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Nonexistence of certain supplementary

difference sets

Nicholas Wormald

This paper finds restrictions on the parameters of supplementary
difference sets in any group G with a subgroup of index 2 ,
which therefore includes all cyclic groups of even orders. As a

corollary to the main theorem, we have that if Sl, sees Sr are

r - {20; Kis ooes kr; 2)} supplementary difference sets in such

a group, then not all of v, k., ..., kr’ A are odd; also

r
[ Y ki] - 2X\ 1is the sum of r squares.
5

Let Sl’ e Sr be subsets of (G , a finite abelian group of order

v written in additive notation. Suppose for each % that

5. ={s

: 1 =g = ki} where ki is the size of Si . Suppose there is

%]
a natural number, A say, such that for each non-zero element g of G ,

there are precisely A ordered triples (i, m, n) such that
g= si,m - si,n :

Then we say that the sets Sl, cee, Sr are r - {v; K.y oons kr; A}

supplementary difference sets.

We see that we are interested here in the number of times that
elements of G occur as the difference between elements of subsets of G .
Thus we are interested in sets of elements where an element may appear more

than once. Henceforth we use square brackets to denote collections of
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elements where the elements may be repeated; for example the collection

[0, 0, 0, 1,1, 2] .
Suppose we have r - {v; kl, ey kr; X} supplementary difference

sets. Then we see by counting differences two different ways, that the

parameters satisfy

b

(1) Mo-1) = ) ki (k-1) .
1

L

Note that if v 1is even then A must also be, because ki(ki_l) is

always even. We may write further conditions on the parameters of

supplementary difference sets in certain groups G as follows:

THEOREM 1. Suppose the abelian group G has a subgroup H of
index 2 . Let o(G) = 2v , and suppose 5,26, ISiI =k, for

1 =12 =r, where Sl’ ceny Sr are r - {2v; kl’ v kr; 21}

supplementary difference sets. Then there are positive integers a;, bi

for each i , satisfying the following:

(2) a; + b, =k, forevery i,
r
(3) iéi 2a.b. = 2hv ,
r
(W) i§1 (ai—l)ai + (b,-1)b; = 2M(v-1) .

Proof. First some notation. Let S C G . We denote by A4S the

collection of differences between elements of S ; that is,
05 = [s1-s, : sy # 8,5 (s, 8) €5x35] .
Now, call g € G even if g € H , and odd otherwise. In particular,
if G 1is a cyclic group of even order, this will correspond to the even
and odd powers of a generator of (¢ . Since (G 1is abelian, H 1is normal

in G , so the above idea of odd and even obeys the usual rule of x -y

being even if and only if both x and y are even, or both are odd.

We now prove the theorem. Let Sl’ ey Sr be as in the statement of
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the theorem. Suppose for each 7 that the number of odd elements of G

in Si is ai , and the number of even elements is bi . We now define

the collection S to be the adjunction of all collections ASi for each

ey Sr are supplementary

r
1 , written S = Y AS; . Then since Sl,
oy

difference sets, we have that S is 2A copies of [G\{0}] . However,
since 0 € H, G\{0} contains v odd elements and v - 1 even elements,
so S contains 2Av o0dd elements and 2A(v-1) evens. We next count

these elements in a different way.
The number of odd elements in ASi is 2aibi , since every time &

is odd and y even, or x evenand Yy odd, x -y 1is odd, and othervise

it is even.
Similarly the number of even elements in ASi is
a.[a.—l] + b.[b.—l) , this being the number of ordered pairs
(AN AN

(x, y) € Si)(Si such that o #y , and x and y are either both odd or

both even.

r r
Thus the total number of odd elements in Ej ASi is Yy 2a.bi , and
=1 1=

the number of even elements is

r
Y agfa;1) + b, (bi‘l) .
=1
We equate these numbers with those calculated earlier for S , and we

see that the a.'s and bi's satisfy equations (3) and (4). They satisfy

equation (2) since every element of G 1is either odd or even. This

finishes the theoremn.
COROLLARY 1. I1f Sl, cees Sr are as described in the theorem, then

not all of v, kl, vevs k_, A are odd.

r?

Proof. Suppose Kk,, ..., kr are all odd. We know from the theorem

l’
that we have a., bi (L =< =r) satisfying (2), (3), and (L4). By

equation (2) we know that for each < , not both a; and bi are odd (or
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k; would be even) and thus aibi is even for each < . Thus the left

hand side of equation (3) is divisible by 4 , so Av must be even,

implying not both » and A are odd.

Thus, for example, if (G is an abelian group with a subgroup of
index 2 , G has no supplementary difference sets with parameters

2 - {14; 5, 3; 2} even though these parameters satisfy equation (1).

COROLLARY 2. With Sl’ vees 5, as in the theorem, we have that
r
[ > ki] -2\ is a sum of r squares.
=1

Proof. Subtracting (3) from (4), we have

ii; [(ai'bi)2‘(ai+biJ) = 2x,
7 {iég ki] -2h = ;g (a;-5,)% .

r
Thus [ y ki] - 2\ 1is a sum of » squares.
=1

1f r =1 (that is, if we have a (2v, k, 2A) difference set), this
means K - 2X is a square. In this case, we may deduce this condition
from the Bruck-Ryser-Chowla Theorem (see [1]), since the incidence matrix
of a difference set is a (r, k, A) configuration (see [2], [3]). This
condition implies, for example, that there is no (L6, 10, 2) difference
set (that is, 1 - {U6; 10; 2} supplementary difference set) in G , even
though the parameters satisfy equation (1).

For r = 2 , Corollary 2 implies kl + k2 -~ 2\ is & sum of 2

squares. For example, this means that in G there do not exist

2 - {h4; 6, 8; 2} supplementary difference sets even though these satisfy
equation (1). Similarly with 2 - {52; 10, 4; 2} and

2 - {68; 12, 2; 2} .

For r = 3 , we see that for a group G as above, there are no

3 - {1363 10, 10, 10; 2} supplementary difference sets. Similarly with
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3 - {1k0; 8, 10, 12; 2} supplementary difference sets in G .

Now Corollaries 1 and 2 do not utilise the full implications of the
theorem, but make its use simpler in some cases. Other cases can be
eliminated using equations (2) and (L) alone. The following table shows,

for some values of ki , the possible values of ai(ai—l) + bi(bi_l) for

which a. + b, =k, .
7 7 1

Table 1
ky possible values of ai(ai—l) + bi(bi-l)
1 0
2 2, 0
3 6, 2
L 12, 4
5 20, 12, 8
17 272, 24o, 212, 188, 168, 152, 140, 132, 128

. .
. .

If we have 2 - {2v; kl’ k2; 22} supplementary difference sets, in a

group G with a subgroup of index 2 , then by equation (L), we must have

2X{(v-1) expressible as the sum of two numbers xl and x2 , Where xi is

in the kith row of Table 1 (for © =1 or 2 ). Thus, for instance, if
there exist 2 - {138; 2, 17; 2} supplementary difference sets in G , we

must have xl in the second row and x2 in the seventeenth row of Table

1, with zy + z, = 136 . However, we see that this is impossible, so these

supplementary difference sets do not exist, even though the parameters

satisfy the conditions of Corollaries 1 and 2.

Obviously the most exhaustive condition we may check is that positive
integers exist satisfying (2), (3), and (4). However, it is fairly simple
to check that if (1) and (2) hold, conditions (3) and (4) are equivalent,
and tlus by using Table 1 above, the full power of the theorem is utilised.

The method used to prove Theorem 1 may be used to prove:
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THEOREM 2. Suppose the abelian group G has a subgroup H of index
3. Let o(G) = 3v, and suppose 5, C G, |Si| =k, for 1=i=r,

where S, ..., S, are r - {3v; Ris voes ks A} supplementary difference

sets. Then there are positive integers a;, b;

20 C; for each 1 ,

satisfying the following:

(6) a; + bi e, = ki for each 1 ,
r
(1) Y agb; +be, tea =,
=1
r
(8) 'éi “i(ai_l) + bi(bi—l) + ci(ci—l) = A(v-1)

However, we have found no case where parameters satisfy equation (1)
but are eliminated by Theorem 2. We may state similar results for groups
with subgroups of larger index, but again, we have found no cases

eliminated by these.
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