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THE NUMBER OF LATTICE RULES HAVING GIVEN INVARIANTS

STEPHEN JOE AND DaviD C. HUNT

A lattice rule is a quadrature rule used for the approximation of integrals over the
s-dimensional unit cube. Every lattice rule may be characterised by an integer r
called the rank of the rule and a set of r positive integers called the invariants. By
exploiting the group-theoretic structure of lattice rules we determine the number of
distinct lattice rules having given invariants. Some numerical results supporting the
theoretical results are included. These numerical results are obtained by calculating
the Smith normal form of certain integer matrices.

1. INTRODUCTION

Lattice rules are used to approximate the s-dimensional integral

If = /U fx)dx,

where U’ = [0,1)° is the half-open cube in s dimensions, and f is assumed to be
1-periodic in each of its s variables. They are quadrature rules of the form

L N2
(1.1) Qf =5 X f(x))
i=0
in which the quadrature points xp,...,xny—1 consist of all the points in U* that also
belong to some ‘integration lattice’. A lattice is a discrete set of points in R? such that
the sum and difference of every point in the set also belongs to the set; it is an integration
lattice if it contains Z* as a subset. A lattice rule with N distinct quadrature points
is said to be of order N.
Simple examples of lattice rules are given by the number-theoretic rules which were
developed by Korobov [5] and Hlawka [3]. Number-theoretic rules of order N may be
expressed in the form

1= z
(1.2) or=x X ({ig}),
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where z is an integer vector having no nontrivial factor in common with N, that is,
jz/N ¢ Z*, 1 < j < N — 1. Here the braces around a vector indicate that we take the
fractional part of each component, that is, {(z1,...,2,)} = (21 mod 1,...,z, mod 1).

The work of Sloan and Lyness [11] shows that every lattice rule may be written in
canonical form as the expression

(1.3) nrz_:l nff({h— +J:—’})

Jr—o 7=0 T

where N, the order of the rule, is given by

(1.4) N =nin; - n,,

Z3,...,%, are linearly independent integer vectors,

(1.5) ny > 1, and ng4q divides ng for 1 <k < r —1.

The number r, which satisfies 1 < » < s, is the rank of the rule and n,,...,n, are
the invariants. Both the rank and invariants are uniquely determined for a given lattice
rule. It is clear that the number-theoretic rule given in (1.2) is a rank-1 rule with single
invariant n; = N. We see in (1.3) that for 1 € k < » we may replace z; by 2z +nihg,
where hy € Z°, without changing Qf. Thus without loss of generality, we shall always

assume that the vectors z; have components z;; satisfying
(1.6) 0z <neg—1, 1<i<s, 1<kgr

One problem of interest is the total number of distinct lattice rules having order N .
Here we say that two lattice rules (having the same order) are distinct when the sets of
quadrature points for the two rules are different. If we denote this quantity by T,(N),
then the following result of Lyness and Sgrevik [9] allows T,(N) to be calculated for
any N.

THEOREM 1.

() If M and N are relatively prime numbers, then

T.(MN) = T,(M)T,(N),

that is, T,(N) is a multiplicative function.
(b) For p prime and v > 0, we have

(1.7) (") = H [%—_TI]
0s) -5
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The expression given in (1.8) is actually not found in [9]. However it is easily obtained by
expanding out the product in (1.7) and then cancelling common terms in the numerator
and denominator.

In general for given N, one can obtain different sets of invariants n;,...,n, that
satisfy (1.4) and (1.5). For example with s > 2 and N = 36 = 2232, one can ob-
tain rank-1 rules with n; = 36 or rank-2 rules with invariants n; = 18, ny = 2 or
ny = 12, ny = 3 or n; = ny = 6. So though Theorem 1 gives the total number of
distinct lattice rules of order N, it does not give the number of distinct lattice rules
having a given set of invariants n,,...,n,. This is the problem addressed in this paper.
We shall denote this quantity by v,(n;,...,n,). For later use we shall also need the
quantity ¥,(ni,...,n,), the total number of possible collections of vectors z,...,%z,
(having components satisfying (1.6)) which give rise to a lattice rule having invariants
n1,...,n,. We shall refer to v,(ny,...,n,) as the total number of lattice rules having
invariants ni,...,n,. Not all these lattice rules will be distinct and it turns out that
Vs(ny,...,ny) is a divisor of U,(ny,...,n,).

The next section gives some relevant background material as well as the statement
(in Theorem 5) of the main result of this paper. The proof of Theorem 5, given in
Section 3, is obtained by exploiting the group-theoretic structure of lattice rules.

In Section 5 we provide some numerical results which support the theoretical results
found in Section 2. These numerical results are obtained by calculating the Smith
normal form of certain integer matrices. Background material on the Smith normal
form and its relevance to the general theory of lattice rules as well as to the work here

may be found in Section 4.

2. BACKGROUND MATERIAL AND RESULTS

Firstly, it is useful to find the number of possible sets of invariants obtainable from
a given N. Suppose N has the prime factorisation p‘f 1 pg’ ---pf". For convenience let
us assume that §; = max Bi. Then one can always obtain a set of r invariants that

satisfy (1.4) and (1.5), where 1 < r € min(s,8;), by setting n; = pf‘_r"'lpg’ .- -pﬁ"’,
ny =+ = n, = p. In general, any set of invariants n,,...,n, that satisfy (1.4) and
(1.5) must be of the form

(2.1) nk =pf"‘p€”‘---pqu, 1<k,
where
(2.2) 0<Bir <Pip-1 < <Paand Y Bu=h;, 1<i<q

k=1
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Then it is not hard to see that the number of ways of forming the invariants is given by
g
(2.3) H x(Bi),
i=1

where x(0:) is the number of partitions of f; into positive summands. We remark
that the number given in (2.3) is well-known as the number of different (pairwise non-
isomorphic) abelian groups having order N = pﬂs ! pg i... p?".

We now give a result from [11] concerning the group-theoretic structure of lattice
rules. The proof is trivial and so not given here.

THEOREM 2. Let A(Q) denote the set of N quadrature points for the lattice
rule (1.1).

(a) A(Q), together with the group operation

(2.4) x; 0 x; = {x; +x;},

forms an abelian group of order N with the identity element being 0.

(b) If the lattice rule in (1.1) is a rank-1 rule of order N (as given by (1.2)),
then A(Q), together with the group operation given by (2.4), forms a
cyclic group of order N .

This theorem will be used throughout the rest of this paper without further com-
ment. The canonical form for lattice rules that was obtained by Sloan and Lyness [11]
(and given in equations (1.3) to (1.5)) is then a consequence of a well-known structure
theorem for abelian groups. Theorem 2 shows that A(Q) is an abelian group under
addition modulo Z’ so that it is natural to make the assumption given in (1.6). In the
rest of the paper we shall not distinguish between the set .4(Q) and the group A(Q).

We now show that v,(ni,...,n,) isin a certain sense a multiplicative function in

each of its arguments.

THEOREM 3. Suppose ny,...,n, are given invariants expressed in the form given

in (2.1) and (2.2) so that nyny - -n, = pflpf’ ---pf" . Then

q "
o) = [T on (e ),

=1
where for 1 < i < q, t; is the largest integer t* for which B« >0 with 1 < t; < r.

PROOF: Let A(Q) be the set of quadrature points for any lattice rule @ having
invariants ni,...,n,. It follows from (7, p.154] that A(Q) may be expressed as the

direct sum of ¢ subgroups,

AQ) =51(Q) @ - ©5,(Q),
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where S;(Q) is of order p?‘, 1 < i< gq. The group S;(Q), 1 < i < g, is the Sylow
pi-subgroup of A(Q).
We want the number of distinct lattice rules having invariants n;,...,n, where

the ng, 1 < k < r, satisfy (2.1) and (2.2). Clearly the pf‘ elements of S;(Q) are the

points of a lattice rule having invariants pf o ,pf“‘ . Hence for 1 < i < ¢, there are

v, (pf o ,pf“") distinct Sylow p;-subgroups possible. Since the elements of S;(Q)
consists of those elements of A(Q) which have order a power of p;, it follows that the ¢
Sylow p;-subgroups for a given lattice rule having invariants n;,...,n, must be unique.
Hence we conclude that the number of distinct lattice rules having invariants n,,...,n,
1s

q
. Bit,
u,(n1,---,nr) = HV.(P?'I,...,p,- !‘)’
=1

as claimed. 1]

Theorem 3 shows that we need consider only v, (p®!,...,p"), where p is prime,
and a; 2 a3 > --- 2 a, > 0. The first and simplest such case to look at is the number

of rank-1 lattice rules having order p!.
THEOREM 4.
(a) v, (p™)=p™" —p=1*7".

pcxla - pal 8—8
(b) wvi(p™)= e i

PROOF: We see from either (1.2) or (1.3) that a rank-1 lattice rule of order p™

in canonical form may be written as

EE(C)]

The cyclic group formed by the set of p*1 points for this lattice rule is generated by
the element ¢ = z/p™ . Since this generator must have order p*!, that is, p® is the
least positive integer u for which {uc} = O (recall that the group operation is given
by (2.4)), it follows that at least one of the components of z is not divisible by p.
(Otherwise, if z = pz', then ¢ = z/p™ = z'/p**~! has order at most p™ 1)

For any positive integer M, let ¢(M) be Euler’s totient function. We recall that
U4(p®1) is the number of z with components satisfying 0 < z; < p® — 1, 1 <1 < s,
that produce a rank-1 rule of order p®* . Because p™ — ¢(p™) = p™~! [7, p.17], we
see that though there are p®*? possible choices of z, (p"‘l"l)' of them do not produce
a rank-1 rule of order p®! since all their components are divisible by p. Thus ¥, (p™)
is given by

’7‘ (Pul) = paln _paln—l‘
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However different z may produce the same rank-1 lattice rule of order p®'. The
theory of cyclic groups (for example, see [7, p.159]) shows that the generating element
may be chosen in ¢ (p*) ways. Thus we obtain

;‘ (pcq) _ pall — pall—l

o1y —
V'(p )— ¢(pa1) - Pal_pal—l ’
which completes the proof. 0
We now give expressions for ¥, (p™,...,p%" ) and v, (p™,...,p%").

THEOREM 5. Suppose p™1,...,p% are given invariants.

(a) The total number of s-dimensional lattice rules having the given invariants

18
(25) ;," (pal yen ,p'-’lr) — H (paka _ pakl—l-{-k—l) .
k=1

(b) Suppose d of the given invariants are distinct. Let pi,...,p™ be these
distinct invariants with af > --- > a} > 0, and let w; be the number of
invariants equal to p"; ,1<kgd. If

k d
=iyt 3 wieg 1<k<d
i=1 j=k+1

then the number of distinct s-dimensional lattice rules having the given
invariants is

,.

l"[ (paka _ paku—n+k—l)

(2-6) v, (p™1,...,p%) = =2
d W

H (pﬁk _ pﬁk—wk'i-j—l)
k=1 1j=1

NoOTE. In early November 1991, it was learnt that Dr. J.N. Lyness of Argonne National
Laboratory had independently obtained a result equivalent to Theorem 5(b). However,
his approach to the problem was different from the group-theoretic approach that is
used here.

As the proof of Theorem 5 is quite lengthy, we shall defer it until the next section.
We remark that (2.6) yields v, (pt,...,p**) = 0 when r > s which is a sensible
conclusion since we already know that the rank of a lattice rule cannot exceed s.
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As a simple example, consider the case when all the ai, 1 € k < r, are equal to
1 so that d =1, w; =, and §; = r. Then by using (2.6) and a few lines of algebra,
it is easy to show that

r s—r+k _q
P
(2.7) ve[p;r] = H 7,—3—,

k=1

where, for simplicity, we have used v,[p;r] to denote v,| p,...,p ]|. Using (2.7), it is
——

r times

easily verified that we have the relationship
(2.8) v p;7] = vsi[p; 7] + 0" T[T — 1], 2<r <51,

A derivation of (2.8) using the Smith normal form for integer matrices may be found
in Section 4.

From Theorems 1(b) and 4(b) we see that algebraically T,(p) and v,(p) are the
same, while these same theorems along with (2.7) can be used to verify that the identity
T,(p?) = va(p?) + v4(p,p) holds algebraically too. By using (2.6) to obtain

(p25—2 _ pa—2) (pa—l _ 1)
(p—1)°

Vs (pz,p) = ’
one can verify (after some tedious algebra) that algebraically we also have T, (p’) =

ve(p*) + v, (0%, p) + vu(p,p,P).

For the more general case, suppose N = p®, a > 0, is given. Then (2.3) shows
that there are x(a) ways of forming invariants p®,...,p%" suchthat a = a; +---+a,
and @; 2 - 2 a, > 0. For given s, we must then have the (formal) identity

T.(Pa) = Z Vs (Pul,---,PQ'),

ajy +--far=a
ay 2 2ar>0

where we assume that v, (p™,...,p™) = 0 in the cases when r > 5. Clearly this
identity must not only hold formally but algebraically as well.

3. PROOF OF THEOREM 5

The proof of Theorem 5 depends on the following three lemmas. We shall say that
a lattice rule Q' is ‘embedded’ in the lattice rule @ if the quadrature points of Q' are
also quadrature points of Q.
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LEMMA 1. Suppose Q,_; is a lattice rule which has rank r — 1 and invariants
P, ..., p%rt.
(a) Let A(Q,—1) be the set of quadrature points for Q,_1, and let C, be the
set of points for a rank-1 lattice rule of order p®r. Also let

A(Qr-1)oCr ={aoc|a€ AQ,-1) and c € C;},

where o is the group operation given by (2.4). Then a necessary and
sufficient condition for the elements of A(Q,-1)0C, to be the quadrature
points of a lattice rule having rank r and invariants p™1,...,p"" is that
A(Qr-1) and C, do not have a subgroup of order p in common.

(b) There are (p™* —1)/(p — 1) distinct rank-1 lattice rules of order p em-
bedded in Q,_; .

Proor: In [11] we see that A(Q,_;) may be written as
A@r-1)=C1® - &Cry,

where Ci is a cyclic group of order p®t ;1 < k < r—1. In the terminology of the theory
of abelian groups of prime-power order, A(Qr—1) is said to be of ‘type’ (ay,...,ar—1).
Thus we see that the elements of A(Q-_1) o C, are the points of a rank-r lattice rule
having invariants pt,...,p%-1,p% if A(Qr-1)0C, is of type (ai,...,a,). Hence we
require A(Qr-1)0Cr = A(Qr_1) ®C,. It follows from the discussion in [7, pp.139-140]
that this is the case if and only if A(@,-1) and C, do not have an element (except the
identity 0) in common.

Clearly if they do not have a nontrivial common element, then they cannot have a
common subgroup of order p. Also if A(Q,_1) and C, do not have a subgroup of order
p in common, then they cannot have any nontrivial element in common. (Otherwise, if
¢ was such a common element, then there would exist a v satisfying 0 <y < a,—1 for
which {p7c} would be an element of order p, and hence be a generator for a common
subgroup of order p.) Hence part (a}) is proved.

1 _ 1 elements

To prove part (b), we firstly note that A4(Q,_;) has exactly p"~
of order p (7, p.159]. Given any such element a, it follows that the elements
a,{2a},...,{(p —1)a} must each be of order p and in A(Q,—1). Thus these p —1
elements together with the identity element form a subgroup of order p. It then fol-
lows that the p™~! — 1 elements of order p in A(Q,—;) must form (p™ —1)/(p — 1)
subgroups of order p. Since p is prime, these subgroups must be cyclic. Hence they

are distinct rank-1 lattice rules of order p which are embedded in Q,—; . a

LEMMA 2. Each one of the v,(p) distinct rank-1 lattice rules of order p is em-
bedded in exactly (p — 1)p?*~* of the v,(p") rank-1 rules of order p”, v > 0.
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(65

=0

PROOF: Let

be any one of the v,(p) distinct rank-1 rules of order p. Also let
z =z' 4+ ph,

where h is an integer vector whose components satisfy

(3.1) 0<h;<p -1, 1<ig<s.

Since at least one of the components of z' is not 0, it means that at least one of the
components of z is not divisible by p. Hence

Ly (b))

is arank-1 rule of order p”. By letting j take on the values j = kp?~? for 0 < k < p-1,
it is not hard to see that the original rank-1 rule of order p is embedded in this rank-1
rule of order p”. Note also that it follows from (3.1) that the components of z satisfy
0 < z; <pY — 1, since the components of 2’ satisfy 0 < zi <p—-1,1 <1< s.

The vector 2’ for the chosen rank-1 rule of order p may be chosen in ¢(p) = p—1
ways. Also (3.1) shows that there are p7*~* possibilities for h. Thus the rank-1 rule
of order p is embedded in at least (p — 1)p"*~* of the 7,(p") rank-1 rules of order p”.

To show that the number is exactly (p— 1)p7*~*, we firstly note that one may
deduce from Lemma 1(b) that any rank-1 rule of order p” has only one rank-1 rule of
order p embedded in it. Also Theorem 4(b) yields

v(p) x (p-1)p"" " =(p" - 1)p"* " =p" —p""™".

However this last quantity is just v,(p”). Hence we see that the exact number is as
given. a

The last lemma we need concerns the number of ways in which an ordered basis
for an abelian group may be chosen. The result given below is presumably well-known
though a reference does not appear to be readily available.

LEMMA 3. Let G be an abelian p-group of type (ay,...,a,) with identity ele-
ment 0. Suppose d of the a1,...,a, are distinct so that we have the distinct values
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ai,...,ay, where af > .- > aj > 0. If wy is the number of the a;,...,a, equal to
af,1<k<d,and

k d
Se=0}) wi+ Y wiej, 1<k<d,
i=1

j=k+1
then an ordered basis for G may be chosen in k(ay,...,a,) ways, where
d wp
(3.2) rlag,...,o) = H H (p% — ple—rti=1)
k=1 |j=1

PROOF: In this proof we shall adopt the standard additive notation for abelian
groups. For any positive integer m, let G,, be the subgroup of G given by

(3.3) Gmn={wegG :p™w=20}
Also, for 1 € k < d, let 7 and e; be the unique integers satisfying
arn 2 ap>anp41anda,, 2 a; — 1> a1

(with the convention that ar+; = 0). Then it is known (see [1, p.320] or (2, p.104])
that the orders of ga; and ga;_l are given by p** and p"* respectively, where

U = a:Tk +a‘rk+1 + -+ ar + arpa, and v = (a: - l)ek +a¢k+1 + -t art+ argr.

Now any element of order p"‘; in G belongs to ga;, but not to ga;_l. Hence the
number of elements of order p"; in G is given by p** — p”% . We remark that because
any group has only one element of order 1 (namely, the identity) and o, > 1 > a1,
then it is not hard to deduce from above that an abelian group of type (a1,...,a,) has
p" — 1 elements of order p.

k
Let o(k) = ) wm sothat o(d) = r. It is easily seen that 7 = o(k). Some simple
m=1

algebra then yields ug = ;. Also when aj,; = aj —1 we obtain ¢; = o(k + 1), while
in the case af,; < aj — 1 we obtain ¢ = o(k). Then it turns out in both cases
that vy = 8 — o(k). Thus the number of elements of order p“; in G is given by
plr — plr—o(k)

The r generators required for the basis set may be chosen in d major stages. At
the kth major stage, 1 < k < d, we need to choose w; elements of order p"‘l‘:. Thus
each kth major stage may be split up into w, minor stages in which we choose one

element of order p°t for the basis set. Suppose for some j satisfying 1 < j € wp we
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are currently at the start of the jth minor stage in the kth major stage. Hence we have
chosen all the generators of order p": yeoo ,p“i-l as well as j — 1 generators of order
p"‘; .

We now have to choose a generator of order p“"c which we shall denote by gg;.
The cyclic group of order p® generated by such an gr;j contains one subgroup of
order p. Since gi; is of order p"‘i, then clearly the element p"‘l‘a‘l gr;j (of order p) will
be a generator for this subgroup. Arguments analogous to those used in the proof of
Lemma 1(a) show that this subgroup of order p must not be in Bg j_;, where By j_;
is the group generated by ggn, 1 < m S wy, 1 < €< k-1, and gy,...,9%,j-1, the
o(k — 1)+ j — 1 generators already chosen. Hence gi; has to satisfy the requirement
that p®t " lgs: & By j_1.

Let b be any element of order p belonging to By ;1. Because b is of order p and
the generators gim, 1 < £ < k, are of order p“z , 1t follows that there exist integers &m

such that
k~1 wy
b= P imgem + Z Pt bk Ghm-
=1 m=1 m=1
Then the element
k—1 wy
c= Z Z pal ak{lmgtm + E Eemgrm € Bk,] 1
=1 m=1 =1

. - - * —
is of order p®t and satisfies p®x~!

¢ = b. Suppose w is any element of gai_l, where
Gaz—1 is the subgroup of G given by (3.3) (with m = a} —1). Then it is clear that
P~ (c+w) = pt~lc = b. Also ¢ = c+w is an element of order p*k and the order of
ga;_l is p®x—2(¥)  Hence for any element b of order p belonging to By, j—1, it follows

S —o(k) "—lcl’

that there are exactly p elements ¢’ of order p"‘i in G such that b= p®k

Since By ;-1 is of type (a1,...,00(k—1)+j—1), then it has p?(F=1)+i=1_1 elements
of order p. Hence there are p® ~7(%) (p7(F—1)+i—1 _ 1) elementsin G of order p° which
may not be used as the generating element gij. As a consequence, gi; may then be

chosen in

(ps,, _ p&,,-a(k)> — pfr—o(®) (pa(k—1)+j—1 _ 1) = pf _ pir—wrticl

ways, where we have used the fact that o(k) — o(k — 1) = wi. Hence we conclude that
d

n(al,...,a,.)zn H(pﬂ:_ Se-wnti-1yf

k=1 [ j=1
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as required. 1|

We see that (3.2) gives x(a;) = p® —p®1~! as expected. If all the ax, 1 <k <7,
are equal to 1 so that d =1 and w; =, then this same equation yields

r

| 1,...,1 =H(p"—pk-l).
r times k=1

This result may be found in classical texts on group theory such as Burnside [2, p.110].
Withd=r, wg=1, af =ar=7r—k+1, 1< k<r, we can also obtain

k(r,r—1,...,2,1) = p'(’+1)(2r+1)/6_"(p -1,

which agrees with the result found in [2, p.118].

We are now ready to give the proof of Theorem 5.

PROOF OF THEOREM 5: We firstly prove part (a) by using induction. For r =1
the right hand side of (2.5) yields p*1* — p*1°~* which we know from Theorem 4(a) is
Uy (p™1). Thus (2.5) i1s true for r = 1.

Let us now assume that

r—1

A | (e e}
k=1

Suppose Q,_; is any lattice rule having rank r — 1 and invariants p®1,...,p% -1,
We see from Lemma 1(a) that a rank-r rule having invariants p*!,...,p% ~1,p%" is
obtained from @,_; by ‘adding in’ a rank-1 lattice rule of order p®~. However Lemma
1 also shows that the rank-1 rule of order p embedded in such a rule must not be one
of the (p'_1 - 1)/(p —1) rank-1 lattice rules of order p that are embedded in @,_; .

We see from Lemma 2 that each one of these rank-1 rules of order p is embedded
in (p — 1)p®*~* rank-1 lattice rules of order p®* . Thus of the v, (p®7) = p*r® —p°r*~*
rank-1 rules of order p®r, there are

(" -1)/(p-1)) x (p—-1)p**~" = (p"} —1)p™" "

which are not permissible. Hence we see that
U (0%, .. P, 0% ) = 5, (7, .., p™ ) x (P2 = p T — (p7 — 1)p70 )

— ﬁ (paks _pmka—n+k—l) .
k=1
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Thus part (a) holds by induction.

We now have the total number of lattice rules having invariants ni,...,n,. How-
ever they cannot all be distinct (as Theorem 4 clearly shows for the case r =1). To
obtain v, (p™,...,p*"), we need to know the number of ways in which the genera-
tors for an abelian group of type (ay,...,a,;) may be chosen. This number will be
dependent on the ey,...,a, (and p), but independent of s. Lemma 3 shows that this

number is just x(a,...,a,), where k(a,...,a,) is given by (3.2). Hence

r
- H paka _pcxkn-—a-{-k—l
o1 y ‘")_u,(pal,_“,pﬂr)_ k=1( )

VU, = .
(™, k(a,..., o) d [w _
IT | I (pf — pfe—wrti-1)
k=1 | j=1
This completes the proof of Theorem 5. 0

4. THE SMITH NORMAL FORM

In the next section we shall give some numerical results which support Theorem
5(b). These are obtained by calculating the Smith normal form of certain integer
matrices. Thus it is useful to give some background material on the Smith normal form
which in simple terms is a diagonalisation of an integer matrix using elementary row
and column operations.

In more detail, let B be an s x s integer matrix. Then there exist s X s unimodular
matrices X and Y such that D = XBY , where D, the Smith normal form, is an s x s
diagonal matrix whose entries d;; are such that d;; divides diy1441, 1 <2< s —1.
An algorithm for computing the Smith normal form may be found in [4] (this paper
also contains references to several other algorithms) while a clear description of the
underlying basic procedure behind such an algorithm may be found in [10].

To see the relevance of the Smith normal form to the work here, we firstly need
the definition of the dual lattice.

DEFINITION 1. Given an integration lattice L with lattice points xq,...,XNn_3
in U*, the dual lattice Lt is defined by

Lt :={h€Z':h-x;€Z,0<j<N-1}.

For any dual lattice L', there exists an s x s integer matrix B with determinant
N which is a generator matrix for L+, that is, LY consists of all the integer linear
combinations of the rows of B. We see from [9] that for every dual lattice (and hence
every integration lattice) there exists a unique B which is upper triangular and has
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entries b;; that satisfy
(4.1) bjj >0for 1< j<s, J[bjj=N, and 0 < bij < bjj for 1<i<j <.
=1

The result of Lyness and Sgrevik [9] given in Theorem 1 was obtained by looking at
the number of upper triangular integer matrices having entries that satisfy (4.1).

The relevance of the Smith normal form to lattice rules is the following result which
may be found in [6] (as well as in [8]).

THEOREM 6. Let Q be an N-point lattice rule whose corresponding dual lattice
has generator matrix B. If the invariants of this lattice rule are n,,...,n,, then there
exist unimodular matrices X and Y such that XBY = D, where the s x s diagonal
matrix D has entries

(4.2) di=1,1<i1<s8—r, andd;;=n,-i41, s—r+1 <1< s

The Smith normal form is used in group theory to determine the canonical repre-
sentation of finite abelian groups so Theorem 6 should not be too unexpected in light
of the abelian group structure of lattice rules. Then given p™,...,p%, Theorem 5(b)
gives us the number of upper triangular integer matrices whose entries satisfy (4.1) and
whose Smith normal form satisfies (4.2) (with nx = p*, 1 <k <r).

To end this section we show how the Smith normal form may be used to derive the
relationship

(4-3) Ve[p;7] = vema[pi7] + P° Tvaca[pir— 1], 2<7r <81,

that was given in (2.8). As was just indicated, v,[p;r] is the number of upper triangular
integer matrices B satisfying (4.1) which have a Smith normal form in which

(4.4) di=1,1<i<s—r,andd;;j=p, s—r+1<i<s.

1
It is known [12, p.25] that [] dj; for 1 <t < s is the ged of all the t-rowed minor
i=1

determinants of B. Thus if the Smith normal form of B satisfies (4.4), then p must be
the ged of all (s —r + 1)-rowed minor determinants of B. Two simple consequences
of this are given in the following theorem.
THEOREM 7. Suppose B is an upper triangular integer matrix having entries
satisfying (4.1) and a Smith normal form satisfying (4.4).
(a) B hasexactly s —r 1’s on its diagonal (and hence the other r diagonal
entries are p’s).

(b) If bjuym = p for some m, 1< m < s, then b,,, = 0.
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PRrROOF: To prove part (a), we note that if there were more than s — 7 1’s on
the diagonal, then one could form an (s —r 4 1)-rowed minor by taking s —r +1
rows and columns which had 1’s in the corresponding diagonal position to obtain an
(s —r+1) x (s = r + 1) matrix which must be the identity matrix (since (4.1) shows
that if b;; = 1, then b;; = 0 for i # j). Because this identity matrix has determinant
1, this results in a contradiction since then 1 is the ged of all s — r 4+ 1-rowed minor
determinants of B and not p as assumed.

To prove part (b), suppose bpm = p and by, = u > 0. Part (a) shows that there
are s —r 1’s on the diagonal of B. Thus we can form an s — r + 1-rowed minor by
taking the s — » rows and columns with 1’s in the corresponding diagonal position as
well as row m and column s. Let us denote this minor by §. If there are £ values
of i such that 1 < ¢ < m and b; = 1, then we see that §;; =1, 1 < j < £, while
Sji-1=1, £+2< j < s—r+1. The other entries in the first s —r columns of S are
all zero.

So we see that the (£+ 1)th row of § contains all zero entries except for the entry
St+1,s—r+1 = u. By doing a cofactor expansion along this row, one can show that the
determinant of S is (—1)t+'_'u. Since we must have b,, = p and (4.1) shows that
0 < u < p, this contradicts the assumption that p is the ged of all s — r + 1-rowed
minor determinants of B. Hence the result is proved. We remark that a similar but
more detailed argument may be used to show that if by, = p, then this entry is the
only non-zero entry in the mth row of B. 0

We want the number of upper triangular integer matrices B satisfying (4.1) for
which the Smith normal form satisfies (4.4). Then b,, is either 1 or p. Suppose firstly
that b,, = 1. Then (4.1) shows that b;, = 0 for 1 < ¢ < 5 and the Smith normal form
of the (s — 1) x (s — 1) matrix obtained by discarding the last row and column of B
must contain r p’s. There are v,—;[p;r] of these which leads to the first term on the
right hand side of (4.3).

The other case to look at is when b,, = p. Theorem 7(b) shows that b,,, =0 for
each of the » — 1 values of m for which b,,,, = p, 1 < m < 5. Also we see from (4.1)
that the s — » rows with b;; = 1 have entries b;, taking on any value from 0 to p—1
inclusive. Thus there are p*~" different possibilities for the sth column of B. Clearly
the Smith normal form of the (s — 1) x (s — 1) matrix obtained by discarding the last
row and column of B must have r — 1 p’s. Hence the actual number of matrices B
that satisfy (4.1), have b,, = p, and have a Smith normal form satisfying (4.4) is given
by p* "v,-1[p;r — 1]. This provides the second term on the right hand side of (4.3).

5. NUMERICAL RESULTS

By using Theorem 6, we see that Theorem 5(b) may be numerically tested by
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Invariants
Diagonal Entries 48 24, 2 12,4 12,2,2 6,2,2,2 Row Total
of B
48,1,1,1,1 5,421,361 5,421,361
24,2,1,1,1 2,655,435 2,655,435 5,310,870
16,3,1,1,1 3,037,144 3,037,144
12,4,1,1,1 1,146,200 573,100 573,100 2,292,400
8,6,1,1,1 928,797 928,797 1,857,594
12,2,2,1,1 425410 850,820 212,705 212,705 1,701,640
8,3,21,1 965,731 965,731 1,931,462
6,4,2,1,1 388,920 777,840 194,460 194,460 1,555,680
4,4,3, 1,1 256,674 128,337 128,337 513,348
6,2 221 28,320 99,120 35,400 60,180 3,540 226,560
4,3,2,21 108,416 216,832 54,208 54,208 433,664
3,2,22,2 1,688 5,908 2,110 3,587 211 13,504

Column Total: 15,364,096 7,201,920 1,200,320 525,140 3,751 24,295,227
Prediction: 15,364,096 7,201,920 1,200,320 525,140 3,751

Table 1

forming, for given N, all upper triangular integer matrices with entries satisfying (4.1),
reducing them all to Smith normal form, and then counting up how many there are
that have a given set of invariants. This idea is implemented in a computer program in
which the diagonal entries of the upper triangular matrix B are entered as input data.

The results that are given here in Table 1 are for N = 48 and s = 5. Thus, for
example, we see that if the diagonal entries of B are 24, 2, 1, 1, and 1, then there are
a total of 5,310,870 upper triangular integer matrices having these diagonal entries
which satisfy (4.1). On reducing all these to Smith normal form we find that 2,655,435
of them yield an invariant of 48 while the remaining 2,655,435 yield invariants 24 and
2.

Theorem 1 yields T5(48) = T5(16)T5(3) = 200787 x 121 = 24,295,227. Also
Theorem 3 shows that v5(48) = vs(16)v5(3), v5(24,2) = vs(8,2)v5(3), v5(12,4) =
vs(4,4)vs(3), vs(12,2,2) = v5(4,2,2)v5(3), and v5(6,2,2,2) = v5(2,2,2,2)vs5(3). The-
orem 5(b) then leads to the predictions given in Table 1 which, as expected, agree with
the column totals.
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