) < g(2), if there exists an analytic function
w : D — D with w(0) = 0 such that f(z) = g(w(z)). If g is univalent, then f < g if and
only if f(0) = g(0) and f(D) C g(D). For a detailed study of differential subordination,
we refer to the monograph of Miller and Mocanu [22].

For fixed 8 > 1, let the classes M(S) and N () be defined by

)>a/, ze€D

M(B) = {f €EA: Re(zﬁg)) <pBforze D}
and
N(B) = {f EA: Re(l + Zj::;g)) <Bforze D},

respectively. Then it is easy to see that f € N() if and only if zf” € M(B). In 1941,
Ozaki [29] introduced the class N (%) and proved that functions in the class N (%) are
univalent in the unit disk D. Moreover, functions in the class N/ (%) were proved to be
starlike in the unit disk D (see [9, 33]). Thus, the class N() is included in the class S*
for1 <B< % Also, we note that functions in the class N(3) need not be univalent in
the unit disk D if 8 > % Forl <B< %, the classes M(8) and N() were introduced by
Uralegaddi ef al. [38]. Later, the full classes were investigated by Owa and Nishiwaki
[23, 27] and also by Owa and Srivastava [28]. Recently, Obradovi¢ et al. [24] studied
the class N(B) for 1 <8 < %

Two more classes of our interest are MX(8) and NX(3), which are associated with
the classes M(B) and N(p), respectively. For the sake of our computational purpose,
here we use a slightly different notation for these classes. For 8 > 1, let MZ(8) denote
the class of analytic functions g(z) in A := {z € C : 1 < [z] < oo} of the form

8(2) = z(l + Z bnz‘”) for z € A, (1.2)
n=1

which satisfy Re(zg’(z)/g(z)) < B8in A. Similarly, for 8 > 1, let NX( ) denote the class
of analytic functions g(z) in A of the form (1.2) and satisfying Re(1 + zg”(2)/g’(z)) <
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in A. It is easy to see that if g € NX(), then zg' € MZ(B) but the converse may not
be true.
In 1933, Fekete and Szeg6 [4] proved a remarkable result that if f € S, then

lasz — /la%I <1+2exp(=24/(1 -1)) forae][0,1).

This inequality is sharp. For a function f € A of the form (1.1), the classical Fekete—
Szegd functional, defined by
Aa(f) = a3 — Aa3,

plays an important role in function theory. For example, the quantity a; — a% represents
S 7(0)/6, where S, denotes the Schwarzian derivative (f”'/f") — (f"/ £)?/2 of a
locally univalent function f in D. Moreover, A, (f) behaves well with respect to
rotation, namely A, (e f(¢?z)) = €A (f), 8 € R. The problem of maximizing the
absolute value of the functional A,(f) is called the Fekete-Szeg6 problem. In
1986, Pfluger [31] solved the Fekete—Szeg6 problem for the class S with complex
parameter A. In the literature, there are a large number of results available about the
Fekete—Szegd problem (see for instance [1, 2, 12, 13, 19, 30]).

For g € H, we denote the area of the image of |z] < r under w = g(z) by A(r, g),
where 0 < r < 1. Thus, for g(z) = 377 ba2",

A(r,g) = f f g’ @ dxdy=n ) nlb, " (z=x+iy).
lzl<r

n=1

Computation of this area for an analytic function g is known as the area problem.
We call g a Dirichlet-finite function whenever A(1, g) is finite. All polynomials and
more generally all functions f € A for which f” is bounded on D are Dirichlet-finite
functions. In 1990, Yamashita [39] conjectured that

2 2
malr )=
The maximum is attained only by the rotation of the function fy(z) =z/(1 —z). In
2013, Yamashita’s conjecture was settled by Obradovi€ ef al. [25] in a more general
setting for the functions in S*(@). For more details, we refer to [26, 34].
The problem of determination of sharp coefficient estimates of inverse functions in
various subclasses of univalent functions is interesting. If F is the inverse of a function
f €8, then F has the following expansion near w = 0:

Fv)=w+ ) AW, (1.3)

n=2
In 1923, Léwner [20] using a parametric method proved that for each n > 2, |A,| < K,
where K,, = (2n)!/(n!(n + 1)!) and the inequality is sharp for the inverse of the Koebe
function K(z) = z/(1 + z)>. An alternative proof of the inverse coefficient problem for
the functions in S has been given by Schaeffer and Spencer [36] and FitzGerald [5].
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Although the inverse coefficient problem for the class S was completely solved in
1923, only a few complete results are known on inverse coefficient estimates for
most of the subclasses of S (see for instance [14, 16—18]). In some cases the inverse
coeflicient shows unexpected behavior. For example, it is known that if f € C, then the
coeflicients of its inverse function satisfy |A,| < 1 forn=1,2,...,8 (see [15]), while
|A1ol > 1 (see [11]) and the exact bounds |Ag| and |A,| for n > 10 are still unknown. In
1979, Krzyz et al. [14] found the sharp inverse coefficient estimates of |A,| and |A3| for
the class S*(a) and in 2007 Kapoor and Mishra [10] developed a new technique and
extended these results (see also [37]).

Suppose that f € M(B) (or N(f)) is of the form (1.1). Since f'(0) =1 # 0, f(z) has
an inverse F(w) valid in some neighborhood of the origin and has an expansion of the
form (1.3). Similarly, if g € MZ() is of the form (1.2), then it has an inverse G(w) in
some neighborhood of the point at infinity and has the following expansion:

Gw) = w(l ; i an-").
n=1

In Section 2, we shall obtain the sharp coefficient bounds for the functions in the
class M(3). As aconsequence, we also find the sharp coefficient estimate for functions
in the class N (). Moreover, we shall obtain the growth and distortion theorem for
functions in the classes M(8) and N(B). Finally, we prove that the radius of convexity
for the class N(f)is 1/(26 — 1). In Section 3, we shall solve the Fekete—Szeg6 problem
for both the classes M(S) and N () with complex parameter A.

In Section 4, first we prove Lemma 4.1 and as an application of the lemma we
solve a Yamashita’s conjecture for the class M(f), that is, we solve the maximal
area problem for the functions of the type z/f(z), where f € M(p), and investigate
the inverse coefficient problem for the class M(B). Also, we completely solve the
inverse coeflicient problem for the class N(f) for 8 > 1. Finally, using Lemma 4.1,
we determine the sharp coeflicient bounds and the sharp inverse coefficient bounds for
functions in the class MZ() and as a consequence we shall find the sharp coefficient
bounds for functions in the class NZ().

To prove our main results, we need the following lemma.

Lemma 1.1 [21]. Let p(z) = 1 + 3,7, ca2" be an analytic function with Re p (z) > 0 in
D and u be a complex number. Then

ley — uc?| < 2max{1, 2u — 1]}. (1.4)

The result is sharp for the functions given by p(z) = (1 +22)/(1 = %) and p(z) =
1+2/(-2).

Lemma 1.2 [7]. Let h(z) be convex in D with h(0) = a. If p(z) is analytic in D, with
p(0) =aand p(z) + zp'(2) < h(2), then

p(z)<l f h(t)dt.
< Jo
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Lemma 1.3 [8]. Let f € A be given by f(z) = 2+ )., anz". Then the inverse function
F(w) of the function f(z) is analytic in |w| < p for some p > 0. Also, suppose that

(f(z)) i @'

and
wo\ -
—— ) =1+ ) AT,
(F(w)) ;

wheret = £1,+2,+£3,.... Then

t
A = Taﬁ,_(’”')) fort+n#0andt=+1,42,43,...
n

and A(t) is given by

(o)

DA = @ (1.5)
P f@)
2. Coefficient and growth estimates

THeOREM 2.1. Let f(2) be of the form (1.1) and f € M(B) for some 1 <8 < 2. Then

28-1
n

lanl < ——

forn > 2.

Equality is attained for the function f,(z) = z(1 — 2= 1)@BE-D/0=D for y > 2,

Proor. Let f € M(pB). By definition of the class M(.3),

(Zj:((;)) <B forzeD
and, equivalently,
8- S'@
Re(ﬂ—fr))>0 for z € D. @.1)

Then there exists an analytic function w : D — D such that

z2f'(@)
B-% 1 +z0(z)

B-1  1-zw()

By a simple computation, this can be written as

2@ = [@) = 0@ (@) + (1 = 2B)2f (). (2.2)
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Then, applying Clunie’s method to the equation (2.2), which can be found in
[3, 32, 35], we obtain the following inequality:

n n-1
Dltke= D2l < 3k + 1= 28 il (2.3)
k=2 k=1

for each n > 2 witha; = 1.
Therefore, (2.3) can be written as

n—1
(n= 1Pl < 4B =17+ Y (k= 1) = 2B = D) = (k = D)l
k=2

S4B - 1)
and, consequently,
2(B-1
la,| < (F-1) forn > 2. o
n—1
TueoreM 2.2. Let f € N() be of the form (1.1) for some 1 < 3 < 2. Then
2(B-1
la,| < (F-D) forn>2.
nn—1)

Equality is attained for the function f,(z) given by f1(z) = (1 — z"=H)PB=D/=D 1y > 2,

Proor. If f(z) is in N(), then clearly zf"(z) = z + X, , na,z" is in M(). Therefore,
by Theorem 2.1, it immediately follows that

la,| < i((f: 11)) forn > 2. o
THEOREM 2.3.
1) If f € M(PB) for some 8> 1, then
]% < (1 =) 2D, 2.4)
(1) If f € N(B) for some B > 1, then
f@<1=2>F" (2.5)

and
@ 1-(-2*
Z 2B-1)z
Proor. (i) Let f € M(B) for some 8 > 1. In view of (2.1), f € M(B) if and only if

1 zf’(z))< 1+z
B-1 f(@) 1-z2

(2.6)

for z € D.

(8-
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A simple computation yields the following subordination relation:

zf'(2) itz 1+d-2B)

fo PP —x

Let g(z) = z/ f(z). Then, from the subordination relation (2.7),
(@) _ |- zf'(2) <1 1+ =28z _2(B- 1Dz
8(2) f@ l1-z 1-z

Since ¢(z) is convex in D and ¢(0) = 0, it follows that (see, for example, [22,
Corollary 3.1d.1, page 76])

f( ) =g(2) < exp(fz 2(B - )dz) (1 _Z)—Z(ﬁ—l)_

(ii) Let f € N(B) for some 8 > 1. Then, by the definition of the class N(),

2.7)

=: ¢(2).

ﬁ _ 1 _ Zf (Z)
Re(ﬁ—lf(Z)) >0 forzeD. 2.8)

Therefore,

1 zf"(2) 1+7
ﬁTl(ﬁ—l— 7@ )<1—_Z forz e D,

which is equivalent to

2f"(2) B 1+z 2(B-1)z
(@ <(B 1)( )_ 1-z

Since ¥(z) is convex in D and y(0) = 0, it follows that (see, for example, [22,
Corollary 3.1d.1, page 76])

f’(z)<exp[— fo 2(/3 dt] (1 —z)*BD, (2.10)

Next, suppose that h(z) = f(z)/z and so zh'(z) + h(z) = f'(z). Therefore, (2.10)
becomes

=:y(z) forzeD. 2.9)

h () +h(z) = f(2) < (1 —2)?F D,

Again, by applying Lemma 1.2 to the previous relation,

f@) 1 fz 2pe1 1 — (1 —g)%!
— =h(@) < - 1-02FDgp=— =2
z MO0 6 1x °
CoroLLary 2.4. For f € M(p) for some B > 1, the following hold.
() F(1 = P)2BD < |fI < (1 + )2 BD, Jz=r<1.

Equality holds for the function f(z) = z(1 — z)>#~Y or its rotation.
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f'@ 1-02B-Dr L 2B

f(2) - 1-r2 1=
Equality holds in the above inequality for the function f(z) = z(1 — 2)>#=V or its
rotation.

|zl =r < 1.

(i)

Proor. To prove (i), we observe that (1 —z)™2A~D £ 0 for z € D. Then (2.4) is
equivalent to

TG <(1-2*FY forzeD,
Z

from which the result follows.

To prove (ii), consider the relation (2.7) and note that the function w = (1 + (1 —
2B)z)/(1 — z) maps the disk |z] < 7 < 1 onto the disk |w — (1 — (28 — D)r?)/(1 = r?)| <
28r/(1 = 12). o

COROLLARY 2.5.

() If f € N(B) for some 8 > 1, then, for each z = re’® in D,
(1 =P D<@ < 1+ )P0 2.11)

Equality holds for the function f(z) given by f'(z) = (1 — )=V or its rotation.
(i) Foreach fe N(B)(B>1),

larg f'(2)| <2(B—)sin'r, |z =r<1.

Equality holds for the function f(z) given by f'(z) = (1 — 2)>#=V or its rotation.
(iii) If f € N(B) and B > 1, then, for each z = re” in D,

(1+ )21 -1
lf(2)] < T
And, if f € N(B) with 1 < B < 3, then
_ _ )26-1 2B8-1 _
% <If@)l < (“22—_11 forld=r<1.

Equality holds in the above inequalities for the function f(z) given by f'(z) =
(1 = 2>B=D or its rotation.

Proor. Proofs of (i) and (ii) easily follow from the relation (2.5). And, the proof of
the first part of (iii) follows from the relation (2.6). To prove the second part of (iii),
just observe that if f € N(B) with 1 < < %, then f(z) is starlike univalent in D (see
[9, 33]) and so the desired result follows on integration of (2.11). O

THeEOREM 2.6. Let f € N(B) for some B> 1. Then, for every positive number r <
1/(28 — 1), the function f maps the disk |z| < r onto a convex domain. The result is
best possible, that is, the radius of convexity for the class N() is 1/(23 — 1).
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Proor. Let f € N(B). Then, by the subordination relation (2.9),

@) 2B r
F@1T 1=

and, consequently,

Re(l AEAMC) (Z)) > By
1@ l-r

_1-28-Dr
B 1-r

Since 1 — (28— 1)r >0 for r < 1/(28 - 1), f(z) must map such a disk |z| < r onto a

convex domain.

For the function f € N(B) given by f'(z) = (1 — z)*#~1, a simple computation gives

zf”(z) 1-(2B-1)

'@ -z

This shows that the bound 1/(28 — 1) is sharp. O

Remark 2.7. If f € M(B) for some 8 > 1, then, by the relation (2.7),

2f'(2) < 1+28-1r
f@ 1 1-r

for|zl=r< 1.

1+

and so

forlzl =r < 1.

Re(Zf’(Z)) L T1-GB-Dr

f@ /1~ 1-

But -1 — (26 - 1)r <0 for any r € (0,1). Hence, we can say that there exists no
r € (0, 1) such that each f € M(B) maps |z| < r onto a starlike domain. In other words,
the radius of starlikeness of the class M(p) is zero.

3. Fekete-Szeg6 problem

Tueorem 3.1. Let f(2) be of the form f(z) =z + )., a,2" and f € M(p) for some
B> 1. Then, for any A1 € C,

23-3 1
-1 - <
s - Al < g o= 2=l = -1y
23-3 23-3 1
— 13- - >
w- - 55| -
For each A € C, there are functions in M(B) such that equality holds for both of the

cases.

Proor. Let f € M(B). Then the relation (2.1) holds. Hence, there exists an analytic
function p(z) = 1 + ;7| ¢,z" in the unit disk D with Re p(z) > 0 for z € D such that

ﬁ%l( - Z]{;S))ZP(Z),
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which is equivalent to

2f' (@) - Bf(2) = (1 = B)p(D) f(2). 3.1
Equating the coefficients of z? and z> on both sides of (3.1),
a =(1-p)c (3.2)
and
2a3 = (1 —B)(a2c1 + Cz). (33)
By using (3.2) in (3.3),
-8  B=17
as = 2 cy + 2 C%.
Therefore,
1- - 1)? -1
s =4l = [ oo + (B a0 -p2) | = Bt -l G
2 2 2
where

=B - D =24).
A simple application of Lemma 1.1 in (3.4) yields
las = Aa3| < (B — Dymax{1, 2u — 1]}
= (B - Dmax{l,4AB - 1) - (28 - 3)I}.
Since the inequality (1.4) is sharp, we obtain the following sharp inequality for any
1eC:
26-3 < 1
4B-DI 4B-1

and the equality is attained for the functions g(z) = z(1 — z>)#~! or any rotation of g(2).
Also, for the other case,

A -

las — da5) < B -1 for

28-3 28-3 1
— a2 <4B - 1) - fi ‘/l— >
Bl Az Bl A T2 )|
and the equality is attained for the functions A(z) = z(1 — z)*#=" or any rotation of
h(z). m]

TueoreMm 3.2. Let f(z) be of the form f(2) =z + X", an2" and f € M(f) for some
B> 1. Then, for any A € C,

-1 28 — 1
'B— for |A - S 3 < ,
5 3 3B—1) 3(B-1)
a3 = Aay) < 26 -3 283 i
(ﬂ—l)z/l—'g—' for‘/l— i > .
3B-1 3-Dl 3B-1
For each A € C, there are functions in N(B) such that equality holds for both of the

cases.
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Proor. Here we follow the same method as used in Theorem 3.1. Let f € N(f). In
view of the relation (2.8), there exists an analytic function p(z) = 1 + 77, ¢,2" in the
unit disk D with Re p(z) > 0 for z € D such that

1 ( Zf”(z))
—|B-1- = p(2). (3.5)
B—1 o F@ )"
Equating the coefficients of z2 and z* on both sides of (3.5),
2612 = (l —ﬁ)Cl (36)
and
6a; = (1 - B) Qazcy + c2). 3.7)
By using (3.6) in (3.7),
1- - 12
as = 6ﬂ02+(ﬂ6)0%.
Therefore,
1-8 B-17 1-py? B-1
a3 - 231 = | e+ (B2 - A(5E) )al = B -l 6
where
31
—(B-1 (1 - —).
u=@B-1 >
Applying Lemma 1.1 in (3.8),
-1
las — Ad3| < A — max{1, 20— 1]}
B-1

== max{l1, 3428 - 1) - (28 - 3)I}.

Since the inequality (1.4) is sharp, we obtain the following sharp inequality for any

1eC:
B ‘ 28-3 1
—Add| < for [ — <
a—dal = i T T
and the equality is attained for the functions g(z) given by g’(z) = (1 — 2¢?)P~1,60 €
[0, 27).
Also, for the other case,
28-3 283 1
- < (B-1*a- f P— >
las = Aajl < B =DM = 30=5| for =252 36 -1

and the equality is attained for the functions h(z) given by /'(z) = (1 — ze")*#=D g
[0, 27). O
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4. Inverse coefficient estimates and maximal area problem
Our main tool in this section is an estimate for the Taylor coefficients of the function
(z/ f(2))" for functions f(z) in M(B). Let g(z) and h(z) be given by the power series

(o)

g@)= ) a" and h(z)= i ba?,

n=0 n=0

which converge in some disk |z] < R. We say that g(z) is dominated by h(z) (or A(z)
dominates g(z)), written as g(z) < h(z), if |a,| < b, for each integer n > 0. For more
details of the technique of dominant power series, we refer to [6, Vol. I, page 81].

Lemma 4.1. Let f(z) be of the form (1.1) and f € M(B) for some B> 1. Also, for a
fixedn e N, let (f(z)/2)™" have an expansion of the form

0o

(f () )_" Z m

—2n(B - 1)
k

Equality holds in the above inequality for the function f(z) = z(1 — z)*#=V or its
rotation.

Then, for each k > 1,

lay ™| <

Proor. The main idea of the proof of this lemma is the technique of dominant power
series. If f € M(}), then
B _ zf'(@)
Re(ﬂ—f(f)) >0 forzeD.

Therefore,

f'(2)
B-* 1+z
f@ <

-1 1-2°
where < denotes coefficient domination.
The previous relation yields
B zf’(z) l1+z 28— 1)z

Q) (ﬂ—l)——(ﬂ—l)— -

and hence

I_f@ _28-1

7z f@ 1-z °
On integrating (4.1) from O to z,

4.1)

(ff))« 28— 1)In(1 - 2)
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and, consequently,

< -2(8-1)
— < (1-2 . 4.2)
f@
Finally, from (4.2), it follows that for each fixed n € N,
z \ —2n(B-1)
— | < (1-2) . 4.3)
( f (z))
Since
(e - —2n(B -1
(1-g)2F D=1 +kz_;ckzk where c; :(—1)k( (f )),
by (4.3), the required result follows immediately. O

To state our next theorem, we need some preparation. For a,b and ¢ complex
numbers with ¢ # 0, -1, -2, =3, ..., the function

(@) "

(©n n!

F(a,b;c;z) :=72Fi(a,b;c;2) =1+ Z
n=1

is called the Gaussian hypergeometric function which is analytic in D. Here (a)g = 1
for a # 0 and (a), denotes the Pochhammer symbol (a), :=1'(a + n)/T'(a) = a(a + 1)
--~(a+n-1)forneN.

THeEorREM 4.2. Let f € M(B) for some fixed B > 1. Then, for0 <r <1,
max A(r, i) — 4P (B- 1)’ FQB—1,28-1:2: ).
feM(B) f@

The maximum is attained for the function fy(z) = z(1 — z)*&-D,

Proor. Since f € M(pB), f(z) # 0 for 0 < |z] < 1, otherwise the function zf”(z)/ f(z) has
a pole at that point. Suppose that

Z (o]
— =1+ b,7', zeD.
f@ nz::‘

Also, it can be easily verified that fy € M(B) and z/fo(z) has the following
representation:

Z (o)
— =1+ c,7" forzeD,
Jo(@) ; !

where

¢, =(=1)" —26-1D forn > 1.
n

Then, by the relation (4.2),

|b,l < ¢, foralln>1.
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[
=r i nlb, | r*"
n=1

(o]
T Z nlc,,|2r2”
n=1

n i n( E(l?" )zrz” where @ =2(8 - 1)
n=1 n

S @ D@t Dy o,

L1~ @),
=’ Fla+ 1,a + 1;2; %)
Anr*(B—1°F(2B - 1,28 - 1;2;17). o
TueorEM 4.3. Let f € M(B) for some B> 1 and F(w) be the inverse function of f(z)
having the expansion F(w) =w + }.° 5 A,w", which is valid in some neighborhood of
the origin. Then

Therefore,

2
dxdy (z=x+1iy)

)

IN

1
|A,l < -
n

“2n(B - 1)
( n—1 )‘ forn > 2.
Equality holds for the function f(z) = z(1 — z)*#-V.

Proor. It is well known that (see for example [6, Vol. I, page 54])

1 1 1
A, = N f dz = _a(—n)
2ntin |zl=r [f(z)]n n n-l

for n > 2, where afl__"l) is defined in Lemma 4.1. Then, by Lemma 4.1, it follows that
foreachn > 2,

1 . 1|/- —
Al = La) < L2 DY
n " 1 n n—1

THeEOREM 4.4. Let the function f(z) be in N(B) for some 8> 1 and F(w) be the inverse
function of f(z), with the following expansion:

]

Fw)=w+ ) AW, (4.4)
n=2
which is valid in some neighborhood of the origin. Then
1
Al < (1) 2p - 1) [2[3 - 1] forn>2.

n

Equality holds for the function fy(z) given by f;(z) = (1 — 2)*#~V.
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Proor. Let Fop(w) be the inverse function of fy(z). Since fy(z) =1/28-1)
(1-(1-2%"),

Fow) = 1= (1= 28 —=Dw)/# ™V =+ 3" ,2"
n=2

is valid in some neighborhood of the origin. It is a simple exercise to see that
1
Ya= (DB -1)" [2,8 - 1] >0 forn>2.
n

Since f € N(f), in view of (2.8), there exists an analytic function p(z) =1 +
Yimey €n2" in the unit disk D with Re p(z) > 0 for z € D such that

B—1- Zf:/gz)
?lf() = p(2).
This implies that
—Z;, (g) = B-(p@) - 1). (4.5)

Now, using the following relations:
SEW) =w, f(FWYF'w) =1 and  f"(FW)F W) + f (FW)F"(w) =0,

equation (4.5) can be written as

%W,;g}) =B - D(pFEW) - 1).
A simplification yields
F"(w) = (8= 1)(F'(w))? i en(Fw)"™™" (4.6)
n=1
Again, using the series expansion (4.4) of F(w) and
Fw)y=1+ inAnw"_l, F’(w) = in(n - DAW"2
n=2 n=2
in (4.6) and on simplification of it,
i nn— DAW™2 = (B - 1)(2 B,,w")(i D,,w”), 4.7)
n=2 n=0 n=0

where

n
By=1,B, = Z(n + 1=+ DAy AL forn>1
r=0
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and
n+l

Do=c1,Dy= ) c{F™~ W)y forn>1
r=2
with A; = 1. Here {F"~!(w)}, denotes the coefficient of w” in (F(w)) .

We observe that {F"~'(w)}, = X,(A1, Aa, ..., A,) are polynomials in Aj, Ay, ...,
A, with nonnegative coefficients. And, hence, the D, are polynomials in A;, Ay,
...y Ay, €1, €2, ..., Cpyp With nonnegative coefficients. Also, we note that the B, are
polynomials in Aj, A, ..., A+ with nonnegative coefficients.

By equating the coefficient of w"~2 in (4.7),

nn— 1A, =B-1)0(A1,As,...,Ap_1,C1,C2y ..., Cpy)  forn =2, 4.8)
where

n—2
Q(AI,AZ’ e 7An—ls C1,C25 ..., cn—l) = Z Bn—r—ZDr
r=0

is a polynomial in Ay, A,, ..., A,-1,c1,C2, ..., cy4—1 With nonnegative coeflicients.
As Ay =1 and |c,| < 2 for each n > 2, we see from (4.8) that

n(n— DA, < (B-1) Q"(142], 1A3], . ..., |An-1]) (4.9)

holds for each n > 2, where Q*(|Az|, |Asl, ..., |A,—1|) is obtained from Q(|A4], |A2l, ...,
|[An-1l, leils leal, - - -, len—1]) by replacing A} with 1 and |cy], [cal, - . ., [cp—1] With 2.

From the relation (4.8), it is not difficult to conclude that Theorem 4.4 is true for
n = 2. Our aim is to prove that |A,| <y, for n > 2 by using mathematical induction.
Suppose that the theorem is true for k = 2,3,...,n — 1. Then, from (4.9),

n(n=DIAI<B=1) Q" (y2, 73, -» ¥n1)- (4.10)
Now, for the function fy(z),
1 (ﬁ_l_zf?”(z))_ 1+z
ﬁ -1 fo(Z)
By proceeding as above, the value of Q(A;,As,...,A,-1,¢1,C2,...,Cp—1) for the

function fy(z) is equal to Q*(y2,¥3,...,¥a-1).- Consequently, the relation (4.8) for
the function fy(z) becomes

nn=1y,=B-1D0 (273, ¥n-1). (4.11)

Finally, (4.10) and (4.11) together imply that

1-z

Al < ¥n-

Thus, by mathematical induction, the theorem is true for all n > 2. O
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TueorREM 4.5. Let g € ME(B) (B > 1) be of the form g(z) = z(1 + 3", b,z™") for z € A.

Then, for each n > 1,
b, < (_Z(Ii_ 1))‘ 4.12)

and the estimation (4.12) is sharp.

Proor. The mapping f(z) — g(z) := 1/f(1/z) establishes a one-to-one correspondence
between the functions in the classes M(8) and MX(8) because

@@ _dms) _1ras
8@ (q5) @S

1
f(/2)

A careful observation shows that the coefficient aﬁ,_l) (n > 1) in the expansion of
1/f(1/z) in D\{0} is equal to the corresponding coefficient b, (n > 1) in the expansion

of g(z), where a,(l_l) are given as in Lemma 4.1.

Therefore,
max |b,| = max Ia,([”| forn>1.
gEME(PB) feM(B)

Thus, by Lemma 4.1, we find that for each n > 1,

-26-1

1)
The inequality is sharp. One can easily see that the function
1\-2(6-1)
go(z) = Z(l - E)

belongs to the class MX( ) and the equality holds in (4.12) for the function go(z). O
TueorEM 4.6. Let g € NZ(B) (B> 1) be given by g(z) = z(1 + 3,7, b,z™) for z € A.

Then, for n > 2,
bl < 1 (_2(/3_ 1))l. (4.13)

n—1 n
The estimation in (4.13) is best possible.
Proor. If g € NZ(), then clearly zg'(z) = z(1 + X,> (1 — n)b,z™") is in MZ(p).

Hence, by Theorem 4.5,
-2(B-1)
n b
from which (4.13) follows.

It can be easily verified that the function go(z) given by

(1 = n)by| <

) | 1\-26-1)
50 =(1-)
belongs to the class NX( ). Equality holds in (4.13) for the function gy(z). O
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Remark 4.7. If the function g(z) is in the class NZ( (), then, for any complex number
¢, the function g(z) + c is also in the class NZ(). It follows that |b;(g)| has no upper
bound in the class NZ( ).

THeorREM 4.8. Let g € MZ(B) (B > 1) and G(w) be the inverse of g(z) and suppose that
G(w) has the following expansion:

G(w) = w(l ; i an*")
n=1

in some neighborhood of the point at infinity. Then:

O Bil=2B-1);
(i) forn =2,

1
B, < —
Bl < —

(—Z(n - DB - 1))‘

n
Both of the inequalities (i) and (ii) are sharp.

Proor. For any g € MZ(f), there exists f € M(B) such that g(z) = 1/f(1/z). Also,
it can be easily verified that G(w) = 1/F(1/w), where F(w) is the inverse of f(z).
Therefore,

B, =AY forn>1, (4.14)

where the AE,_I) are defined as in Lemma 1.3.
Our first aim is to estimate B;. Since f € M(B) and f(z) is of the form (1.1),

! 1
?((5))22+a2+(2a3_a§)z+.... (415)

By comparing the coefficients in (1.5) and (4.15), we find that A(l_l) = a, and, therefore,
by Theorem 2.1,

-1
1B1| = 1A7"] = laal <208 - D).
Our next aim is to estimate A,(,_D for n > 2. From Lemma 1.3,

1
ACD = ——laﬁl‘(”‘l)) forn>2. (4.16)
n—

Then, from (4.14) and (4.16) and applying Lemma 4.1,

1 I |(~2- DB -
IB,| = |a;—(n—l))| g 2n-DE-D forn > 2.
n-1 n—1 n

Both of the inequalities (i) and (ii) are sharp and equality holds for the function

2@ =1~ %)_M_D.
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