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This paper is concerned with a nonlocal reaction—diffusion system with double free
boundaries and two time delays. The free boundary problem describes the evolution
of faecally—orally transmitted diseases. We first show the well-posedness of global
solution, and then establish the monotonicity and asymptotic property of basic
reproduction number for the epidemic model without delays, which is defined by
spectral radius of the next infection operator. By introducing the generalized
principal eigenvalue defined in general domain, we obtain an upper bound of the
limit value of basic reproduction number. We discuss the spreading and vanishing
phenomena in terms of the basic production number. By employing the perturbed
approximation method and monotone iteration method, we establish the existence,
uniqueness and monotonicity of solution to semi-wave problem. When spreading
occurs, we determine the asymptotic spreading speeds of free boundaries by
constructing suitable upper and lower solutions from the semi-wave solutions.
Moreover, spreading speeds for partially degenerate diffusion case are provided in a
similar way.
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1. Introduction

In this paper, to study the evolution of faecally—orally transmitted diseases, such
as hand, foot and mouth diseases, cholera and so on, we consider the following
nonlocal reaction—diffusion system with double free boundaries and two delays:

+oo
up = diUpy — a1u+h / Ji(z —y)u(t - ﬁ,y)dy>7
t>0,s1(t) <z <sat),
v = dyvys — agv + g| [T Ja(w — y)ult — 7, y)dy>,

t>0,51(t) <z < sa(t),

u(t,z) =v(t,z) =0, t>0, z<s1(t) or & > sa(t), (1.1)
s1(t) = —plua(t, 51(8)) + pva(t, s1(1))], ¢ >0,

s5(t) = —plua(t, s2(t)) + pva(t, s2(t))], >0,

51(0) = —sgp, s2(0) = sq,

u(0,2) =up(0,z), —1o0<0<0, s1(0) <z < s2(0),

v(0,2) =vo(f,x), —11 <O<L0, s1(0) <z < s2(6),

where u(t, ) and v(¢, «) represent the density of bacteria in the environment and
infective human population, respectively; d; and ds are the diffusion coefficients; aq
and as are the natural death rate of the bacteria and the fatality rate of the infective
human population, respectively; the nonlocal term h(f:;o Ji(z —y)v(t — 71, y)dy)
is the contribution of the infective human population in a neighbourhood of x to
the density of bacteria, g( fjooj Jo(x — y)u(t — 72, y)dy) gives the ‘force of infection’
on human due to the concentration of bacteria, J; and .J, are transfer kernels, 71
and 79 describe the delays-in-time of positive feedback interaction between the
bacteria and infective human; (s1(t), s2(¢)) is the infected area at time ¢, and its
boundary fronts si(t) and s5(t), depending on time ¢, are called free boundaries.
We assume that the expanding rate of the infected area is proportional to a linear
combination of the spatial gradients of bacteria and infective human population at
the fronts, i.e., s1(¢) and so(t) satisfy the Stefan conditions. All the parameters are
positive constants. Since the infected area may vary over time during the evolution
of faecally—orally transmitted diseases, the fixed boundary problem is not suitable
to be applied to understand how the bacteria spread spatially to larger area from
the initial infected area, which motivates us to consider the free boundary problem
(1.1).
The epidemic model in problem (1.1)

up = diUzy — aru + h(fff Ji(z —y)o(t — Tl,y)dy>7

vy = doVpy — a2V + g ( J72 Ja(x = yyult — 7, y)dy>
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was studied in [38]. The authors investigated the global attractivity of the equilibria,
the spreading speed of a general system without quasi-monotone conditions, and
travelling wave solutions for (1.2) in whole space. System (1.2) is a generalization
of the epidemic models proposed by Capasso-Maddalena [8, 9] (without delay),
Thieme-Zhao [27] (with a time delay) and Wu-Hsu [37] (with two time delays).
A basic feature in these models is the positive feedback interaction between the
infective human and the bacteria in the environment.

Some simplified forms of (1.1) without time delays, including the partially degen-
erate diffusion case (dy = 0) [1, 19, 40] and non-degenerate diffusion case (dy > 0)
[30], have been recently studied. Moreover, the corresponding nonlocal diffusion
models were considered in [17, 31, 32, 41]. The authors established the spread-
ing—vanishing dichotomy, discussed the influence of different parameters on the
spreading and vanishing, and determined the asymptotic spreading speeds of the
free boundaries. These results are extensions of the work of Du and Lin [15], in
which they proposed a free boundary problem for homogeneous logistic equation
to model the species invasion. Except the above-mentioned works, the results in
[15] have also been extended to other population models and epidemic models, for
example, time-periodic case [13, 28, 29], nonlocal case [6, 7, 14, 18] and general
nonlinearities case [16].

We mention in particular that, based on [15], free boundary problems for time-
delayed biological models have also been studied in very recent years, but still
quite few. To model the biological invasion of an age-structured species, Sun and
Fang [24] first derived a local free boundary problem for Fisher-KPP equation
with time delay. Tang et al. [25] subsequently extended some results of [24] to a
two-species weak competition model with time delays. By considering the diffusion
rate of the immature population, Du et al. [12] further derived a nonlocal free
boundary problem with time delay. For the epidemic model (1.2) with J; = Jo = 4§
(Dirac delta function), the corresponding free boundary problems with a time delay
(11 = do2 = 0,72 > 0) and two time delays (71, T2, d2 > 0) were also considered in [10,
11], respectively.

The purpose of this paper is to establish the long-time dynamical behaviours
of (1.1), and determine the asymptotic spreading speeds when spreading happens.
Throughout this paper, we define

[a,b] x [s1,82] := {(t,x) s tead], ze [sl(t),SQ(t)]}.

The sets (a, b] X [s1, $2], (a, b) X (s1, $2), etc., are defined similarly. We always
assume that the initial functions in (1.1) satisfy

ugp(0, ) € CH2([—72,0] X [s1, 82]), vo(6,7) € CH2([—71,0] X [s1, s2]),
uo(6.) >0 for 6 € [—72,0], = € (s1(0),s2(6)),
O\ =0 forfe[—m,0], z&(s1(0),s2(0)), (1.3)
>0 forfe[—m,0], =€ (s1(0),52(0)),
vo(0,z) ¢
{O for 0 € [~71,0], = & (51(0), 52(0)),
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as well as the compatible condition
[s1(0),s2(0)] C [—50,80] for 6 € [—max{r,72},0]. (1.4)

The kernel functions J;(+) (i = 1, 2) and nonlinearities g(-), h(-) satisty the following
assumptions:
(J): J; € C(R), J;(0) >0, Ji(—x) = Ji(z) >0 for x € R, fj:oo Ji(y)dy =1, and

fjooj Ji(y)e=Mdy < +oo for any A > 0;
(H): heC(0, +00)), g€ (C*NL=)([0, +o0)), A(0) = g(0) = 0, and I'(2),
g'(z) >0 for any z € [0, +00), h”(z) <0, ¢"(2) < 0 for all z > 0.
1 2
Vite

px

Trez with some

A typical example is J;(x) = e %2, h(z) = ax and g(z) =

0,a,p,q > 0.

For (1.1), the nonlocal reaction terms and time delays cause several difficul-
ties which require different treatment from earlier works. Firstly, for our nonlocal
epidemic model without delays, the basic reproduction number has no explicit
expression as in [22], and its monotonicity and asymptotic property with respect
to the domain are not easy to obtain. We define the basic reproduction number
by spectral radius of the next infection operator, and pay much effort to establish
its monotonicity and asymptotic property, especially provide an upper bound of
the limit value by introducing the generalized principal eigenvalue defined in gen-
eral domain. Secondly, to overcome the effects of nonlocal terms on spreading and
vanishing, we need to construct the upper and lower solutions from the principal
eigenfunctions of perturbed nonlocal eigenvalue problems, instead of the unper-
turbed ones as in [11, 30]. Thirdly, the delayed nonlocal semi-wave problem we
considered is different from the previous works. It is difficult to get the critical
value ¢& of speed ¢ for semi-wave by discussing the distribution of real roots of
transcendental equation as in [10, 11, 24]. Motivated by the works [14, 17] for
nonlocal diffusion models, we first study the corresponding perturbed semi-wave
problem, and apply the iteration monotone method to cope with the existence and
monotonicity of perturbed semi-wave solution. Then we build a dichotomy between
monotone travelling wave and monotone semi-wave, which ensures that the critical
values of their speeds are equal. Finally, we determine the spreading speeds for par-
tially degenerate diffusion case without delays, which was considered in [19]. The
upper bounds of spreading speeds were provided in [19], but their precise values
are still unknown due to the effect of nonlocal term. We give a complete answer to
the problem in this paper.

Let us now describe the results of this paper more precisely.

For the following epidemic model without delays

b = didge — a1+ 1'(0) [, Ji(x — y)p(t,y)dy, t >0, = € (~1,1),

Pt = dQ(Px:c — a2 + g/(O) fil J2(x - y)(b(t’y)dya t> 07 US (_l’ l)v (15)
(o(t, £1), o(t, £1)) = (0,0), t >0,
(d)(ovm)?@(ovx)) - (QSO(x)a@O(z))? T € [717“7

we define the basic reproduction number R} by spectral radius of the next infection
operator.
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THEOREM 1.1 Basic reproduction number. (i) Ré — 1 has the same sign as Aq,
where \1 is the principle eigenvalue of the following eigenvalue problem

dybue — a1+ 1'(0) [1, Ji(x — y)e(y)dy = g, = € (—1.1),
dopre — azp + ¢'(0) [1, Jo(z — y)d(y)dy = Ap, x € (=1,1), (1.6)
(6(£1), (1)) = (0,0).

(i) RY = ui“ where ) is the unique positive principle eigenvalue of the following
0
etgenvalue problem

_d1¢mx + al(b = ,uh’(()) fil Jl(x - y)‘ﬂ(y)d:’% US (_l’ l)7
_d2<p:cac +axp = /Lg/(o) fil ‘]2(56 - y)d)(y)dy? (S (_lv l)7 (17)
(@(F1), p(£1)) = (0,0)

with a positive eigenfunction @LO (z) = (¢, (z), gofm (2)).
(iii) RY is increasing in 1 > 0, and

h'(0)g'(0)

RL — R* < Ry :=
a1as

as | — 400, where Ry is the basic reproduction number of the corresponding
ordinary differential equations.

Denote  $; 00 = limy 4o s;(t) for i=1,2. We call that the Dbacteria
are spreading if $3.0 — 51,00 = +00 and limsup, o ([|u(t, -)llc(s @),s0)) +
lv(t, Me(sit),s20))) > 0, and the bacteria are vanishing if s oo — 51,00 < 400 and
limg oo ([|u(t, ) e (s (),5200) + 10(E Ml sit),s2())) = 0. In terms of the basic
reproduction number, we can discuss the spreading and vanishing phenomena.

THEOREM 1.2 Spreading and vanishing. (¢) If0 < Ry < 1, then the solution of (1.1)
satisfies limy— oo ([[u(t, lo(s,1).sae) + 10 e s @).sm1) = 0-

(17) Assume that R* > 1. Then there exists u* € [0, +00) such that $2,00 — 81,00 =
+oo for u > p*, and 52,00 — S1,00 < +00 for 0 < p < p*.

Assume that R* > 1, we consider the delayed nonlocal semi-wave problem

cd'(§) = d1¢" (§) — ar16(§) + h(ftf Ji(y)p(§ —y — Cﬁ)dy>, £>0,

e’ () = da” (§) — az2p(€) + g(f;’f Jo(y)p(§ —y — cm)dy>, ¢>0, (1.8)

(6(€),¢(£)) = (0,0), £<0,
(¢(+00), p(+00)) = (u",v7),

where (u*,v*) is the unique positive equilibrium of the equations, which is guar-
anteed by the condition Ry > R* > 1. By employing the perturbed approximation
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method and monotone iteration method, we can establish the (non)existence of
semi-wave solution to (1.8). The critical value of speed ¢ for semi-wave is c*.

THEOREM 1.3 Semi-wave solution. The semi-wave problem (1.8) admits an increas-
ing solution for 0 < c < ck, but has no increasing solution for ¢ > cx.

For any fixed u, p > 0, it is shown that there exists a unique ¢, = c¢#* € (0, ¢¥)
such that p[(¢5)', (0) 4+ p($ ) (0)] = ¢r, where (¢$7,¢%7) is the semi-wave solu-
tion of (1.8) with ¢ = ¢,. By constructing suitable upper and lower solutions from
the semi-wave, we can determine the asymptotic spreading speeds of free boundaries
when spreading happens.

THEOREM 1.4 Spreading speed. Assume that R* > 1. If spreading happens to (1.1),

s1(t . so(t
175() = limy 4 Qt() =c,.

then — limt_,+oo

In a similar way, we can provide the spreading speeds for partially degenerate
diffusion case in [19]. More details are provided in § 6.

The rest of this paper is organized as follows. In § 2, we first establish the well-
posedness of the solutions to (1.1) and two comparison principles, and then give the
proof of theorem 1.1 related to the basic reproduction number. In § 3, we discuss the
spreading and vanishing. The existence and monotonicity of solutions to a delayed
nonlocal semi-wave problem are investigated in § 4. The spreading speeds of free
boundaries in (1.1) and partially degenerate diffusion case are determined in §5
and 6, respectively. The results of generalized principal eigenvalue are presented in
Appendix.

2. Preliminaries

In this section, we first exhibit the well-posedness and comparison principles for
the free boundary problem (1.1), and then discuss the basic reproduction number
of (1.5).

2.1. Well-posedness

THEOREM 2.1. (i) For any v € (0, 1), there exists a T >0 such that problem
(1.1) with the initial date (uo(0, x), vo(0, x); s1(0), s2(0)) satisfying (1.3) and (1.4),
admits a unique solution (u(t, x), v(t, x);s1(t), s2(t)) with u, v € CHTW’H‘W(DT),
51, 5o € C13([0, T]), where Dy = [0, T] X [s1, 52].

(#4) For the local solution (u, v;sy, s2) obtained in (i), there exist positive con-
stants My, Ma and M3 independent of T, such that 0 < u(t, x) < My, 0 < v(t, ) <
My and 0 < —si(t),sh(t) < M3 for any 0 <t < T and s1(t) < x < s2(t).

(ii7) The solution (u, v;s1, s2) of (1.1) exists and is unique for all t € (0, +00).

Proof. We only prove that u(t, x) < My and v(¢, ) < My in (44), since the remain-
ing part can be obtained by similar arguments as in the proof of Theorems 2.4-2.5
n [12] and Theorem 2.1 in [30].
For any z > 0, by Taylor’s formula and the concavity of h, we have h(z) = h(z) —
h(z

h(0) = 1'(0)z 4+ £ (£)2* < W (0)z for some ¢ € (0, z), which implies =) < B(0).

z
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Since g is bounded, we can choose M; (i = 1, 2) sufficiently large such that

o M.
My > w, M, > h,(o)iz'
a9 aq

M o B(M h(M.
Tt followshthat g(M;) < ”g]l\‘fz < as, (1\412) = (M;) . % < h’(O)% < a;. We may
assume that

uo(0,2) < My for (0,z) € [—72,0] X [—50, So],
vo(0,2) < My for (0,x) € [—71,0] X [—50, Sol-

Define (U(t, x), V(t, x)) := e ¥ (My — u(t, ), My — v(t, x)), where k >0 is a
constant to be determined. Then, for ¢t > 0 and s1(t) < = < s2(t), (U, V) satisfies

+oo

— 00

Uy = diUpy — (a1 + k)U + ekt [alMl — h(/ Ji(z —y)o(t — 71, y)dy)]

= d1Upe — (a1 + k)U 4 e ¥ (ay My — h(My))

+o00o
+ e hn R (&) / Ji(z —y)V(t—711,y)dy
—+oo
> dlez - (al + k)U + eiknh/(f)/ Jl(x - y)V(t - T17y)dy7

+oo

Vi =daVee — (a2 +K)V + e ht [G2M2 - 9(/ Jo(z — y)u(t — 7'2;2/)‘@)1

— 00

= dQVm — (CL2 -+ k)V + eikt(CLQMQ — g(Ml))

+oo
+e Fm2 g (n) / Jo(x —y)U(t — 72,9)dy

“+o0
> d2VxI - (a2 + k)V + 6_k‘r29/(7]) / JQ(:I; - y)U(t — T2, y)dya (21)

— 00

where & lies between My and fj;o Ji(xz — y)v(t — 1, y)dy, n lies between M; and
J235 Tala = yhut — 72, y)dy.

We claim that U(t, x), V (¢, ) > 01in (0, +00) X (s1, s2). Assume by contraction
that there exist some Ty > 0 and (tg, xo) € (0, To] X (s1, s2) such that

min{U (to, o), V (to, x0)} = in min{U(t,z),V(t,z)} < 0.

mi
(t,x)€[0,To] X [s1,82]

It Ul(to, xo) = min{U((to, xo), V(to, xo)} < 0, then Ui(tg, x0) < 0and Uy, (to, xo) =
0. On the other hand, if ty < 71, then V(tg — 71, ) = 0 > U(to, xo) for any x € R; if
to > T, then V(to — 71, CE) > U(to, ZL’()) for x € [Sl(to - Tl),SQ(tQ - 7'1)] and V(to -
T1, {E) >0> U(to7 1'()) for x € R\ [Sl(to — Tl),SQ(t() — Tl)]. r]:‘hllS7 V(t(] - T1, ZL’) >
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U (to, xo) holds for all x € R. It follows that

—+o0
— (a1 + K)U (to, z0) + eflmh'(f)/ Ji(wo —y)V(to — 11, y)dy
+oo
> —(a1 + k)U(to, zo) + € * h/(f)/ Ji(wo — y)U((to, wo)dy

= (—a; — k+ e "R () U(to, 20) = (—ar — k + W ()U(to, o).

Choose
k = max { IR/ 1| Los (f0,max{ Mz, K2}1) ||9'Loo([o,max{Ml,K1}])}
with K1 = [[w]| oo (= 7y, Ty—ra] x[s1, s2]) A K2 = [[0[| Lo (=, Ty —r1]x[s1, s2])- Thus,
~(an + R0, 0) + e @) [ ian V(0 )y > 0,

which contradicts with the first equation in (2.1). If V(tg, x9) = min{U (to, xo),
V(to, z0)} < 0, we can prove the claim in a similar way. This completes the proof.
O

We introduce two comparison principles for the free boundary problem (1.1),
which can be proved similarly as the proof of Lemma 2.5 in [1].

LEMMA 2.2. Let T € (0, +00), 51, 53 € C([—max{ry, 7}, T]) N C*((0, T]), o
(97 .T) € 01’2([—’7'2, 0] X [51, 52]), 170(9, LL‘) € 01’2([—7'1, 0] X [51, SQD, (t, w),@(t, ac)
€ CH2((0, T) x [81, 52]), and
Uy > ditigy — arti+h < I3 e = y)o(t =, y)dy> :

0<t<T, 51(t) <rxr < 52(t)7

dQUa::r —azv+g<f J2 x_y)u(t_7—27y)dy>7

0<t<T,5(t) <z <32(t),

a(t,x) =0(t,x) =0, 0<t < T, x <5 () orx > 5(t),

50) < —plin(t,51(8) + p0u(t, 5 ()], 0 < £ < T

(1) > —plie (t 52() + pua(t,52(1))], 0 <t < T,
7%)7 —T2<9<0 1(9)<1‘<§2(9),

:50(071‘)’ —T1 gego (9)<.’17<§2(9)

If (u, v;s1, s2) is a solution of (1.1) with [s1(0), s2(0)] C [51(0), 52(0)] for
0 € [—max{r, 72}, 0], wuo(0, x) < up(0, x) for (0, x) € [—72, 0] X [s1,82] and
vo(0, z) < Vo(0, x) for (0, z) € [-71, 0] X [s1,52], then [51(t), s2(t)] C [51(t), 52(t)]
and (u(t, z), v(t, ) < (a(t, ), 0(t, x)) for t € (0, T], x € (s1(t), s2(t))-

LEMMA 2.3. Let T € (0, +00), 52 € C([— max{r, 72}, T]) N C*((0, TY), uo (6, x) €
C([—’TQ, 0] X (—OO7 52]) M 01’2([—7'2, 0] X (07 52]), 17()(9, LU) S C([—Tl, 0] X (— ])
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NCY2([—m, 0] x (0, 82]), a(t, ), o(t, z) € C([0, T] x (=00, 52]) N CL2((0, T] x
(0, 52]), and

Up = dilUgy — 010 + h(fj;o Ji(x —y)o(t — Tl,y)dy>, 0<t<T, 0<z<35a(t),

Ut 2 dQ’wa - G/Q’D +g<fj_oooo JQ('T - y)ﬁ(t - 725y>dy>7 O < t < Ta 0 <z < §2(t>7

a(t,z) =v(t,x) =0, 0<t < T, = > 32(t),

a(t,x) = u(t,x), v(t,xz) Zv(t,z), 0 <t <T, <0,
$5(8) > —plia(t, 52(6) + pi(t, (1)), 0< < T,
w0, x) =up(f,z), —T2<O<0, —oo<x<5(0),
v(0,2) =v9(0,x), —T11 <O<L0, —oo<x<352(0).

es that s2(0) < 52(0) for 0 ¢
E T, 0] X (—00, s2] and vp(0, x)

t) < 5a(t) cmd( (t, x), v(t, x))

[— max{7, 72}, 0], uo (0, z) < wo(0, ) for (0, x)
< 0o(0, x) for (0, z) € [—71, 0] X (—o0, s3], then
< (alt, z), v(t, x)) fort € (0, T], = € (0, s2(t)).
REMARK 2.4. (4, U531, S2) in lemma 2.2 is called an upper solution of (1.1), and

(@, U;52) in lemma 2.3 is that of one-side case. Lower solutions of (1.1) can be
defined analogously by reversing all the inequalities.

If the solution (u,v;s1, s2) of (1.1) satisfie
S
s

2.2. Basic reproduction number

In epidemiology, the basic reproduction number is an important index of mea-
suring the transmission potential of a disease. In order to discuss the spreading and
vanishing phenomenon for the free boundary problem (1.1), we need to study the
basic reproduction number of the epidemic model without delays (1.5). In theorem
1.1, we establish the relationship between the basic reproduction number and prin-
ciple eigenvalues, and provide the monotonicity and asymptotic properties of the
basic reproduction number with respect to the domain.

In this section, we first introduce the definition of the basic reproduction number
of (1.5), and then give the proof of theorem 1.1.

For any [ > 0, let T;(t) be the solution semigroup on Cy([—I, I], R) associated
with the following linear parabolic equation

Wy = djWyge —a;w, t>0,—l<x<I,
w(t,£l) =0, ¢>0.

Let
(1) = <T1<t>¢, Tz(t)w>> Y0 = (6,0) € X 1= Co([=1, [,R?), ¢ > 0.

It is clear that T'(¢) is a positive Cp-semigroup on X. We further define a positive
linear operator G from X to Y := C (|-, I], R?) by

G(®)(2) := (G1(®)(x), G2(P)(2)), V= (d,¢) € X,
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where

Gi(®)(x) = '(0) [', Ji(z — y)e(y)dy,
Go(®)(x) = ¢/ (0) [, Ja(x — y)d(y)dy.

Then the distribution of total new infection of human is

+oo 1 +oo
/ 1 (0) / (z — y)(To(t)g) (y)dydt = / Gy (T4 (1), To(t) o) (x)dt,
0 —1 0

and the distribution of total new infection of bacteria is

+oo

+oo 1
/0 ¢(0) / e =Tt = [ 6T ()6 Ta(0p) ).

0

It follows that

L) = /0 G = ¢ /0 o)

is the next infection operator, which maps the initial distribution ® of infectious
bacteria and humans to the distribution of the total infective bacteria and humans
produced during the infection period.

We define the basic reproduction number of the epidemic model (1.5)

Ré =r(L),

where (L) is the spectral radius of £. Here, we use the notation R} to emphasis
the dependence of the basic reproduction number on the domain (-1, 1).

Proof of theorem 1.1. (i) The corresponding linear evolution system (1.5) gen-
erates a compact, strongly positive semigroup on 7, := 27N Xy, where Z :=
Ci([—1, I],R?), and X := Co([—1, I], R%) is the cone of nonnegative functions in X.
Therefore, by standard arguments in Theorem 6.1 of [23], we deduce that the elliptic
problem (1.6) has a principal eigenvalue A\; with a strictly positive eigenvector.

Similar as the proof of Lemma 2.2 in [33], we can prove that R} — 1 has the same
sign as A;. We also refer the readers to [20] (Theorem 3.7).

(71) We first prove that (1.7) admits a unique positive principle eigenvalue with
a positive eigenvector.

Define L; = —d;0.2 + a4, i = 1, 2, and let L; also denote the realization of L; in
C(]—, 1], R) subject to Dirichlet boundary condition. Let

L® = (L1¢, Lay) = (—d102a® + a1¢, —d20200 + a2p), VO = (¢, ) € dom(L) C Z.

The operator L:Z D dom(L) — Y := C([-1, [],R?) is invertible, with compact
inverse. It follows that the problem (1.7) is equivalent to the equation

® = puL 'G(D).

Define A4, := uL='G, and let r(A,) be its spectral radius. Note that G is a
bounded linear operator from Z to Y, and L~! is a compact linear operator from
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Y to Z. Then for any fixed >0, A, : Z — Z is a compact linear operator, and
strongly positive with respect to the solid cone Z, , i.e., A, (Z4 \ {0}) C Int Z # 0.
By the Krein-Rutman theorem (strong form), r(A,) > 0 and there exists ®, €
Int Z, such that A,®, =1r(A,)®,. Moreover, r(A,) is a geometrically simple
eigenvalue.
1 1

By the Gelfand’s formula, r(A,) = lim, o [|A7]| 7 = plim, .o [(L7'G)"| 7 =
pr(Ay), Vi > 0. Since 7(A;) > 0, there exists a unique pf) > 0 such that r(Au) =1
In fact, u} = r(iih) Then, we have @, = uf)L_lg(q)%), which implies that (1.7)
admits a unique positive principle eigenvalue uf) with a positive eigenvector ¢ b

The equality R} = uil can be proved by similar arguments as in the proof of

0

Theorem 3.2 in [34]. We also refer the readers to [20] (Theorem 3.8).

(iii) To stress the dependence of A;, L™ and G on [, here we use the notations

Al (LY~ and G'. Obviously, for any I, > I; >0 and ® = (¢, p) € Z,,
G"(@)(z) = (67 (®)(2), G5 (®)(2))

lo lo
- (h'(O) / Tz — y)e(y)dy, 4/ (0) / T(a y>¢(y)dy>

712 7[2

Iy

Iy
2(”@{/ JM%—@@@M%@@X/

I

hu—wmw@>

-
= (61(2)(2), Gy (®)(2)) = G" (@) (2).
Moreover, by the maximum principle for elliptic equations, we know that
(LY~ (@) > (LY~ Y(®,) for any [ > 0 and &, &y € Y, with &y > &y,
and
(L2)"Y(®) > (L") "Y(®) forany ly >1; >0 and ® €Yy,

where Y, := C([~1, [],R2) and Yy := C([~la, lo], R%). Thus, for any I > I; and
bez,,

(L2)71G" (@) > (L")7'g"(®) = (L") ~'G" ().

Since each (L')~'G! is a positive and bounded linear operator on Z, by Theorem
1.1 in [5] we know that r(A%) = r((L!)~1G!) is an increasing function of I. It follows
that pl = ﬁ is decreasing in [, and R} = /%l (by (i7)) is increasing in [.
1 0
Note that (L))~ (f)(z) = i G(z, &) f(£)dE, where G(z, &) is the Green’s func-
1 l
tion defined as
(eA(lfz) _ ef)\(lfx))(eA(lJrg) _ 67)\(l+§))
2d; A (2N — e~ 2N) ’
(MIH2) _ e M+2)) (A 1=6) _ =A(1-6))
2d; A (2N — e~ 2N) ’

-l <€&<r,
G(z,8) =

r <€
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with A = /9. It is easy to check that G(z,€) > 0 and

Al—z) _ —A(—x) Al+z) _ —A(l+a)
0</G €)de = _ L ¢ )+ (¢ ¢ )
d1/\2 dIN2(e2A — =27

dl)\Z N aq '

Then, we have

1
_ 1
L) (Pllos = H/ZG(',é)f(fS)df || NI fllee < ;lllf\\m-
~ (2.2)
Moreover,
—\(eMl—2) A=)\ (AI+E) _ o= A(+E)
Ae +e )(e e ), <t<u
e ) = 2di A (2N — e~ 2N)
r,§) = A(MIF2) 4 o= M1H2)) (AI—E) _ o=A(1-0)) l
<
2 MM — e—2N) , T<ES
Direct calculations yield
l —Ax (Al -z Az (Al Az
1 e M (eMN — e M) e (eM — M)
0 < /—l |8ZG(x,£)\d§— d1>\ dl)\(€2)‘l 7672)\1)
B ef)\l(e)\a:_ef)\l)_’_efx\l(ef)\m_ef)\l) <i7 1
diA(e2Al — =271 S diA Vad,
Then, we have
IV () e = H/ GLOIENE
[ 106000 15l < 21
o T Vady
which together with (2.2) imply
D Dl + IVED Dl < (5 + S ) 1l
[25] a1d1
L 1y—1 1y—1 1
In a similar way, we can prove [[(L5) (f)]loo + [[V(L5) (f)||00<(£+
) £l Thus,
1 1 1 1
INYyor<—4—4 ——+ ——. 2.3
O R v 23)
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On the other hand,
l
I61(@) | = [10) [ H=s)eto)iy
1
<HO)| [ 5y el < HOD]
Similarly, [[G4(®) o < g'(0)]®]|oc. Thus,
1G]l z—y < 1 (0) + ¢'(0). (24)
By (2.3) and (2.4), we have
r(A}) < ALz = IEH Gz < LD Hly—2lG' 2y
1 1 1 1
<|—+—+—=+—=) (W(0)+4'(0) = M.
(542t oot o ) (V0 + /0
It follows that ) has a positive lower bound independent of [, i.e.,
1 1
b= >—, V>0
Ho T(All) M’ )
which together with the fact that ul = ﬁ is decreasing in ! imply that p* :=
1
lim; 4 o 1}y exists and satisfies u* > ﬁ > 0. Then R* := lim;_ 4 /%l is well-
0

defined and satisfies 0 < R* < M.

Now, we provide a more accurate upper bound of R*, ie., R* < Rp:=

h’(0)g’(0) : : * aia
V" aa It is sufficient to show that p* > | /m.

Recall that r(AL) is a geometrically simple eigenvalue of .AL by the
Krein—-Rutman theorem. We may assume that the corresponding positive eigen-
vector @L, = (gbLl , @LL) of (1.7) satisfies H<I>Ll lloo = 1. Thus, there exist a sequence

0 0 0 0

{l,,} and positive function ®* satisfying ||®*|| = 1, such that q)j:ln — ®*in C}? _(R)
0

as n — oo. Then, (u*, ®*) solves

{—dlcﬁiw +argt = ' (0) [T Tz — y)e*(y)dy, z € (—o0, +00),
—dopty +azp® = 17 g'(0) [T Ja(x — y)6* (y)dy, € (—o0, +00).

(2.5)

As in [3, 4], we define the generalized principal eigenvalue in a (possibly

unbounded) domain 2 C R as follows

£11(9) := sup E

loc

:= sup {u eR: I(g,¢) € C](LR))NCL

and - dl(bzz + a1¢ 2 ,uh/(O) fQ Jl (IE - y)@(y)dya

(Q,R?), (¢,¢) > 0 in Q,

—dapz + azp = 1g'(0) [ Jo(x —y)e(y)dy for z € Q).
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Here, C (2, R?) denotes the set of functions (¢, p) € C*(Q, R?) for which (¢, ¢)

and (¢, ¢.) can be extended by continuity on 92, but which are not necessarily
bounded. From (i) and (2.5), we know E(=50 ER £ () for any I > 0. We claim that
(4) u1((=1, 1)) = pl for any I > 0, where 1, is the principal eigenvalue of (1.7); (i)
(=1, 1)) = p1(R) as I — 400, and then p* = p1(R). The claim can be proved by
similar arguments as in the proofs of Proposition 4.4 and Theorem 2.2 in [2]. For
the convenience of the reader, we provide the details in proposition A of Appendix.

Assume that (i, ®(z)) = (ji,¢1,cz2) is a solution of (2.5) with [|®|/o = 1, where
c1, co are positive constants. Due to fj—;@ Ji(z)dz =1, i =1, 2, we have

aycy = fh/(0)es,
azcy = fig'(0)er,
c1+co = 1.

By simple calculations,

(/]/ e ) ( aiaz 1 ay aq )

,C1,C1) = ; 7 y L — — s — .
WO O a +1(0), /rEe a+ 10,/ mE%e

Then g = % € E®, which implies that p;(R) > i = 7h,(‘61)‘gl?(0). It follows

that R* = 71* = m%R) <Rp = \/%, which completes the proof. |

REMARK 2.5. (1) We remark that R* may be not equal to R. Here, we give two
cases to illustrate the result R* < Ry.

Case 1. If J; = J; = § (Dirac delta function), then

L n(0)g'(0)
Ro = \/[d1(§l)2 + aﬂ[dz(%)z + as] .

As | — oo, we have RL — %Z;(O). Therefore R* = Rg. More details can be seen
in [22].

Case Il. If d; =d, a; = a, J; = J (i =1, 2) and h = g, then, by taking v = ¢ + ¢,
(1.7) reduces to the following single equation

e+ atp = ph!(0) [1, Tz — y)(y)dy, = € (—1,1),
Y(£l) = 0.

From the variational characterization of the principal eigenvalue, we have

l
- { JL,dVePPdz +a
Ho =

R (0) [1, [, T(@ — y)i(y)v(x)dady }

m
YEHG((—1,1))
vl 2y
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and then
R— s {MO JL S T @ = ) (y)e (@) dady
0 peHL(~1.1) fil d|V¢|2dZE+a .
el o=1
Thus,
. h/(O) +oo +oo
R* < sup J(x —y)(y)p(z)dady p.
a  yenlm —o00 J—o00
il 2=1
Note that

400 +00 “+o0o “+o00o 2 332
[ [ ey < [ [ ey MO gy <,

and the first equality holds if and only if ¢ is a constant function, which contradicts
with ¢ € H'(R). Therefore R* < (0 = R,

(2) If the interval (—I, 1) is replaced by (a, b) with —0co < a < 0 < b < 400, then
the conclusions in theorem 1.1 are still valid.

3. Spreading and vanishing

In this section, we discuss the spreading and vanishing phenomenon of the bacteria
in terms of the basic reproduction number, and then provide the sharp criteria for
spreading and vanishing.

Denote 81,00 = limy_,100 51(t) and s2 00 = limy—. 4 $2(¢). Then, we have the
following results.

LEMMA 3.1. (7) If 52,00 — S1,00 = +00, then s2 oo = —81,00 = +00.

(1) If 52,00 — S1,00 < +00, then so < —81,00, 52,00 < +00, and

 dim (U(t, Wes .20 + [0 ')C([sl(t),sz(t)])> =0.

(130) If R* > 1 and s2,00 — 81,00 = +00, then lim;_, o (u(t, x), v(t, z)) = (u*, v*)
locally uniformly for x € R, where (u*, v*) is the unique equilibrium of (1.1).

Proof. All the conclusions can be proved by similar arguments as Lemmas 3.1-3.2
and Theorem 4.5 in [1] with minor modifications (see also Theorem 2.3 in [11]),
here we omit the details. We remark that the condition R* > 1 in (4i7) is assumed
for applying theorem 1.1 in the proof. O

THEOREM 3.2. If 0 < Rg < 1, then the solution (u, v; sy, s2) of (1.1) satisfies

t

I, (u(t’ Mes @.swp + 11vE o w.smy | =0
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Proof. Let (w1 (t), w2(t)) be the unique solution of

w’l = —a1w; + h(wg(t — 7'1)), t>0,
wh = —asws + g(wy (t — 1)), t >0,

w1 (0)
’LUQ(Q)

(3.1)
= |luollc((=rs,01x[51,52])s 0 € [=T2,0],

= llvolle(—ri.01x[s1,52)» € € [=71,0]-
From the comparison principle, we know that (u(t, x),v(t, z)) < (wq(t),ws2(t)) in

[0, 4+00) X [s1, $2].
Since h'”’(z) <0, ¢"(z) < 0 for all z > 0, we have

h(A\z)  h(A\z) — h(0)

VI Az > z -
9(A2) _ g(A2) —g(0) _ 9(2) —9(0) _ g(2)
Az Az z z

for >0 and A€ (0,1). That is, h, g are subhomogeneous. From Theorem
3.2 in [42], we know that (0,0) is globally asymptotically stable for
(3.1). That is, (wy, we) satisfies limy, ;o0 (w1 (t), wa(t)) = (0, 0), which implies
limy 4 oo (|| u(t, ')HC’([sl(t),sQ(t)]) + |Jo(t, ')”C([sl(t),sQ(t)])) = 0. More details can be
seen in [10, 11]. O

REMARK 3.3. Due to the effects of delays, we can not show s3 oo — 51,00 < +00 as
in [1], even for the local, partially degenerate case with one delay considered in
[10]. We leave it for further consideration.

Next, we discuss the spreading and vanishing phenomenon of (1.1) for R* > 1 in
terms of Ry°. The selected forms of upper and lower solutions in the proof of next
two theorems have been used in many related works. However, to overcome the
effects of nonlocal terms, in this paper we construct upper and lower solutions from
the principle eigenfunctions of perturbed eigenvalue problems. This idea is inspired
by the work of Huang and Wang [18].

THEOREM 3.4. If RY® > 1, then $3.00 — 81,00 = +00.

Proof. By theorem 1.1 (4i%), we know that the basic reproduction number is strictly
increasing with respect to the domain. Note that (—sg, so) C (s1(t0), s2(to)) for any
fixed to > 0. If R¢® = 1, then the basic reproduction number of (1.5) with (-1, I)
replaced by (sl(to) 52(750)) is larger than 1. In such a case, we can choose some
to > 0 as initial time. Therefore it suffices to consider the case Ry” > 1.

From theorem 1.1 (), we have sign (R;” — 1) = sign A; > 0. Then there exists a
constant 0 < 6* < 1 such that A > 0 for all 0 < § < 6%, where \{ is the principle
eigenvalue of the following perturbed eigenvalue problem

d1¢zz - 01(25 + (h/ - ISO Jl - y)@(y)dy = >‘¢a S (7807 50)3
doprz — a2 + g/ ISO J2 ) ¢(y)dy =Ap, T € (*507 SO)’ (32)
(¢(£s0), p(Es0)) = ( 0).
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Let ®°(z) = (¢° (), ¢°(z)) be the positive eigenfunction of (3.2) associated with
X
Define u(t, r) = e¢®(x), v(t, x) =ep’(x) for (¢, x) € max{r, ™}, +o0) x
[—50, So], where ¢ is a small positive constant to be determined. Direct calculations
yield

+o0o
u, — diuy, +au—nh / Ji(z —y)u(t —11,y)dy

— 00

= —eX{¢® +e(h'(0) — 0) /SO Ji(z — )¢’ (y)dy — h ( /SO eJi(z — y)w‘;(y)dy>

—So —So

_ . [x{& + <5+ W (s () — h’(O)) / A y)soé(wdy]

and
“+oo
vy — da¥,, + a2V — g </_ Jo(z — y)u(t — 72, y)dy>
= —¢ [x\‘fso‘s + (5 +¢'(n5(x)) — g’(0)> [O Jo(x — y)fb‘s(y)dy] :
where 7§ (z) € (O,eszo Ji(x — )¢ (y)dy) and n5(z) € (0 ef Jo(x — y)d° (y)dy).

Note that n5(z),n5(z) — 0 as e — 0. We can choose e>0 sufﬁc1ent1y small such
that 6 + /(5 (x)) — A'(0) > 0 and 6 + ¢'(n5(z)) — ¢’(0) > 0, which imply that

Uy — diUy, +a1u—h ( 72 I =yt — 7, y)dy> <0

v, — dov,, + a0 — g < [ Jo(x — y)ult — 7, y)dy> <0,
for any t > max{7, 7} and —sg < x < sp. We can also assume & > 0 small such
that

u(®,r) = e¢®(z) <u(f,x), max{r,m} - <0 < max{r,n},—s0 <z < so,
v(0,7) = ep’(z) < v(0,x), max{ry, T2} — 71 <0< max{m,m},—s0 <z < so.

Moreover, it is easy to deduce that

u(t,z) =v(t,x) =0, t > max{m, 2}, © < —sp or & > sp,
0= sy < —plug(t, s0) + pv,(t, 80)], t > max{r, 72},

0= —s{ = —plu,(t, —so) + pu,(t, —so)], t > max{r, 2},
[—50, 0] C [s1(0), s2(0)], t > max{r, 72}

Therefore, (u, v; —sg, So) is a lower solution of (1.1). By the comparison principle,

lim inf <||U(t, Wes @.s20n + 10, ')”C([sl(t),sz(t)])> > e(6°(0) +¢°(0)) > 0,
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which implies 53 00 — 51,00 = +00. 0

THEOREM 3.5. If R)® < 1, then $g.00 — $1,00 < +00 provided that p is sufficiently
small.

Proof. From theorem 1.1 (i), we have sign (Ry° — 1) = sign A; < 0. Then there
exists a constant 0 < §* < 1 such that A\J < 0 for all 0 < § < §*, where \{ is the
principle eigenvalue of the following perturbed eigenvalue problem

d1Qpz — a1 + (h/( ) + 6) j(;o Jl(x - y)‘ﬁ(y)dy =A¢, v € <_50’30)7

dQSDQJZE — ayp + ( ( ) ) _S(;O JQ(x - y)¢(y)dy = >\(P7 S (_807 80)5 (33)
(¢(£s0), p(£50)) = (0,0).
)

Let ®°(z) = (¢°(x), ¢°(z)) be the positive eigenfunction of (3.3) associated with

A2,
We define
k(t) = so(1+ 0 — %e—"t), >0,
a(t,z) = aet¢’ (;g) t>0, x € [—k(t), k()]

o(t,x) = ae”7tp° (Z?g), t>0, ze[—k(t),k(t),

k(0) = k(0) = ; 0 € [—max{7,72},0],
a(f,x) =u(0,z) = a¢5<2?0> € [~72,0], = € [-k(0), k(0)],
v(0,2) =v(0,2) = ap ( 2 > € [-7,0], = € [-k(0), k(0)]
and extend w(t, ) (vesp. U(t, x)) by 0 for t € [-72, +0), x € (—o0, —k(t)) U
(k(t), +o0) (resp. t € [—7, +oo) € (—oo, —k(t)) U (k(t), +0)).

Direct calculations show that

“+o0
_dlﬂwaj +a/1u_h</ Jl(m_y)/U(t_Thy)dy)

— 00

soxk!(t . Sox Y ’ u [ sox
o2t (i) o () o (i)

+oo
+a1ﬂ—h</ Jl(x—y)@(t—ﬁ,y)dy>

— 00

_ soxk/(t ) — Sox
> =7 T Wé)( ?t))
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— et (;&5) (ay + A3)¢° (;?g)

(H®)+®/%ch(ﬁgy>w%wmi

—5p

+oo
+ ayi — W (0) / Ji(z —y)o(t — i, y)dy

— 00

040'26_20t

2
a(h’(0)+6)e“”<k$&)> / J1(z = )¢’ (y)dy

—s0

+00 z
- h’(O)/_ Ji <k(;0) - y>v(t - ﬁ,y)>dy1

= T+ IT+III,

+

where z := % € (—so, S0).

Since —2(¢?)'(2)|.=+s, >0 by the Hopf boundary lemma, we have (I +
IT)|.=+s, > 0. By the continuity, we know that I + IT > 0 in some neighbourhood
O C [—s0, s0] of z = £s¢. For z € [—s0, 50] \ O, ¢°(2) > ¢ with some positive con-
stant ¢, and then IT — —a\{¢%(z) > —aX)c > 0 as 0 — 0. Note that lim, .o I = 0.
We can choose o sufficiently small such that I + 17 > 0 on [—sg, so] \ O. Therefore,
I + IT is positive on [—sg, sg] for small o.

Now we consider the third term. Since J; is a nonnegative, continuous function
satisfying J1(0) > 0, we have f_g(lo Ji(z — y)¢°(y)dy > 0 for any z € [—so, So]. As
o—0,

IIT— ad [20 Ji(z = y)¢° (y)dy
> admin.e| ) [0, 12 = 9)¢°(y)dy =: ader > 0.

By choosing o sufficiently small, we can get 111 > 0.
In summary, for (¢, z) € (0, +00) x (—k, k),

“+o0
Uy — dyUgy —l—alu—h(/ Jl(x—y)v(t—ﬁ,y)dy> > 0.
— 00
In a similar way, we can prove that
“+o0
b= dates + a0 —g( [ e pult - np)dy) 20,
—o00
Moreover, choose « large enough such that

2x
240

to(0,x) = ad? (

) > luo | oo ([=rs,0)x[s1,50]) = ©o(0,T)
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for (0, x) € [~72, 0] X [s1, 2], and

2x
240

vo(0, ) = ag’ (

) = |lvoll Loo (=71,0]x[s1,52]) = Vo(0, )

for (0, x) € [—71, 0] X [s1, s2]. Then take o > 0 sufficiently small such that, for ¢ > 0,

0.2
k/(t) = 80367075 > —plug(t, k(1) + pva(t, k(1))],

0.2

—H(t) = —so-e7 7" < —pla(t, —k(t)) + pUa(t, —k(2))].

Besides, it is easy to check that

[—k(0), k(0)] = [—so (1 n %) . 80 (1 n g) S [=s0, 50] O [51(6), 52(6)]

for 0 € [— max{r, 72}, 0].
Therefore, (@, v; —k(t), k(t)) is an upper solution of (1.1) and we have

—51,005 52,00 < lim k(t) = 50(1 —|—0')7

t——+o0

which completes the proof. O

By using similar arguments as the proof of Theorem 4.4 in [26], we can obtain
the following result for the case Rg® < 1 < R* with large p.

THEOREM 3.6. If R(® <1 < R*, then S350 — S1,00 = +00 provided that p is suffi-
ciently large.

In what follows, we exhibit the sharp criteria of (1.1). The proof relies on the
conclusions of theorems 3.4-3.6. More details can be seen in the proofs of Theorem
3.9 in [15] and Theorem 4.5 in [26], here we omit the details.

THEOREM 3.7. Assume that R* > 1. Then there exists p* € [0, +00) such that
52,00 = 81,00 = +00 for (1 > p*, and 83,00 — 51,00 < +00 for 0 < p < p*.

REMARK 3.8. In theorems 3.2 and 3.7, we discuss the long-time behaviour of solu-
tion for Ry < 1 and R* > 1, respectively. However, the case R* < 1 < Ry is still
unknown.

4. Nonlocal semi-wave problem with delays

In this section, we consider the delayed nonlocal semi-wave problem (1.8). The
semi-wave solution of (1.8) will play an important role in determining the precise
asymptotic spreading speed of (1.1) when spreading occurs. We always assume
R* > 1 in this section.
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4.1. Perturbed semi-wave problem

To establish the existence of semi-wave solutions to (1.8), we first consider the
corresponding perturbed problem:

cd'(€) = d1¢"(€) — a1 9(£) + h(fj;" Ji(y)e(€ —y — cn)dy>7 £>0,

e’ (&) = da” (€) — agp(§) + 9<f_+;° J2(y)p(€§ —y — CTz)dy>, ¢>0, (41

(¢(§),Sﬁ(§)) = (6’“*’5”*)’ §<0,
(¢(+Oo)ﬂ <p(+oo)) = (u*7 ’U*)7

where 0 € (0, %) is a small parameter. Then the desired semi-wave solution
(4(€),p(€)) of (1.8) can be obtained from the solutions (¢°(¢),°(€)) of (4.1) by
taking § — 0.

For convenient, we denote [3;; = <Y< =4d VCQ+4‘“17 Bio = ”V‘: +4a di 5=1,2. Let
& = (¢, ¢), we define the operators (.7-'1,.7-'2) : C(R, R?) — C(R R?) by

F1(®)(€)
Su*efé 4 ; [ff (eP11(6=5) — eBuié—przs)
di(Br2 — P11)
Xh(ffof Ji(y)e(s —y - cn)dy> ds
- +f€+°°(6,612(§fs) — ePné=Pras)
xh(ffo‘f Ji(y)p(s —y — cn)dy> dS] , €>0,
du*, € <0,
and
F2(®)(8)
SorePné 4 ; [fﬁ (691 (6~9) _ o€~
da(f22 — P21)
Xg(ff;o Jo(y)(s —y — CTz)dy> ds
B [0 (efaal6) — ePmepmns)
X9<f+ Ja(y)o(s —y — CTz)dy> d81 , >0,
ov*, € <0.
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It is easy to show that the operators F; (i = 1, 2) are well-defined and satisfy

(FL®)(E), F2(®)(€)) = (6u™, 6v7), £ < 0.

Thus, (¢, ) is a fixed point of (Fy, Fy) in C(R,R?) if and only if it is a solution of
(4.1) in C(R,R?).
We define the set I' as follows:

= {((;5, @) € C(R,R?) : (i) ¢(£), p(€) are increasing in &€ € Ry,
(1) (¢(£), (&) = (6u™, 6v") for £ <0, (i) (¢(+00),p(+00)) = (U*ﬂ)*)}-

LEMMA 4.1. For any ® = (¢, p) € ', we have

(i) (F(®)(E), F2(®)(€)) = (0, 0) for any & € R;
(i) (FL(®)(&), F2(P)(E)) are increasing in & € R;
for any € € R.

Proof. Since (B2 > i1 (i =1, 2), we can easily check that (i) and (i7) hold. Now
we prove (i7).

By the definitions of F;, it is sufficient to consider the case & > 0. Note that
[11 < 0 and ¢ is a positive increasing function. For £ > 0, we have

TeN sk B11§ ;
(FA(®)(E) = 0w fue™™ + omm =75

£ “+o00
X [511 / (6611(5*5) - eﬁngﬁl?s)h</ Ji(y)p(s —y — Cﬁ)dy> ds
0

— 00

“+o00 +oo
4 / (ﬁ126ﬂ12(§_5) _ ﬁlleﬂnf—ﬁms)h(/ J1(y)<,0(8 —y— c7'1)dy> dS‘|
€

— 00
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A delayed nonlocal epidemic model with free boundaries 23

1 +oo
> du* By eP1¢ + ah(ﬁu—ﬁu)h</ Ji(y)p(§ —y — CTl)dy>

oo

3 +oo
% [ﬁll/ (6511(5—3) _ eﬁllf—ﬁlzs)ds +/ (5126512(5—5) _ ﬁneﬁn&—ﬁ]zs)ds]
0 3

65115 +o0
= B+ S / Ty)e(€ — y — er)dy

d1 512 —o
B11€ +o0

> du*Brie”t + ——h / v Ji(y)dy |-
d1 512 oo

In view of fj;o J1(y)dy = 1 and h is subhomogeneous (see the proof of theorem

3.2),
*)ef1aé *) oB11€
(]-"1(@))/(5) = 5u*/8116’611£ 4 M > 5u*5116511§ i M
d1 B2 d1 P12
SautePré
= Su*Byefé 4 L —
fu di1 12
Similarly, we can deduce that (F2(®))’(§) = 0 for & > 0. 0

Next, we give the definitions of upper and lower solutions for (4.1).

DEFINITION 4.2. Assume that (¢, @), (¢, ) are continuous function pairs from R

into [Ju*,u*] x [0v*,v*]. We call that (¢, ), (¢, ) are respectively an upper solu-
tion and a lower solution of (4.1), if (5,@ are twice continuously differentiable on

R\ A{& 21, @, ¢ are twice continuously differentiable on Ry \ {77]-}?:1, and they
satisfy

C¢'(§)>d1¢”(£)—a1¢(€)+h< TS heE -y - cn)dy>7 §>0, & ¢ {81

C@’(&)?dzﬁ”(i)a2¢(§)+g(f+;° Jo(y)p(€ —y — crg)dy>, €>0, £¢ {n}j-1,

( <(5/7(62)7 i:17"'7m7
= (6u*,dv"), £<0,
+00)) = (u*,v")
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T2 ny)eE —y - 671)dy), £>0, EE{&,

cw’(f)Sdz@”(&)—aw(f)w(fg Ja(y)d(€ —y — cm)dy>, £€>0, &¢ {n}hy,

S (&)= (&), i=1--.m,
o () 2 ¢ (m), J=1--k
(6(8), (&) = (6u*,dv*), £<0,
(¢(+00), p(+00)) < (u*,v*).

Now we establish the existence of solution to the perturbed semi-wave problem

(4.1) by applying monotone iteration method, which is an efficient method for
travelling wave solutions, see [36].

THEOREM 4.3. If there exist an upper solution (¢, @) € T and a lower solution
(¢, ) (which is not necessary in I') of (4.1), satisfying (du*, 6v*) < (¢(§), v(§)) <

(6(¢), @(€)) < (u*, v*) for € € Ry, then the perturbed problem (4.1) admits an
increasing solution.

Proof. The proof is divided into the following three steps.

Step 1: For n =1, 2, -- -, we consider the following iteration scheme

cp (&) = dign (&) — ar1dn(§) + h(fj;o Ji(y)pn-—1(§—y— CTl)dy>, £>0,

e (§) = dawy (&) — agpn(§) +g<f (Y)pn—1(§ —y — cmo)d y) £€>0,

(@n(8), n(8)) = (6u™,0v"), £ <0,
(¢)03§00) - (Q_Sa ()5)

Let ®,(§) = (¢n(§), ¥n(§)), we have

¢n(§) = f1(¢n_1)(§), @n(g) = ]:2((1)n—1)(§) (42)

Step 2: We claim that, for each n =1, 21 o, (1) (fny o) €T (44) (0(8), @(&)) <
(@n(£); en(§)) < (Pn-1(§), Pn-1(£)) < (¢(£), $(£)) on R.

(7) Since (¢, ) € T, (¢, ) is increasing in £ € R. From lemma 4.1 (i), (¢1,p1) =
(F1(0)(€), Fo(@)(€)) is also increasing in €. By repeating this process, we know that
(¢n, @n) is increasing in £ for each n > 1.
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Next, we prove (¢, (4+00), n(+00)) = (u*,v*). Note that 811 < 0 and Sr2 > 0.
By the L’Hopital’s rule,

gETm $1(8)

1
= lim du*efs 4 ——
E—+00 di (B2 — Pi1)

[f(f e_ﬂush(fj;j Jl(y)(ﬁ(s - Y- CTl)dy> ds

X Jim o—BiiE

E—+o0

fgroo e~P2sp ( fjoooo Ji(y)p(s —y — Cﬁ)dy> ds

e—B12§
+o0 +oo
- eﬁ115/0 eﬁ”Sh(/Oo Ji(y)e(s —y — 071)dy> dS]
1 1 1 . tee _
=~ T D (511 — 512> 55Twh</_oo Ji(y)p(§ —y — c7-1)dy>

1 L [T
d1511512h<v [oo Jl(y)dy>

__h{v") A
 diBufiz wm

+

=u".

Similarly, we can show lime_, 1o ¢1(§) = v*.
By repeating the above process, we can obtain lim¢_, 4 (6 (), ¢n(§)) = (u*,v*)
for each n =2, 3, ---. Thus, (¢n, ¥n) €T.

(i1) We first prove (¢1(£), ¥1(£)) < (o(£), ¢(€))-
Let & =0 and &,4+1 = +o0o. Assume that £ € (§,&+1) for some i€
{0, 1, .-+, m}, we have

$1(8)

1 13

- B11(E—s) B11€—P12s
e —e

di (812 — Bi1) [/0 ( )

+oo
X h(/ Jl(y)gb(s—y—CTl)dy>ds

— 00

“+o0 “+o0
+ / (eM12(679) — efns=as)p (/ Ji(y)p(s —y — cn)dy> d51
§

— (S’U/*Bﬁllg +

— 00
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1 1
/ (e[‘}u(E*S) _ eﬁué*ﬁms)
0

< Ju*eﬁuf +
di(fi2 — B11)

X (ch’(s) —d1¢"(s) + am&(s)) ds

+ /+m(eﬁ12(§8) — fusThes) (Cfl;/(s) —di19"(s) + alfl;(s)> ds]
1S
— Sutelé — eﬁufq;(o) 4 &(é‘)

1 : - - 7 7
+ m [Z(eﬁll(ﬁ &) _ JRCIRES ﬁlz&k)(¢+(§k) _ ¢_(fk))

+ Z (eﬁlz(ﬁfﬁk) — eﬁllgiﬁlzgk)(q_sg.(gk) - Q_S/—(gk))‘|

k=i+1

< P(8).

By the continuity, we can get the same result for the endpoints & (i =1, ---, m).
In a similar way, we can prove ¢1(§) < @(§).

By lemma 4.1 (4i7), we can deduce that (¢, (£), ¢n(§)) is decreasing with respect
to m. It follows that

(@ (), 0n(8)) < (Bn-1(8), Ln-1(8)) < - < (91(€),91(€)) < (6(6), 2(€))

for each n > 2. Moreover, it is easy to check that (¢, (&), vn(§)) = (¢(€), ¢(§)) for
each n > 1.

Step 3: We claim that (4.1) has an increasing solution (¢, ¢).
According to Step 2 (ii), (¢(€), ©(&)) = limp— 10 (n(§), ¥n(§)) exists for £ € R,
and satisfies (4(¢), p(¢)) < (8(£), ¢(£)) < (¢(E), p(£)). Moreover, (¢(£), ¢(£)) is

increasing in € € R, (¢(£), ©(&)) = (du*, sv*) for £ <0, and (p(+00), p(+00)) =

(u”,v").
Direct calculations yield that (¢(€), ¢(£)) = limy— 400 (0n(§), ©n(§)) satisfies the
equations in (4.1), which completes the proof. O

Next, we construct a pair of upper and lower solutions of (4.1).
For any fixed ¢ > 0, we choose m > 0 sufficiently large such that
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Define
du*, £ <0,
1
de) = u+ U*(51* DimE=1)% 0 << —, (4.3)
u*a § > )
m
ov*, £ <0,
1
B(€) = v* + U*((Sl— D(mé—1)2, 0< €< g (4.4)
U*a §> )
m
and

(6(), 9() = (0u”,0v7), E€R.

LEMMA 4.4. (¢(£), ¢(£)) and (4(£), ¢(£)) as defined above are respectively an upper
solution and a lower solution of (4.1). Moreover, (¢, @) € T.

Proof. Tt is easy to check that (¢, @) € I
(i) For 0 < £ < =, we have dv* < ¢(&) < v*, £ € R. By simple calculations,

+oo

¢ (&) — d19" (&) + a16(€) — h(/ Ji(y)p(§ —y— Cﬁ)dy>

— 00

+ aju*

=u"(1-19) [—2mc(m§ — 1) +2dym? — ay(m€ — 1)?

+oo
- h(/ Ji(y)p(€ —y - 071)dy>

> u*(1—9) [—ch(mg — 1)+ 2dym? — ay(mé — 1)21

+oo
+au* —h </ Jl(y)v*dy>

=u"(1-19) [—ch(mg — 1)+ 2dym? — ay(mé — 1)?| + aju* — h(v¥)

= u*m?(1 - §) [—2e (g — ;) +2dy — a1 (€ - 7711)2] .

Dueto—ﬁg—%gs—%<0,wehave

2
—26(5—;)4'2611—&1 <£—;> > 0.
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It follows that

—+o0

cd' (&) — did" (&) + a19(§) — h</

— 00

Ji(y)p(§ —y— cn)dy> > 0.

(ii) For £ > L we have ¢(£) = u* and dv* < ¢(§) < v* for £ € Ry. Then

—+o0

e/ (§) — d19"(€) + ar(€) — h(/

— 00

Ji(y)p(§ —y— CTl)dy>

+oo
> aju’ — h(/ Jl(y)v*dy> = aju” — h(v*) = 0.

In summary,

c¢'(§) — d1¢" (&) + a16(¢) — h(/ Ji(y)p(€ —y — CTl)dy> >0,

— 0o
1
VE e Ry \ {} .
m
Similarly, we can prove that

+oo

c@' (&) — da@" (&) + a2p(§) — g < /

V¢ € RJF\{;}.

Moreover, ¢/, () = ¢ () =0 and @/, (=) = ¢ (L) = 0. Thus, (¢, §) € I' is an
upper solution of (4.1).
Next, we prove that (¢(€), p(€)) = (du*, ov*), £ € R is a lower solution of (4.1).
Obviously, for € >0,

Jo(y)p(& —y — CTz)dy> >0,

+oo
cd'(€) — d19" (€) + a16(€) — h(/ Ji(y)e€ —y — Cﬁ)dy>
+oo
= a10u* — h(/_ Ji(y)e(€ -y — crﬁdy)

+oo
= a;u’ — h(/ Jﬂy)év*dy) < apou” — oh(v*) = 0.

Similarly, we can obtain

“+oo

- —o0

c@' (&) — da” (§) + azp(€) — 9(/ Jo(y)p(€ —y — cm)@) <0 for £ >0,

which means that (¢, ¢) is a lower solution of (4.1). O
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THEOREM 4.5. For all § € (0, %), the perturbed semi-wave problem (4.1) admits an
increasing solution (¢°(€), ©°(€)). Moreover, (¢°(€), ©°(€)) obtained in this way is
increasing with respect to § € (0, %)

Proof. From theorem 4.3 and lemma 4.4, we can establish the existence of increasing
solution to (4.1).

Assume that 0 < §; < Jz < . In view of the definitions of (¢, ®) in (4.3)—(4.4),
we have (¢%2, %) > (¢, @%). Applylng the iteration scheme (4.2) and lemma 4.1
(#i7), we get

(F1(0%, 9%)(€), F2(6", 9%)(€))
> (F1(@",8")(€), Fa(6, 97)()) = (61", 1),

(¢1 a‘P1 ?)

By repeating the above process, we can obtain (¢92, ¢22) > (¢ ) ©%1) for each n > 1.
It follows that the two limit solutions satisfy (42, <p5 ) = (¢, ), which completes
the proof. O

We remark that, for the perturbed semi-wave problem (4.1), the iteration mono-
tone method is more efficient than the Schauder’s fixed point method applied in [10,
11, 35|, especially in proving the monotonicity of semi-wave solution with respect
to the parameter 6.

4.2. Original semi-wave problem

THEOREM 4.6. For any fized ¢ > 0, either the semi-wave problem (1.8) or the
following problem

c¢'(§) = d1¢"(§) — a1 (&) + h(fj;o Ji(y)e(§ —y — Cﬁ)dy>7 R,

. (4.5)
e’ (§) = day” (&) — azp(§) + 9( " 2(y)o(€ —y— CTz)dy>, £ €R,

(¢(=00), p(=00)) = (0,0),  (p(+00),p(+00)) = (u”,v")

has an increasing solution (¢, ), but they can not occur simultaneously.

Proof. (i) Assume that {5, }52, is a sequence satisfying &, € (0, 3) and &, \, 0 as
n — 00. By theorem 4.5, the perturbed problem (4.1) with 6 = ¢,, has an increasing
solution (¢, ). Define &, := max{¢ : ¢° () = Ju*}. From theorem 4.5, we can
deduce that &, is increasing with respect to n, and then &y := lim,, .o &, € (0, +00]
is well-defined.
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Deﬁ~ne (an(g)v @n(g)) = (d)(s" (f =+ gn)v 905" (f + §7L))7 V¢ € R. Then (Z;n(o) = %U*
and (¢n(§), @n(£)) satisfies

Cd;;z(g) = dlé%(f) - alén(f) + h<fj_;o Jl(y)¢n(§ —Yy—- CTl)dy>7 6 > _gnv

c@%(f) = dQ(ﬁZ(g) - a2927n(§) + g<f+oo J2( )dgn(g - Y- CTQ)dy>a f > _£n7

(én(f)ﬁan(g)) = (0pu*,6n0%), § < —&n,
(6 (+00), Bn(+00)) = (u*,v*),

Note that 0 < (¢, %) < (u*, v¥), ie., (¢, %) are uniformly bounded with
respect to m. From the integration presentations of solution (¢°, o) =
(Fr (g0, @), Fo(¢?, %)), we can easily deduce that (¢, %) are uniformly
bounded in C?(R.) Wlth respect to n. By the Arzela—Ascoli theorem, there is a sub-
sequence of (¢, @), which converges to (¢, @) in C? (R). Obviously, (¢(£), 3(€))

is increasing in £ and satisfies d)( ) = éu*

Case I: & = +oo. In such a case, (¢(€), $(€)) satisfies

e/ (&) = did(€) — (&) + h(ftff Ji(y)e(€ —y — cn)dy>, §eR,

@' (§) = dap"(§) — azp(§) + 9<f+;o J2(y)d(€ —y — crz)dy> , EeR

Since (¢(£), ¢(£)) is increasing and uniformly continuous on R, by lemma 2.3
in [36] we can deduce that lime_ o ¢'(§) = limg o0 ¢”(§) = 0 and lime .o ¢'(€) =
limg o0 ¢ (€) = 0, which imply that (¢(400), $(£00)) = (0,0) or (u*,v*). In view
of ¢(0) = 1u*, we know that (p(—o0), 3(—o0)) = (0,0) and (d)(—i—oo) P(+0)) =
(u*,v*).

Case II: & € (0, +00). In such a case, (¢(€), ¢(£)) satisfies
e/ (€) = did"(€) — (&) + h(ft;o Ji(y)e(€ —y — Cﬁ)dy>, £> —&o,

cd' (&) = d2p" (§) — azp(§) + g<f+°° 2 (Y)P(€ —y — CTz)dy> , &> —&o,
(3(€), 3(£)) = (0,0), £ < —&.

Let (¢(§), ¢(£)) = (&(§ = o), §(€ — &o)), we can also prove (¢(+00),p(+0)) =
(u*,v*). Obviously, (¢(£),¢(€)) = (0,0) for £ < 0. This completes the proof of the

first part.

(7i) We prove that the two cases can not happen simultaneously for any fixed
c>0.

Suppose, to the contrary, that there exists some ¢y > 0 such that (4.5) and (1.8)
have two increasing solutions ®1(§) = (¢1(£), v1(£)) and P2(€) = (d=2(8), w2(E)),
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respectively. Similar as in the proof of lemma 2.10 in [17], for any # € R and some
fixed k € (0, 1), we define

9(6),01(€)) = (1(£ +0), p1 (£ +0)),
Dy () = ($2(€), §2(€)) = (kb2 (), k2 (€)) = kPa(€),
37(¢) = (67(€),9°(€)) = (81() — $2(€), ¥Y(€) — P2()) = DY (€) — D(€).

Obviously, ®? is increasing in 8, and then (01 (6), 72(6)) := (infe>o (), infe>o $%(€))
is increasing, continuous in 6.

Note that ®7(¢) = ®Y(&) — Py (&) > BY(0) — Py (400) = By () — k(u*, v*) for any
€>0. Since limg_ 400 ®1(0) = (u*,v*), we have limg_ o0 () = (1 — k) (u*, v*)
uniformly on [0, +00). Then there exists sufficiently large § > 1 (independent of )
such that

$0(¢) > %(1 k), 0) > 0 (4.6)

on [0, +00) for all & > 0. Moreover, as 6 — —oo,

(1) = (1) — By(1) = D1 (1 4+ 0) — kPy(1) — —kDy(1) < 0. (4.7)

Since (01(0),02(0)) is increasing, continuous in 6, by (4.6) and (4.7), there exist
01, 0> € R such that 0'1(9) >0 for 6 > 91, 0'1(91) =0, and 0'2(9) >0 for 6 > 92,
0'2(92) =0. A

We may assume that 6, > 65. It follows that o1 >0 for £>0. It is easy
to check that (¢ (400), % (+00)) = (1 — k)(u*, v*) > 0, and (6?1 (0), $?2(0)) =
(691(0),©92(0)) > 0. Then o,(6;) = infeso $?1(€) = 0 is attainable at some & €
(0, +00), i.e., ¢ (&1) = 0.

Since k € (0, 1) and h, g are subhomogeneous, we have

+o0 +oo
h(/ Ji(y)p1(§+601—y — 0071)dy> - kh(/ Ji(y)p2(€ —y — 0071)dy>

— 00

+oo
> h(/ J1(y)e1(€+ 61 ycoﬁ)dy>
“+o0
—h (/ Ji(y)kpa(§ —y — cOTl)dy)

+oo
= h’(ﬁ‘)/ Ji ()¢ (€ —y — com)dy > 0.

Similarly, we can get

o0 — 00

+o0 too
9(/ Jo(y)p1(€+ 61—y — 007'2)dy> —kg</ Jz(y)¢2(§—y—0072)dy> =0.
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Thus, &% satisfies

Co(éel)/(f) _ d1(¢201)/1(§) + alqgel (5) = h(fj:: Jl(y)@l(ﬁ + 60, — Yy — C()Tl)dy>
_kh<fj:: Jl(y)spQ(g —Yy— COTl)dy> = 07 5 > 07

co(@™)'(€) — da (%) (€) + a2p™ (€) = g(ffff Jo(y)or(§+ 01 —y - COTz)dy>

—kg< Y)p2(§ —y — 0072)dy> =20, £>0,
¢91 ) ke (1 —=Ek)(u*,v*) >0,
(67(€), 9" (¢ )) > 0.
By the maximum principle for single equation, we have ((591 (€), ¢?2(€)) > 0 on
(0, +00), which contradicts with ¢% (&) = 0. This completes the proof. O

REMARK 4.7. Problem (4.5) with fixed ¢ > 0 has an increasing solution (¢, ¢) is
equivalent to the evolution system

Ot = d10z2U — a1 U + h(fj;o Ji(z —y)o(t — Tl,y)dy>, t>0, v €R,
(4.8)

+oo
00 = doOpyv — agv + g(f_oo Ja(z — y)u(t — Tg,y)dy>, t>0, zeR

admits an increasing travelling wave solution (u(t, ), v(t, x)) := (¢p(x + ct), o(x +
ct)).
Define

e Xe (V)
— inf
A c S W

where x,()\) is a real root of

P(x) := X% = [(di\? — a1) + (d2A? — a2)]x + (d1A? — a1)(da)?® — as)

“+ o0
1 (0)g/ (0)e X7 / Tu(y)evdy / J(y)e My (4.9)

— 00

—+oo

:O’

and x,(\) is greater than the real parts of all other roots.
Note that lim,_ 4o P(x) = +00 and P(diA\? — a1), P(deA* — a2) < 0. Then

XT(/\) > max{d1/\2 —ai, dz/\2 — (LQ},

which implies that limy_, | X*/{A) +o00. Similarly, since Rg > R* > 1, we can

XT(’\) = +o00. Thus, infyq XTT()‘) is attainable

deduce x,(0) > 0, and then limy_o4
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at some A* € (0, +00), i.e.,

% e Xr(A) Xr(A)
= f _— = .
TS0 A A"

Let ¢ = @, we have %h:)\* =0. Define

AN ¢) := (d1A? — e — a1)(doA? — e\ — ag)

o h/(o)g/(o)e—c)\(ﬁ+72)/

— 00 — 00

“+o0 —+oo

Then (¢, A\*) can be determined as the positive solution to the system

AN, ¢)

A(}\,C) = 0, T

=0.

Ji(y)e Mdy / Ja(y)e Mdy.

33

THEOREM 4.8. The semi-wave problem (1.8) admits an increasing solution for 0 <

*

c < c&, but has no increasing solution for ¢ > c.

Proof. By the theory of monotone semiflows developed in [21], there exists ¢y > 0
such that ¢g is the asymptotic spreading speed. Moreover, the asymptotic spreading
speed ¢p coincides with the minimal wave speed, that is, (4.8) has an increasing
travelling wave solution for ¢ > ¢y, but no such a solution for 0 < ¢ < ¢p. If ¢g = ¢,

then we can get the desired result by applying remark 4.7 and theorem 4.6.

Now it is sufficient to prove co = c;. Set C = C([~T2, 0] x R,R) x C([~71, 0] x
R,R), C = C([-7, 0],R) x C([—71, 0], R). Let M, = (M;}*,M}):C —C be the

solution map at time ¢ of the following linear equations

Oru = d1 0z — agu + W' (0)Jq * vy,
Opv = do0ypv — agv + ¢'(0)Jo * uy.

For A > 0, we define the linear map B; = (B, BY) : C — C by

Bf[(@laSDQ)](e) = Mtu[«ol?@?)e_/\m](evo)a Vo € [_7-270]1
By [(¢1,02)](0) = M{[(p1, p2)e”**](6,0), V6 € [—71,0].

Then B; = (B}, BY) : C — C is the solution map of the following equations

u'(t) = di\2u(t) — aju(t) + h'(0) <f+;o J1 (y)e)‘ydy> v,

V' (t) = doA?v(t) — agv(t) + ¢'(0) (ft)oj Jg(y)eAydy> Uy

Let

di\? —ay R (0)e=xT fj;o Ji(y)e Mdy

Alx) = N
00 < g'(0)ex™ fjoo Jo(y)e Mdy daX\? — as
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Since (4.10) is a cooperative and irreducible delay equations, it follows that
det(xI — A(x)) =0,
ie.,
P(x) = x2 = [(d1)? — a1) + (daA? — a2)]x + (d1 A — a1)(da)? — ag)
—h'(0)g'(0)e=x(m+72) [T 1y (y)e = vdy [ Ja(y)e dy =0,

admits a real root x,(\) which is greater than the real parts of all other ones (see
Theorem 5.5.1 in [23]).
xX-(A)

By Theorem 3.10 in [21], we know that the spreading speed ¢y = infy~o *5>.

Thus, cg = ¢}, which completes the proof. O

THEOREM 4.9. For any c € (0, ¢&), the solution of (1.8) obtained in theorem 4.8 is
unique and strictly increasing on R .

Proof. (i) (Strict monotonicity) For any 6 > 0, we have

o(§+0)
— ; o B11(§+0—s) _ B11(§+0)—Pras
~ di(Bi2 — Bur) [/0 (e ‘ )
+o0
X h(/ Jﬂy)tp(s—y—cn)dy) ds

+6 —00

“+oo “+oo
+ / (eP2(EH079) — PriletO)=fizs), (/ Ji(y)e(s —y — CTl)dy> dé’]
3

1

3
_ B11(§—3) B11(§+0)—P12(5+0)
= e — € X
di(Br2 — P11) [/—9( )

— 00

+o0
X h(/ J1(y)30(§+9—y—c7'1)dy>d§]

— 00

1 . ~ e
> m [/{) (eﬁu(f—s) _ 65115—5125)h</_ Jl(y)go(é -y — ch)dy> ds

“+o0 +oo
+ /E (em?(”)—eﬁll“’mg)h( / Jl(y)¢(§—y—0ﬁ)dy>d§] = 6(6).

— 00

+00 +00 - -
h (/ Ji(y)e(3+0—y— Cﬁ)dy> ds + / (eP12(6=9) _ oPur(E+0)—Pr2(5+6))
3

In a similar way, we can obtain ¢(£ 4 60) > () for £ € R,..
(74) (uniqueness) Fix ¢ € (0, ¢t), suppose that (¢1, p1) and (¢2, p2) are two
strictly increasing solutions of (1.8). Then, for i =1, 2, (0, 0) < (¢4(&), vi(§)) <
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(u*, v*) for £ >0 and (¢;(4+00), @i(+0)) = (u*, v*). Moreover, by the Hopf’s
boundary lemma, we have (¢;)" (0) > 0, (¢;)’,(0) > 0 for i =1, 2.
We define

L pdr(8) > $2(8), V€ > 0},

= inf{p
{ pp1(§) > wa(§),VE > 0},

>1
po:=inf{p>1

and p* := max{py, p2}. )
We will show that p* = 1. Otherwise, p* > 1. Denote ¢ = p*¢1 — ¢ and ¢ =

P p1 = pa. Obviously, 4(¢) >0, $(€) >0 for £>0, $(0) = $(0) =0, B(+00) =
(p* —Du* and @¢(+o00) = (p* — 1)v*. Since h is subhomogeneous, we obtain, for
£>0,

e’ (€) = d1d"(€) + ar(¢)

+o0 +oo
= p*h</ Jl(y)sal(é—y—m)dy> - h(/ Ji(y)p2(§ —y — Cﬁ)dy)

* 1 e *
=p*h 7/ Ji(y)p*p1(§ —y —cmi)dy

+o00
- h(/_ Ji(y)p2(§ —y — CTl)dy>

o0 +o0
P h</ J1(y)p*s01(f—y—c7'1)dy> — h(/ J1(y)pa (€ —y — ca)dy)

Similarly, we can deduce that c@'(§) — da@”(§) + a2p(§) > 0 for £ > 0. By the
Hopf’s boundary lemma, we have ¢, (0) > 0 and ¢’, (0) > 0.

In view of the L’Hoépital’s rule, lim¢ o4 df;((% (;5,(0()0) > 0 and limg o4 % =
+

(jg,(o(’o) > 0. Note that lime .o 29 = 20 5 g, hm& poo B 7D
0. Thus, there exist constants 1,9 > 0 such that ~ > el and wi gy for £ > 0.
It follows that

*

1+e

$1(§) = d2(8), ©1(§) = @2(§)  for £>0,

1 + €1
which contradicts the definition of p*. Thus, p* =1, which implies that
(01(&), ©1(&)) = (P2(8), w2(&)) for € > 0. Clearly, the same method can be used
to prove (¢1(€), ©1(£)) < (92(E), p2(§)) for &€ > 0. Hence, we get the uniqueness of
solution. O

In what follows, we exhibit some properties of the strictly increasing solution of
(1.8).
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LEMMA 4.10. For any fized c € (0,ck), let (92, ¢S$) be the unique strictly increasing
solution of (1.8).

(i) For 0 <ey <ca<cf, then (((b‘”)’ (0), (¥7)4(0)) > ((672)%(0), (¥52).(0)),
and (621(€), 92 (6)) > (62 (&), 922 (€)) for € > 0.

ii) For any fixed pu, p > 0, there exists a unique c. = c* € (0, ct) such that
T T

U657 Y, (0) + p(e )4 (0)] = -

(iil) If (71, 7o) < (71, T2), then ci < &, ¢ < ¢p withT =71 + T2 and 7 =11 + To.
Proof. Similarly as the proof of Theorem 4.6 in [30], we can prove (i) and (ii), here
we omit the details.

Next we prove (ii7). Recall that in (4.9), x-(A) can be seen as an intersection of
two curves:

filx) = X2 - [(dl)\z —ay) + (d2/\2 —az)|x + (dl/\2 - al)(dQ)\Q — as),

+o0 Yoo
f2(x) = h/(o)gl(o)e_XT/_ J1(y)€_)‘ydy/ Jo(y)e M dy.

— 00

The function f; is independent of 7, and f5 is decreasing in 7. If 7 < 7, then the
two intersections satisfy x-(A) > xz()), which implies

¢t = inf LT(A) > inf L%(/\)

- = C:.

S0 A T A0 A T
Now we prove ¢, > c¢z. Note that ¢z € (0,c%) and ¢, € (0,c¢F). If ¢, > %, then we
have ¢; > c¢i > ¢z, which completes the proof.
sk

Next, we assume ¢, < ci. In such a case, ¢r,cz € (0,¢%). In view of (i7),
to get the desired result, we only need to prove that ((4%)’,(0), (¢%)(0)) >

((62)4 (0), (), (0)) for any ¢ € (0,¢). '
Since (¢%(£), ¢%(§)) is increasing on R, we have

c(#%)'(§) — di(9%)"(§) + a165(§) = h< T Iyl —y - cﬁ)dy>
< h(fff.f Ji(y)ps(§ -y — cn)dy>, £>0,
c(92)' (&) — da(2)" (§) + a2l (§) = g(ﬁ;’f Ja(y)p2(§ — vy — c%z)dy)

gl [T ha(y)es(e — y—CT2)dy> £>0,
P2(§) = w5(§) =0, £ <
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which implies that (¢%(§), 9%(§)) is a lower solution of the following problem

(bt*dlfbfﬁfcd){*al(ﬁ‘i’h 6 yCTl)dy>7 t>07 £>07

¢td1¢£gc¢£al¢+h<f g yCTZ)dy>7t>Oa€>07
£<0

o(t,€) = (t,§) =0, t >0,
(0(0,£), (0,€)) = (95(£), ¥5(£))-

)

(4.11)
By the maximum principle, the solution (4(t, &), p(t, §)) of (4.11) is increasing in

t > 0 and satisfies hmt—>+oo(¢(tv 5)7 90(72 f)) = (¢*(§)7 w*(f))’ where ((b* (g)v ©* (5))

is a solution of (1.8). Clearly, the uniqueness of the solution to (1.8) ensures that

(@(€), 97 (€)) = (95(£), ¥7(€)). Thus, for all £ > 0, we have

(95(6), 95(€)) = (6(0,€),0(0,8)) < (&(t,€), ¢(t,€))
< (0(400,8), p(+00,8)) = (¢5(8), ¥7(8))-

Let ¢(€) = ¢2(€) — ¢<(€) and G(€) = @& (&) — ¢<(£), then (¢, ¢) satisfies
¢/ (&) — did"(€) + ar19(€) = h ( T2 ny)es(e —y - Cﬁ)dy>

—h| [T Ty)es(E —y — cfr)dy ) 0, £>0,

—g| [T Tay)es(E —y - cfz)dy> >0, >0,

The Hopf boundary lemma yields ¢/(0) > 0 and ¢'(0) > 0, that is, (¢$)".(0) >
(¢£)".(0) and (¢%)(0) > (¢%£)’,(0). This completes the proof. O

5. Asymptotic spreading speed

In this section, by employing the semi-wave solutions, we determine the asymptotic
spreading speeds of free boundaries when spreading occurs.

Proof of theorem 1.4. We divide the proof into the following two steps.

Step 1. We prove liminf; Sl(t) > —c; and limsup, _, | Szt(t) < er.
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Consider the following auxiliary semi-wave problem

cd'(€) = d1¢"(€) — (a1 — 2¢)9(¢) + h(ffz Ji(y)e(€ —y — CTl)dy>, £>0,

e (§) = da”(§) — (a2 — 2e)p(§) + g(fff.f Ja(y)p(€ —y — CTz)dy>7 £>0,

(@(£),¢(€)) = (0,0), £<0,
(¢(+00), p(+00)) = (u5., v5,),

(5.1)
where € > 0 is a small constant, and (u5_, v3.) is the unique positive equilibrium for
the first two equations of (5.1). By theorem 4.10 (i7), there exists a unique ¢, 2. > 0
such that

1[(652°°) (0) + p(@52%) (0)] = ¢ 2e, Jim o = cr,

Cr 2e Cr,2¢e

where (@50, o) is the unique strictly increasing solution of (5.1) with ¢ =
Cr 2¢-

Let (u(t), v(t)) be the solution of (3.1). Since Ry > R* > 1, from Theorem 3.2
in [42], we can show that lim; . (a(t), 9(t)) = (u*, v*). The comparison princi-
ple implies (u(t, x), v(t, x)) < (a(t), v(t)) for t >0, = € (s1(t), s2(t)). Note that
(u*, v*) < (u}, v}). Thus, there exists sufficiently large Ty > 0 such that

Since (pgr? (+00), por* (+00)) = (u3., v3.) > (uZ, v}), there exists & > s2(Tp +

€ g
max{7y, 2 }) such that

( o2 (o—s2(To+max{r,72})), o™ (0 — s2(To + maX{TlJﬂ))) > (uz,v7).

Define
$2(t) = cr2e(t = To) + o, t =T,
— 32725 (Ez(t) + .T), t 2 TOa T e [_52(t)a 0]7
u(t’ LC) = Cr.2e (= _
2 (SQ(t) —x), t =Ty, v € [O,Sg(t)},
and
_ 905228 (EQ(t) +x ’ t 2 TOa [—52(15), 0]7
U(t7 Jf) = Cr.,2¢ (= _
Pac’ (SQ(t) —x), t =2 TOa € [Ov SQ(t)}
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For t > Ty + max{m, 72} and z € [0,52(¢)), by the symmetry of J; and the

.. Cr.
monotonicity of ¢,7*° and h, we have

+o0 too
h(/ Ji(z —y)o(t — Thy)dy> = h(/ Ji(y)o(t — 1,7 + y)dy>

Ji(y)por™ (52t — 1) + & + y)dy
J1(y)par* (52t — 1) — 2 — y)dy>
<h < /__x Ji(y) e * (52t — 1) —  — y)dy

+oo
+ / J1(y)par* (52t — 1) — 2 — y)dy>

+oo
=h</ Ji(y)por™ (52t — 71) —x—y)dy),

and then

+oo
U — dyligy + a1t — h(/ Ji(z —y)o(t — 7, y)dy>

— 00

= Cr2e(00™) (52(t) — @) — di (¢ ™) (52(t) — @) + a1650* (52(t) — )

“+o0
_ h(/_ Ji(z —y)o(t — 1, y)dy>

—+oo

= 2e¢50% (52(t) — x) + h(/ Ti(y)ar ™ (52(t) — 2 —y — cf,zsﬁ)dy>

— 00

+oo
_h</ Ji(z—y) (t—ﬁ,y)dy)

+oo
= 26090 (52(t) — ) + h( / Ji(y)por™ (5ot — 1) — — y)dy>

— 00

“+o0
_h</ Jl(z—y)ﬁ(t—ﬁ,y)dy>

= 0.

<l
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For t > Ty + max{m, 72} and = € (—352(t),0), we also have

— 00

+oo
Ut _dlﬂxac +a1ﬂ_h</ Jl(z_y)’a(t_Thy)dy)

= Cre(00™)' (52(t) + @) — di(d57™)" (52 (t) + ) + a1l (52 (t) + )

—+o00
—h(/_ Jl(x—y)v(t—717y)dy>

+oo
= 2e¢50 " (52(t) + @) + I ( / Ji(y)par™ (52(t) + o —y — cr,zsn)dy>

“+oo
—h(/ Jl(y)v(t—ﬁ,a:—y)dy>
+oo
= 2e¢50% (82(t) + ) + h (/_ Ji(y) ool * (52t — 1) + o — y)dy>

+oo
—h(/ Jl(y)@(t—ﬁ,z—y)dy>

= 0.
The inequality satisfied by v can be proved similarly. In terms of the choices of Ty
and &y, we can check that (a(t, ), v(t, z); —52(t), S2(t)) is an upper solution of (1.1)

with ¢ > 0 in lemma 2.2 replaced by t > Ty + max{ry, 72}. Applying the comparison
principle, we have s1(t) > —32(t) and sa2(t) < 52(¢) for t > Ty + max{m, 72}, and

then
t —352(1
lim inf s1(t) > liminfi() > —Croe,
t—+oo t—+o00 ’
t 52(t
lim sup s2() < limsup 827() < Cr2e-
t—4o0 t——+o0o t

Taking € — 0%, we can get the desired result.

Step 2. We show limsup,_, | . Slt(t) < —c¢, and liminf, o SQt(t) > ;.

We consider another auxiliary semi-wave problem

cd'(§) = d1¢"(€) — ar9(€) + h(ff;o Ji(y)p(§ —y —cm)dy — C>, £>0,

cp'(§) = dap" (§) — azp(§) + 9( T T (y)(€ —y — em)dy — C>7 £>0,

(¢(§),QD(§)) = (070)7 §<0,
(¢(+00), p(+00)) = (ug, v7),

(5.2)
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where ¢ > 0 is a small constant, and (uz, ’UZ) is the unique positive equilibrium for
the first two equations of (5.2). By theorem 4.10 (i), there exists a unique ¢, ¢ > 0
such that

[(¢CT () ( )+p(§02f C)+(0)] =Cr ¢, Cli}%h Cr¢ = Cry

where (gb? N @ZT ¢) is the unique strictly increasing solution of (5.2) with ¢ = ¢, ¢.
From lemma 3.1, we know that lim; ;o (u(t, x),v(t, z)) = (u*,v*) locally uni-
formly for z € R. Note that (u*,v*) > (uf,v7). Then for any Lo > 0, there exists
sufficiently large 7o > 0 such that s2(7o) > Lo and (u(t, x), v(t, z)) > (uf, v7) for
any (t, ) € [Zo, +00) x [=3Lg, Lo].
We define

55(t) = crc(t = To) + Lo, t 2 To,
u(t,z) = ¢ (s5(t) — 2), t > To, @ € [~Lo, 55(t))],
u(t, ) = ¢ (s5(t) — ), t = T, @ € [~Lo, 55(t)],

and continuously extend w(t, x),v(t, ) to be functions defined on [7Zp, +00) x
(=00, 85(t)] such that u(t, ) =0, v(t, ) =0 on [Ty, +00) X (—o0, —3Lg], and

(0 (52(t) — @), ¢ (32(t) — @) < (ult,2),u(t, 7)) < (ug,v7)

on [7y, +00) X [-2Lg, —Lg]. The graph of v(¢, ) is plotted in Fig. 1. It follows that

+o0 +oo
| et - ndy= [ hle el (st -m) - p)dy,

— Lo —Lg
Lo Lo (5.3)
/ Ji(w = y)olt - 71, y)dy > / T — ) (sa(t — 1) — y)dy
72[40 72L0
for any t > 7y + max{7, 72} and x € [— Lo, s,(¢)].
Choose Ly sufficiently large such that
—Lg —Lg
v*/ Ji(z)dz < ¢, u*/ Ja(z)dz < ¢,
which imply
2L —2Lgo
[ et -m —pdy <o [ he -
2Lz —Lo (5.4)
= v*/ Ji(z)dz < v*/ Ji(z)dz < ¢
—oo —oo
and
—2Lg —Lo
[ et - —pa<ut [ nEd <

for ¢ > Ty + max{m, 7} and © € [~ Lo, s5(t)].
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r 3

Figure 1. Lower solution v(t, x).

For t > Ty + max{ry, 2} and = € [— Lo, $,(t)], we can deduce

+oo
uy — dituy, +aiu—h </ Ji(x —y)u(t — 1, y)dy>

— 00

= crc(07) (s2(t) — @) = dil)" (52(t) — @) + a1 (s5(t) — )

+oo
—h (/ Ji(x —y)u(t — 71, y)dy>

+oo
= (/ Ji(y)pe™ (s5(t) — 2 —y — cremi)dy — C)

—0o0

+oo
—h (/ Ji(x —y)u(t — 71, y)dy>

+oo
= h'(n) (/ Ji(x = y)p (so(t — 1) — y)dy

“+o00
-/ J1<x—y>v<t—n,y>dy>
< 0 with some n > 0,
where the last inequality uses (5.3) and (5.4). The inequality satisfied by v can

be proved similarly. In terms of the choices of 7y and Ly, we can check that
(u(t, ), v(t, );s5(t)) is a lower solution of one-side case with ¢t > 0,0 < = < 55(t)
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in lemma 2.3 replaced by t > 7y + max{7y, 72}, —Lo < & < $,(t). Therefore, by the
comparison principle we have so(t) > s5(t) for t > Ty + max{r1, 72}, which implies

t t
lim inf w > liminf §2T() 2 Cre

t——+o0 t——+4o0
By taking ¢ — 07, we get the desired result. The limit superior of SlT(t) can be
proved similarly. This completes the proof. O

6. Partially degenerate diffusion case without delays

In this section, we aim to determine the asymptotic spreading speeds of free bound-
aries for the partially degenerate diffusion case considered in [19]. The upper bounds
of spreading speeds were provided in [19], but their precise values are still unknown.
Here we give a complete answer to the problem. More precisely, we consider the
following free boundary model introduced in [19]:

u(t, x) = dyuge — aju(t, x) —|—f+oo Ji(z = y)o(t,y)dy, t > 0,s1(t) <z < s2(t),
v (t, ) = —agu(t,x) + g(u(t, ), t > 0,s1(t) < x < s2(t),

u(t, 51(t)) = u(t, s2(t)) = 0, v(t, 51(t)) = v(t, 52(t)) = 0, t >0,

s1(t) = —pua(t, 51(1)), s5(t) = —pua(t, s2(t)), ¢ >0,

51(0) = —s0, s2(0) =50, t >0,

u(0,x) = up(x), v(0,2) =wo(x), —so <z < so,

(6.1)
which is a special case of (1.1).
As in § 4, we consider the corresponding perturbed semi-wave problem

e@'(€) = 16" (€) — (&) + [ZT Ti(w)e(§ — y)dy, £ >0,
eF(6) = ~a2p(6) + 9(6()), € > 0. o)
(0(8), ¢(£)) = (6u™, 6v7), £ <0,
(¢(+00), p(+00)) = (u”,v").
Define F;(®)(€) similarly as in § 4.1, and

Fa(@) () = {gg*eg\ﬁoflfﬁ (=g (g(s))ds, € >0,

By applying the monotone iteration method, we can also establish the existence of
solutions to the perturbed semi-wave problem (6.2).

Similar as theorem 4.6, there is a dichotomy between increasing semi-wave solu-
tion and increasing travelling wave solution (u(t, x), v(t, z)) = (¢p(x + ct), o(x +

ct)) of

{é%u = d10zau — a1u + f Ji(x —y)v(t,y)dy, t>0, z € R,

v = —agu + g(u(t,z)), t>0, z€R. (6.3)

In [39], Xu and Zhao proved that there exists ¢* >0 such that (6.3) has an
increasing travelling wave solution for ¢ > ¢*, but no such a solution for 0 < ¢ < ¢*.
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Therefore, we can establish the (non-)existence of semi-wave solution. The critical
value of speed ¢ for semi-wave is also c*.

Similarly as the proof of Lemma 2.13 in [40] and Lemma 2.10 in [10], we can
prove that there exists a unique cj, € (0,c*) such that u(qﬁ“;)ﬁr(()) = ¢}, for any
given g > 0, where (¢%, @) is the semi-wave solution with ¢ = ¢}, Moreover,
limy, o0 ¢, = "

As in § 5, by constructing a pair of upper and lower solutions from semi-wave
solutions, we can get the asymptotic spreading speeds for (6.1) as follows

s1() lim sat) c

— lim —= = .
t—+oo t t—+oo t H

REMARK 6.1. We remark that the method in this paper can also be applied to
determine the asymptotic speeds for the partially degenerate diffusion case with
time delays, i.e., do = p =0, Jo = ¢ (Dirac delta function).
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Appendix A.

Proposition A

For the generalized principal eigenvalue pq(2) defined in (2.6), we have (i)
p1((=1, 1)) = pb for any 1 > 0, where pl is the principal eigenvalue of (1.7); (ii)
i ((—1 1)) = 1 (R) as L — +oo.

Proof. (i) From theorem 1.1 (ii), we know p} € B4 where E(-bD is defined in

(2.6). Then puy((—1, 1)) = sup B4 >yl Now we prove the equality holds.
Assume by contradiction that z1((—1, 1)) > ph, we can choose fi € (ph, p1((—1, 1)))

and (¢, @) € C?((—1, 1)) N CH([~1, 1]) such that (¢,p) > 0 in (-1, I) and satisfies

_ B 1
— dyGan + a1 2 il (0) [ (e = )y

l
— d2Puy + a2p > jig' (0) / l Jo(z —y)o(y)dy

for x € (-1, 1).
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We claim that there exists e > 0 such that (6,8) > (¢, ¢,,) on (=1, 1). Indeed,
since (¢, @), ( LO, @LO) are positive continuous functions in (—I, 1), we only need to
prove the inequality near the endpoints z = +. If ¢(—I) > 0, due to (;SLO(—Z) =0,
we know that ¢ > Eqbim on (—I, —l 4 €) with some ¢, > 0. If ¢(—I) =0, by the
Hopf boundary lemma, we have (QE);(—Z) > 0. It follows that lim,__; ¢ =

Ly (@)
(@) (=1) 1 (4D 7 I
m Let e = 5%, we can also prove that ¢ > e¢,, on (=I, =l + ¢) for

some ¢ > (. The other cases can be similarly proved. Thus, the claim holds true.

Let €* be the largest € > 0 such that (¢, @) > €(¢LO, @LO) on (=1, ). We define
(b, @) = (¢ — e*Pl, @ —e* ol ). Then (¢,¢) = 0on (I, 1) and there exists at least
one zg € (=1, 1) such that ¢(xo) = 0 or G(x0) = 0. Since i > ply, we know ¢, @ Z 0
on (=1, 1). We may assume that ¢(z1) > 0 and G(x2) > 0 for some 21, 25 € (=1, 1).
By the strong maximum principle, we have (;AS, @ >0 on (=, 1), which contradicts
with ¢(z0) = 0 or ¢(z¢) = 0. Thus, p1((—1, 1)) = ub.

(ii) By the definition of E¥ in (2.6), for any i € E®, there exists (¢1, 1) € C*(R)
such that (¢1,¢1) > 0 in R and satisfies

+oo

~dibra iy > @0) [ (- o),
+oo

— dop1 00 + 21 = ﬂgl(o)/ Jo(x —y)o1(y)dy

for x € R. Using (¢1, ¢1) as ‘test function’ for py((—1, 1)), we have i < pu1((=1, 1)) =
pb for any [ > 0. Taking | — +o0, we get /i < p*, and then u;(R) = sup E® < p*.
Moreover, from (2.5), we know p* € E®. Thus, p;(R) > p*. In summary, p(R) =

1*, which completes the proof. O
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