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We analyse the pressure-driven flow of the Oldroyd-B fluid in slowly varying arbitrarily
shaped, narrow channels and present a theoretical framework for calculating the
relationship between the flow rate ¢ and pressure drop Ap. We first identify the
characteristic scales and dimensionless parameters governing the flow in the lubrication
limit. Employing a perturbation expansion in powers of the Deborah number (De), we
provide analytical expressions for the velocity, stress and the g—Ap relation in the weakly
viscoelastic limit up to O(De?). Furthermore, we exploit the reciprocal theorem derived by
Boyko & Stone (Phys. Rev. Fluids, vol. 6, 2021, L081301) to obtain the g—Ap relation at
the next order, O(De?), using only the velocity and stress fields at the previous orders.
We validate our analytical results with two-dimensional numerical simulations in the
case of a hyperbolic, symmetric contracting channel and find excellent agreement. While
the velocity remains approximately Newtonian in the weakly viscoelastic limit (i.e. the
theorem of Tanner and Pipkin), we reveal that the pressure drop strongly depends on
the viscoelastic effects and decreases with De. We elucidate the relative importance
of different terms in the momentum equation contributing to the pressure drop along
the symmetry line and identify that a pressure drop reduction for narrow contracting
geometries is primarily due to gradients in the viscoelastic shear stresses. We further show
that, although for narrow geometries the viscoelastic axial stresses are negligible along the
symmetry line, they are comparable or larger than shear stresses in the rest of the domain.
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1. Introduction

Pressure-driven flows of viscoelastic polymer solutions in narrow non-uniform geometries
are widely encountered in industrial processes, such as extrusion (Pearson 1985; Tadmor
& Gogos 2013), and in various applications ranging from microfluidic extensional
rheometers (Ober et al. 2013) to devices for subcutaneous drug administration, in which
the liquid may exhibit non-Newtonian behaviour (Allmendinger et al. 2014; Fischer et al.
2015). The complex rheological behaviour of viscoelastic fluids affects the hydrodynamic
features of such flows, including the relationship between the pressure drop Ap across the
channel and the flow rate g even at low Reynolds number.

The dependence of the pressure drop on the flow rate of viscoelastic fluids at low
Reynolds number has been studied extensively in various geometries. Table 1 lists a
chronological selection of previous work on the g—Ap relation for viscoelastic fluids in
non-uniform geometries and clearly illustrates that the vast majority of the previous work
involved numerical simulations and experimental measurements.

The early studies on the flow rate—pressure drop relation have mainly investigated
abrupt geometries such as contraction and contraction—expansion channels. For such
geometries, the two-dimensional (2-D) and axisymmetric numerical simulations with
constitutive models, such as the Oldroyd-B model and finite-extensibility nonlinear elastic
(FENE-CR) model introduced by Chilcott & Rallison (1988), have generally predicted
a reduction in the pressure drop with increasing Weissenberg (Wi) or Deborah (De)
numbers, which are defined in § 2.1 (Keiller 1993; Szabo et al. 1997; Aboubacar et al.
2002; Alves et al. 2003; Binding et al. 2006; Oliveira et al. 2007; Aguayo et al. 2008;
Tamaddon-Jahromi et al. 2010, 2011). The exceptions are simulations with small values
of the finite extensibility parameter in the FENE-CR model that have reported an initial
decrease in the pressure drop followed by a slight increase of the order of 10 % (Szabo
et al. 1997; Tamaddon-Jahromi er al. 2010, 2011). However, these predictions are in
contrast with the experimental results of Rothstein & McKinley (1999, 2001), Nigen &
Walters (2002) and Sousa et al. (2009) for the flow of a polymer solution (Boger fluid)
through abrupt axisymmetric contraction—expansion and contraction geometries that have
reported a nonlinear increase in the pressure drop with the flow rate. Such an increase
in the pressure drop was observed also in experimental studies on microfluidic rectifiers,
which further showed the dependence of the flow rate—pressure drop relation on the flow
direction (Groisman & Quake 2004; Nguyen et al. 2008; Sousa et al. 2010).

It is widely hypothesised that this discrepancy is attributed to the inability of the
continuum macroscale constitutive models, such as Oldroyd-B, FENE-CR and the
finite-extensibility nonlinear elastic model with the Peterlin approximation (FENE-P),
to describe accurately the microscopic features of the polymer solutions (Owens &
Phillips 2002; Afonso et al. 2011). As shown by Koppol ef al. (2009), a mesoscopic
level, micromechanical description, such as the bead—rod and bead—spring models, can
be used to resolve, at least partially, this contradiction. For example, using the mesoscopic
bead—spring chain model, Koppol et al. (2009) showed an increase in the pressure drop
for viscoelastic flow in an axisymmetric contraction—expansion geometry, which is in
qualitative agreement with the experiments of Rothstein & McKinley (1999). However,
Koppol et al. (2009) were not able to observe such an agreement for simulations with the
continuum FENE-P model, thus indicating the advantage of mesoscopic over macroscopic
simulations.

Nevertheless, it should be noted that, to date, the mesoscopic simulations are still
computationally expensive and difficult to perform in complex geometries, requiring
refined meshing and time-stepping for accurate viscoelastic predictions (Keunings 2004;
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Black & Denn (1976)
Debbaut ef al. (1988)

Keiller (1993)

Szabo, Rallison & Hinch (1997)
Rothstein & McKinley (1999)
Rothstein & McKinley (2001)
Nigen & Walters (2002)
Aboubacar et al. (2002)
Alves et al. (2003)

Groisman & Quake (2004)
Binding ef al. (2006)

Oliveira et al. (2007)

Aguayo et al. (2008)

Nguyen et al. (2008)

Koppol et al. (2009)

Sousa et al. (2010)
Tamaddon-Jahromi et al. (2010)
Tamaddon-Jahromi et al. (2011)
Campo-Deaiio et al. (2011)
Nystrom et al. (2012)

Ober et al. (2013)
Tamaddon-Jahromi et al. (2016)
Nystrom et al. (2016)

Nystrom et al. (2017)
Lépez-Aguilar et al. (2016)
Tamaddon-Jahromi et al. (2018)

Pérez-Salas et al. (2019)

James & Roos (2021)
Present work

Focus

Theor.
Numer.

Numer.
Numer.
Exptl.
Exptl.
Numer.
Numer.
Exptl.
Numer.
Numer.
Numer.

Exptl.

Numer.

Exptl.
Numer.

Exptl.

Numer.
Exptl.
Numer.

Numer./
Exptl.
Numer./
Exptl.
Numer.

Theor./
Numer.
Exptl.
Theor.

Geometry

Planar converging channel (sink flow)
Planar and axisymmetric
abrupt contraction
Planar and axisymmetric
abrupt contraction
Axisymmetric abrupt
contraction—expansion
Axisymmetric abrupt
contraction—expansion
Three-dimensional and axisymmetric
abrupt contraction
Planar abrupt contraction
Planar abrupt contraction
Microfluidic rectifier
consisting of 43 tapered contractions
Planar and axisymmetric abrupt
contraction, expansion
and contraction—expansion
Axisymmetric abrupt contraction
Planar and axisymmetric abrupt
contraction and contraction—expansion
Microfluidic rectifier consisting
of several tapered contractions
Axisymmetric abrupt
contraction—expansion

Microfluidic rectifier consisting of

several tapered or hyperbolic contractions

Axisymmetric abrupt
contraction—expansion
Three-dimensional hyperbolic
contraction followed by
an abrupt expansion
Axisymmetric abrupt
and hyperbolic contraction
Three-dimensional hyperbolic
contraction—expansion
Axisymmetric abrupt
contraction—expansion
Axisymmetric hyperbolic
contraction—expansion
Axisymmetric hyperbolic contraction

Planar and axisymmetric
abrupt contraction
Planar hyperbolic contraction

Axisymmetric hyperbolic contraction
Planar narrow slowly spatially
varying geometries of arbitrary shape

Fluid/model

UCM
Oldroyd-B
PTT/Giesekus
Oldroyd-B
FENE-CR
FENE-CR

Boger fluid
Boger fluid

Oldroyd-B/PTT
Oldroyd-B/PTT
Boger fluid

Oldroyd-B

Oldroyd-B/PTT
Oldroyd-B

Boger fluid

FENE-P
FENE bead-
spring chain

Boger and shear-
thinning fluids
FENE-CR
Oldroyd-B/PTT
Boger fluid

FENE-CR

Boger and shear-
thinning fluids
FENE-CR
WM-FENE-CR
WM-FENE-CR

Oldroyd-B
FENE-CR/PTT
WM-FENE-CR

PTT with no
solvent contrib.
Boger fluid
Oldroyd-B

Table 1. Chronological selection of previous experimental, numerical and theoretical papers on the flow
rate—pressure drop relation for the low-Reynolds-number flows of viscoelastic fluids in non-uniform geometries.
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Afonso et al. 2011; Alves, Oliveira & Pinho 2021). Therefore, despite the limitations of
a continuum approach, the vast majority of studies in non-Newtonian fluid mechanics
still exploit the macroscopic constitutive equations, such as Oldroyd-B, FENE-CR and
FENE-P, which, in principle, can be modified to incorporate some microscopic features.
For instance, Webster and co-workers proposed a new constitutive equation, which is
the hybrid combination of White and Metzner (White & Metzner 1963) and FENE-CR
models (WM-FENE-CR; see, e.g., Tamaddon-Jahromi et al. 2011, 2016; Webster et al.
2019). Specifically, in this model, the deviatoric stress tensor T, which is the sum of the
Newtonian solvent and viscoelastic polymer contributions, is obtained by multiplying the
expression for T from the FENE-CR model by a dissipative function ¢ (¢), usually taken
as¢p(e) =1+ (Apé€)?%, where Ap is an additional time constant and ¢ = 311 g /IIE is the
generalised extension rate based on the second and third invariants of the rate-of-strain
tensor E defined in § 2.1, wherein IIr = tr(E?) /2 and Ill g = det(E) (Tamaddon-Jahromi
et al. 2016). Such a model exhibits a constant shear viscosity, finite extensibility with
a bounded extensional viscosity that reaches an ultimate plateau, and a first-normal
stress-difference that has a weaker than quadratic dependence on the shear rate in the
Oldroyd-B model. Using this hybrid WM-FENE-CR model, Webster and co-workers were
able to achieve quantitative agreement between their numerical predictions for the pressure
drop and the earlier experiments of Rothstein & McKinley (2001) and Nigen & Walters
(2002), where Ap and finite extensibility served as fitting parameters (Lopez-Aguilar et al.
2016; Tamaddon-Jahromi et al. 2016, 2018).

After primarily focusing on abrupt contractions or contraction—expansions geometries
a decade ago, hyperbolic symmetric channels with nearly constant extensional rates along
the centreline have also received much attention, and several groups suggested to use of
hyperbolic geometries for obtaining extensional properties of viscoelastic fluids through
g-Ap measurements (Campo-Deafio et al. 2011; Nystrom et al. 2012, 2016, 2017; Ober
et al. 2013; Keshavarz & McKinley 2016; Zografos et al. 2020). However, recently some
researchers conjectured that, given the complex mixture of shear and extensional flow
components in this geometry, it is difficult to determine extensional viscosity directly from
g—Ap data (James 2016; Hsiao et al. 2017).

Of particular interest is a recent experimental study of James & Roos (2021) on the
pressure-driven flow of Boger fluids through a long hyperbolic contracting channel.
James & Roos (2021) measured the pressure drop for various flow rates and found that
the pressure drop matches equivalent Newtonian measurements, in contrast to previous
experimental results showing a nonlinear increase in the pressure drop with the flow rate
(see, e.g., Rothstein & McKinley 1999, 2001; Campo-Deafio et al. 2011; Ober et al. 2013).
The explanation for this discrepancy lies in the different pressure drops measured by the
different sets of authors. The experimental set-up of James & Roos (2021) consisted of a
hyperbolic contracting channel connected upstream to a long straight channel. The fluid
was driven by pressurised air to flow through a straight section, entered the contracting
channel and then exited to the atmosphere. James & Roos (2021) defined the pressure
drop as the difference between the air pressure required to drive the fluid through a straight
section and the atmospheric pressure at the end of the channel, where die swell occurred.

In contrast to pressure drop measurements of James & Roos (2021) that included the
apparent exit effects, most of the previous experimental studies eliminated the entrance
and exit effects (see, e.g., Rothstein & McKinley 1999, 2001; Campo-Deatfio et al. 2011;
Ober et al. 2013). For example, the experimental set-up of Rothstein & McKinley (1999)
consisted of two long straight channels connected to the non-uniform region upstream and
downstream, and the pressure drop was measured in these straight channels far from the
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Entrance
Exit

< en e Pressure drop Ap over non-uniform region of length ¢

Figure 1. Schematic illustration of the 2-D configuration consisting of a slowly spatially varying and
symmetric channel of height 2A(z) and length ¢ (h < ¢), connected to two long straight channels of height
2ho and 2hy, respectively. The configuration contains a viscoelastic dilute polymer solution steadily driven by
the imposed flow rate g. We are interested in determining the pressure drop Ap over a streamwise distance £,
arising from the non-uniformity of geometry, while eliminating the entrance and exit effects.

entrance and exit. In this work, we follow the study of Rothstein & McKinley (1999)
and explore the pressure drop originating from the non-uniformity of geometry while
eliminating the entrance and exit effects (see figure 1).

It should be noted that, in addition to abrupt contracting and hyperbolic channels, the
flow rate—pressure drop relation of viscoelastic fluids has been studied in other geometries,
such as converging (Black & Denn 1976) and undulating (Pilitsis & Beris 1989; Souvaliotis
& Beris 1992) channels. For example, Black & Denn (1976) studied the pressure-driven
flow of the upper-convected Maxwell (UCM) fluid in a rectilinearly converging channel.
Applying the sink flow approximation and assuming a weakly viscoelastic limit, Black
& Denn (1976) provided a perturbation solution to the flow field up to second order
in Weissenberg number. Black & Denn (1976) also depicted the first three terms of a
perturbation solution for the power required to drive the fluid as a function of Wi, indicating
that the first viscoelastic correction decreases the power or pressure drop. However, no
explicit expressions nor validation of this result by comparison with simulations has been
presented. In addition, Pilitsis & Beris (1989) studied numerically the pressure-driven flow
of the UCM and Oldroyd-B fluids in an undulating cylinder and showed a small reduction
in the hydrodynamic resistance, defined as a ratio of the pressure drop to the flow rate,
with increasing Weissenberg number.

Recently, Pérez-Salas et al. (2019) studied analytically and numerically the
pressure-driven flow of a Phan-Thien—Tanner (PTT) fluid (Phan-Thien & Tanner 1977;
Phan-Thien 1978) through a planar hyperbolic contraction. Using lubrication theory
and neglecting the solvent contribution, Pérez-Salas et al. (2019) derived closed-form
expressions for the non-dimensional velocity and pressure fields, which depend on the
channel geometry and the product eprrWi?, where epr7 is the extensibility parameter of
the PTT model. Their results predicted a decrease in the pressure drop with increasing
Wi. However, such a reduction in the pressure drop arises due to shear-thinning effects
of the PTT fluid, which are manifested when Wi increases. Moreover, for eprr = 0,
corresponding to the Oldroyd-B model, the solution of Pérez-Salas et al. (2019) reduces
to the Newtonian solution, which is independent of Wi.

In the context of lubrication theory, it is worth mentioning earlier studies on the
pressure-driven flow of a fibre suspension in a slowly varying channel, which showed
the ability of the lubrication approach to capture well the flow field (Rallison & Keiller
1993; Sykes & Rallison 1997). We have recently exploited the Lorentz reciprocal theorem
and lubrication theory to derive a closed-form expression for the flow rate—pressure
drop relation for complex fluids in narrow geometries, which holds for a wide class of
non-Newtonian constitutive models (Boyko & Stone 2021). We showed the use of our
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theory to calculate analytically the first-order non-Newtonian correction for the g—Ap
relation for the viscoelastic second-order fluid and shear-thinning Carreau fluid, solely
using the corresponding Newtonian solution and bypassing solution of the non-Newtonian
flow problem.

To the best of the authors’ knowledge, no analytical solution for the g—Ap relation for
constant shear-viscosity viscoelastic (Boger) fluids in narrow geometries has been reported
in the literature, even for ‘simple’ models such as Oldroyd-B and FENE-CR in the weakly
viscoelastic limit. Such analytical solutions, however, are of fundamental importance as
they may be used directly for comparison with experimental data and, in the case of
discrepancy between the theory and experiments, may provide insight into the cause of
this disagreement and the adequacy of the constitutive model.

In this work, we provide a theoretical framework for calculating the flow rate—pressure
drop relation of viscoelastic fluids in narrow channels of slowly varying arbitrary shapes.
The present work presents analytical results for velocity and pressure fields and the g—Ap
relation for the Oldroyd-B model in the weakly viscoelastic limit. In subsequent work,
we will analyse more complex constitutive models, incorporating additional microscopic
features of polymer solutions. Our approach for obtaining analytical solutions for velocity
and pressure is motivated by studies on thin films and lubrication problems (Tichy 1996;
Zhang, Matar & Craster 2002; Saprykin, Koopmans & Kalliadasis 2007, Ahmed &
Biancofiore 2021). Such an approach relies on exploiting the narrowness of the geometry
through the application of the lubrication approximation and a perturbation expansion in
powers of the Deborah number De, which is assumed to be small, De < 1, and solving
order by order, often resulting in cumbersome calculations at high orders. Instead, once
the velocity at O(De?) is obtained, we use the reciprocal theorem, recently derived by
Boyko & Stone (2021), to calculate the pressure drop at O(De?), bypassing the detailed
calculations of the viscoelastic flow problem at this order and relying only on the solution
from previous orders. To validate the analytical results of our model, we perform 2-D
finite-element numerical simulations with the Oldroyd-B model and find a good agreement
between the theory and simulations, even for the cases when the hypotheses behind the
lubrication approximation are not strictly satisfied. Given the recognised shortcomings
of the Oldroyd-B and commonly used continuum finite-extensibility nonlinear elastic
(FENE) models in predicting the experimental observations for the flow rate—pressure drop
relation, we are hopeful that the insights presented here may be useful in understanding
possible physical or molecularly inspired modifications to the constitutive descriptions to
improve future modeling and simulation efforts.

The paper is organised as follows. In § 2, we present the problem formulation and the
dimensional governing equations and boundary conditions for the pressure-driven flow
of the Oldroyd-B fluid. We further identify the characteristic scales and dimensionless
parameters governing the flow and provide the non-dimensional governing equations.
In §3, we present a low-Deborah-number lubrication analysis and derive closed-form
analytical solutions for the flow field and pressure drop up to O(De?). Exploiting the
reciprocal theorem, in § 4 we calculate the pressure drop at O(De?), relying only on the
solutions from previous orders. We present the results in § 5, including a comparison
between the analytical predictions and the 2-D numerical simulations, finding excellent
agreement between the two approaches. We conclude with a discussion of the results in § 6.

2. Problem formulation and governing equations

We study the incompressible steady flow of a non-Newtonian viscoelastic dilute polymer
solution in a slowly spatially varying and symmetric 2-D channel of height 24(z) and
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length ¢, where h < £. We assume that the imposed flow rate g (per unit depth) induces the
fluid motion with pressure distribution p and velocity u = (uz, uy). Our primary interest
is to determine, for a non-uniform geometry, the pressure drop Ap over a streamwise
distance ¢, while eliminating the entrance and exit effects. To this end, motivated by the
geometries used in previous experimental and numerical studies (see, e.g., Szabo et al.
1997; Rothstein & McKinley 1999; Alves et al. 2003; Alves & Poole 2007; Campo-Deafio
et al. 2011; Ober et al. 2013; Zografos et al. 2020; Zargartalebi, Zargartalebi & Benneker
2021), we assume that the inlet (z = 0) and outlet (z = £) of the non-uniform region are
connected to two long straight channels of height 2hg and 2hy, and length £, and £y,
respectively. Consequently, the flow is fully developed at the inlet of the non-uniform
region and becomes fully developed again towards the exit of the configuration. Figure 1
presents a schematic illustration of the 2-D configuration and the coordinate system (y, z),
whose z axes lies in the symmetry midplane of the channel and y is in the direction of
the shortest dimension. It should be noted that when a viscoelastic fluid exits from the
non-uniform region directly to the atmosphere or a large reservoir, there can be significant
exit effects due to axial stresses (James & Roos 2021).

While throughout this work we consider steady and stable flows, it should be noted
that the flow of viscoelastic fluids within non-uniform geometries may become unstable
above a certain flow rate even at low Reynolds numbers due to the fluid’s complex
rheology (Larson 1992; Shaqfeh 1996; Datta er al. 2021; Steinberg 2021). We consider
low-Reynolds-number flows, so that the fluid inertia is negligible relative to viscous
stresses. In this limit, the fluid motion is governed by the continuity and momentum
equations

Veu=0, V.0=0, (2.1a,b)
where o is the stress tensor given by
0 = —pl+2nE + T)p. (2.2)

The first term on the right-hand side of (2.2) is the pressure contribution, the second term
is the viscous stress contribution of Newtonian solvent with a constant viscosity 7y, where
E = (Vu+ (Vu)")/2 is the rate-of-strain tensor, and the last term, T, is the polymer
contribution to the stress tensor.

In this work, we describe the viscoelastic behaviour of the polymer solution using
the Oldroyd-B constitutive model (Bird, Armstrong & Hassager 1987). This is a widely
used continuum model for Boger fluids, characterised by a constant shear viscosity. The
Oldroyd-B equation can be derived from microscopic principles by modeling the polymer
molecules as dumbbells, which follow a linear Hooke’s law for the restoring force as they
are advected and stretched by the flow. In the Oldroyd-B model, the polymer contribution
to the stress tensor 7, can be expressed in the form (Bird et al. 1987; Morozov & Spagnolie
2015; Alves et al. 2021)

T, = %”(A -, (2.3)

where 7, is the polymer contribution to the shear viscosity at zero shear rate and A is
the longest relaxation time of the polymers. In (2.3), A is the conformation tensor of the
dumbbells, which denotes the ensemble average of the second moment of the dumbbell
end-to-end vector r (scaled with its equilibrium value), A = (rr), and evolves at steady
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state according to (Bird et al. 1987; Morozov & Spagnolie 2015; Alves et al. 2021)

u-VA—(Vu)T-A—A-(Vu):—%(A—I). 2.4)

Combining (2.3) and (2.4), we obtain an evolution equation for the polymer contribution
to the stress tensor 7, given at steady state as (Bird et al. 1987; Morozov & Spagnolie
2015; Alves et al. 2021),

T, +Au-Vr,— (Vu)' -1, — 7, - (Vu)] = 2n,E. 2.5)
Using (2.2), (2.3) and (2.5), the stress tensor ¢ can be also expressed as

o = —pl + 2n0E + S, (2.6)

where 7o = 1, + 1, is the total zero-shear-rate viscosity of the polymer solution and S’ is
defined through 7, = 25,E + 1, S, so that

A T
S=—n—[u-th—(Vu) Ty —Tp - (V)]
p

=—[u-VA— (V)" - (A= 1) — (A= 1D - (Vu)]. 2.7)

Substituting (2.6) into (2.1) provides an alternative form of the governing equations
Veu=0, Vp= noVZu +n,V -8, (2.8a,b)
which is convenient for assessing the viscoelastic effects on the flow and pressure fields,

where S is given in (2.7) and A evolves according to (2.4).
The governing equations (2.1)—(2.8) are supplemented by the boundary conditions

0
w(h(2),2) =0, uy(h(2),2) =0, 815(0, =0, (2.9a-0)
3qh(2)—y2 3qh%—y2
u(y, —Llep) = — s Uy, A ley) = — s (2.9d,e)
4 hg 4 hi?
2
9 [ Agy 31qy
Ag(y, —Len) =1+ 5 (h_q3> ) Ayz(y’ —len) = _2_:3’ A)’y()’v —len) = 1.
0 0
(2.9f-h)

The first three boundary conditions (2.9a—c) correspond to the no-slip and no-penetration
boundary conditions along the channel walls and the symmetry boundary condition
at the centreline, respectively. Equations (2.9d,e) correspond to the fully developed

unidirectional Poiseuille velocity profile at the entrance and exit. These two boundary

conditions ensure that the integral constraint 2 foh © u;(y, z) dy = q is satisfied along the

channel. In addition, at the entrance, we impose the polymer stress (or conformation
tensor) distribution corresponding to the Poiseuille flow, as given in (2.9a—c) to (2.9f-h)
(Szabo et al. 1997; Koppol et al. 2009). In addition, at the exit, the reference value for the
pressure is set to zero on y = 0.
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2.1. Scaling analysis and non-dimensionalisation

In this work, we examine narrow configurations, in which h(z) < £, hy is the half-height
at z = ¢ and u. = q/2hy is the characteristic velocity scale set by the cross-sectionally
averaged velocity. Note that for the 2-D case, the flow rate ¢ is per unit depth.

We introduce non-dimensional variables based on lubrication theory (Tichy 1996;
Zhang et al. 2002; Saprykin et al. 2007; Ahmed & Biancofiore 2021),

Z y u; Uy
Z=-, Y=—, U,=—, U,=—, 2.10
V4 hy T Y €U, ( @)
A h
=L . oap=—" . m=_ (2.100)
noucg/hg nOucg/hg he
2 2 2
€l ~ €e“(A, — 1) el
P2z = MTP,ZD z = #’ Sy = mszz, (2.10c)
el ~ €Ay, el
’];,’yz = — Tp.yzs Ayz = Do’ SyZ = ES”’ (2.10d)
V4 ~ Ay — 1 L
Ty = —Tpyys Apy= 22— Spy=——35, 2.10
Py Tp.yy yy De W= uDe”” (2.10¢)

where we have introduced the aspect ratio of the configuration, which is assumed to be
small,

he
€= 7 <1, (2.11)
the viscosity ratios,
= T g p=1-pg=21, (2.12a,b)
Ns + np 1Mo Uy

and the Deborah and Weissenberg numbers,

1 i,
De="2¢ and wi= e (2.13a,b)
¢ he

The non-dimensional shape of the channel is denoted by H(Z) and is an important
parameter in our analysis.

Following Ahmed & Biancofiore (2021), we define the Deborah number De as the
ratio of the polymer relaxation time, A, to the residence time in the spatially non-uniform
region, £ /u,, or alternatively, as the product of the relaxation time scale of the fluid and
the characteristic extensional rate of the flow (see also Tichy 1996; Zhang et al. 2002;
Saprykin et al. 2007). The Weissenberg number Wi is the product of the relaxation time
scale of the fluid and the characteristic shear rate of the flow, and is related to the Deborah
number through De = e Wi (Ahmed & Biancofiore 2021). We note that since we assume
€ K 1, De can be small while keeping Wi = O(1).
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2.2. Governing equations in dimensionless form

Using the non-dimensionalisation (2.10)—(2.13), the governing equations (2.1)—(2.9) take
the form

AU, U,

oy = 0, (2.14a)
P _ ezazUZ PU: | eaSZZ 3 easyz (2.14b)
97 0Z2 = ay2 97 Yy’ '
P ,9%U, N 2 3°Uy + 5D Sy, L 6D Sy @.14¢)
—_— = € —F € € e—— e—— Jdac
Y 972 ar? FYA 8Y
9A 9A U U U
De (UZB—ZZZ + Uy a;z - 28—ZZAZZ - 28—;Ayz> — 2¢? 3ZZ = —A., (2.14d)
A,y dAyy Uy U, U,
De UZW + Uy aY — ZEA);Z ZWAyy — 2W = —Ayy, (2146)
9A 9A U U, aU, U
De|U—2 +U,—2 — — 24, — —2A,, | —e—2 — —= = —A,,, 2.14
e( oz Ty T ez ET vy ™) T 9z T oy o (214

where we dropped tildes in the components of A for simplicity. From (2.14c¢), it follows
that P = P(Z) + O(€?), i.e. the pressure is independent of Y up to O(€?), consistent with
the classical lubrication approximation.

The explicit expressions for S;; and Sy, appearing in (2.14b) are

9A 0A U U
S, =— (U 7 =+ Uy a; — 28—ZZAZZ — 23_;A”) (2.15q)
dAy, Ay, Uy U,

Sy, = — <Uzﬁ Uy— = 5 A~ 8_YZ . (2.15b)

and they are related to A;; and A, through

2 IU; 2
A =DeS::+ 0(%), Ay =DeSye+ —=5 +0(e?), (2.16a)
and to 7, .. and 7, . through

T2 = BDeS,. + O(e?), T,,, = BDeSy, + ;3 + 0(?). (2.16b)

3. Low-Deborah-number lubrication analysis

In the previous section we obtained the non-dimensional equations (2.14), which are
governed by the three non-dimensional parameters: 8, De and €2, where € = hy /¢ < 1.1In
this section, we consider the weakly viscoelastic limit, De < 1, and exploit the narrowness
of the geometry, € < 1, to derive analytical expressions for the velocity field and the g—Ap
relation for the pressure-driven flow of the Oldroyd-B model in a non-uniform channel of
arbitrary shape H(Z). We assume 1, < 1, thus implying a dilute polymer solution with

B = np/mo < 1/2 (Groisman & Steinberg 1996; Groisman & Quake 2004). To this end,
936 A23-10
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we seek solutions of the form

Uz UZ,O Uz,l Uz,2
Uy Uyo Uy.1 Uy
P Py P 2| P2 2 13
= + De + De + O(e”, De”), 3.1
Az Azo Azz,l AZZ,Z ( ) G-
Ayy Ao Ayl Ay
Ayz Ayz,O Ayz, 1 Ayz,2

and in the following subsections, we derive asymptotic expressions for the velocity field

and the pressure drop up to O(De?). In §4, we use reciprocal theorem to calculate the
pressure drop at the next order, O(De?).

We note that in the weakly viscoelastic and lubrication limits, considered here, it is
sufficient to apply the boundary conditions,

oU H(Z)
UZ(H(Z)vZ) :Oa Uy(H(Z)aZ) :0’ a_YZ(O’ Z) 207 / UZ(Y, Z)dY: 17
0
3.2)

to determine the flow field and pressure drop, similar to the case of the sink flow of weakly
viscoelastic fluids (Black & Denn 1976).

3.1. Leading-order solution

Substituting (3.1) into (2.14) and considering the leading order in De, we obtain

aU. U,
0Y20 L 90 _ 0, (3.3a)
0Z oY
Py 9%U.,
—_— = 3.3b
0Z aY? ( )
Py
— =0, (3.3¢)
Y
Azz,O =0, (3.3d)
aUy 0
Ao = 2—2=, 3.3
yy,0 3Y (3.3¢)
aU; o
A = = 3.3
vz,0 Y ( f)
subject to the boundary conditions
U H@)
U.0o(H(Z),2) =0, U, o(H(Z),2)=0, 8; 0,2) =0, / UgoY,2)dY = 1.
0
(3.4a-d)

As expected, at the leading order, (3.3b) reduces to the classical momentum equation of
the Newtonian fluid with a constant viscosity 7.
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The solution of (3.3b) using (3.4a) and (3.4c¢) is

_1dPo o, 2
Uzo(Y, 2) = 5 — (" = H(Z)"), (3.5)

where the pressure gradient, which only depends on Z, follows from applying the integral
constraint (3.4d),

dPy 3
—_— = . (3.6)
dz H(Z)3
The corresponding axial velocity distribution is then
3(HZ)? -Y?
UooY,2) = -————5— 3.7
o 2) =5 3.7)
Substituting (3.7) into the continuity equation (3.3a) and using (3.4b), yields
3dH(Z) Y(H(Z)? — Y?)
Upo(Y.2) = = (3.8)

2 dz H(Z)* ’
and thus the yy- and yz-components of the conformation tensor at the leading-order depend
on channel shape via

3dH(Z) (—3Y? + H(Z)?) 3y

- 3.94,b
4z HZ* 0T T H@Z)3 (3-9a.0)

Ayy,O =

Finally, integrating (3.6) with respect to Z from 0 to 1 provides the pressure drop at the
leading order,

I a4z
APy =3 /0 T (3.10)

3.2. First-order solution
At the first order, O(De), the governing equations (2.14)—(2.15) yield

U U
_a; + —a;l =0, (3.11a)
Py 0?U.1 | [0S0 | 0S50 G.115)
0Z Y2 07 Yy |’ '
P
7 =0 (3.11¢)
U
28—;’%%0 = A4, (3.11d)
0Ayy 0 0Ayy.0 aUy o aUy o aUy 4
U.o ayzy + Uy.0 8y; -2 a; yz,o—za—;Ayy,o—z a; = Ay, (3.lle)
0Ayz.0 0Ay;0  0Uz0 U
UioTgz T oy~ Gy Ao T Gy = e G
aU; o
S0= 28—;14%0, (3.11g)
936 A23-12
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and
0Ay70 _ 0Ayz.0 aU. o

Sioo = —U. o220
¥z,0 0757 Y05y Y

where we have used (3.3d) to simplify (3.11d), (3.11f), (3.11g) and (3.11A).
These governing equations are supplemented by the boundary conditions

Ay 0, 3.11h)

AU, H()
—~(0,2) =0, U.1(Y,Z)dY =0.
0

U.(H(Z),2) =0, U, 1(H(Z),2) =0, 3y
(3.12a-d)

The last term on the right-hand side of (3.115) solely depends on the leading-order
solution, and thus can be explicitly calculated using (3.7), (3.8) and (3.9a,b) to yield

B[aszz,oJraSyz,o} _ 188 dH(©2) _9_51( I )
0Z Y | H®S dz = 2 dz\H®?*)’

(3.13)

Next, integrating (3.11b) twice with respect to Y, using (3.13), and applying the boundary
conditions (3.12a) and (3.12¢), we obtain

LA, 9 B N pay
U (V.2) = 5 — <P 2H(Z)4>(Y H(Z)). (3.14)

To determine dP/dZ, we use the integral constraint (3.12d) to find

Py 188 dH(Z)_9~d< 1 )

S = B—|—— 3.15

dz H(Z) dz 27 dz \H(Z)* 319

and, thus, U, | = 0. From the continuity equation (3.11a), it then follows that Uy | = 0.
Integrating (3.15) with respect to Z from O to 1 provides the pressure drop at O(De),

9./ 1 1\ _9.(H1)"—H©O*
APr=3F (H(0>4 N H(l)4) =3f ( H(O)*H(1)* ) (10

From (3.16), it follows that AP; may increase, decrease or not change the total pressure
drop of the Oldroyd-B fluid, depending on the geometry. Specifically, (3.16) indicates that
the non-dimensional pressure drop at the first order solely depends on the difference in
channel height at the inlet and outlet rather than on details of the shape. For H(1) > H(0),
the first-order correction leads to an increase in the pressure drop, for H(1) < H(0) to a
decrease in the pressure drop, and for H(1) = H(0) there is no contribution to the pressure
drop that is first order in De. Such an increase (decrease) in the pressure drop for H(1) >
H(0) (H(1) < H(0)) is consistent with 2-D numerical simulations using the Oldroyd-B
model for expanding (contracting) channels (Binding et al. 2006; Varchanis et al. 2022).

We note that to first order in De our governing equations for the Oldroyd-B model, in the
case of B = 1 that corresponds to the UCM model, are the same as the governing equations
of the second-order fluid with a vanishing second normal stress difference coefficient.
For example, our expressions (3.11¢g) and (3.11%) for S;; ¢ and S,; are identical to
the corresponding relations given in Boyko & Stone (2021) for the second-order fluid
in the case of the vanishing second normal stress difference coefficient. Therefore,
unsurprisingly, the velocity field remains Newtonian at O(De), i.e. U, = Uy =0,
following the theorem of Tanner and Pipkin (Tanner 1966; Tanner & Pipkin 1969), which
is an extension of Giesekus’ earlier work (Giesekus 1963).
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As the velocity components vanish at the first order, the components of the conformation
tensor at this order can be calculated using the leading-order velocity field,

1872
AZZ,l = H(Z)6’ (3176{)
dH(Z) Y(H(Z)* —2Y?
Ay1 =18 2) YHEZ) ), (3.17b)
' dz H(Z)?
94(=2Y? + H(Z)*>)?H'(2)> — HZ)H"(Z)(Y? — H(Z)?)?
A1 =75 2 : (3.17¢)
2 H(Z)
where primes indicate derivatives with respect to Z.
3.3. Second-order solution
At the second order, O(De?), the governing equations (2.14)—(2.15) take the form
aU. oU
922 T2 ), (3.18a)
0Z oY
dp; 82Uz 2 5 aSzz 1 8Syz 1
i - = ) 3.18b
dz Y2 TP 0Z + oY ( )
oP
T2 oo, (3.18¢)
oY
0A1 0A,; 1 aU; o U, o
U.o aZZZ Uy.0 BZ; 2 aé ol — 28—;Ayz,1 = —Ago, (3.18d)
0Ayy 1 0Ayy.1 aUy,0 aUy aUy >
U.o 57 Uy, A 2 57 A1 —2 Ay 28—Y = —Ayy2, (3.18¢)
0Ay; 1 0A; | aUy o AU, o U, »
U, 0—= > N Ry 3.18
z,0 97 y 9Y FYA 2z,1 9Y yy, 1 9Y ¥z,2 ( f)
0A;; 1 0A,; 1 aU, o aU; 0
Szzl = Uz,() aZZZ — Uy,0 BZ; + za_éAZZ 1+ 28—;/‘}71,17 (318g)
0Ay; 1 0Ay; 1 aUy,0 aU. o
Syt = —Uz0—-= = Uno—y 57 Al —8; A1, (3.18h)

where we have used the fact that U, | = 0 and U, ; = 0. The governing equations (3.18)
are supplemented by the boundary conditions

oU,»
Y

H(Z)
0,2) =0, f U.»(Y,Z)dY = 0.
0

(3.19a-d)
The last term on the right-hand side of (3.180) solely depends on the leading- and
first-order solutions, and thus can be calculated using (3.18¢)—(3.18A),

Ié |:aSzz,l + aSyz,lj|

UZ,Z(H(Z)a Z) - 07 Uy,Z(H(Z)7 Z) - 07

815 (Y2 — H(Z)?) [4HDH'(2)* + H'(Z) (Y* — H(2)?)]
2

9z Y H(Z)!0

(3.20)
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Integrating (3.18)) twice with respect to Y, using (3.20), and applying the boundary
conditions (3.19a) and (3.19¢), we obtain

Uy (¥ — HP) <1 dP, 27 10HH™ (Y> — 5H?) + H" (Y* — 4(YH)? + 11H*)
7,2 = - 5 a7 A

2 dzZ 20 H10
(3.21)
To determine dP;/dZ, we use the integral constraint (3.19d), to find
dpP, 324 . (14H'(2)*> 3H"(Z)
4z 35 ( HZ)  HZ) ) ' (3-22)

Integrating (3.22) with respect to Z from 0 to 1 yields the pressure drop at O(De?),

324 (' (14H'(2)*  3H'(2)
APy = ==p /0 ( Hay " B ) dz. (3.23)

For a given flow rate g, we have determined the dimensionless pressure drop AP =

Ap/(nogt /2h2) as a function of the shape function H(Z), the viscosity ratio B and the
Deborah number De,

AP = APy(H(Z)) + DeAP\ (B, H(Z)) + De* AP»(B, H(Z)) + O(e%, De®),  (3.24)

where the expressions for APy, APy and AP, are given in (3.10), (3.16) and (3.23),
respectively.

We note that once U, (Y, Z) is determined from (3.21) and (3.22), Uy (Y, Z) can
be found using the continuity (3.18a) and (3.19b). Furthermore, the components of the
conformation tensor at this order can be calculated from (3.184)—(3.18f). Although the
resulting expressions are readily found using MATHEMATICA, they are rather lengthy and,
thus, not presented here.

4. Reciprocal theorem for the flow of an Oldroyd-B fluid in narrow geometries

In this section, we exploit the reciprocal theorem for complex fluids in narrow geometries,
recently derived by Boyko & Stone (2021), to calculate the flow rate—pressure drop
relation, bypassing the detailed calculations of the viscoelastic flow problem. In particular,
we show that the reciprocal theorem allows one to obtain the g—Ap relation at the next
order, O(De?), relying only on the solutions from previous orders. For completeness, we
present the governing equations and the key relations derived in Boyko & Stone (2021),
adapted to the notation in this paper.

Let & and 6 denote the velocity and stress fields, respectively, corresponding to the
solution of the Stokes equations in the same domain with the constant viscosity 1g. The
corresponding governing equations are

V-a=0, V-6 =0 withé = —pl+2nE. (4.1a,b)

The reciprocal theorem states that two flows (u, o) and (@, 6), governed by (2.8) and (4.1),
satisfy (see Boyko & Stone 2021),

/n-a-itdS—i—/n-a-itdS—/n.t?-udS—/.n~6-udS=n,,/S:£—'dV,
So Se So Se %
“4.2)

where V is the entire fluid volume bounded by the surface of the top and bottom walls S,,,
and the surfaces at the inlet and outlet Sp and Sy at z = 0 and z = ¢, respectively, and # is
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the unit outward normal to Sp, ¢. Note that the integrals over the walls S,, vanish because
there u = &1 = 0. .

Using the scaling analysis and (2.6), (2.10) and (4.1a,b), the terms 7,S: E, n-o - u,
and n - ¢ - u, appearing in (4.2), are approximately:

. nyDeu? AU 8(7
npyS: E= th ¢ (‘SZZB_ZZ + Sy — 5y T Ot 2)) (4.3a)
. nouz@
n-o-u= [(—P+ ﬁDeSZZ)U + 0(})]2— 0.1 (4.3b)
¢
- _ __Nou C
n-oc-u==%F 2 [— PU —I—O(e)]z 0.1 (4.3¢)

(4

where the minus sign in (4.3b) and (4.3¢) corresponds to Sy and the plus sign corresponds
to S¢. Substituting (4.3) into (4.2), we obtain

H(0) N . . H(1) B R R
/0 [(P— ,BDeSzz) U, — PU ]z dY — /(; [(P— ﬂDeszz)Uz — PU;lz=1dY

. 1 rH@) a0 au. 5
= BDe /O /0 (‘Szza_zz Jnsyza—yZ dYdZ + O(e%), (4.4)

where H(Z) is the non-dimensional shape of the channel. Noting that P = P(Z) + 0(e?),
P=P@) + 0 and [P U, dy = [I'P U,dY = 1, and defining AP = P(0) — P(1)
and AP = f’(O) — 13(1), (4.4) simplifies to

N H(0) . N H(l) R
AP = AP + ﬂDe/ [S.:Ulz=—0dY — ﬂDe/ [S;;U lz=1dY
0 0

. 1 pHE) aU aU.
+ BDe / / Sei—— + Sy;——= | dY dZ + O(e?), (4.5)
o Jo 0z Y

where the solution of the corresponding Newtonian problem is obtained from (3.7), (3.8)
and (3.10) as

. .~ 3HZ?*-Y* . 3dH@Z) YHZ)?-Y?
AP=3| —, U =-—"""_——, ==
/0 H(Z)3 2 HZ)3 YT Az H(Z)*

(4.6a—c)

Equation (4.5) indicates that the dimensionless pressure drop of the viscoelastic flow of
an Oldroyd-B fluid in a narrow channel consists of four contributions. The first term on
the right-hand side of (4.5) represents the Newtonian contribution to the pressure drop.
The second and third terms represent the contribution of the viscoelastic normal stress of
the complex fluid at the inlet and outlet of the channel. Finally, the last term represents
the viscoelastic contribution due to elongational (S0 f]z /0Z) and shearing (S,;0 f]z /3Y)
effects within the fluid domain V.

Furthermore, (4.5) clearly shows that the dimensionless pressure drop depends on the
S, and S, and thus, generally, requires the solution of the nonlinear viscoelastic problem.
However, in the weakly viscoelastic limit, corresponding to De < 1, the reciprocal
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theorem (4.5) allows one to determine the pressure drop at the current order only with the
knowledge of the solution of the Newtonian problem and previous orders. For example,
we can determine AP; with the knowledge of the solution of the Newtonian problem
and the leading-order solution. Similarly, we can determine AP; with the knowledge of
the solution of the Newtonian problem and the leading- and first-order solutions of the
viscoelastic problem. We note that our analysis assumes only negligible fluid inertia, a
shallow geometry, € < 1, and the weakly viscoelastic limit, De < 1, while allowing Wi
to be O(1).

In the next sections, we illustrate the use of the reciprocal theorem (4.5) and provide
closed-form analytical expressions for the dimensionless pressure drop of an Oldroyd-B
fluid up to O(De?) for 2-D geometries.

4.1. Expression for the dimensionless pressure drop at the first order
Substituting (3.1) into (4.5) and considering the first order, O(De), we obtain

H(0) H(l)
AP| = /3/ [Sec.0Ulz=0dY — ﬁ/ [Sec.0U.1z=1 dY

H@) AU, AU,
+:3/ / ( ZZO +S)ZO £Y% dy dz. (4-7)

Equation (4.7) indicates that the first-order pressure drop AP can be calculated with the
knowledge of the solutions of the Newtonian problem and the leading-order viscoelastic
problem. Using the expressions for S ¢ and Sy 0, given in (3.11g) and (3.11h), we
obtain

ap B 1 1 9 (1 1) 9/ 1 1
=5 <H<0>4 B H<1)4) 107 (H(0>4 B H<1>4> =37 <H<0)4 B H(1)4> ’
(4.8)

which is exactly (3.16).

4.2. Expression for the dimensionless pressure drop at the second order
At the second order, O(De?), we have

_ [HO) . _ pH(O) .
APy = ,3 / [Szz,l Uz]Z:O dy — ,Bf [Szz,l Uz]Z:l dy

H@) AU, AU,
+ ﬂ/ / ( ol —— + Syl aY) dY dZ. 4.9)

The second-order pressure drop AP> solely depends on the solution of the Newtonian
problem and the leading- and first-order viscoelastic problems. Using the expressions for
Sz,1 and Sy 1, given in (3.18g) and (3.18%), and (4.6b), we obtain

! / 1 1072 %
APZ:%B(H(O) H(l)) 324~/ <2H(Z) H'(Z)

H(0)6 B H(1)6 g H(Z)7 - H(Z)6> dZ’ (410)
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which can be rewritten as

324 . ('T14H'(2)* 3H"(2)
AP, = —8 — dz, (4.11)
357 Jo H(Z)’ H(Z)®
giving exactly (3.23).
4.3. Expression for the dimensionless pressure drop at the third order
At the third order, O(De?), (4.5) takes the form
_ [HO R _ HM R
AP3 = ,8/ [SZZ,ZUZ]Z:O dy — ﬂ/ [Szz,ZUZ]Z:I dy
0 0
_ [ HD 90 aU
Sen—+S8 ® | drdz, 4.12
+:8/0 /0 ( 22,2 37 + yz,2 Y ( )
where S > and Sy, > are given by
0A; 2 0A;; 2 aU; o aU; o AU, »
SZZ,Z = _UZ,OY — Uy,0 £Y% + 2VAZZ,2 + 2714)22,2 + 2WAyz,O7
(4.13a)
0Ay; 2 04,0 0A,; 2
S — _U Yz, _ Yz, _ Y,
'yz,2 z,0 97 7,2 97 v,0 3y
0Ay;0  dUypo aU;o aU;
— . — —Ayy —=Ayy0- 4.13b
22y Tz Aer T Ty A Ty Ao (4135)

As S > and S,;> depend on the solution from previous orders, we can calculate the
third-order pressure drop APz using the solution of the Newtonian problem and the
solution of the leading-, first- and second-order viscoelastic problems.

The resulting expression for AP3 is

Ape 64889 — B) (H/(O)2 H/(l)z) 21688 — B) (H'(0) H"(1)
T HO®  HDE) (

35 35 HO)Y H(1)7)' (14)

In summary, using the reciprocal theorem (4.5) we have determined the dimensionless
pressure drop AP = Ap/ (noq€/2h:2) as a function of the shape function H(Z), the

viscosity ratio ,5 and the Deborah number De up to 0(Dé%),
AP = APy + DeAP| + De* AP, + De® AP3 + O(€2, De*), (4.15)

where the expressions for APy, AP;, AP, and AP3 are given in (3.10), (4.8), (4.11)

and (4.14), respectively. We note that, physically, AP = Ap/(nogl/ 2h£’) represents
the dimensionless hydrodynamic resistance (Ap/q). The reader is reminded that the
expression for the non-dimensional pressure drop (4.15) applies to the geometry shown in
figure 1, where the entrance and exit effects are eliminated. When a viscoelastic fluid exits
from the non-uniform region directly to the atmosphere or a large reservoir, significant exit
effects can arise due to axial stresses, thus requiring a correction to be added to (4.15).
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5. Results and comparison with finite-element simulations

In this section, we present the analytical results for the pressure drop and flow and stress
fields of the Oldroyd-B fluid developed in §§ 3 and 4. We also validate the predictions of
our theoretical model by performing 2-D numerical simulations with the finite-element
software COMSOL Multiphysics (version 5.6, COMSOL AB, Stockholm, Sweden), with
which we compare our analytical results. The details of the numerical procedure are
provided in Appendix A.

As an illustrative example, we specifically consider the case of a hyperbolic contracting
channel of the form

o

(«a—DZ+1°

where oo = ho/he is a ratio of the heights at the inlet and outlet; for the contracting
geometry we have « > 1. For the 2-D hyperbolic contracting geometry (5.1), closed-form
analytical expressions for the contributions to the pressure drop up to O(De?) are obtained
from (3.10), (4.8), (4.11) and (4.14) as

H(Z) = (5.1

3+ +a?)

APy = - , (5.2a)

9.1—qo*
AP = Sf— (5.2b)

2001 N2

apy _ 848 01+ ad)(1 e 50

35 ad

216 ~ - (1 1+a®)(1—a)

APy = Z2Aa1 _ e J;‘; A=) (5.2d)

As expected, (5.2) clearly shows that for the straight channel, « = 1, the AP;, AP> and
AP3 contributions vanish and the pressure drop of the Oldroyd-B fluid is identical to the
pressure drop of the Newtonian fluid with the same zero-shear-rate viscosity.

5.1. Variation of pressure drop with the Deborah and Weissenberg numbers

In this work, we mainly present the results for the Oldroyd-B fluid with 8 = 0.4 in two
hyperbolic geometries, which have an identical inlet-to-outlet ratio o« = 4 but different
aspect ratios € = hy/{. The first geometry we consider has € = 0.02, for which the
assumptions of the lubrication approximation are expected to be well satisfied. In addition,
aiming to examine the pressure drop in less narrow configurations, the second geometry
we study corresponds to € = 0.1. For such geometry, even if € = 0.1 can be considered a
small parameter, the requirement oe << 1, representing the slow variation assumption in
the lubrication theory, is not satisfied because e = 0.4 is O(1). However, as we show in
the following, although the lubrication assumptions are not strictly satisfied in this case,
our theory captures fairly well the variation of the pressure drop with De.

We present the non-dimensional pressure drop AP = Ap/ (noq£/2h%) as a function
of De = Aq/(2Lhy) (or Wi = Aq/ (2h%)) in figure 2(a,b) for the Oldroyd-B fluid in a
hyperbolic contracting channel for € = 0.02 (a) and € = 0.1 (b), with o = 4 and 8 = 0.4.
Dotted lines represent the first-order asymptotic solution, given by (5.2a)-(5.2b), solid

lines represent the second-order asymptotic solution, given by (5.2a)—(5.2¢), and dashed
lines represent the third-order asymptotic solution, given by (5.2a)—(5.2d). Black triangles
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Figure 2. Non-dimensional pressure drop for the Oldroyd-B fluid in a hyperbolic contracting channel
described by (5.1). (a, b) Dimensionless pressure drop AP = Ap/(nogt/ 2h2) as a function of De = Aq/(2¢hy)

(or Wi = /lq/(Zh%)) for (@) € =0.02 and (b) € =0.1. Black triangles (A) represent the results of the
finite-element simulation. Dotted lines represent the first-order asymptotic solution, given by (5.2a)—(5.2b).
Solid lines represent the second-order asymptotic solution, given by (5.2a)—(5.2¢). Dashed lines represent
the third-order asymptotic solution, given by (5.2a)—(5.2d). All calculations were performed using « = 4 and

B =04.

represent the results of the numerical simulation obtained from calculating the pressure
drop along the centreline (¥ = 0). We note that while our analysis assumes De < 1, where
Deborah number is the product of the relaxation time and the characteristic extensional
rate of the flow, the Weissenberg number Wi, which is the product of the relaxation time
and the characteristic shear rate of the flow, is O(1) (see also Ahmed & Biancofiore
2021). To further highlight this point, we present our results both as a function of De
and Wi.

Similar to previous numerical reports using the Oldroyd-B model for studying the flow
of Boger fluids in 2-D abruptly contracting geometries (see, e.g., Aboubacar et al. 2002;
Alves et al. 2003; Binding et al. 2006; Aguayo et al. 2008), our high-order analytical
and numerical simulations in figures 2(a) and 2(b) predict a monotonic decrease in the
pressure drop with increasing De (or Wi). In addition, the results in figure 2(a) clearly
show that accounting for higher orders of the analytical solutions for the pressure drop
significantly improves the agreement with the numerical simulation results for € = 0.02,
yielding a relative error of approximately 5 % for up to De = 0.2, corresponding to
Wi = 10. For the case of ¢ = 0.1, shown in figure 2(b), the third-order asymptotic solution,
given by (5.2a)—(5.2d), slightly underpredicts the pressure drop, yet even for De = 0.2,
corresponding to Wi =2, it results in a modest relative error of approximately 9 %.
Furthermore, it follows from figure 2(b) that, for € = 0.1, a small discrepancy between
analytical solutions and numerical simulations exists even for the Newtonian case (De =
0), thus indicating that the error is due to the non-fulfillment of the lubrication assumptions
rather than the low-De analysis.

5.2. Assessing the effect of different contributions to the pressure drop

The results presented in the previous subsection predict a reduction in the dimensionless
pressure drop with increasing De or Wi for the Oldroyd-B fluid in a hyperbolic contracting
channel. In this subsection, to provide insight into the source of such a reduction, we
elucidate the relative importance of different contributions to the pressure drop using our
analytical predictions and numerical simulations. To this end, we integrate the momentum
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equation (2.14b) with respect to Z from 0 to 1 along the centreline (¥ = 0) and obtain the
dimensionless pressure drop,

U, U 052y,
AP =¢e?| —2 - = + / = dz
0Z Y=0,Z=0 0Z Y=0,Z=1 1 Y Y=0
) @
- - 038,.
+ BDeAS.. + BDe dz, (5.3)
——— 1 Y Y=0
©)

where AP = P(0,0) — P(0, 1) and AS,; = S;;(0,0) — S,;(0, 1). We note that for a
general geometry the axial pressure drop may strongly depend on the Y coordinate along
which it is evaluated. However, as for narrow geometries P = P(Z) + O(€?), i.e. the
pressure is independent of Y up to O(e2), we expect the results to be weakly dependent on
the value of Y along which the integration over Z is performed.

Equation (5.3) clearly shows that the pressure drop of viscoelastic flow of consists
of four contributions. The first ((I)) and third (3)) terms on the right-hand side of
(5.3) represent the contribution of the Newtonian and viscoelastic viscous axial stress
differences, respectively. The second ((2)) and fourth (@)) terms represent, respectively, the
contribution of the Newtonian and viscoelastic viscous shear stresses. As the first term, (D),
scales as O(e2), we expect it to be negligible for narrow geometries under consideration.

The different contributions to the non-dimensional pressure drop as a function of De
(or Wi) are shown in figures 3(a) and 3(b) for € = 0.02 (a) and € = 0.1 (b), with ¢ =4
and 8 = 0.4. Dots, triangles, crosses and circles, respectively, represent the contributions
(D-@ extracted from numerical simulations. Black solid, purple solid, cyan dotted and
grey dash-dotted lines represent the (D-@) contributions obtained from the asymptotic

solution up to O(De?). Red dashed lines represent the analytically obtained contribution
@ up to O(Ded).

First, as expected, both our analytical and numerical simulations show that the (I) term
has a negligible contribution to the pressure drop. Second, somewhat surprisingly, from
figure 3(a, b) it follows that the @) term, representing the viscoelastic viscous axial stress
difference along the centreline, also has a negligible contribution to the pressure drop.
We rationalise the latter by noting that, for convenience, we have calculated the pressure
drop along the centreline, and for ¥ = 0, the viscoelastic viscous axial stress difference
is indeed negligible. However, because the pressure is independent of Y to 0(€?), (2.14b)
can be integrated with respect to Z from O to 1, while setting the different values of Y, for
which the viscoelastic viscous axial stress difference may have an apparent contribution to
the pressure drop (see figure 4).

It is evident from figures 3(a) and 3(b) that only the @) and @ terms, which are
associated with the Newtonian and viscoelastic viscous shear stresses, have a significant
contribution to the pressure drop, calculated along Y = 0. The @) term shows only
a weak dependence on De and has approximately a constant value, corresponding to
the Newtonian case. Such a weak dependence on De is expected, since ) is related
to the velocity U, = U, o + De? U;»+ O(Dé?, €2), which has only O(De?) and higher
contributions. We observe an excellent agreement between our analytical predictions
and the results of the numerical simulations for @) in the case € = 0.02 throughout
the investigated range of De number. Moreover, although for € = 0.1 the lubrication
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Figure 3. Contributions to the non-dimensional pressure drop of the Oldroyd-B fluid in a hyperbolic
contracting channel. (a, b) Different contributions to the dimensionless pressure drop as a function of De =
Aq/(2Lhy) (or Wi = /lq/(Zh%)) for (a) € = 0.02 and (b) € = 0.1. Dots, triangles, crosses and circles represent
the (D-@) contributions extracted from 2-D numerical simulations. Black solid, purple solid, cyan dotted,
and grey dash-dotted lines represent the (D-@ contributions obtained from the asymptotic solution up to

O(De?). Red dashed lines represent the analytically obtained @) contribution up to O(Dé?). All calculations
were performed using @ = 4 and § = 0.4.

assumptions are not strictly satisfied, our asymptotic solution for (2) is in fair agreement
with numerical simulations for this case as well. We note that a small discrepancy
exists even for the Newtonian case (De = 0), thus indicating that the error is due to the
non-fulfillment of the lubrication assumptions rather than the low-De analysis.

Unlike @), the @) term strongly depends on De, and both our third-order asymptotic
solution (red dashed lines) and numerical simulations (triangles) predict a monotonic
decrease with De, which is the main source of reduction in the pressure drop observed
in figure 2. We, therefore, may conclude that for narrow configurations, such as those
shown in figure 1, the dimensionless pressure drop, calculated along Y = 0, is determined
from the balance between the @) and @) terms and the reduction in the pressure drop for
contracting channels is due to the viscoelastic viscous shear stress term @).

At this point, the reader might ask why we observe the pressure drop reduction for
the Oldroyd-B fluid in contracting channels. To explain this, let us look at the expression
for the pressure gradient along the channel. Using (3.6) and (3.15), the pressure gradient
dP/dZ is approximately

a3 6BDe dH(Z) M.
Z= Hap 1+ HZ? oz + 0(De*, €%), (5.4)

which can be rewritten in a dimensional form as

dp 3q np 34q dh(z)
-~ = 3 no 1 - B s
dz 2h(z) no h(z)* dz

Neff

(5.5)

where we have introduced an ‘effective viscosity’ 7y, by analogy with the constant
viscosity no appearing in the classical lubrication result in the case of a Newtonian
fluid, i.e. dp/dz = —(3/2)qno/h(z)>. For contracting channels (di(z)/dz < 0), from (5.5)
it follows that n.s < no, and thus the pressure gradient and pressure drop for the
Oldroyd-B fluid are less than for corresponding Newtonian case. Similarly, for expanding
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Figure 4. Contour plot of the axial polymer stress distribution, 7, .., as a function of the (Y, Z) coordinates
for (a,d) De = 0.1 (Wi =5), (b,e) De = 0.2 (Wi = 10) and (c,f) De = 0.3 (Wi = 15), obtained from (a—c) our
analytical theory and (d—f) 2-D numerical simulations. All calculations were performed using € = 0.02, « = 4,
and 8 = 0.4.

channels (dh(z)/dz > 0), ner is greater than 7o, and (5.5) predicts an increase in
the pressure drop, in qualitative agreement with 2-D numerical simulations using the
Oldroyd-B model for abruptly expanding channels (Binding et al. 2006). For a discussion
on the Lagrangian-based micro-structure interpretation of the pressure drop reduction
mechanism in contracting channels, we further refer the reader to work of Szabo et al.
(1997) and a lecture of Hinch (2010).

5.3. Comparison between the analytical predictions and the 2-D numerical simulations
for the axial velocity and polymer stress contributions

The theoretical results derived in §3 allow closed-form analytical expressions to
be determined for the velocity and pressure, as well as solvent and polymer stress
distributions, which can then be compared with the results of numerical simulations. It is
of particular interest to compare the results for the polymer stress distribution, especially
the 7, ., and 7, ,, components, whose gradients contribute to the axial pressure gradient,
ultimately resulting in the pressure drop. Due to symmetry along the Y =0, in the
following we show the polymer stress and velocity distributions only in the half domain,
Y > 0.

We present in figures 4 and 5 a comparison of our analytical predictions (a—c) and
finite-element simulation results (d—f) for the axial and shear polymer stress distribution,
1),z and 7T, ., respectively, for different values of De, with € = 0.02, « = 4, and ﬂ~ = 04.
Clearly, for De = 0.1 and De = 0.2 there is good agreement between our analytical
predictions and the numerical results for both 7, .. and 7, ,.. However, as expected,
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Figure 5. Contour plot of the polymer shear stress distribution, 7, ,., as a function of the (¥, Z) coordinates
for (a,d) De = 0.1 (Wi =5), (b,e) De = 0.2 (Wi = 10) and (c,f) De = 0.3 (Wi = 15), obtained from (a—c) our
analytical theory and (d—f) 2-D numerical simulations. All calculations were performed using € = 0.02, « = 4,
and f = 04.

when De increases, the agreement deteriorates, and for De = 0.3, our analytical solution
overpredicts the magnitude of 7, ., and 7, ,, on the wall and does not capture exactly
the polymer stress distribution in the entire domain. As 7, ,, and S, are related through
(2.16b), the latter observation is consistent with the discrepancy between theory and
simulations observed for De = 0.3 in figure 3(a) for the pressure drop contribution related
to the 95,,/0Y (term @).

It is evident from figures 4 and 5 that 7, ., is positive and 7, . is negative for ¥ > 0,
with a minimum magnitude on the centreline and a maximum magnitude on the wall at
the outlet, i.e. (Y,Z) = (1, 1). These results and the 7, ;; and 7, ,, distributions are in
qualitative agreement with the numerical results of Nystrom er al. (2016) for the axial
and shear polymer stress contributions of a viscoelastic fluid, described by the FENE-CR
model, in an axisymmetric contracting hyperbolic channel, shown in their figures 7(b)
and 7(c). It is also worth noting that all of the presented analytical and numerical results
here for 7, ., and 7, ., are O(1), thus clearly showing that our scalings in (2.10c) and
(2.10d) for narrow geometries are representative, consistent with the studies on thin films
and lubrication problems (Tichy 1996; Zhang et al. 2002; Saprykin et al. 2007; Ahmed
& Biancofiore 2021). We note that in most studies all the components of the polymer
stress tensor were scaled with the same scaling nou./h¢. While such a scaling holds for
geometries with /iy /¢ = O(1), for narrow geometries it becomes inappropriate.

Although the viscoelastic axial stress is negligible along the centreline and, thus, has
a minor contribution to the pressure drop calculated along ¥ = 0 (see figure 3), figure 4
clearly shows that 7, .. is non-negligible in the rest of the domain. In fact, using the results
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Figure 6. Comparison of (a,c) analytical predictions and (b,d) finite-element simulation results for contours of
the axial velocity, U, as a function of the (Y, Z) coordinates for (a,b) the Newtonian fluid and (c,d) Oldroyd-B
fluid with De = 0.3 (Wi = 15) in the case of a hyperbolic contracting channel. All calculations were performed

using € = 0.02, 0 =4 and § = 0.4.

of §§2.1, 3.1 and 3.2, we obtain that the polymer stress tensor in the dimensional form,
T, in the weakly viscoelastic and lubrication limits is approximately

, 18Y2 3y
1 G —Wl—3
p H(Z) H(Z) 5.6
Tp ~~ 2 2 L) ( . )
1 3y dH(Z) (=3Y2+ H(2)?)
—Wi 3eWi
H(Z)3 dz H(Z)*

where Wi is O(1). Under the assumptions that Y, H(Z), and dH(Z)/dZ are O(1), from
(5.6) it follows that 7, ;, can be comparable or larger than the shear stress 7, .. However,
for narrow geometries, T, yy is much smaller than 7, ,, and 7, ,, because it scales as O(e).

In addition to the polymer stress distribution, we compare our analytical predictions
for the axial velocity with the results of the numerical simulations. Figure 6 shows a
comparison of analytical predictions (figures 6a and 6c¢) and finite-element simulation
results (figures 6b and 6d) for contours of the axial velocity, U, as a function of the (Y, Z)
coordinates for the Newtonian fluid (figures 6a and 6b) and Oldroyd-B fluid (figures 6¢ and
6d) with De = 0.3 (Wi =15), ¢ =0.02, « = 4 and ﬁ = 0.4. First, we observe excellent
agreement between the analytical and numerical results for the axial velocity U, for both
De = 0 (Newtonian case) and De = 0.3. Second, and more importantly, the axial velocity
distribution for De = 0.3 seems nearly identical to the Newtonian case, which might seem
surprising given the observed pressure drop reduction for De = 0.3. As we noted in § 5.2,
the reason for this behaviour is the weak dependence of the velocity on the Deborah
number, so that the viscoelastic effects start to affect the flow field only at O(De?) and
higher orders.

5.4. Effect of the inlet-to-outlet aspect ratio and polymer-to-solvent viscosity ratio

In this section, we explore the effect of the inlet-to-outlet aspect ratio o = ho/hy and
polymer-to-solvent viscosity ratio 1,/ny on the pressure drop. First, in figures 7(a) and 7(b)
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Figure 7. The effect of the inlet-to-outlet ratio o = ho/hy on the non-dimensional pressure drop of the
Oldroyd-B fluid in a hyperbolic contracting channel. (a) Dimensionless pressure drop AP as a function of «
for e = 0.02 and De = 0.2 (Wi = 10). (b) Dimensionless pressure drop AP as a function of « for ¢ = 0.1 and
De = 0.2 (Wi = 2). Black triangles (A) represent the results of the finite-element simulations. Grey dash-dotted
(- - -) lines represent the Newtonian solution, given by (5.2a). Cyan dotted (- - - -) lines represent the first-order
asymptotic solution, given by (5.2a)—(5.2b). Black solid (—) lines represent the second-order asymptotic
solution, given by (5.2a)—(5.2¢). Red dashed (- -) lines represent the third-order asymptotic solution, given
by (5.2a)~(5.2d). All calculations were performed using 8 = 0.4.

we present the non-dimensional pressure drop AP = Ap/(nogt/ 2h2) as a function of « for

€ =0.02 (a) and € = 0.1 (b), with De = 0.2 and ,5 = 0.4. Grey dash-dotted lines represent
the leading-order (Newtonian) asymptotic solution, given by (5.2a), and as earlier, cyan
dotted lines represent the first-order asymptotic solution, given by (5.2a)—(5.2b), black
solid lines represent the second-order asymptotic solution, given by (5.2a)—(5.2¢), and red
dashed lines represent the third-order asymptotic solution, given by (5.2a)—(5.2d). Black
triangles represent the results of the numerical simulations. As expected, when increasing
o = ho/hy (or hy), while fixing the values of /¢ and ¢, the AP = Ap/(noqﬁ/th), which
can be viewed as the dimensionless hydrodynamic resistance, monotonically decreases.
Moreover, for a given value of o = hy/hy, the pressure drop of the Oldroyd-B fluid is
smaller than that of a Newtonian fluid, consistent with the results of figure 2.

For small values of «, figure 7(a,b) shows good agreement between the third-order
asymptotic solution and numerical simulation results for both € = 0.02 and ¢ = 0.1.
However, as « increases, the agreement between the theory and simulations deteriorates
because the assumptions of the lubrication theory become less well satisfied. Nevertheless,
even the case of @ = 10 results in relative errors of only approximately 10 % and 16 % for
€ = 0.02 and € = 0.1, respectively. The latter result for e = hy/¢ = 0.1 and e = hy /L =
1 clearly indicates that our theory is applicable not only to narrow geometries but also
can be used for geometries with a high aspect ratio, and can still reasonably predict the
dimensionless pressure drop.

Finally, we consider the effect of the polymer-to-solvent viscosity ratio 1,/ns on the
pressure drop in figures 8(a) and 8(b) for € = 0.02 and € = 0.1, respectively, with De =
0.1 and @ = 4. We note that it is of more practical interest to discuss the effect of 1, /n;

rather than 8 = np/ Mo, because typically in the experiments the viscosity of the solvent
remains fixed, while the polymer viscosity 1, may change through modifying the polymer
concentration, and thus the total viscosity no = 1, + 1, may also vary. Now, as nq varies,
we find it is more appropriate to present in figures 8(a) and 8(b) the pressure drop Ap
scaled by nsqf/2h3, which is AP/(1 — f), rather than AP. It is evident from figures 8(a)
and 8(b) that for a given value of De (or Wi), the pressure drop increases linearly with
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Figure 8. The effect of the polymer contribution to the viscosity on the pressure drop of the Oldroyd-B fluid
in a hyperbolic contracting channel. (a) Pressure drop Ap scaled by nsq¢/ 2h;§ as a function of the polymer to
solvent viscosity ratio 1, /5 for € = 0.02 and De = 0.1 (Wi = 5). (b) Pressure drop Ap scaled by mqZ/thZ as
a function of the polymer to solvent viscosity ratio 1, /1, for € = 0.1 and De = 0.1 (Wi = 1). Black triangles
(A) represent the results of the finite-element simulation. Cyan dotted (- - --) lines represent the first-order
asymptotic solution, given by (5.2a)—(5.2b). Black solid (—) lines represent the second-order asymptotic
solution, given by (5.2a)—(5.2c). Red dashed (- -) lines represent the third-order asymptotic solution, given
by (5.2a)—(5.2d). All calculations were performed using o = 4.

np/ns- This behaviour can be explained using (5.3) and noting that the first and third terms

have negligible contribution to the pressure drop, as shown in figure 3, so that AP/(1 — f)
is approximately

AP 032y 038,
AT L (1 I @>/ < az+ 77—”De/ o) 4z, (5.7)
1-p ns /) Ji 9Y" ly_o Ns 1 9Y |y—o
@) ©)

clearly showing that AP/(1 — ,5) scales linearly with 7, /n;.

For € = 0.02, we observe a good agreement between the third-order asymptotic solution
(red dashed line) and numerical simulation results (black triangles). For ¢ = 0.1, however,
the third-order asymptotic solution slightly underpredicts the numerically obtained
pressure drop, consistent with our previous results shown in figure 2(b). Nevertheless,
the resulting relative error is below 5 % throughout the investigated range of parameters.

6. Concluding remarks

In this work, we have studied the pressure-driven flow of an Oldroyd-B fluid in arbitrarily
shaped, narrow channels and developed a theoretical framework for calculating the
velocity and stress fields and the g—Ap relation. Using the lubrication approximation,
we first identified the appropriate characteristic scales and dimensionless parameters
governing the viscoelastic flow in narrow geometries. We then employed a perturbation
expansion in powers of De and provided analytical expressions for the velocity and stress
fields and the flow rate—pressure drop relation in the weakly viscoelastic limit up to
O(De?). We further exploited the reciprocal theorem to obtain the g—Ap relation at the next
order, O(De?), using only the velocity and stress fields at the previous orders, eliminating
the need to solve the viscoelastic flow problem at 0(Dé>).

To validate the results of our theoretical model, we performed 2-D numerical
simulations of the viscoelastic flow, described by the Oldroyd-B model, in a hyperbolic,
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symmetric contracting channel for the flow-rate-controlled situation. For geometries that
satisfy well the lubrication assumptions, we found excellent agreement between the
velocity, polymer stress and pressure drop predicted by our theory and those obtained
from the numerical simulations. Furthermore, we showed that our theory is applicable not
only to narrow geometries but it also can be used for geometries with a high aspect ratio,
while still reasonably predicting the pressure drop in the weakly viscoelastic limit.

Both our theory and simulations showed a weak dependence of the velocity field
of an Oldroyd-B fluid on the Deborah number so that it can be approximated as
Newtonian. In contrast, we have demonstrated that the dimensionless pressure drop of an
Oldroyd-B fluid strongly depends on the viscoelastic effects and monotonically decreases
with increasing De, similar to previous numerical reports on 2-D abruptly contracting
geometries (Aboubacar et al. 2002; Alves et al. 2003; Binding et al. 2006; Aguayo et al.
2008). To understand the cause for such pressure drop reduction, which has been largely
unexplored to date, we elucidated the relative importance of different terms contributing
to the pressure drop along the symmetry line (see (5.3)). We identified that a pressure drop
reduction for narrow contracting geometries is primarily due to viscoelastic shear stresses
gradients (term @) in (5.3)), while viscoelastic axial stresses (term () in (5.3)) make a
negligible contribution to the pressure drop, calculated along the symmetry line. However,
although for narrow geometries the viscoelastic axial stresses are negligible along the
symmetry line, they are comparable or larger than shear stresses in the rest of the domain,
as shown in § 5.3.

In this work, we have used the lubrication theory to calculate analytically the flow
rate—pressure drop relation of Oldroyd-B fluids in narrow geometries in the weakly
viscoelastic limit. We showed that our approach holds well even for channels with the
contraction amplitude comparable to or larger than the channel height (see figure 7).
Understanding the behaviour at a higher Deborah number requires numerically solving
the lubrication equations on a non-rectangular domain, which may involve cumbersome
implementation using finite differences. We note that beyond lubrication theory, other
approaches, such as the domain decomposition method, have been exploited to study
numerically the flow rate—pressure drop relation of the UCM and Oldroyd-B fluids in
undulating channels (Pilitsis & Beris 1989; Souvaliotis & Beris 1992). The domain
decomposition method is convenient for numerical implementation since it maps and
solves the problem with ‘complex’ geometry on a rectangular domain (Tang, Haynes &
Houzeaux 2020). However, this method is limited to geometries in which the amplitude
of contraction/undulation is much smaller than the channel height (Pilitsis & Beris 1989;
Souvaliotis & Beris 1992).

Our theoretical approach is not restricted to the case of 2-D channels and can be utilised
to calculate the flow rate—pressure drop relation in narrow axisymmetric geometries. We
also expect our results to directly apply to narrow and shallow 3-D channels of length ¢,
width w and height i, where h < w < £, or h/€ < 1 and h/w < 1. Nevertheless, further
investigation would be required to assess the range of validity of this approximation.

One interesting extension of the present work, which relies on the leading-order
lubrication theory, is to calculate the high-order perturbative corrections to the pressure
drop, following, e.g., Tavakol er al. (2017). We anticipate that with such corrections,
our framework will allow accurate prediction of the pressure drop in geometries with a
modest aspect ratio and rapidly varying shape. Finally, while we considered the Oldroyd-B
model to describe the viscoelasticity and predicted a monotonic reduction in the pressure
drop with increasing De for contracting geometries, as a future research direction, it
is interesting to analyse more complex constitutive models that incorporate additional
microscopic features of polymer solutions and to study the effect of these features on
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the pressure drop. Although a more complex model may pose significant challenges for
analytical progress, we anticipate the theoretical framework presented here may still allow
the development of a simplified, reduced-order model, amenable to asymptotic/numerical
investigations.
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Appendix A. Details of numerical simulations

In this appendix we describe the numerical techniques used to solve the system of
(2.1), (2.2) and (2.5). We have performed 2-D finite-element numerical simulations using
the viscoelastic flow module in COMSOL Multiphysics, which includes the Oldroyd-B
constitutive model (version 5.6, COMSOL AB, Stockholm, Sweden). All the equations
are written in weak form by means of the corresponding integral scalar product, defined
in terms of test functions for the pressure, velocity and polymer stress fields, i.e. p, &
and 7,, respectively. Additional details of the finite-element formulation and weak form
implementation for the Oldroyd-B model in COMSOL Multiphysics are given in Craven,
Rees & Zimmerman (2006) and Rajagopal & Das (2016).

The symmetry of the channel allows us to simplify the problem to consider only half
of the domain, as shown in figure 9. We impose the no-slip and the no-penetration
boundary conditions along the wall, y = &(z), and symmetry boundary condition along
the centreline, y = 0. As we are interested in determining the pressure drop Ap originating
from the contraction geometry, we have added two straight regions of length ¢ to eliminate
the entrance and exit effects. Thus, we impose fully developed unidirectional Poiseuille
velocity profile at the entrance and exit. In addition, at the entrance, we impose the
polymer stress distribution corresponding to the Poiseuille flow. At the exit, the reference
value for the pressure is set to zero on y = 0. Finally, we calculate the pressure drop
along the centreline between the inlet (z = 0) and outlet (z = £) of the contraction, i.e.
Ap=p(y=0,2=0)—p(y=0,z=10).

We summarise in table 2 the values of physical and geometrical parameters used in
the numerical simulations. We mainly consider two hyperbolic geometries, which have an
identical inlet-to-outlet ratio o« = ho/hy = 4 but different aspect ratios € = hy/¢: € = 0.02
(case I) and € = 0.1 (case II). In both cases, we keep £ =5 mm and u, = 5 mm s,
while setting 7y = 0.1 mm (case I) and i, = 0.5 mm (case II), and adjusting the flow rate
per unit depth ¢ = 2hu., accordingly. For each case, to the study the effect of different
Deborah numbers, we change the relaxation time A from 0 to 0.3 s to change De from 0
to 0.3, while keeping all other physical and geometrical parameters. When investigating
the effect of the inlet-to-outlet ratio o« = hg/hy on the pressure drop, we change only the
value of hg for each of the cases I and II and set 4 = 0.2 s, corresponding to De = 0.2,
while keeping the values of all other parameters. Similarly, when studying the effect of the
polymer-to-solvent viscosity ratio 1,/ns on the pressure drop, we change only the value
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Figure 9. Schematic illustration of the 2-D hyperbolic contracting channel with straight entrance and exit
regions of length £ used in finite-element numerical simulations for the pressure-driven flow of the Oldroyd-B
fluid.

¢(mm) 7o (Pas) s (Pas) n, (Pas) u (mms™h) pkgm)  A(s) De B«
5 1 0.6 0.4 5 1 0-0.3 0-0.3 04 4
€ ho (mm) ke (mm) g (m?s) pe (Pa) Wi Re
Case I 0.02 0.4 0.1 1076 2500 0-15 5% 1077
Case I 0.1 2 0.5 5% 1070 100 0-3 25x107°

Table 2. Values of physical parameters used in the 2-D numerical simulations of the pressure-driven flow of
the Oldroyd-B fluid in a hyperbolic contracting channel. The Reynolds number Re is defined as Re = pu.hg/no
and the characteristic pressure p. is given as p. = nout /h%.

of 1, for each of the cases I and II, while setting ny =1 Pas and 4 = 0.1 s (De = 0.1),
and keeping the values of all other parameters. We note that while the steady momentum
equations in COMSOL Multiphysics have a convective term, the effect of fluid inertia is
negligible in our simulations, as the Reynolds number is vanishingly small; see table 2.

We discretised the velocity field using the second-order Lagrange elements and the
pressure and polymer stress fields using the first-order Lagrange elements, resulting
in meshes of ~ 84 000 elements for ¢ = 0.02 and &~ 17000 elements for ¢ = 0.1. We
performed tests to assess the grid sensitivity at this resolution and established grid
independence. Finally, the PARDISO solver implemented in COMSOL Multiphysics has
been ussed for simulation and the relative tolerance of the nonlinear method is always set
to 107~
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