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Solvability of Hessian quotient equations
in exterior domains

Limei Dai, Jiguang Bao®, and Bo Wang

Abstract. In this paper, we study the Dirichlet problem of Hessian quotient equations of the
form Sy (D*u)/S;(D*u) = g(x) in exterior domains. For g = const., we obtain the necessary and
sufficient conditions on the existence of radially symmetric solutions. For g being a perturbation of
a generalized symmetric function at infinity, we obtain the existence of viscosity solutions by Perron’s
method. The key technique we develop is the construction of sub- and supersolutions to deal with
the non-constant right-hand side g.

1 Introduction
In this paper, we study the exterior Dirichlet problem of the Hessian quotient equation

Sk(Dzu)
(L1) 5D
1.2) u=¢ on 0Q,

=g(x) in R"\Q,

where n > 2, 0< [ <k <n, Q is a smooth, bounded, strictly convex open set in R",
¢ € C?(0Q),0< ge CO(R"\Q), So(D*u) = o (A(D?*u)) :=1,

Sj(D*u) := 0;(M(D*u)) := > i dipy j=12,...,m

I<ip<: - - <ij<n

denotes the jth elementary symmetric function of A(D*u) = (A1, A2,...,,), the
eigenvalues of the Hessian matrix of u.

Equation (1.1) has received a lot of attentions since the classical work of Caffarelli,
Nirenberg, and Spruck [7] and Trudinger [22]. For I = 0, it is the k-Hessian equation.
In particular, if k =1, it is the Poisson equation, while it is the Monge-Ampére
equation if k = n. For n = k =3 and [ =1, it is the special Lagrangian equation which
is closely connected with geometric problems: If u satisfies detD*u = Au in R?, then
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the graph of Du in C? is a special Lagrangian submanifold, that is, its mean curvature
vanishes everywhere and the complex structure on C* sends the tangent space of the
graph to the normal space at every point.

A classical theorem of Jorgens (n =2) [15], Calabi (n <5) [8], and Pogorelov
(n > 2) [21] states that any convex classical solution of det D*u =1 in R” must be a
quadratic polynomial. Caffarelli and Li [6] extended the Jorgens-Calabi-Pogorelov
theorem and studied the existence of solutions of Monge-Ampere equations in
exterior domains with prescribed asymptotic behavior. They proved that for n > 3,
given any b € R" and any n x n real symmetric positive definite matrix A with
det A =1, there exists some constant ¢* depending on n, Q, ¢, b, and A such that
for every ¢ > c*, the Monge-Ampére equation det D*u = 1in R"\Q with the Dirich-
let boundary condition (1.2) and the following prescribed asymptotic behavior at
infinity

1
(1.3) u(x) = ExTAx+b-x+c+O(|x|2’"), as |x| - oo,

admits a unique viscosity solution u € C*(R"\Q) n C°(R"\Q). Based on this work,
Li and Lu [19] completed the characterization of the existence and non-existence of
solutions in terms of the above asymptotic behaviors. For more results concerning the
exterior Dirichlet problem for Monge-Ampeére equations, we refer to [1, 3-5, 13] and
the references therein.

After the work of Caffarelli and Li [6], there have been extensive studies on the
existence of fully nonlinear elliptic equations in exterior domains.

For the exterior Dirichlet problem of the Hessian equations, Dai and Bao [12]
first obtained the existence of solutions satisfying the asymptotic behavior (1.3) with
A=1/(}) % I. Later on, Bao, Li, and Li [2] proved that for n > 3, given any b € R" and
any n x n real symmetric positive definite matrix A with Sx(A) = 1, there exists some
constant ¢* depending on #, Q, ¢, b, and A such that for every ¢ > ¢*, the Hessian
equation Sx(D?u) =1in R™\Q with the Dirichlet boundary condition (1.2) and the
following prescribed asymptotic behavior at infinity

1
u(x) = ExTAx +b-x+c+O0(|x]C ™), as |x| > oo,

admits a unique viscosity solution u € C*(R"\Q) n C°(R"\Q), where 6 ¢ [%, 1]
is a constant depending on n, k, and A. For more results concerning the exterior
Dirichlet problem for Hessian equations, we refer to [9, 10] and the references therein.

For the exterior Dirichlet problem of the Hessian quotient equation (1.1) with g = 1
and the Dirichlet boundary condition (1.2), Dai [11] first obtained the existence of

solutions with asymptotic behavior

x> + ¢+ O(|x|2’k+l),

u(x) =

as |x| — oo,

N | o

where n >3, ¢ = ((7)/(2))ﬁ, and k — [ > 3. Subsequently, Li and Dai [17] obtained
the existence result for the case k — I =1and k — | = 2. Later on, Li and Li [16] proved

that for n > 3 and, given any b € R” and any A in the set
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Solvability of Hessian quotient equations in exterior domains 3
Ag,1:={Ais an n x n real symmetric positive definite matrix with S;(A)/S;(A) =1},

with %=L > 2, where
tk7£1

d
_ 310k (A(A))A; Or_1,i(A)A;
(14) Fr = max A~ T max BN
KT da o(MA) sisn or())
and
2
510k (A(A))A; ok (M)A
(L5) t,:=min 2~ T o i SBOA
kT cisn o (MA)) i<i<n - 0y (A)

there exists some constant ¢* depending on n, k, I, Q, ¢, b, and_A such that for every
¢ >c*, the Hessian equation Si(D?u)/S;(D*u) =1 in R"\Q with the Dirichlet
boundary condition (1.2) and the following prescribed asymptotic behavior at infinity

1
u(x) = ExTAx +bTx+c+0(x[*™), as |x| - oo,

admits a unique viscosity solution u € C°(R"\Q), where m € (2,n] is a constant
depending on #, k, ], and A. Recently, we have just learned that Jiang, Li, and Li [14]
generalized this result to g = 1+ O(r#) with 8 > 2. For more results concerning the
exterior Dirichlet problem for Hessian equations, we refer to [18] and the references
therein.

Our paper consists of two parts. In the first part, we obtain the necessary and
sufficient conditions on the existence of radially symmetric solutions of the exterior
Dirichlet problem of Hessian quotient equations.

Before stating our result of the first part, we first give the definition of k-convex
functions. For k = 1,2, ..., n, we say a C? function u defined in a domain is k-convex
(uniformly k-convex), if A(D?u) € T}, (T;), where

Iei={AeR":0j(1)>0,j=12,...,k}.

In particular, a uniformly #n-convex function is a convex function. Note that (1.1) is
elliptic for uniformly k-convex functions.
For n > 3, consider the following problem:

Sk(Dzu) = Sl(DZU), in Rn\Bl,
(1.6) u=b, on 0By,

u= %|x|2+c+0(\x|2‘”), as |x| — oo,
where B; denotes the unit ball in R", 2<k<n, 0<I<k-1,d= ((7)/(2))ﬁ, b,
¢ € R. Our first result can be stated as follows.

Theorem 1.1 For n>3, let 2<k<m<n,1<I<k. Then problem (1.6) admits a
unique radially symmetric uniformly m-convex solution

u(x)=b+ fllx|55(/4_1(6)s_”)ds, Vx| 21,
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if and only if c € [p(ag), 00) for m=k and c € [u(ag), u(am)] for k+1<m<n,
where &(t) denotes the inverse function of

MY ek _ (M) 2l
t= -
(e~ ()s
in the interval [ag, 00) with

() ) v W=

withk+1<m < nand

(17) u(a) :b—§+[lws[€((x5_")—&]ds, YV a€[ag, ).

Remark 1.2 For the case | = 0, the necessary and sufficient conditions on the exis-
tence of radially symmetric solutions of the exterior Dirichlet problem of Hessian
equations were obtained by Wang and Bao [23].

For n = 2, consider the following problem:

Sz(Dzu) = SI(DZM), in RH\BI,
(1.8) u=b, on 0By,

u= |x|2+§ln|x|+c+0(|x|‘2), as |x| - oo,
where b, ¢, and p € R.

Theorem 1.3 For n =2, problem (1.8) admits a unique radially symmetric convex
solution

1 1 1
u(x)=b- 2 4 2+ LB+ pinlal + IR 7 )
(19) —%[\/1+p+pln(1+\/1+p)]

ifand only if p > -1, and ¢ = v(p), where
1 1
v(p) = b—E+Z+§ln2—5[\/1+p+pln(l+\/1 )]

Corollary 1.4 For n =2, problem (1.8) admits a unique radially symmetric convex
solution (1.9) if and only if c < b — 1.

In the second part of this paper, we obtain the existence of viscosity solutions of
the exterior Dirichlet problem of the Hessian quotient equation (1.1) and (1.2).

Before stating our main result, we will first give the definition of viscosity solutions
of (1.1) and (1.2).

Definition 1.5 A function u € C°(R"\Q) is said to be a viscosity subsolution (super-
solution) of (1.1) and (1.2), if u < ¢ (1 > ¢) on 9Q and for any x € R"\Q and any
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Solvability of Hessian quotient equations in exterior domains 5
uniformly k-convex function v € C2(R"\Q) satisfying

u(x) < (2)v(x), xe R"™\Q and u(x) = v(x),
we have

Sk(D*v(%))

D)) -

If u € C°(R"\Q) is both a viscosity subsolution and a viscosity supersolution of
(1.1) and (1.2), we say that u is a viscosity solution of (1.1) and (1.2).

Suppose that g € C°(R") satisfies

(L10) 0 < inf g <sup g < +oo,
R" R

and for some constant 8 > 2,

(1.11) g(x) =go(ra(x)) + O(rA(x)_ﬁ), as |x| - oo,
where
(1.12) ra(x) :== VxT Ax for some A € Ay

and gy € C°([0, +00)) satisfies

0< 1nf g0< sup go < +oo,
[0 [0 +oo)

and

Cy:= lim go(r) > 0.

- r—+o0

Our main result can be stated as follows.

Theorem 1.6 For n > 3, let0<l<k<nand

> 2. Assume that g satisfies (1.10)
I
and (1.11). Then, for any given b e R" and A G.Ak)l, there exists some constant ¢,
depending only onn, b, A, Q, g, o, ||¢llc2(aq), such that for every ¢ > ¢, there exists a
unique viscosity solution u € C°(R™\Q) of (1.1) and (1.2) with the following prescribed
asymptotic behavior at infinity:

(L13) u(x)=uo(x)+b-x+c+0(x |2 mintfr oy

W), as |x| > oo, lfﬁ%f

or
(1.14)

u(x) = g (x) + b x + c + O(|x ™ Py k-l

W ), as x| > oo, fp=z—r
k=2
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where ug(x) = fOrA(x) Oho(0)d0 with hy satisfying

ho(r)% + terho (r)¥1hy (r)
ho(r)! +t,rhg (r)’*lh’( )

hO(O) > Supre 0,+00) go (T)
ho(r)* + tkrho(r)k Yhi(r) > 0.

=go(r), r>0,
(1.15)

Remark 1.7 Under the assumption of gy, by the classical existence, uniqueness and
extension theorem for the solution of the initial value problem of the ODE, we know
that (1.15) admits a bounded solution kg in C°[0, +00) N C'(0, +00). In particular, if
go =1, then hy =1and up(x) = %xTAx.

The rest of this paper is organized as follows. In Section 2, we will prove
Theorems 1.1 and 1.2. In Section 3, we will construct a family of generalized sym-
metric smooth k-convex subsolutions and supersolutions of (1.1) by analyzing the
corresponding ODE. In Section 4, we will finish the proof of Theorem 1.6 by Perron’s
method. In Appendix A, we will give the Appendix.

2 Proof of Theorems 1.1 and 1.3

Before proving Theorems 1.1 and 1.3, we will first make some preliminaries.
Consider the function

0 (e e v

It is easy to see that ¢ is smooth and strictly increasing on the interval [ag, c0). Let
& = £(t) denote the inverse function of t on the interval [ag, 00 ). Then £ is smooth
and strictly increasing on [ag, c0). Moreover,

E(t) > a9, V> a.
Let p(a) be defined as in (1.7). Then g has the following properties.

Lemma 2.1 y is smooth, strictly increasing on [ag, 00) and lim p(a) = occ.
o—>00

Proof The smoothness of y follows directly from the smoothness of . Then, by a
direct computation,

wia)= floosl_”f'(ocs_")ds.

Therefore, Lemma 2.1 follows directly from the facts that &(¢) is strictly increasing on
[ag, o0) and tlim &(t) = oco. |

Lemma 22 Let2<k<m<mnand0<I<k-1 Assume that A= (f,y,...,y) eR"
and o (1) = 01(A). Then A € T, if and only if

ao <Y <¥VYm>
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where

1
y _{(((:n":]lc))((L)))“, k+l1<m<n,
m — k

00, m = k.

Proof IfAeT,, wehavethatforj=1,...,m,
n—l) i1 (n-1Y
. By +( .)y’>0,
(1—1 J

Y7+ (n—j)y) > 0.
By [23, Lemma 1], we have that y > 0. It follows that
2.1 ][3 + (n - ])y >0,

forj=1,...,m.
The equation oy (1) = 07(1) can be equivalently written as

() -ty = () 0B+ (- Dy

Since y > 0, dividing the above equality by y'~1, we have that

e @ (oo () e

Itis easy to see that y # 4. Indeed, if y = a, then the left-hand side of (2.2) equals to 0.

’;) "(l;c_l) # 0, which is a contradiction.

which implies that

However, the right-hand side of (2.2) equals a}
It follows from (2.2) and y # a, that

G0 - RO
k(yst=1(7)
Inserting the above equality into (2.1), we have that
() (k= Dy + ()G =D
n\. k—I n >
k(e =1(7)

(23) B

(2.4)

0:

forj=1,...,m.
Now we claim that k(})y*™' - 1(7)>0 or equivalently, y>ao. Indeed, if
k(})y*"' =1(}) <0, on one hand, we have that by (2.4)

k
(Z)(k_].)yk—l+(’;)(j_l)<o, Vi=1...,m.

On the other hand,
(ke (o= CJo-n-

forany I +1< j < k, which is a contradiction.
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For m = k, we have already obtained that ag < y < co. Fork +1<m < n,byy > aq
and (2.4), we have that

yk—l < (7)(j_l)
(VG-
Then we can conclude that ag <y < y4.

Conversely, if ag < y < 9, it is easy to check that A € I',,. Indeed, by (2.3), we have
thatfor j=1,...,m,

Vi=k+1,...,m.

(k- +()G-D

L (.

It follows from the above inequality and y > 0 that
1(n J-17 . .
Uj(l)=;(j)y [iB+(n=-j)yl>0, Vj=1...,m.

Lemma 2.2 is proved. ]

Proof of Theorem 1.1  If c € [u(ag), 00) form =k or c € [p(ao), p(am)] for k +1<
m < n, by the intermediate value theorem and Lemma 2.1, there exists uniquely «q <
a < oo for m =k or ap < & < ey, for k +1< m < n such that ¢ = y(a). Consider the
function

(2.5) u(ry=b+ flrsf((xs_”)ds, Vr>l

Here and throughout of this section, we use r to denote r; defined as in (1.12).

Next, we shall prove that u is the unique uniformly m-convex solution to (1.6). The
uniqueness of u follows directly from the comparison principle (see [20, Theorem
1.7]). It is obvious that u satisfies the second line in (1.6) by taking r =1 in (2.5).
Differentiating (2.5) with respect to r > 1, it follows from the range of « and the
monotonicity of £ that

(2.6) a0<@:f(ar_")<ym, Vr>l

By (2.6) and Lemma 2.2, we can conclude that u is uniformly m-convex. Since &(t) is
the inverse function of t = (Z)fk - (’;)51 on the interval [ag, o), then equation (2.6)
can be equivalently written as

o (- (e
()= ve

By differentiating (2.7) with respect to r, we have that u satisfies the first line in (1.6).
It only remains to prove that u satisfies the third line in (1.6). Since
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£(t) = §(0) + &'(0)t + O(¢*)

t
chr———— O,

(k-1)a=1(7)

as t — 0, then we have that

a* a r
u(ry=—r*+b-—-+ [ s[&as™")-alds
2 2 1
_a, a oo N g [ Cny A
=T +b—5+f1 s[&(as™) - alds [ s[&(as™) —dlds
) oo
- Sreu@) - [ s{E(as™) - dlds
d2
= ?r2+‘u(o¢) +0(r*™)
&2
(2.8) = 7r2+c+O(r2’"),

asr — oo.
Conversely, suppose that u is the unique radially symmetric uniformly m-convex
solution to (1.6). By Lemma 2.2, we have that

!
uir) <Ym>» Vr>L

(29) ag <

The first line in (1.6) can be written as

(”)ku"(i)k-1 . (”)(n SR (k- (”)zu"(‘i)’-l . (”)(n DS, st
k r k r 1 r l r
By multiplying the above equation by r"~!, we have that
(Z)(rn—k(u/)k)/ - (’;)(rn—l(u/)l)/’ Vsl
Then there exists a € R such that

(210) (:)(”7')"-(’;)(”7')1 Car, Vsl

By (2.9), (2.10), and the monotonicity of ¢ = (Z)fk - (’;)51, we can conclude that a <
a < oo for m =k and ap < a < @y, for k +1< m < n. By the definition of &, we can

solve u’ /r from (2.10), that is,

ul
—=&(ar™), Vr>1l
,

It follows that
u(r)y=b+ f s&(as™)ds, Vr>1
1

Then, by (2.8) and Lemma 2.2, ¢ = u(«) € [p(ap), u(ar)].
Theorem 1.1 is proved. L]
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Proof of Theorem 1.3 If p > —1and ¢ = v(p), we will prove that u defined as in (1.9)
is the unique convex solution to (1.8) as follows.

The uniqueness of u follows directly from the comparison principle (see [20,
Theorem 1.7]). It is obvious that u satisfies the second line in (1.8) by taking r =1
in (1.9). Differentiating (1.9) with respect to r > 1, we have that

(2.11) 1+ >1, Vr>1

u'(r) r2+p
ro r

By applying Lemma 2.2 with n = m = k = 2 and [ = 1, we have that u is convex. By a
direct computation,

S,(D*u) - S1(D*u)

_ u//”i _ (u//+ ’i’)
r r
:O’

which implies that u satisfies the first line in (1.8). It only remains to prove that u
satisfies the third line in (1.8). Since

r r2+p:r2+§+0(r_2),
and

In(r++/r2+p) =lnr+In2+0(r?),

as r — oo, we have that
(2.12) u(r) = r2+glnr+v(p)+o(r‘2),

as r — oo, which implies that u satisfies the third line in (1.8).
Conversely, suppose that u is the unique radially symmetric convex solution
to (1.8). The first line in (1.8) can be written as
u u
u'—=u"+—, Vr>L
r r

By multiplying the above equation by 2r, we have that
(WD =2(rd"), Vr>1
Then there exists p € R such that
(2.13) (W) -2ru'=p, Vr>L
It follows that
A(r)=4(r*+p) 20, VYr>1,
which implies that p > -1. By Lemma 2.2 with n = m = k = 2 and [ = 1, we have that

w(r)

r

(2.14) >1, Vr>L

https://doi.org/10.4153/50008414X23000834 Published online by Cambridge University Press
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Combining (2.13) and (2.14), we can solve u’ as
W'(r)y=r+\/r2+p, Vr>L

Integrating the above equality from 1 to r, we have that u must take the form as in (1.9).
Moreover, by expanding u at infinity as in (2.12), we can conclude that ¢ = v(p).
Theorem 1.3 is proved. u

Proof of Corollary 1.4 By the argument in [23], we have that v(p) is increasing on
[-1,0] and decreasing on [0, c0). Thus,

v(p)<v(0)=b-1, Vp=x-1
Then Corollary 1.4 follows from the above inequality and Theorem 1.3. [ ]

Remark 2.3 Ifk=n=2,1=0, we can refer to Theorem 2 in [23].

3 Generalized symmetric functions, subsolutions and
supersolutions

In this section, we will construct a family of generalized symmetric smooth subsolu-
tions and supersolutions of (1.1).

For any A € Ay, without loss of generality, we may assume that A is diagonal,
that is,

A =diag(ay,...,a,),
wherea = (ay,...,a,) €eR"and0<a;<a, <--- < ay,.

Definition 3.1 A function u is called a generalized symmetric function with respect
to A if u is of the form

n

u(x) = u(r) = u(ra(x)) = u((Y aix?)?),

i=1

where 7 := r4(x) is defined as in (1.12).

If u is both a generalized symmetric function with respect to A and a subsolution
(supersolution, solution) of (1.1), then we say that u is a generalized symmetric
subsolution (supersolution, solution) of (1.1).

By the assumptions on g, there exist functions g, g € C°([0, +o0)) satisfying

0< [inf )g(r) <g(r)<g(x)<g(r)< sup g(r) <+o0,VY xeR",
€[0,+00) — -

r re[0,+00)

and

(3.1 g(r) <go(r) <g(r),VxeR"
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Moreover, g(r) is strictly increasing in r and for some Ci, 6 > 0, we have that
(3.2) 2(r) =go(r) +Cir P, r> 0,
and
g(r) =go(r) - Cir P, r> 6.

In order to construct the subsolutions of (1.1), we want to construct the generalized
symmetric subsolutions or solutions of

Sk(DZV) _

(3.3) W =g(7).

However, Proposition A.l tells us that it is impossible to construct the generalized
symmetric solutions of the above equation for 1 < k < n —1directly unless A = 4l.

Thus, we will construct the generalized symmetric smooth subsolutions of (3.3).
Indeed, we will construct the subsolutions of the form

w(r) = wp, 6(r)=p1+ f 0h(0,8)de, ¥V r>1,
n

where B € R, 17> 1,8 > sup 1 ;.00 Eﬁ (r),and h = h(6, §) is obtained as follows.

Lemma 3.2 Forn >3,0<1[ <k < n, the following problem

h(r)k +?k7’h(7’)k71h’(r) -
h(r)! + t,rh(r) 2 (r) g(r), r>1,
h(1) =6,

h(r)* +trh(r)*h'(r) > 0

(3.4)

admits a smooth solution h = h(r, §) on [1, +00) satisfying:

(i) g7 (r) < h(r,8) < 8, and 3,h(r, ) < 0.
(ii) h(r,?8) is continuous and strictly increasing in & and

lim h(r,8)=+o0, Vr2>1.

d—>+o0

Proof For brevity, sometimes we write h(r) or h(r, ), tx(a) or ty and t,(a) or t,,
when there is no confusion. By (3.4), we have that
1 k-1 _
dh _7£—h(r) g(r)t =V(hr), r>1,
(3.5) dr T hen(r)k! - g(n)
h(1) = 6.

Then 0V /oh is continuous and V satisfies the local Lipschitz condition in the domain
(§ﬁ(r),8) x (1,+00). Since & > supre[oﬁm)gﬁ(f') and t;/tx <1, so by the exis-
tence, uniqueness, and extension theorem for the solution of the initial value problem
of the ODE, we obtain that problem (3.4) has a smooth solution h(r,d) such that

gﬁ (r) < h(r,8) < 8,and 9,h(r,§) <0. Then assertion (i) of this lemma is proved.
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Solvability of Hessian quotient equations in exterior domains 13

By (3.4), we have that
£ k YL 7 k-1p,7 k-l
(1 hk(r))’ T (h(r)* + terh(r) " W' (1)) CnT
Ghi(r)) Lyt ! -1 ol %_g(r),r>1,
(riht(r)) i (h(n) +rh(n)!=h () o

that is,

,L
I

(r k5 (r))’ = W) (r ().

Integrating the above equality from 1 to 7, we have that
Tk kt, rr x_1
f (s‘khk(s))'ds:%l/ 5T f'g(s)(sflh (s))'ds.
1 Ity N1
Then
£ kt kL
(3.6) ric h*(r) - 6% = ’f ST g(s) (sh b (5)) ds.
1

Since h(r)* +txrh(r)*'h'(r) >0, then h(r)' +t,rh(r)''h'(r) >0, so also
(ré h!'(r))" > 0. According to the mean value theorem of integrals, we have that there

exists 1 < 0; < r such that

L
ri

kt tk ‘l f
5 (r) - 6% = lle (Gl)f(sh(s)ds,

ie.,

(37)

F(h,8,6,,7) = rx h¥(r) - 8 - ’;4077*(91) whl(r)+ *’e‘k (608" 0,
Then we claim that

(3.8) gi;:k L 4975 g6 )r'rh“]>

Indeed, by (3.7), we have that

k 1
* b=

(39)  ruwhk(r) - Kty i

l etk I (91)r‘1h (r) 81 |:8k 1 lt197 (9 ):|

Since t; < % % x and 8%~ > SUP,¢[0,+ ) §(7), we have that
kt, *-¢
(3.10) okt - i, —Lgx “5(6)) > 0.

Inserting the above inequality into (3.9), we have that

k
1

kt, £-1
richk(r) - =16,

A Bou (Ol)r’Ih (r)>o0.
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t kt
Since —=L > ——=L, we have that
tr tr
i ktl t '17 k 71 t 717
riht(r) - 9" (91)7"h(’)<r‘kh(r)— ek TR0 r (),

that is, (3.8).
By the implicit function theorem and the existence and uniqueness of solutions of
(3.4), (3.7) admits a unique function h(r) := h(r, ) := h(r, 8, 61). Moreover,

oh __oF oF

06 98’ oh’
By (3.8) and (3.10),

k_1
o k81—1 |:6k_l _ %Hlfk 4 g(91)]
(311) % = e L *_1 > 0
krt hl—l[r?k b pk-1 _ %’(gltk L] ?(91)]

By (3.9), we have that

LS
ri

kt T_Tf _ kt 5
kl()_ lek 1 (01)1"1]261[81(1 lle g(el)]

As § — +oo, the right side of the above equality tends to +o0. Since h is increasing in
d by (3.11), we can conclude that h(r, §, 6;) — +0c0,as § > +oo. This lemma is proved.
|

The asymptotic behavior of w can be given as follows.

Lemma 3.3 Asr — oo,

2-min{p, %=L

o ™A, tf/5

2_7kfl
O(r” wulnr), iff=

312)  w(r) = foreho(e)dewﬁl,n(aw{

where
(3.13) tp,n(8) = +00,as § - +oo.

Proof Let hy satisfy (1.15). From the equation in (1.15), we have that

k=Tt

tl:_t t" ‘1 ho(f’) Wt [ho(r)* +Terho(r) " hy(r)]

- k-1 kl[ lt B gO(r)’ T 0.

L5 () o [ho(r)! + tyrho ()1 Hg(1)]

It follows that
ke D
riet g k)

(3.14) % =8(r).r>0.

k-1

(rrk :,h et )/
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Integrating the above equality on both sides, we have that

=ty

G o) = (7 [ yas)
Rewrite w(r) as
w(r):/sﬁ[q;o Gh(e)dé)—fr: 0h(6)do | -
:/51+f’7+w 9h(6)d9+/0r6h0(9)d9—f0 9h0(9)d0—fr+m9h(9)d9
:/31+fn eh(e)d9+f0 9h0(9)d6—/0n6h0(9)d6—/; Oho(8)d6
+fr+°° Hho(ﬁ)de—[rm 0h(6)d6
:foreho(e)dmﬂl—foﬂeho(e)dmfnm 8[h(0) - ho(6)]d0
—frm 8[h(6) - ho(6)]d6

(3.16)
f Oho(0)dO + g, (8) - f 8[h(8) - ho(6)]d6
where
o (0) = ﬂl—foﬂeho(e)dmfnm 8[h(6) - ho(6)]d6
By (3.4),
%i*wfhuf$?[<V+hmuv*wun
o o =g(r), r>1
7,:%11 ’ h(r) = [h(r)! +t,rh(r)! = h'(r)]
It follows that

k=1 (k=D
(rvth u )
(3.17) i = g(r),r>1,

(r7k—£1 h &t )’

that is,

k=1 (k=D k-1 (k=Dy

(i Y =g ) s L

Integrating the above equality from 1 to , we obtain that

k=1 (k=1)ty (k=1)t; k=l (k=Dty
riti h et — § = f g(s)(s‘k 4 h(s) U ) ds.
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It follows that

=4

(k=D K1 k1

_ _ k=1 (k=D)ty (k=1)t),
(3.18) h(r) = (5 Tl p Gl 4p k4 / g(s) (s t,h( ) i )ds)

and

r (k=) P
W(T):[S1+f H(S'k‘le’kfz+9 tktz
n

ety

=Dty (k=D)tg
< [ eon W yas) " e vra o
1
Since by (3.2), g(r) = go(r) + CirP,r > 0, then the last term in (3.16) is

- [m 0[h(0) - ho(6)]d6

Tty

+o0 GD ket kel ) (k=11 [
A (‘s 0 e f §(s) (s h(s) oo )ds) ~ho(0) } d6
r 1
Rad k=l 0 k=Dt \ 7 v
== /'* 9{[509 IR "‘ " /; (go(s) +C1S_ﬁ)( Tty '1 h(s) ) ds)(k l)k ho(e)}de
too — k=l _ k=l 0 k=Dt \/
=- f 9{[809 T+ 0 kel (/ go(s)( ‘k ‘1 h(s) ) ) ds
r 0
0, (=Dt
- [ s (s ae ) as)
0

(k=D)t;

ety
rk t, / Cis™ ﬁ(stk 'Ih(S) Tt )d :I(kfl)rk —ho(e)}de

(k=Dty

oo l
:—f+ 0{[519 pEn f go(s)(srk 'zh(S) ) ds
r 0

_ kel 0 [ (i’:;)%k
+0 Bu / Cis™ ﬁ(srk z, h(s) n ) ds —ho(8) \ do
()

(k=Dt; <k I

— k=l
- 810767 [ go(s) (57 h(s) " )'ds— hy" " (0)
:_/r 6ho(0) = + T 1
tk 1 (9) h()[k—ll (0)
e Y,
T [ G () o )ds ~1}d6

(k— I)rk

ho* ™ (6)

(3.19)
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(k=D)ty (k=Dty
where 8o =98 %4 +f1 (s)(sfk 0 h(s) %4 )ds and &)= —fog" go(s)
k=1 (k- l)t

(s%4 h(s) %4 )'ds. In (3.19), we let

(k- I)tl

_kt 0
Q(0):=0 wu fe Cis™ ﬁ(s‘k ’lh(s) i)' ds.
Then, if  # 71,

(k=Dt;

_ k=l 0 k=l k
Q(Q) =0 f@ Cls_ﬁ(stk_fl h(s) =4 ),ds

_ k=l 7_[; (k=D t *i -p =Dy
=0 %t ( Ci0%t "h 4y (6) C1 TS By (90)
(k-Dy
+c1/5f -lgin () ds)

k=l (k=D k= 0 k=l
(320) = C07F + C40 %t + CiBh(rg) * O et f9 sP1sh ds
0

(k=D (k=D

= Tt Tt kel g g
0P 4 Cy0 n +%9—ﬁ_%95“1 -
Wy P Wy, P

k-1

(321) —C40 /3+C59 = LN

(k- l)t, k=1 _ (f—l)gl
where C, := C,(6) = Cih %4 (0) and C; = —C19t" R (6g). In (3.20), we
employ the integration by parts and the mean value theorem of integrals and kg €

(k=Dt; (k=Dty " P
t—t ot ==
(3.19) e o
n (3.19), we set
_ k=l (k=D)ty <f I)ttk
R(0):=0 uu /0 go(s)(sfk t,h(s) Tt )ds— ()
=Dty - (k=D

k=l k=1
=0 %t / gO(S)(S‘k ‘Ih( ) 1=ty )dS— Ty / go(s)(s‘k :1 ho(s) Tt )dS
0 0
_ k=l 6 (k=D)t; (k=D
S0 [ o) ((FH ) T - (o) Ty
0

(3.22)

According to (3.14) and (3.17), we can have that

(k=D)t,

k=1 (k— l)tk kL -t
G D) (T"k thet M) g(r)
Emoo (k= 1ig k1 (k Dy - 1}rnoo oo(r)
r—+ k=1 T gO(r)

(r‘k r,h -ty )/ (rxth % h )'

https://doi.org/10.4153/50008414X23000834 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000834

18 L. Dai, J. Bao, and B. Wang

Consequently,
k=1 (k=D k=1 (=D
) ri—t b et ) ) rit b et )
(3.23) fim (R g, (R )
r—>+oo k=l k=Dt r—>+00 k-1 (7‘ )Y
DSIRY; Tt k=t s
(rict ) (rietihy )

On the other hand, in light of (3.14) and (3.17), we know that

(k=D)T;

kel (k=D)t;
(ho(r)) o =1 [ go(o)(shho(s) " )ds

and

[

_ kel (k=D
(h(r) o = [Tg(s) (R h(s) o ) ds

As a result,

(k=1)7 el =Dy el (k=Dy
i ()T )RR Y ()
(324) rkinoo (lf_’);k :rkinoo (k by rk+oo k=1 (k- I)tl
(ho(r)) " go(r)(r‘k ‘lh ey (r’k 0y k)
Likewise, we also have that
(f—l)ll k-1 (k=1
(h(r)) (s Y
(325) rkgloo (k=Dt; - rk+oo el G- D1
(l’lo(r)) k=t (T’k t,h el )/
From (3.23)-(3.25), we get that
(k=D (k=D
h -t h Tt
i (BOD ()
r—+oo =Dyt r—+oo =Dy

(ho(r)) w7 (ho(r)
So

im h(r) =
r—+00 ho(r)

kel (e=Dty (=Dt
And, therefore, the term [09 20(s) (( %= ‘1 h(s) %4 ) —(s = f: ho(s) =t ) )ds in
(3.22) is bounded and thus

(k=11 (k=D

(3.26) 9*/; go(s)(sit h(s) wn Y'ds—hy" " (6) = CroB o,

(e=Dty (=Dt

where cj = ¢10(0) = fo £o(s) ((s‘k th(s) ) = (s‘k 0 ho(s) ) )ds. Hence,
by (3.21) and (3.26), we know that
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Solvability of Hessian quotient equations in exterior domains 19

+o00
—/ O[h(6) - ho(6)]d6
;k*!L
(k=)t

_ k-1 _ k=1 k-1
+oo 810 %4 Cro0 1 Ci07F + Cs0 1
= fr 0ho(0) = + s +1+ (k e _1\4e.
ho ™ (8) by (8) 0 (0)

(3.27)

Thus, due to the fact that h, is bounded, then (3.27) becomes

- [ en(e) - mo(e)do - [ o(8" )+ 06 F)as

min k-1
:O(r2 5 ‘1}) as r — +00.

Ifg=-"—=— then by (3.20),

=Dty k-1

h(li ) %4 0 %t (Inf-1nby)

_ k=1 k
Q(G) = C29 ket +C 6 tk tl +C1

kel kel
(3.28) =Cgf %t Inf+C,0 a7 ,

(k=1)t; (k=D1;

where Cg = Cl h(/<; ) %, Cyi=Cy+ C3— Cl h(ﬂ ) %4 ln 6. Therefore,
by (3.19), (3. 22) and (3.28), we know that

- /+°° O[h(0) - ho(6)]d6
Tty
ket | D

— k=L _ k=l k=1
+o0 50 u Cio0 &t CGG IS ’1 ]n6+C70 Tt
- / 6ho(0) 4| o * a1 e —11d.
h* ™ (0)  hy*™ (0) hy* ™ (0)

(3.29)

Hence, by the fact that /g is bounded, then (3.29) turns into

+o00 +00 1— k=L 1— k=L
-[ e[h(e)—ho(e)]dez—[ 08 % 1) +0(0" W In0)do

2— k=l
=0(r “tlnr), as r - +oo.

To sum up, we can get (3.12). By Lemma 3.2(ii), we know that (3.13) holds. [

Let
W(x) = W, y.0,4(x) = w(r) = wg, ,6(r), Vx e R"\E,,

where E, := {x e R" : r < 7}. Then we can conclude that such W is a generalized
symmetric smooth subsolution of (1.1) as follows.
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Theorem 3.4 W is a smooth k-convex subsolution of (1.1) in R" \En'

Proof By the definition of w, we have that w’ = rh and w” = h + rh’. It follows that
fori,j=1,...,n,

0ijW = ha;d;j + h7,(a,-x,-)(ajxj).
By Lemma A.2, we have thatfor j=1,.. ., k,
$;(D*W) = a;(M(D*W))
=oj(a)h’ + h%hj’l iaj_l;i(a)afxf
i=1
> gj(a)h’ +tj(a)oj(a)rh/ "0
(3.30) =g;(a)h " (h+1j(a)rh’),

where we have used the facts that i > gﬁ > 0and h’ < 0 foranyr > 1 by Lemma 3.2(i).
Since I <k, t; <t < % < t, then —% > —1. It follows that

ogwsls’f,jsk,
e
and
oo 1h ROM-%()  1hE 1k
r?kh(r)k_l—g(r)i—’_ r?k?j Tt

173
Thus, h + t;rh" > 0. Hence, by (3.30), S;(D*w) > 0 for j = 1,. .-~ k. Moreover, by (3.5)
and the fact that oy (a) = 0;(a), we have that for any x € R"\E,,
Se(DW) s (A(D*W))
Si(D*W) a1 (M(D*W))
ox(a)h* + LR ST opyi(a)ada?
or(a)h! + EhU S 01y (a)adx?
N or(a)h* +ti(a)ox(a)rh*h’
~ og(a)h! +t,(a)or(a)rh!-1h’
R+ T (a)rhE
h' +t,(a)rh*=1h
=8(r) 2 g(x).

Then we complete the proof. [ ]

Next we shall construct the generalized symmetric supersolution of (1.1) of the form
r
Y(x) =Yg, pra(x) =w(r) = yg, n(r) =P + ['1 0H(0,7)d0, ¥V x e R"\E,,

where f3, € R and H is obtained from the following lemma.
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t k-1
Lemma 3.5 Forn>3and0<1<k<n. Let ig(l) <77 < g(1). Then the problem

H(r)* + trH(r)*'H' (1)
(3.31) H(r)! + t;rH(r)""1H'(r)
H(Q)=1

= g(r), r>1,

admits a smooth solution H(r) = H(r, 7) on [1, +o0) satisfying:

(i) %5(1’) <H*!(r,1) < g(r),0,H(r,7) 20 forr>1.
(ii) H(r, ) is continuous and strictly increasing with respect to 7.

Proof For brevity, we sometimes write H(r) or H(r, 7) when there is no confusion.
From (3.31), we have

dH _ 1H H(r)*" - g(r)

- ———, >
(3.32) dr rtx H(r)k-! _S(”)ﬁ
H()=1.

Since % g < hl < g(1) and g(r) is strictly increasing, by the existence, unique-
ness, and extension theorem for the solution of the initial value problem of the
ODE, we can get that the problem has a smooth solution H(r, §) satisfying %l( g(r) <

H!(r,7) < g(r),and 0,H(r, ) > 0, that s, (i) of this lemma.

Let
() = p((r, 7)) o= M7 D280
p =p T))= H(T,T)k’l—g(r)%'
Then (3.32) becomes
o0H 1
(3.33) o, = pHED). r>1,

H(,7)=1.

Differentiating (3.33) with 7, we have that

*H 1 oH
orar —;p'(H)g,
0H(1, 1) 1
ot
It follows that
D gy = exp [(Dp' s s >0,
that is, (ii) of this lemma. ]

Remark 3.6 1f g =1,thenwechooseg=g=1,8=17=1Thenh =1and H = I satisty
(3.4) and (3.32), respectively. B

https://doi.org/10.4153/50008414X23000834 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000834

22 L. Dai, J. Bao, and B. Wang

Analogous to (3.12),

2-min{f, =03 0 k-1
r Oo(r %l if B4 S,
(34)  y(r)= [ Oho(0)d0 4 vp (D) 4], s ol
0 Tt : _ k-1
O(r “*lnr), if = -,
kT2

as r — +oo, where
n(5) = Ba= [ Oo(0)d0+ [ 01H(8) = ha(0)1do.
Theorem 3.7 ¥ is a k-convex supersolution of (1.1) in R"\E,,.
Proof ByLemma A.2, we have thatfor j=1,.. .k,
S;(D*¥) = g;(A(D*¥))
H'(r)

n
=0j(a)H(r)’ + fH(r)J‘1 > oj-i(a)ajxi >0,
i

where we have used the fact that H' > 0 by Lemma 3.5(i). Moreover, by (3.31), we have
that for any x € R"\E,,

Sk(D*Y¥) 0k (M(D*Y))
SI(D?¥) ~ ai(A(D?Y))
a(@H()* + PO H( L 0yi(a)ade?
 a(@)H) + TOH() L, 011 (a)alx?
< H(r)k +fer(r)k_1H’
T H(r)! +t;rH(r)!"'H'
(3.35) =g(r) < g(x).

4 Proof of Theorem 1.6

Before proving Theorem 1.6, we will first give some lemmas which will be used later.

Lemma 4.1 Suppose that ¢ € C*(9Q). Then there exists some constant C, depending
only on g, n,||¢llc2(aq), the upper bound of A, the diameter and the convexity of Q,
and the C* norm of 0Q, such that, for each ¢ € 9Q), there exists x(g) € R" such that
[x(e)l <€

pc<¢ on 0O\{c} and pc(c)=¢(c),

where

-
=

pe(x) = ¢(c) + %[(X ~%(¢))"A(x ~%(¢)) - (¢ -%(¢))"A(¢ - %())], x€R",

ny gk
and ((’,‘%;, > sup g for some R > 0 such that E; cc Q) cc Eg.
")&

Exr
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Proof The proof of Lemma 4.1 is similar to the proof of Lemma 3.1 in [9]. We only
substitute the constant F+ in Lemma 3.1 in [9] with E. Here, we omit its proof. [

Lemma 4.2 [11, Lemma 2.2]  Let B be a ball in R", and let f € C°(B) be nonnegative.
Suppose that u € C°(B) satisfies Sy (D*u) > f(x) in B in the viscosity sense. Then the
Dirichlet problem

Sk(D*u)
51 (D) = f(x), x€B,

u=u(x), x€oB
admits a unique k-convex viscosity solution u € C°(B).

Lemma 4.3 (11, Lemma 2.3] Let D be a domain in R", and let f € C°(R") be
nonnegative. Assume that v € C°(D) and u e C°(R") are two k-convex functions
satisfying in the viscosity sense

Sk(D*v)
D,
Si(Dv) 2T e
and
Sk(D?
Si(D7u) > f(x),x € R",
SZ(DZM)
respectively, u <v on D and u = v on dD.
Let
v(x), xe€D,

wlx) = u(x), xeR™\D.

Then w € C°(R") is a k-convex function satisfying

Sk(DZW)

5,(D?w) > f(x) inR" in the viscosity sense.

Proof of Theorem 1.6 Without loss of generality, we may assume that A=
diag(ay,...,a,) € Ax1,0<a;<a<---<a,and b =0.
For any & > sup,[; . o) gﬁ (r), let

ra(x)
Ws(x) = m+[ 0h(6,0)d0 Vxe R™\ {0},
R
where r4(x) is defined as in (1.12), where p.(x) and h(r,d) are obtained from

Lemmas 4.1 and 3.2, respectively, and £, := min g o p¢ (x).

¢eodQ)
Let

o(x) = grelggpc(x)-
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Since p, satisfies

Sk(DZPc) .
L S TA Eag,
§i(Drpg) > $0) I Ban
then ¢ satisfies
Sk(D*¢) . . L
4.1 —_— 2 E th s
(4.1) 51 (D7) g(x) in E,g in the viscosity sense
and
(4.2) ¢ = ¢ on 9Q.
By Theorem 3.4, we have that W; is a smooth k-convex subsolution of (1.1), i.e.,
Sk (D*Wy) _ -
4.3 —_—— 2 R™\Q.
(43 R s OLE

Since Q) cc Eg, we can conclude that
(4.4) Ws < k1 < pe < 9 on Eg\Q.
Moreover, by Lemma 3.2, Wj is strictly increasing in § and

alim Ws(x) = +o0, VY ra(x)>R.
—+00

By (3.12), we have that

2-min{p, % .. _
O ), it 4 L,

Wi (x) = fow) 0o (0)d6 + u(8) +

2--k=L
O(|x|” % In|x|), if B = XL

te-t;’
as |x| - +oo, where
R +o00
u(8) = ki - f 0o (0)d0 + f 8[h(6) - ho(6)]d6.
0 R
Let
_ ra(x)
Uy, e(x) = /‘62+/ 60H(0,7)do, ¥V x e R"\Q,
1

k

where £, is any constant, % g(1) < ¥°! < ¢(1) and H is obtained from Lemma 3.5.

Then we have that, by (3.35),

Sk(D%ye) _

(4.5) (D, 1)

g(x), Yx e R"\Q,

and by (3.34), as |x| — +oo,

2-min{p,

ALy .
O™ A, i p AL,

2— k=L
O(|x|" 4 In|x|), if f = k=l

?k _11 ’

TA(X)
Ty o(x) = fo Oho(6)d + v, (1) +
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where

vy (1) 1= iz folaho(e)dm flm O[H(6, 7) - ho(6)]d6

is convergent.

A 1
Since W is strictly increasing in 4, then there exists some 0 > sup, [ , o) £ (r)
such that ming,, Wj > maxyg,, ¢. It follows that

(4.6) W;s > ¢ on 0Exg.
Clearly, u(9) is strictly increasing in 8. By (3.13), we have that lim;_,, o, (8) = +oo0.
Let
1 +00
E=e(1) = sup o~ [ Oho(0)d6 + f O[H(0) - ho(6)]d6
Exrva 0 1
and

&= max{¢, u(8), max p.(x)}.
GedQ
xeEr\Q

Then, for any ¢ > ¢, there is a unique 8(c¢) such that 4(8(c)) = c. Consequently, we
have that

—min ,J‘;' _
Ol PRy, i p 4 ke

?k _ll ?

2 k=l
O(|x|” %4 In|x|), if B = ?]:%i,
5

ra(x)
(47) Wi (x) = /0 Bho(0)d + ¢ +

as |x| > +o0, and

8(c) = () > w(u(8)) = .
By the monotonicity of W; in § and (4.6), we conclude that
(4.8) Ws(c) 2 Wi > ¢ on 0E;r.

Taking &, such that v, (7) = c. Then we have that

1 +o00
(4.9) 2 :c+[ eho(e)de—f O[H(6,7) - ho(6)]d6,
0 1
and as |x| > +o0,
2—min{[3,%} . _
O™ PR, it p 4 oL

ra(x)
(4.10) T, o(x) = f Oho(8)d6 + ¢ + e
0 O(|lx|” %4 In|x|), if B =

k-1
?k _El ’
Define

u(x) = max{ W) (x), ¢(x)}, x€Exr\Q,
- Wi(e) (%), x € R"\Epp.
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Then, by (4.8), we have that u € C°(R"\Q). By (4.1), (4.3), and Lemma 4.3, u satisfies
in the viscosity sense

Sk(DZE) . n\ N
m Zg(x) in R \Q

By (4.4) and (4.2), we obtain that 4 = ¢ on 0Q. Moreover, by (4.7), we have that u
satisfies the asymptotic behavior (4.10) at infinity.
By the definitions of ¢, u,,, and ¢, we have that

(4.11) U, 2 Ky > ¢ inExpp\Q.

By (4.4), Ws(c) < ¢ < Uy,,r on 0Q. By (4.3), (4.5), (4.7), (4.10), and the comparison
principle, we have that

(4.12) Wa(c) € Up,,r In R™\Q.

Letu := u,, . in R"\Q. By (4.11), (4.12), and the definition of u, we have that u < u in
R™\Q.

For any ¢ > ¢, let 8, denote the set of p € C°(R"\Q) which are viscosity subsolu-
tions of (1.1) and (1.2) satisfying p = ¢ on 0Q and p < u in R"\Q. Apparently, u € 8,
which implies that 8, # @. Define

u(x) ==sup{p(x)|p €8;}, VxeR"\Q.
Then
u<u<uin R"\Q.
Hence, by the asymptotic behavior of u and % at infinity, we have that

2-min{p, k=1

ﬁ} . _
O™ Py, it g # L,
O(|x[" 4 Inlx|), if f =

TA(X)
u(x) = [0 Bho(6)d + ¢ +

k-1
?k_il ’

as |x| > +oo.
Next, we will show that u = ¢ on dQ2. On one side, since u = ¢ on dQ2, we have that

liminf u(x) > limu(x) = ¢(¢), ¢ Q.
X—¢ xX—G

On the other side, we want to prove that

limsupu(x) < ¢(c), ¢edQ.

xX—¢
Let 9 € C*(Ear\Q) satisfy

A9 =0, in E2z\Q,

9=9¢, on 0Q),

9 = maxpg,, 4, on JER.
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By Newton’s inequality, for any p € 8., we have that Ap > 0 in the viscosity sense.
Moreover, p <9 on d(E;r\Q). Then, by the comparison principle, we have that
p <9 in E;p\Q. It follows that u < 9 in Eg\Q. Therefore,

limsupu(x) <lim 9(x) = ¢(¢) for ¢ Q.
x—¢ X=¢
Finally, we will prove that u € C°(R™\Q) is a viscosity solution of (1.1). For any
x e R"\Q, choose some ¢ >0 such that B, = B.(x) c R"\Q. By Lemma 4.2, the
following Dirichlet problem

Si(D*i2) .

A AN 5 B >
(4.13) si(pa) ~EV) ik

i=u, on 0B,

admits a unique k-convex viscosity solution i € C°(B, ). By the comparison principle,
u < @ in B,. Define

() = a(y), inBe,
) {um, in (R"\Q)\B..

Then # € .. Indeed, by the comparison principle, #(y) < %(y) in Be. It follows that
Ww < u in R"\B,. By Lemma 4.3, we have that ifggz::)) > ¢(y) in R"\Q in the viscosity
sense. Therefore, w € 8.

By the definition of 4, u > w in R"\Q. It follows that u > i in B,. Hence, u = iI
in B,. Since i satisfies (4.13), then we have that in the viscosity sense,

Sk (Dzu)
—— = , VyeB,.
Sl (Dzu) g(y) y €
In particular, we have that in the viscosity sense,
Sk (Dzu)
<z - 8(%)
Sl (D u)
Since x is arbitrary, we can conclude that u is a viscosity solution of (1.1).
Theorem 1.6 is proved. ]

A Appendix

In this appendix, we will show that it is impossible to construct the generalized
symmetric solution of (3.3).

Proposition A.1  Ifthere exists a C* function defined on (11, ;) such that T(x) = G(r)
is a generalized symmetric solution of (3.3), then

k=n, or ay=--- =an=ﬁ:((?)/(2))m’

where r = r4 is defined as in (1.12).

Before proving the above proposition, we will first give some elementary lemmas.
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Lemma A.2 IfM = (pidij+5qiq;)nxn with p,q € R" and s € R, then
- 2
ok(A(M)) = ok (p) +s Y ok1,i(p)qi» k=1,...,n.
i=1
Proof See [2]. [ |

Lemma A.3 Suppose that ¢ € C2[0, +o0) and ®(x) := ¢(r). Then ® satisfies

(A1) Sk(D*®) = g (a)h(r)* + h’fr) h(r)k! anak_l;,-(a)afxf,
i=1

where h(r) == ¢'(r)/r.

Proof Since r* = xTAx = Y./, a;x?, we have that

210y, = 9y, (r*) = 2a;x; and 9y, = aixi.
r
It follows that
20, (x) = #(Nanr = 2 g,
r
7 iy _ 90
axixj(i)(x) = ¢ (r)aiéij + Mir(aixi)(ajxj)

r ) r?
= fl(r)a,-(s,-j + @(aixi)(ajxj).
By Lemma A.2, we have that
Sk(D*®) = o (A(D*®))

_ i)k h’(r);l k-1 2.2
=or(a)h(r)" + . (r) Zok_l;,-(a)aixi. n
i=1
Lemma A4 Let a=(aj,as,...,a,) satisfy 0<ay<a,<---<a,. Then, for
1<k<n,
kK -
(A.2) 0<t,<— <<l
n
- 1 an - - _ _
0=ty<—< =H <t <<t <ty =1,
n~ o(a)
and
a1
0=t,< =t <t <<t <t =1,

ifand only ifa, = -+ = a, = C for some C > 0.
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Remark A.5 From (A.2), we know that

0< <t <L

IA

a
<t <

k
o (a) = n

!
n
Then
0<fr—t, <L
Now we give the proof of Proposition A.1.

Proof For the special case [ = 0,1 < k < n, the Hessian equation case, Proposition
A.1 can be proved similarly with Proposition 2.2 in [9]. We only need to prove the case
1<l <k<n.

Let J(r) = G'(r)/r. By (A.1), we know that T satisfies

(@I + LTS oy (a)a?
i=1

(0 =30
S;(D2T) ou(a)](r)} + @](r)m Zal_l;i(a)alle?
Setx =(0,...,0,1/r/a;,0,...,0). Then
SU(D'T) _ (@) ()¢ + V()0 i@

SUD2T)  oy(a)J(r) + (1) (r)tor_yi(a)a;

So
(A3)
or(a)](N)* + ' (NI oreri(@)ai = g o(@)] () +T(N)](1)or-ri(a)a].
Since 0x(a) = 0;(a), then
J(N* -2 _gn)I(1) " ori(a)ai = J(1)* " ox-i(a)a;

J'(r) ax(a) ’
Noting that the left side of (A.4) is independent of i, so for any i # j, we have that

2NN orvi(@)ai = J(r) orni(a)ai = g(N)1(r) N ori(a)a; — J(r) T oi(a)a.

As aresult,
(A.5)

(NI M or-yi(a)ai - a1yj(a)a;] = J(r) " [oxyi(a)ai - or-1;j(a)a;].
Applying the equality oy (a) = o,;(a) + a;0x_1,;(a) for all i, we get that

(A4)

Ul—l;i(a)ai - 01—1;j(‘1)‘1j
= [0'1—1;1'1'(“) + UI—Z;ij(a)aj]ai - [Ul—l;ij(ﬂ) + O'l—z;ij(“)ai]“j
= Ol—l;ij(a)(ai - aj)'

Therefore, (A.5) becomes
2(NI(N)orii(a)(ai - aj) = J(r) T oryij(a) (a; - aj).
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If k = n, then 0y_y;;(a) = 0 forany i # j. But 6,_y;;j(a) > 0, so we get that
ay=--=a,=d.

If1 <] <k<n-1,thenog_y;;(a) >0and 0_y;;(a) > 0. Suppose on the contrary that

a; }é tlj, then

(NI " orii(a) = J(r) oiyii(a).
Thus,
(A6) @) SO o)+,

oij(a)  J(r)k!

Since the left side is independent of r, then g(r)J(r)'~* is a constant ¢q > 0. So g(r) =
coJ(r)*~!. Substituting into (A.4), we have that

(A7) J(r)(1-¢o) _ 01—1;i(a)ai—0k—1;i(a)ai'

co'(r) ok (a)
Since the left side of the above equality is independent of 4, then for any i # j,

o1_i(a)a; — oxyi(a)a; = o1_;j(a)aj - ox_y;j(a)aj,

SO

o1-yij(a)(ai — a;) = ok-y;ij(a)(a; — aj).

However, a; # aj; thus, 0;_;;j(a) = 0x_y;ij(a). Therefore, by (A.6), we can have ¢y = 1.
Then, by (A.7), we can get that for all 4,

oi-yi(a)a; = ok_y;i(a)a.

Recalling the equality

Zn: a;0y_1,i(a) = kox(a),

i=1

we know that koy(a) = lo;(a). Since A € Ay, we can conclude that ox(a) = 0;(a)
and k = [, which is a contradiction. ]
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