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ABSTRACT 

The paper d e a l s with the study of the a r i s i ng and d i s -
appearence of c o l l i n e a r (Biler ian) L^L- fL , , t r i angu la r 
(Lagrangian) L4 ,L- , coplanar LgjL., r ing L and i n f i n i t e l y 

d i s t a n t L so lu t ions in a r e s t r i c t e d problem of t h r e e v a r i ­
able-ma ss—todies for d i f f e r e n t time dependencies of main to­
d i e s masses and for rome add i t iona l cond i t ions imposed on the 
systems parameter s. In t h i s case i t i s assumed tha t the motion 
of var iab le -mass main todies i s determined by the Gylden-
Mestschersky problem. The Bill surfaces in the r e s t r i c t e d 
three-body prohlem where main todies masses v a r i a t e i s o t r o p i -
c a l l y according to the Mestschersky law a r e s tudied. Cer ta in 
p o s s i b i l i t i e s of applying the r e s u l t s of i nves t i ga t i ons to 
nonsta t ionary double s t e l l a r systems a r e d i scussed . 

LIBRATION POINTS 
The importance of t h e l i b r a t i o n po in t s in the a n a l y s i s 

of the motion in the c l a s s i c a l r e s t r i c t e d th ree- tody problem 
i s well known. The inves t iga t ion of the l i b r a t i o n poin ts in 
the r e s t r i c t e d three-body problem with v a r i a b l e masses was 
marked in papers by G elf ga t (1973), Hbredt (1984), Sing and 
Ishvar (1984) under the va r ious assumptions r e l a t i v e l y the 
mass v a r i a t i o n of the main todies and the passive g rav i t a t i ng 
mater ia l po in t . 

277 

https://doi.org/10.1017/S0252921100066173 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100066173


Let u s consider the r e s t r i c t e d problem of t h ree v a r i a ­
ble mass todies with i so t rop ic mass v a r i a t i o n of main bodies 
according to the unif ied Mestschersky law (Mestschersky, 
1902). In t h i s case i t i s assumed t h a t the motion of v a r i a b l e 
mass main bodies i s determined by the Gyld en-Mestscher sky 
problem (Gylden, 1884, Mestschersky, 1902) . 

The equat ions of motion of the pass ive g r a v i t a t i n g mat­
e r i a l point in the revolving barycentr ic coordinate system 
0 , the plane xy of t h a t co inc ides with the plane of the 
motion of main bodies, and the x - a x i s always pass through 
these .points, have following form 

2 x _ x l x _ x 2 
x - 2ujy = OJ x - uy - p, —* p 2 —3 

r , r 1 "2 

2 y y 
1 V — M X — l l _ *^~ — I I - *-r— y + 2<ox = ( l J y - M X - u 1 * j - - v i 2 ^ - , C-) 

r l 2 

z = - Vl
 z— - M 2 \ . 

r l r 2 

Here J ^ , ^ - t n e d i - s t a n c e s O I g r a v i t a t i n g point from the 
main todies, u - t h e i r angular v e l o c i t y of motion, and the qua­
n t i t i e s y-, and y 2 a r e determined by e q u a l i t i e s . 

y 
p ± = GMi(t), ( i = 1,2) , y (t) = y1+ y 2 = ° 

/ a t 2 + 2gt + y (2) 

where G - the g r a v i t a t i o n a l cons tant , M, (t) and M2(t)-masses 
of main todies,and t h e i r r a t i o M-,/M2 i s cons t an t . 

The equat ions (1) by the transformation (Gelfgat,l 973 ) 

P 9 9 

?(x,y ,z) = -£- P ( C , T I , O , dT = (v— r dt , to = (v— r w 
(3) 

U PQ P 0 o 

a re reduced to autonomous form 

C" - 2o)on' = 3U/H, n" + 2a>o£ ' = 3U/9n , ?" = 9U/8C (4) 
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where 2 2 2 

v = ° { ?
2 + n

2 + C2) - - V - + ^ + ir1 
pi 

p i = ( 5 ~ c i ) 2 + n 2 + ^ ' ( i = 1 ' 2 ) 

5 l _ - p , C2 = — P 1 2 (5) 
p o o 

Here p , , , x - c o n s t a n t s , a r e d e f i n e d by t h e main b o d i e s 

mot ion ( the p a r t i c u l a r s o l u t i o n of t h e Gy lden-Mes t sche r sky 
problem) 

r 1 2 p = xC 2 (x > 0) (6) 

where C - t h e c o n s t a n t of t h e a r e a i n t e g r a l r , 2 ~ t n e d i s ­

t a n c e between t h e main b o d i e s . 

Let u s choose t h e u n i t s of measurement s o , t h a t i n Nech-
v i l c o o r d i n a t e s (£ , r i , t ; ,T) t h e d i s t a n c e between t h e main bod­
i e s p, 2 and common mass V a r e equal t o u n i t , i . e . p, , = 1» 

u_ = 1 , t h e n xo) = 1 . o o 

Bes ides i n t r o d u c e t h e mass pa ramete r 

y 2 0 1 v 01 
- i H . - v , (0 < v <_ %- ) , -SL = 1 - x (7) 
y o ^ y o 

Vfe show t h a t t h e e q u a t i o n s (4 ) a r e s a t i s f i e d by some 
c o n s t a n t q u a n t i t i e s of c o o r d i n a t e s £ ,n ,? ; .The l i b r a t i o n p o i ­
n t s - t h e c o n s t a n t s o l u t i o n s of e q u a t i o n s (4) i n choos ing 
u n i t s of measurement a r e s a t i s f i e d by t h e fo l lowing system 

5 - ~ 6 + v ) - -f (E+v-l) = 0, 
p l p 2 

(l j - - — ) n = o, 
p l p2 

P l P2 

where 
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PX = / (5+v)2 + n2 + c2 , p2 = / ( c + v - i ) 2 + n2 + c2 . 

The f i r s t two equat ions in the system (8) a r e complete 
equal to analogous equat ions of c l a s s i c a l r e s t r i c t e d t h r e e -
body problem. Therefore, a s in c l a s s i c a l problem, for an a r b ­
i t r a r y va lues of v and independently of x, the re ex i s t t h ree 
co l l i nea r ^ o 3 a n d t w o t r i angu la r L. c so lu t ions (Gelfgat, 
1973; Bekov, 1988; Luk'yanov, 1989a). The motion of a l l th ree 
bodies in the v a r i a b l e s ( x , y , z , t ) i s accomplished, in d i s t i n ­
c t i o n from the c l a s s i c a l case , by some similar s p i r a l s . 

The th i rd equation in the system (8 ) i s d i f f e r e n t from 
the c l a s s i c a l one by the presence of the term (x-1 )/x, t h e r e ­
fore , a s i t show in paper (Bekov, 1988), the system (8), in 
d i s t i n c t i o n from the c l a s s i c a l case , i s admitted in the e x i s ­
tence of the coplanar so lu t ions (5 ,0 ,£) , t h a t a r e determined 
from following system tx > 1 ) : 

5 " ^j (E+v) - \ «E+v-l) = 0, 
p l p2 

X - l 1 - V V 

p l p2 

= 0, (9) 

where p1 = / ( £+v) 2 + z,2', p2 = / ( £ + v - l ) 2 + x,2 

The value z, enter in equat ions only under the square 
symbol, the re fore the coplanar so lu t ions always e x i s t s by 
p a i r s (C, 0, ±C). 

The a n a l y s i s of the system (9) show* (Luk'yanov,1 98 9a; 

Bekov; Bekov, 1988) t h a t in the domain 

- d - v ) ( x - l ) <_ 5 <_v(x-l) (10) 

in which p. and p_ the r ea l d i s t ances , for the a r b i t r a r y 
"V and x > 1 a r e e x i s t two coplanar so lu t ions L, -.. 

For so lu t ions L, -, the motion of the th i rd body M in 
d i s t i n c t i o n from the so lu t ions L, _5» i s accomplished by the 
spa t ia l winded on the surface of ~ the round cone, formed 

by the r o t a t i o n of the genera t r ix x = + kz, k = *- , where 
5,5 - coord ina tes of so lu t ions L, -, around the z - a x i s . 

b, / 
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In the case of the s t r a i g h t - l i n e r e s t r i c t e d three-body 
problem with the v a r i a b l e masses (C0 = 0, x = °°) the e q u a t i ­
ons (8 ) a l lows, besides the c o l l i n e a r L, - 3 so lu t i ons , t he 
spacial so lu t ions L (£, n, £ ) , for which 

PX - p2 - 1 (11) 

where p = / (g+v)c 2 + n2 + x} , p 2 = / (5+v- l ) 2 + n2 + C2 

For t h i s so lu t ions a l l t h r ee bodies a lvays a r e formed 
the e q u i l a t e r a l t r i a n g l e in space. The dense set of so lu t ions 
LQ can f i l l the r ing with r a d i u s p = */3/2, t h i s i s the con­
sequences of the a x i s symmetry of the problem when C = 0, t h e ­
refore the spacial 1^ so lu t ions we can c a l l t he r ing s o l u t i ­
ons. The so lu t ions - the Lagrange r ing - for the main bodies 
mass v a r i a t i o n according the unif ied Mestschersky law was 
considered by Sersic (1970, 1973), but by the other way. 

Vfe note t h a t in the s t r a i g h t - l i n e problem the r ing so lu­
t i ons LQ in p a r t i c u l a r always a l lows the so lu t ions L. 5 and 
L, _ (the so lu t ions in given p lanes ) , the re fore they always 
are a t tending to LQ so lu t ions and we ' l l note t h e i r presence 
side by side with the L„ s o l u t i o n s . 

•" o 

The motion of M body in t h i s case so, t h a t t h e conf igur ­
a t ion of t h r e e bodies always remains similar i t s e l f and the 
motion of a l l t h r ee bodies i s taken place by some s t r a i g h t 
l i n e s . 

In the c l a s s i c a l problem besides c o l l i n e a r and t r i angu la r 
so lu t ions a r e e x i s t s a l so the i n f i n i t e l y d i s t a n t L+oo s o l u t i ­
ons (Luk'yanov, 1988),for which £=£= 0, and J, = ± ». " The sys­
tem (8) admit t h i s so lu t ions only when x = 1, i . e . for the 
f i r s t Mestschersky law u = 1 / feit+b). 

At l a s t , t he re e x i s t s the co l l i nea r Ln _ , and the 
1 , i., S 

spacial r ing L so lu t ions (and a s consequences the t r i angu la r 
L- 5 and coplanar Lg _ so lu t ions) in the case of the c l a s s ­
ical s t r a i g h t - l i n e three-body problem with constant masses 
(Bekov, 1990). 

For a r b i t r a r y mass v a r i a t i o n of the main bodies, when 
the r a t i o of masses i s cons tan t , and i n the more general case , 
when we have the a r b i t r a r y time v a r i a b l e masses of main bo­
d i e s and HT/UO ^ c o n s t . , i t may be point out (Luk'yanov, 
198 9b; Bekov; Bekov, 1990) on the exis tence of the analogous 
pa r t i cu l a r solut ions .The r e s u l t s of the i nves t i ga t i ons a r e 
presented i n the t a b l e . 
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The t a b l e of p a r t i c u l a r s o l u t i o n s ( the e x i s t i n g s o l u t i o n s 
a r e marked by " p l u s " s i g n ) 

C o n d i t i o n s 

For main bodies 
mass va r ia t ion 
^ (t) and u2 (t) 

Arbitrary and 
independent fun­
c t ions of t i ne 

Arbitrary func­
t ions of time 
when Vj/v2

 = 

const. 

Unified 
Mestscher sky 
law functions 
yj_ ( t ) n i 1 Q u ( t ) , 

u2(t)ni20u (t), 

u(t) = 
lAott2+2Bt+ Y 

1 

F i r s t Mestsc-
hersky law 
functions 

^1^10 u ( t ) ' 
y2=u20 u ( t ) ' 

Classical p ro ­
blem when 
y,= const . , 

P2= const. 

For systa7i 
parameters 
Co,x,v 

c o ^ o 

co = o 

c o ^ o 

co = o 

c o ^ o 

0 < x < l 

c o ^ o 
x > 1 

C = 0 o 
x = oo 

C f 0 o 
X = 1 

C = 0 
o 

c o * o 

C = 0 
o 

la r t icular References 
solutions 

*1,2,3 

-

-

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

V 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

L 6 , 7 

-

+ 

-

+ 

-

+ 

+ 

+ 

-

+ 

Lo 

-

+ 

-

+ 

-

-

+ 

+ 

-

+ 

L ±co 

-

-

-

-

-

-

-

+ 

-

+ 

-

[ 1 0 ] r 

[ 1 2 ] 

[ 4 ] 

[ 1 0 ] 

[ 4 ] 

[ 5 ] 

L6,7 
i n [ 2 ] 

L0 i n 

[ 1 3 ] , 
[ 1 4 ] 

[ 9 ] , 
[ 5 ] 

[ 4 ] 

[ 8 ] 

[ 4 ] 
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HILL SURFACES 

Hill surfaces in r e s t r i c t e d three-body problem g ives 
the p o s s i b i l i t y to find out some general p r o p e r t i e s of the 
r e l a t i v e motion of the tody with snai l mass in the g r a v i t a ­
t iona l f i e l d of tvo main bodies with f i n i t e masses. I t may 
be important the r o l e of analogues of surfaces in the prob­
lem with v a r i a b l e masses. 

Let u s consider the Kill surfaces for the main bodies 
mass v a r i a t i o n according to the Unified Mestscher sky law(2) . 
The equat ions (1) a r e reduced to autonomous form (4) by 
transformation (3). The system (4) have the f i r s t i n t e g r a l , 
which in taking u n i t s of measurement i s wr i t ten down in the 
form 

V2 = 2D - C, 

a = f (5 + T, ) + T ( 1 - - )C + — + — , 

Px = / (C+v)2 + n2 + c2 , P2 = • (C+v-1)2 + n2 + C2 a 2 ) 

2 2 2 2 
where V = £ ' + n ' + £ ' - v e l o c i t y of r e l a t i v e mo t ion , 
C - J a c o b i c o n s t a n t . The i n t e g r a l (12) i s t h e a n a l o g u e of 
t h e J a c o b i i n t e g r a l of t h e r e s t r i c t e d problem of t h r e e v a r i ­
a b l e - m a s s b o d i e s (Gel fga t , 1973 ; Bekov, 1 9 8 7 ) . 

We n o t e t h a t t h e e x p r e s s i o n (12) d i f f e r s from t h e J a c o b i 
i n t e g r a l of t h e c l a s s i c a l problem by t h e p r e s e n c e i n t h e 
r i g h t hand t h e term ( 1 - l / x ) C 2 , so i t make dependen t on t h e 
change of t h e H i l l s u r f a c e s , supposing i n (12) V = 0 we o b t a i n 
t h e z e r o v e l o c i t y s u r f a c e s 

2ft = C (13 ) 

which i n t h e £ , n , £ space a r e r e s t r i c t e d t h e r e g i o n of p o s ­
s i b l e m o t i o n of t h e i n v e s t i g a t i n g body. 

T r a n s i t i n g of i n i t i a l s p a c e - t i m e (x ,y , z , t ) by t h e t r a n ­
s fo rma t ion 0 ) , we came t o c o n c l u s i o n t h a t t h e knowledge of 
c o o r d i n a t e s and v e l o c i t i e s by t h e f o r m u l a r s 0.2) and (13) 
g i v e s u s b e s i d e s t h e r e g i o n s of p o s s i b l e mot ion i n i n i t i a l 
c o o r d i n a t e s . C o n s e q u e n t l y , i n o r d e r t o know t h e r e g i o n s of 
p o s s i b l e m o t i o n i n v a r i a b l e s t x , y , z , t ) i t i s n e c e s s a r y to 
i n v e s t i g a t e t h e Hi l l s u r f a c e s (13) . The a n a l y s i s of e q u a t i o n 
(13) i s made a s i n c l a s s i c a l c a s e , a l l o w s t o o b t a i n t h e q u a ­

l i t a t i v e c h a r a c t e r and t h e p r o p e r t i e s of Hi l l s u r f a c e s . The 
knowledge of l i b r a t i o n p o i n t s and t h e e x p r e s s i o n (13) fo r 
t h e zero v e l o c i t y s u r f a c e s a l l o w s t o make t h e q u a l i t a t i v e 
a n a l y s i s of H i l l s u r f a c e s f o r d i f f e r e n t v a l u e s of p a r a m e t e r s 
v and x . The Hi l l s u r f a c e s 
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m( o m2 

Fig. I Zero velocity curves on - ^ plane: V = 0 . 3 i x = l.66 

Fig. 2 Zero velocity curves on f)Z^ plone: V - 0 . 3 , x= 1.66 
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m, 0 m2 -c 

Fig. 3 Zero velocity curves on^z, Plone: V « 0 . 3 t x»5. 

Fig. 4 Zero velocity curves on rj-^ plone; V « 0 . 3 , x-5 
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m, o m2 ^ 

Fig. 5 Zero velocity curves on\tT plone: V = o . 3 | X » 0 . 5 

Fig.6 Zero velocity curves on 7 ] ^ plone: V = 0 . 3 t x « » 0 . 5 
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c 2 + ^2 + a _ l _ ) ? 2 + 2_0-vi+ 2v = c a 4 ) 

x P-L P 2 

are va r ious in view of presence the parameters v and x . 
In the plane £n the zero v e l o c i t y curves (14 ) a r e c o i n ­

cide with the c l a s s i c a l curves .Therefore , i t i s enough to 
consider the surfaces (14) for the case C / 0. F igures 1-6 
shows the zero v e l o c i t y curves for va lues of parameter v = 
0.3 and x = 0.5; 1.66; 5. This curves g ives the obvious 
presenta t ion about the Hill surfaces and t h e i r p r o p e r t i e s 
and mani fes t s new q u a l i t a t i v e s i n g u l a r i t i e s of the Hill su r ­
faces of the r e s t r i c t e d problem of t h r e e var iabLe-ma ss bodies. 

CONCLUSIONS 

The r e s u l t s of i nves t iga t ion of the l i b r a t i o n po in t s 
and Hill surfaces in the r e s t r i c t e d three-body problem with 
va r i ab le masses a r e presented important, because of t r a n s i t ­
ing from coord ina tes (?,n,C,T) to i n i t i a l space-time (x,y,z , 
t ) we can to i nves t i ga t e the p r o p e r t i e s of conforming homo-
graphic so lu t ions and analogous surfaces . 

The masses of c e l e s t i a l bodies a r e change during evolu­
t ion , the re fore the r e s t r i c t e d three^body problem with v a r i ­
able masses may be used in d i f f e r e n t astronomical problems. 
Especially i t i s concerned to double s t a r s which masses 
changes r a the r i n t ens ive ly . The obtained r e s u l t s al lows to 
reveal some s i n g u l a r i t i e s of s t ruc tu re and dynamics of double 
s t e l l a r systems, which evolut ion i s accompanied by mass v a r ­
i a t ion of themselves systems. 
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