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Nonexistence of certain supplementary

difference sets

Nicholas Wormald

This paper finds restrictions on the parameters of supplementary

difference sets in any group G with a subgroup of index 2 ,

which therefore includes all cyclic groups of even orders. As a

corollary to the main theorem, we have that if S , ..., S are

r - {2v, k,, ..., k ; 2X} supplementary difference sets in such

a group, then not all of v, k, , ..., k , X are odd; also

2X is the sum of r squares.

Let S , . . . , S be subsets of G , a finite abelian group of order

v written in additive notation. Suppose for each i that

S. - \s. . : 1 < j < L ) where k. is the size of S. . Suppose there is

a natural number, X say, such that for each non-zero element g of G ,

there are precisely X ordered triples ( i , m, n) such that

a = s . ~ s •a ^,m -L,n

Then we say that the sets S, , ..., 5 are r - {v; k,, , k ; \]

supplementary difference sets.

We see that we are interested here in the number of times that

elements of G occur as the difference between elements of subsets of G .

Thus we are interested in sets of elements where an element may appear more

than once. Henceforth we use square brackets to denote collections of
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elements where the elements may be repeated; for example the collection
[0, 0, 0, 1, 1, 2] .

Suppose we have r - [v; k^, . . . , k ; X} supplementary difference

sets. Then we see by counting differences two different ways, that the
parameters satisfy

(1) Hv-i) = I ft.(fc.-i) •

Note that if v is even then X must also be, because k.{k.-\] is

always even. We may write further conditions on the parameters of
supplementary difference sets in certain groups G as follows:

THEOREM 1. Suppose the ahelian group G has a subgroup H of

index 2 . Let o{G) = 2v , and suppose S. <=_ G , \S.\ = k. for
Is Is *Z«

1 5 i 5 r , where S^ ..., Sp are v - {2v; k±, ..., kp; 2X}

supplementary difference sets. Then there are positive integers a-, b.
7s Is

for each i , satisfying the following:
(2) a. + b. = k. for every i ,

Is 1* 1s

(3) I 2a.b. = 2Xu ,

r
(U) T, {ai-l)ai + [bi-i)bi = 2X(y-l) .

Proof. First some notation. Let 5 c G . We denote by AS the
collection of differences between elements of S ; that i s ,

AC = To _g ' S £ 9 (s S 1 £ S X S~l

Now, call g (- G even if g $. H , and odd otherwise. In particular,

if G is a cyclic group of even order, this will correspond to the even

and odd powers of a generator of G . Since G is abelian, H is normal

in G , so the above idea of odd and even obeys the usual rule of x - y

being even if and only if both x and y are even, or both are odd.

We now prove the theorem. Let S,, ..., S be as in the statement of
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the theorem. Suppose for each i that the number of odd elements of G

in S. i s a. , and the number of even elements i s b. . We now define

the collection S to be the adjunction of a l l collections AS. for each

r
i , written S = £ AS. . Then since S , ..., S are supplementary

difference sets, we have that S is 2X copies of [G\{0}] . However,

since 0 € H , G\{0} contains v odd elements and v - 1 even elements,

so S contains 2\v odd elements and 2X(y-l) evens. We next count

these elements in a different way.

The number of odd elements in AS. is 2a .b . , since every time x
If 1r 1f

is odd and y even, or x even and y odd, x - y is odd, and otherwise

it is even.

Similarly the number of even elements in AS. is

a.(a.-l) + b.[b.-l) , this being the number of ordered pairs
If If 1f If

(x, y) £ S. xS. such that x + y , and x and y are either both odd or

both even.

r r

Thus the t o t a l number of odd elements in 7 AS. i s Y 2a .b. , and
•7— 1 *• i'—i I' !•

the number of even elements is

1=1

We equate these numbers with those calculated earlier for S , and we

see that the a.'s and b.'s satisfy equations (3) and (h). They satisfy
If 1r

equation (2) since every element of G i s either odd or even. This

finishes the theorem.

COROLLARY 1. If S , . . . , S are as described in the theorem, then

not all of v, fe^, . . . , kp, X are odd.

Proof. Suppose fe , . . . , k a r e a l l odd. We know from the theorem

t h a t we have a-, b. ( l 5 i £ r) s a t i s f y i n g ( 2 ) , ( 3 ) , and (1*). By
1f tr

equation (2) we know that for each i , not both a^ and b. are odd (or
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7c. would be even) and thus a .b. i s even for each £ . Thus the l e f t

hand side of equation (3) i s divisible by h , so \v must be even,

implying not both v and X are odd.

Thus, for example, i f G is an abelian group with a subgroup of

index 2 , G has no supplementary difference sets with parameters

2 - {ll*; 5, 3; 2} even though these parameters sat isfy equation ( l ) .

COROLLARY 2. With S', . . . , 5 y as in the theorem, we have that

r r i
] Y k • - 2X is a sum of r squares.

P r o o f . S u b t r a c t i n g ( 3 ) f r o m ( U ) , we h a v e

( 5 ) f I fcJ - 2 Xf I
(• r i

Thus ^ k.\ - 2\ i s a sum of r squares.

If r = 1 (that i s , i f we have a (2v, fc, 2X) difference s e t ) , t h i s

means k - 2X i s a square. In th i s case, we may deduce th i s condition

from the Bruck-Ryser-Chowla Theorem (see [7 ] ) , since the incidence matrix

of a difference set i s a ( r , k, X) configuration (see [2 ] , [3 ] ) . This

condition implies, for example, that there is no (U6, 10, 2) difference

set ( that i s , 1 - {H6; 10; 2} supplementary difference set) in G , even

though the parameters sat isfy equation ( l ) .

For r = 2 , Corollary 2 implies k± + k2 - 2X is a sum of 2

squares. For example, t h i s means tha t in G there do not exist

2 - {hh; 6, 8; 2} supplementary difference sets even though these satisfy

equation ( l ) . Similarly with 2 - (52; 10, It; 2} and

2 - {68; 12, 2; 2} .

For v = 3 , we see that for a group G as above, there are no

3 - {136; 10, 10, 10; 2} supplementary difference sets. Similarly with

https://doi.org/10.1017/S000497270002459X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002459X


Nonexistence of difference sets 347

3 - {lltO; 8, 10, 12; 2} supplementary difference sets in G .

Now Corollaries 1 and 2 do not utilise the full implications of the

theorem, but make its use simpler in pome cases. Other cases can be

eliminated using equations (2) and (It) alone. The following table shows,

for some values of k. , the possible values of a.fa.-l) + b.(b.-l) for

whic h a . + b . = k .
t % %

Table 1

k. possible values of a.[a.-l) + b.{b.-l)
If 1f If If 1s

1 0

2 2 , 0

3 6, 2

It 12, It

5 20, 12 , 8

IT 272, 2U0, 212, 188, 168, 152, l*tO, 132 , 128

If we have 2 - {2V; k. , k ; 2X} supplementary d i f f e rence s e t s , in a

group G wi th a subgroup of index 2 , then by equat ion (I t) , we must have

2A(u-l) e x p r e s s i b l e as t h e sum of two numbers x and x o , where a;, i s

in the fe.th row of Table 1 ( for i - 1 or 2 ) . Thus, for i n s t a n c e , i f
If

there exist 2 - {138; 2, 17; 2} supplementary difference sets in G , we

must have x. in the second row and x. in the seventeenth row of Table

1, with X., + Xp = 136 . However, we see that this is impossible, so these

supplementary difference sets do not exist, even though the parameters

satisfy the conditions of Corollaries 1 and 2.

Obviously the most exhaustive condition we may check is that positive

integers exist satisfying (2), (3), and (U). However, it is fairly simple

to check that if (l) and (2) hold, conditions (3) and (h) are equivalent,

and thus by using Table 1 above, the full power of the theorem is utilised.

The method used to prove Theorem 1 may be used to prove:
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THEOREM 2. Suppose the abelian group G has a subgroup H of index

3 . Let o{G) = 3v , and suppose S. c G , \S.\ = k. for 1 S i < r ,

where S , . . . , S are r - {3v; fe. , . . . , k^; X} supplementary difference

sets. Then there are positive integers a., b., a. for each i ,

satisfying the following:

(6) a. + b. + c. = k. for each i ,

r
(7) ^ a.b. + b .a. + c.a. = Xv ,

i=X % % ^ r % %

r

However, we have found no case where parameters satisfy equation (l)

but are eliminated by Theorem 2. We may state similar results for groups

with subgroups of larger index, but again, we have found no cases

eliminated by these.
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