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Introduction. In this paper an attempt is made to 
generalize the rather special role played by certain uYoung 
subgroups11 of S . In Theorem 1, the substitutional equation 

n 
involving Young1 s raising operators for S is generalized to 

n 
apply to an a rb i t ra ry subgroup H of a finite group G. 
Applying this to S , it is shown how the multiplicities 

x
 n 

m can be calculated in t e rms of the raising opera tors in 
H 

Theorem 2, which calculations are i l lustrated by a simple 
example. 

The second part of the paper considers the converse 
problem of constructing a basis of permutation representat ions 
for the irreducible representa t ions . The permutation character 

©. of a conjugate class C., containing g elements , in a 
' H i 

permutation representat ion G of G of order g (induced 
by the identity representat ion of H of order h) is 

H 
SH g g i 
• i ^ g i 

H 
where g. is the number of elements of C in H. A bas is 

l l 

for an irreducible representat ion of G in t e r m s of permutation 
representat ion is possible only if all the irreducible charac te r s 
are rational. This is applied to generalize Young1 s definition 
of the idempotents of the group algebra in Theorem 3, without 
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the expl ic i t use of c h a r a c t e r s . An i l l u s t r a t i v e e x a m p l e m a k e s 
a l l t h i s c l e a r . 

F ina l ly I would e x p r e s s m y t h a n k s to P r o f e s s o r G. de B . 
Robinson for h i s he lp in w r i t i n g th i s a r t i c l e . 

1. Le t G be a f inite g r o u p of o r d e r g and H be a 
subgroup of o r d e r h. Le t C , C , . . . , C be the k con-

juga te c l a s s e s of G, a s we l l a s the a l g e b r a i c s u m s of the 
e l e m e n t s of the c l a s s e s . The n u m b e r of e l e m e n t s in C wi l l 

i 
be denoted by g.. If the a l g e b r a i c sum of the e l e m e n t s of the 

IT TT 

subgroup H is denoted by P , we denote by 2 ! P the 

- 1 H 
a l g e b r a i c sum 2 A P A and ca l l i t the ST s u m of the 

t = l 
subg roup H in G. Then we have 

T H E O R E M 1. JC£ H i s a subg roup of o r d e r h of the 
T_T 

finite g r o u p G of o r d e r g and 2 ! P i s the S ! s u m of H, 
then 

1.1 2 ' P H = h 2 m P S P , 
ri 

P 

w h e r e the s u m m a t i o n r u n s over a l l the i r r e d u c i b l e r e p r e s e n t a -
p 

t i ons p of G o v e r the c o m p l e x f ield, m is the m u l t i p l i c i t y 
-— H 

of the i r r e d u c i b l e r e p r e s e n t a t i o n p in the p e r m u t a t i o n 
r e p r e s e n t a t i o n of G induced by the ident i ty r e p r e s e n t a t i o n of 

P P H, and f S / g is the i dempo ten t in the g roup a l g e b r a a s s o c i a t e d 
wi th the i r r e d u c i b l e r e p r e s e n t a t i o n p of d e g r e e fP. 

p 
Proof. It i s we l l known tha t the i d e m p o t e n t s L a r e 

obta ined by se t t ing 

fP k 
1.2 L P = — SP w h e r e SP = £ y P C 

g . ' H i 1 

B i = l 
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p 
and y is the c h a r a c t e r of the c l a s s C. in the i r r e d u c i b l e 

i T l 

r e p r e s e n t a t i o n p of G. C i s the i n v e r s e c l a s s of C . 
i ' i 

If $. i s the p e r m u t a t i o n c h a r a c t e r of the c l a s s C. in 
x i l 

the r e p r e s e n t a t i o n of G induced by the ident i ty r e p r e s e n t a t i o n 
of H, we can w r i t e 

H 

A I JsU g g i v P P 
x i h g. H *i f 

i P 

w h e r e g. i s the n u m b e r of e l e m e n t s of the c l a s s C. which 
l l 

l ie in H. 

If A. i s any e l e m e n t of the c l a s s C. and the e l e m e n t 
l l 

A r u n s t h rough the g e l e m e n t s of G, then the g e l e m e n t s 

- 1 
A A.A c o n s i s t of the conjugate c l a s s C. counted g / g . t i m e s , 

i. e. 

& - 1 e 
1.4 2 A A A = - ^ C . 

t = l t i t h X 

Since the n u m b e r of e l e m e n t s of the c l a s s C which lie 
H V 

in H i s a l s o , g. , we have 

v H 

S ' p ^ = 2 L_ c 

i = l g i i ! 

k H 
= h 2 S . C f 

1 = 1 

k 
= h 2 m

H
 S Xi C., 

p i = l 

= h S m p S P , 
ri 

p 
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a s d e s i r e d . 

The r e s u l t 1.1 i s a g e n e r a l i z a t i o n of Young1 s subs t i tu t io r al 
equa t ion for c e r t a i n subg roups of the s y m m e t r i c g roup S , 

which a r e t h e m s e l v e s p r o d u c t s of s y m m e t r i c g r o u p s ; we ca l l 
t h e s e "Young s u b g r o u p s " in the s eque l . In the c a s e of S , a 

m e t h o d of c o n s t r u c t i n g the i d e m p o t e n t s without c h a r a c t e r s h a s 
been given by Young [3] . If Y i s the Young s y m m e t r i z e r of 
the d i a g r a m [X] a s s o c i a t e d wi th the p a r t i t i o n (X X X . . . X ) 

of n , then 

S
X =i-Z cr" 1 Y<r , 

n! 
(T 

w h e r e the s u m m a t i o n r u n s ove r a l l e l e m e n t s cr of S } so tha 
n 

the above t h e o r e m r e a d s : If [X] i s an i r r e d u c i b l e r e p r é s e n t â t n 
of S , a s s o c i a t e d wi th the p a r t i t i o n (X) of n, then 

n 

x H 

If H be a Young subgroup , then 

[ V [ x 2 ] . . . i\] - m i - * , r 1 ^ - \ ] 

w h e r e [X ]. [X ] . . . [X ] i s the p e r m u t a t i o n r e p r e s e n t a t i o n 

of S induced by the ident i ty r e p r e s e n t a t i o n of the Young 

subgroup H = S x X S X . . . X S. , [X X . . . \ ] i s the 
X X_ X, 1 Z h 

1 Z h 
i r r e d u c i b l e r e p r e s e n t a t i o n of S a s s o c i a t e d wi th the Young 

n 

d i a g r a m [X] , and R. . i s Young' s r a i s i n g o p e r a t o r wi th the 

u s u a l r e s t r i c t i o n s [3] . 

The knowledge of the r e d u c t i o n of the p e r m u t a t i o n 
r e p r e s e n t a t i o n of S induced by such a Young s u b g r o u p m a y 

n 
be used in the r e d u c t i o n of the r e p r e s e n t a t i o n induced by any 
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arbitrary subgroup H of S ; thus: 
n 

THEOREM 2. Jf H is any subgroup of order h of S , 

then the problem of reducing the permutation representation of 
S induced by the identity representation of H is equivalent 

n ^ \ OoTV- •TTST> 
to the determination of m and A from 

[n] ( \ . ) { \ ) . . . ( \ \ 
(I)HfS = S rn V ] a n d h ni = n(l-R..)A„ , 

n ri n ,. il n 
[in] 

where 

(X )(X )...[\ ) k (X )(X )...{\ ) 
A i Z h = 2 gHS * Z h 

t = l 

and the raising operators act on the index of A 

just as for the permutation representation. 

Proof. From 1.5, we write 

<V<y-- -<V 

1.6 X t
x = n ( i - Ry)f t ' ( \ , ) ( \ 2 ) . . . (V 

where $ is the permutation character of the 
t-th class in [Xl.fX 1 . . . [X 1. If H is of order h the 1 1 J L 2 J L hJ 

equation 1. 3 may be solved for the m to yield 
H 

™H = 1 / h
t J ; g t *t 

= i/h s g " n (i - R..)$ , 
t = i i , j 

which can be written 
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with 

h m H = n d » R i j ) A H 

A 1 2 h = S g H $ i 2 h 

H J
 Bt H 

t = l 

as stated above. 

Example 1. To clarify the ideas in Theorem 2, consider 

the alternating group A which is not a Young subgroup of S , 

Setting H = A , the reduction is given by 

(!) A3ÎS3 . 1 [ i 3
W l - V A H l l K 1 > m + \ ^ «]H(l-Rij)AH

(2K1) 

+ j[3]n(1-Ri.)AH<3> 

- i [ i ' ] { A H t W W > . i S i P K « . A H P I » ) + AH<3>} 

. ^ . I H A / ' ^ ' - A / » } 

+ i [3 ] . - H ' 3 ' . 

Q- A ^ X W 1 ) A A (2) (1 ) , A . (3) , 
Since A = 6, A = 3 and A = 3, we have 

H H H 

(I) A3ÎS3 = [I3] + [3] 

/here f denotes the inducing process. 

2. The converse problem, namely the investigation of 

properties of the repsentations of G determined by properties 

of the representations of suitable subgronos. has ^ e n considered 
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by B r a u e r [ l ] . He has shown tha t e v e r y c h a r a c t e r of G can 
be e x p r e s s e d a s a l i n e a r combina t ion of the c h a r a c t e r s of G 
induced by c h a r a c t e r s of the ( e l e m e n t a r y ) s u b g r o u p s . In the 
fol lowing, we sha l l r e s t r i c t o u r s e l v e s to g roups whose i r r e d u c i b l e 
c h a r a c t e r s a r e a l l r a t i o n a l , in which c a s e it is only n e c e s s a r y to 
use p e r m u t a t i o n r e p r e s e n t a t i o n s of G, i . e . r e p r e s e n t a t i o n s 
induced by the ident i ty r e p r e s e n t a t i o n s of s u b g r o u p s . F o r 
e x a m p l e the s y m m e t r i c g roup S and the h y p e r o c t o h e d r a l 

n 
g roup S fall into th i s c a t e g o r y , 

n , 2 

It w a s shown e a r l i e r by P r o k o p [2] tha t an i r r e d u c i b l e 
c h a r a c t e r of G can be e x p r e s s e d a s a l i n e a r combina t ion with 
i n t e g r a l coef f ic ien ts of the c h a r a c t e r s of G induced by the 
c h a r a c t e r s of k ( p r o p e r ) s u b g r o u p s , if with e v e r y conjugate 
c l a s s C. of G t h e r e i s a s s o c i a t e d a subgroup H. conta in ing 

an e l e m e n t of C. , and the i nd i ces of the s u b g r o u p s a r e 

r e l a t i v e l y p r i m e . The second condi t ion is n e c e s s a r y only to 
m a k e the coeff ic ients in the l i n e a r combina t i on i n t e g r a l . In. 
the p r e s e n t c a s e our coeff ic ients a r e r a t i o n a l and the following 
r e s u l t h o l d s . 

T H E O R E M 3. Le t G be a g roup of finite o r d e r g, 
whose i r r e d u c i b l e c h a r a c t e r s a r e a l l r a t i o n a l , and 
H.(i = 1, 2, 3 , . . . , k) be a se t of k d i s t inc t subg roups of G 

such tha t e a c h subgroup H. con t a in s an e l e m e n t of the c l a s s 

C . . If p . p . . . . , p, a r e the k i r r e d u c i b l e r e p r e s e n t a t i o n s 
i — 1 2 k • — 

of G, then t h e r e e x i s t s a n o n - s i n g u l a r m a t r i x N = (n ) of 

d e g r e e k, wi th r a t i o n a l coef f ic ien t s , such tha t the e x p r e s s i o n 

H 

T9 _ f s „ P S P 

XJ = — • ZJ n g . t h 
5 t = l t 

i s the i dempo ten t of the g roup a l g e b r a a s s o c i a t e d wi th the 
i r r e d u c i b l e r e p r e s e n t a t i o n p of G. 

H 
Proof. If 0 . is the c h a r a c t e r of the i - t h c l a s s C, in 

-L 1 l 

the p e r m u t a t i o n r e p r e s e n t a t i o n of G induced bv the ^d^ntity 
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r e p r e s e n t a t i o n of H , b y P r o k o p ' s r e s u l t w e c a n w r i t e 

k H 

2 . 1 y
 P = 2 n P <$ r , 

r =1 

w h i l e b y 1. 3 w e h a v e 

H 

2 . 2 $. t = 2 

P 

P P 
m y 

i t * i 

If w e s u b s t i t u t e 2 . 2 i n 2 . 1 , w e h a v e 

k 
p p p cr p , o" 

2 m n = 6 a n d S m n = ô , 
t s t s t t 

p t = l 
0" 

f r o m w h i c h i t f o l l o w s t h a t t h e m a t r i x N = (n ) i s t h e i n v e r s e 
s 

of M = ( m ), a n d so n o n - s i n g u l a r . N o w , f r o m 1 . 2 , i t i s 
s 

s u f f i c i e n t t o o b s e r v e t h a t 

H 

p k 2 ' P t p 

— 2 n P h = — 2 m ^ S ° (by T h e o r e m 1) 
g , t t g t 
5 t = l B o-

rP k 

S S 2 m n H 

g cr t = 1 t t 

f oP P 

g 

w h i c h p r o v e s t h e t h e o r e m . 

If w e s u b s t i t u t e i n t h e e q u a t i o n s a t i s f i e d b y t h e p r i m i t i v e 
i d e m p o t e n t s 
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s if = i , 

we have 

o r 

H 

„ fP I p Z » P t 

S — S n K = I , 
g , t h 

p B t = l t 

p k k H 
S — 2 n P 2 5 * 0 = 1 
p g t = l * i = l * * 

By equa t ing coeff ic ients of the c l a s s e s , we obta in 

and 

fP k P 
S — 2 n P f = 1 
p 5 t = l 

k H 
S f P S n P f g t = 0 for i > 1 , 

, t t i 
p t = l 

w h e r e f is the d e g r e e of the p e r m u t a t i o n r e p r e s e n t a t i o n G 
H 

t 

E x a m p l e 2. As an i l l u s t r a t i o n of the above i d e a s , let us 
c a l c u l a t e the m a t r i c e s N in the c a s e of S . Th i s g roup h a s 

the following four s u b g r o u p s : 

H i = l 

H 2 = I, (12) 

H 3 = I, (123), (132) 

H 4 = I, (12), (13), (23), (123), (132). 
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Any t h r e e of t h e s e subg roups t aken t o g e t h e r sa t i s fy the 
r e q u i r e d cond i t ions of T h e o r e m 3. If N d e n o t e s the 

r , s , t 
m a t r i x c o r r e s p o n d i n g to the s u b g r o u p s H , H , H , then we 

r s t 
have 

N 
1 , 2 , 3 

J. 
2 

1 
2 

j . 
"2 

J. 
2 

_1 
°2 

_1 
2 

N 
1 , 2 , 4 

1 - 2 1 

0 1 - 1 

0 0 1 

N 2 , 3 , 4 

1 - 1 

0 - 1 N 
1 , 3 , 4 

1 - 1 

4 » 

and P i = [ 1 ] , P 2 = [ 2 , 1 ] , P 3 = [ 3 ] . 

[2, l ] 
In o r d e r to c o n s t r u c t the i d e m p o t e n t L, ' , c o n s i d e r 

any se t of s u b g r o u p s , say H , H , H . T h e i r S 1 s u m s a r e 
1 2 3 

r e s p e c t i v e l y 

S' P = 61 

H 2 
2< P = 61 + 2 C 2 

H
2 

S « P = 61 + 6C , 

where C = (12) + (13) + (23) and C = (123) + (132). Then 
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H l H 2 H 3 
[ 2 , 1 ] 2 [ 2 , l ] Z ' P [ 2 , l ] S ' P [ 2 , 1 ] S ' P J 

L = 3 T { n i ~ ^ ~ - + n 2 — T - + n 3 ~ ^ ~ } 

. (61+ 2 C J (61+ 6 C J 

= 2 _ { I . 6 I + o L- - 1 1} 
3! X 2 2 2 3 ; 

= f r { 2 i - c 3 } , 

which i s the s a m e a s that given by Young* s me thod [3]. 
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