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On a Class of Landsberg Metrics in
Finsler Geometry

Zhongmin Shen

Abstract. In this paper, we study a long existing open problem on Landsberg metrics in Finsler ge-
ometry. We consider Finsler metrics defined by a Riemannian metric and a 1-form on a manifold.
We show that a regular Finsler metric in this form is Landsbergian if and only if it is Berwaldian. We
further show that there is a two-parameter family of functions, ¢ = ¢(s), for which there are a Rie-
mannian metric & and a 1-form (3 on a manifold M such that the scalar function F = a¢(3/a) on
TM is an almost regular Landsberg metric, but not a Berwald metric.

1 Introduction

In Finsler geometry, we consider scalar functions F = F(x, y) on the tangent bun-
dle TM of a manifold M. The restriction F, := F|7, on each tangent space T,M
is a (Minkowski) norm, so that the length of a curve is well-defined. Thus Finsler
manifolds are smooth metric spaces. If g = g ]-(x)dxi ® dx’ is a Riemannian metric
on M, then F := /g;j(x)y'y/ is a Finsler metric. Finsler metrics are generalized
Riemannian metrics. Riemannian metrics have two special properties:

(i) The geodesic coefficients G’ := %I‘;k(x)yi y/ are quadratic in y = yi%|x. Here
G’ appear in the geodesic equations
dxi o dx
P a6(x %) o
dar? o
(ii) All the tangent spaces (TyM, Fy) are linearly isometric to each other as Eu-
clidean spaces.

The first property is crucial to showing that the exponential map exp,: TM — M
is C* at the origin. The second property reveals another important property of
Riemannian spaces, that is, the infinitesimal geometry at every point is Euclidean.

However, Finsler metrics do not share the same properties as Riemannian metrics,
in general. Those with the first property are called Berwald metrics. On a Berwald
manifold (M, F), all tangent spaces (T M, Fy) are linearly isometric as norm spaces.
In this sense, a Berwald manifold is modeled on a single norm space. The local struc-
tures of Berwald metrics have been completely determined by Z. I. Szabo [8]. A typ-
ical non-trivial example of Berwald metrics on R? is

F(x,y) = \/ep(5~f)(u2 +2) + w2 + /200D (12 +12)2 + wh,
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where x = (s,t,r) € R> and y = (u, v, w) € T(R>.

For a Finsler metric F on a manifold M the Minkowski norm F, := F|7_ on TyM
induces a Riemannian metric ¢, := g;i(x, y)dy' ® dy’ on T.M \ {0}. It is obvious
that if F is a Berwald metric, then all (T,M \ {0},4,) are isometric as Riemannian
manifolds. Thus it is a natural problem to understand Finsler manifolds having all
tangent spaces (T,M \ {0}, §,) isometric.

This leads to the notion of Landsberg metric. By definition, Landsberg metrics are
defined by

(1.1) ijl = —%FFyi[Gi] = 0.

yiyky
It is known that on a Landsberg manifold (M, F), all (T,M \ {0}, $.) are isomet-
ric. Clearly, (1.1) always holds for Berwald metrics. However, the classification of
Landsberg metrics is far from complete.

The following is a long-standing open problem in Finsler geometry:

Is there any Landsberg metric which is not Berwaldian?

People wish to find some explicit examples if the answer is “yes” Recently,
R. Bryant claimed that to have classified two-dimensional Landsberg metrics.! There
are many Landsberg metrics which are not Berwaldian. The author does not know if
his examples can be expressed explicitly in terms of elementary functions.

In order to find explicit examples of Landsberg metrics, we consider (c, 3)-met-
rics. The so-called («v, 3)-metrics are Finsler metrics defined by a Riemannian metric
a = y/ajjy'yl and a 1-form 3 = b;y* on a manifold M. They are “computable”
Finsler metrics. Thus it is natural to search for Landsberg metrics in this class.

An (a, #)-metric is a scalar function on TM defined by

F:=a¢(s), s= é,
et

where ¢ = ¢(s) is a C> function on (—b,, b,), @ = +/a;j(x)y'y/ is a Riemannian
metric and 3 = b;(x)y' is a 1-form. It can be shown that for any Riemannian metric
a and any 1-form 3 on M with || B¢||» < b, the function F = a¢(3/«) is a (positive
definite) Finsler metric if and only if ¢ satisfies

(1.2) P(s) >0, ¢(s) —s¢'(s) + (p* —s)9"'(s) >0, (|s| <p<by,),

(Lemma 2.1). Such («, 3)-metrics are said to be regular.

Randers metrics are special («, 3)-metrics definedby ¢ = 1 +5,ie., F= a+ 3. It
is well known that a Randers metric is a Landsberg metric if and only if it is a Berwald
metric [5,7]. In this paper, we shall prove the following.

Theorem 1.1 Assumen > 3. Let F = a¢(8/«) be a regular («, 3)-metric on
an n-dimensional manifold, where ¢ = ¢(s) is a C* function on (—b,, b,) such that
@ # ki1 + kys? for any constants k; > 0 and ky. Then F is a Landsberg metric if and
only if (8 is parallel with respect to oy in this case, F is a Berwald metric.

Personal communication.
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Note that if ¢ = k;v/1 + kps?, then F = ad(8/a) = ki\/a? + k8% is a Rieman-
nian metric. If (o, §)-metrics are allowed to be singular in two extremal directions,
then there are some non-trivial solutions. Let ¢ = ¢(s) satisfy (1.2). A function
F = a¢(B/a) is called an almost regular (v, 3)-metric if 3 satisfies that ||Gyl|a <
by, Vx € M. An almost regular (o, 3)-metric F = a¢(f3/a) might be singular (even
undefined) in the two extremal directions y € T,,M with G(x, y) = +b,a(x, y).

To state our result, we shall first introduce some notations. Let b;; denote the

coefficients of the covariant derivative of 3 = b;y’ with respect to a = /a;jy"yJ. Let
rij i= (b + bjji), sij = 3(bi); — bjji),
rj = bir‘,‘j, Sj = bisij,

where b' := a'/b;. Let b(x) := ||B||a- It is easy to see that 3 is closed if and only if
sij = 0.

Theorem 1.2 Assumen > 3. Let F = ad(3/) be an almost regular (o, 8)-metric,
where ¢ = ¢(s) is defined on (—b,, b,) such that ¢ # ki/1 + kys? for any constants k;
and ky. Let b(x) := ||Bx||a # 0. Then F is a Landsberg metric if and only if either [3 is
parallel with respect to o, in this case, F is a Berwald metric, or ¢ is given by

S a1 = (t/b)? + st
‘ _ d
(1.3) ¢l C“"P(/o L+ tlay/T— (/b0 +cst) )

and 3 satisfies the following equations:

(1.4) b = b,,
(1.5) 5ij = 0,
(1.6) rij = k(b*a;j — b;b)),

where cy, c3, ¢4 are constants with ¢; # 0, 1 + c3b, > 0, and ¢y, > 0, and k = k(x) isa
scalar function. Moreover, F is not a Berwald metric if and only if k # 0.

The function ¢ in (1.3) can be expressed in terms of elementary functions. See
(7.2) below.

Letting b, = 1, = g # 0 and ¢ = 0 in (1.3), we obtain a special family of
functions

s /1 )
(1.7) ¢:C4exp(/(; jTﬁdt)

Now ¢ can be expressed in terms of elementary functions. See (7.3) below. For the
function ¢ in (1.7), a Riemannian metric o, and a 1-form 8 with b(x) := ||Glla < 1,
by Theorem 1.2, the almost regular («, 3)-metric F = a¢(3/«) is a Landsberg met-
ricif and only if b = 1, 5;; = 0, and r;; = k(a;; — b;b;). When k # O and n > 2, F
is not a Berwald metric. We notice that this special family of Landsberg metrics were
actually introduced by G. S. Asanov [1,2].

There are many Riemannian metrics o and 1-forms /3 satisfying (1.5) and (1.6)
with k # 0. Below is a simple example.
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Example 1.1 Atapointx = (x, y,z) € R® and in the direction
Y: (U,V, W) e TXR37

define @ = a(x,y) and 8 = B(x,y) by a := Vu? + e*(v> + w?) and § := u. Then «
and 3 satisfy (1.5) and (1.6) with b = || fx||o = 1 and k = 1. Let

B/ avl-— 12 + c3t
F:= aexp( dt) .
0 1+ t(ciV1 —t2 + c3t)

Then F is an almost regular Landsberg metric, but not a Berwald metric. This metric
is singular in two directions y = (£1,0,0) € TxR® at any point x.

2 Landsberg Curvature

For a Finsler metric F = F(x, y) on a manifold M, the spray G = y' 0% — 2Gi0—(3,, isa

vector field on TM, where G' = G'(x, y) are defined by

il
(2.1) G = gZ{ [Flay* — [},

where g;; := %[Fz]y,yj and (g') = (gij)_l. By definition, F is called a Berwald metric
if G = 3T% (x)yly* are quadratic in y = y'z%|, € T.M for any x € M. Ona
Berwald manifold (M, F), all tangent spaces T,,M with the induced Minkowski norm
F, are linearly isometric. Moreover, F is affinely equivalent to a Riemannian metric
g, namely, F and g have the same spray. Using this fact, one can determine the local
structure of a Berwald metric [8].

The Landsberg tensor L = L; jxdx’ ® dx/ ® dx* is defined by

(2.2) Ljy = —%FFyi [Gl]yjykyl.
Clearly, if G' = T (x)y/y* are quadraticin y = y' |, € T.M for any x € M, then
Ljy = 0. A Finsler metric is called a Landsberg metric if Lji; = 0. It is known that
on a Landsberg manifold M, all tangent spaces TM with the induced Riemannian
metric g = g;;(x, y)dy' @ dy’ are isometric.

Now we consider («, (3)-metrics. Let ¢ = ¢(s) be a C*> function on (—b,, b,). Let
o = \/a;;y"y be a Riemannian metric and 3 = b;y' a 1-form on a manifold M. The
norm of 3 with respect to « is given by

[Bella := 1/ (x)bi(x)b; ().

Define

21

F:=a¢(s), s=
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By a direct computation, we obtain

(2.3) FE, = gijyl = ¢(¢ — s¢")yi + ¢¢’ b

and

(24)  det(gy) = 6" (9 5¢)" 7 [(6 = s0) + (182 — )0 det (i)
Using the continuity, one can easily show the following.

Lemma 2.1 Let ¢ = ¢(s) be a C> positive function on (—b,, b,). Let F = ad(8/ ),
where o = \/a;j(x)y'y] is a Riemannian metric and 3 = bi(x)y' is a 1-form. Then
for any Riemannian metric o and any 1-form 8 with ||B¢||a < 1, the function scalar
function F = a¢(B/«) is a Finsler metric if and only if ¢ = ¢(s) satisfies (1.2).

Proof Let ¢ = ¢(s) be a C*° function on (—b,, b,) satisfying (1.2). For any s with
|s| < b,, taking p = |s| in (1.2), we obtain

(2.5) ¢(s) —s¢'(s) > 0,  (Is|] < b,).
Let pa(s) :== (1 — A) + A¢@(s). Then ¢, satisfies (1.2) and (2.5) forany 0 < A < 1.
Let o be a Riemannian metric and 3 be a 1-form. Let b := || 3;||. Fix an arbitrary

tangent vector y € T,M. Then s := ((x, y)/a(x, y) satisfies |s| < b,. Let F* :=
agr(B/a) and g = L[(FV)2],1,1. By (2.4),

det(gli(x, ) = [(1 = X) + Ag]"™ ' [(1 = X) + Mg — 5¢")]" >
x {(1 =N+ A[(¢ —s¢") + (|| B:l|2 — 579”1} det(a;)).

Clearly, det(g,-’\]-(x7 ¥)) # 0. Since (g?j) = (a;;) is positive definite, by the continuity,
we conclude that (g}]-(x7 y)) = (gij(x,y)) is positive definite. Thus F is a regular
positive definite Finsler metric.

Conversely, suppose that F = a¢(83/«) is a regular Finsler metric. First, for an
arbitrary number b with 0 < b < b,, one can choose {«, 3} such that || G, ||« = b
at some point x, € M. For an arbitrary number s with [s|] < b, we can always
find a vector y € Ty, M such that 8(x,, y) = sa(x,, y). By assumption, F(x,,y) =
ag(s) > 0, so we conclude that ¢(s) > 0. By another assumption, det(g;;(x,, y)) >
0, we conclude from (2.4) that ¢(s) —s¢’(s) # 0, provided that n > 2. Since $(0) > 0,
and s and b are arbitrary with |s| < b < b,, we must have ¢(s) —s¢’(s) > 0, (|s| < b,).
Now by (2.4) we conclude that ¢(s) — s¢/(s) + (b* — s*)¢""(s) > 0, (|s| < b < b,). If
n = 2, we still get the above inequality from (2.4). This proves the lemma. ]

To compute the Landsberg curvature of an («a, §)-metric F = ad(8/«), we first
find the spray coefficients of F. Let rjg := r;jy/, si 1= s;;7, 10 := rjy’, and s := sjy/.

Let G' = G'(x, y) and G' = G'(x, y) denote the coefficients of F and « respectively
in the same coordinate system. By (2.1), we obtain the following identity.

(2.6) G =G +aQs, + 0{—2aQs + 1’00}{ ygl + 3 —QsQ’bl}’
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where o 050’
— s
=5 T i)

Note that the coefficients of G' depend on Q directly and ¢ is given by

¢:eXp(/1+Qsts)'

The formula (2.6) has been given in a different form in [3, 6].

Clearly, if 3 is parallel with respect to @ (r;; = 0 and s;; = 0), then G = G are
quadratic in y and F is a Berwald metric. However, as we see in Theorem 1.3, for
a positively almost regular Berwald («, 3)-metric, 3 is not necessarily parallel with
respect to a.

By a direct and lengthy computation using (2.2) and (2.3), we obtain the following
form of the expression for L j;.

(2.7) ijl = —é{hjhkCz + hthCk + hkhZCj + 3Ejhk1 + 3Ekhﬂ + 3Elh]'k},

where p := ¢(¢ — s¢’), and

hj:=abj —sy;, hj:=c*ax—yjyx, Cji= Xurg+Ysaso)hj+3AJ;,

Ej:= (Xeroo + Yeauso)hj +3p];,  Jj:= 042(5]-0 +I'rjo + Has;) — (T'rgo + Iasy) y 5,

where
Xy = {287 +3(Q - sQ)Q" + 30 — Q).
Xo = i{(Q —sQ")? + (2(s+b°Q) — (I — ) (Q —sQ"))Q"},

Y4 = —2QX4 + SQAQ 5 Y6 = —2QX6 + %,

A=-Q", pu:= —%(Q —sQ"),

me= -2

1
I'=— = ——
A’ A’

where A :=1+5Q + (b* — s»)Q'.

3 Some ODEs

We need the following lemmas.

Lemma 3.1 If a function ¢ = ¢(s) satisfies ;1 = 0, then ¢ = c1V/1 + 5%, where ¢
and c, are constants with ¢; > 0.
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Lemma 3.2 If a function ¢ = ¢(s) satisfies A = 0, then

S
c t+ ot
¢ZC3exp(/ 1722(&),
o 1+at+at

where c1, ¢, and c5 are constants with ¢3 > 0.

Proof A = 0implies that Q" = 0. Thus Q = ¢; + ¢;s. Then

. Q _atos
T 1+sQ7 T 145+

¢/

This determines ¢. n

Our central term is given as follows:

(Q—sQ)Q"" +3s(Q"")?
3(1 +sQ+ (b2 —s2)Q))

(3.1) pXy — AXe =
We have the following.

Lemma 3.3 If p = ¢(s) satisfies
(3.2) IUX4 - AX6 = 07

then either

aVv1+ces?+cs
(3.3) d=cy exp( ds) ,
1+ s(civV/1+ 8 + c35)

where ¢y, ¢3, ¢3, and ¢y are constants with ¢; # 0 and ¢, > 0, or

1

3}
csTa (14 ¢ + s2) ™™ ife # —1,
(3.4) (b{

1
oy 52 ; —
35872 ifep = —1,

where ¢\, ¢, and c3 are constants with ¢; # 0 and ¢3 > 0.

Proof By (3.1), we get (Q —sQ")Q""" + 35(Q’’)? = 0. Note that Q — sQ’ # 0, i.e., F
is non-Riemannian. Then [(Q — sQ’)~>Q’’]’ = 0. Thus

(Q-sQ)7°Q" =k (Q—sQ)’(=sQ") = —kis.

Let H:= Q—sQ’. Weget H>H' = —k;s, (H™%)" = 2kjs, H"? = k;s* + k,. Since
H= 2> 0for0 < s < b,, we can see that k, > 0 and k; > 0 when k, = 0.

Casel: Ifk, > 0,takec; = +1/v/k; # 0and ¢; = ki /ky. We get

1

avi1+ s

H =
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Then

(3.5) Q=cV1+cs+cs.

Solving (3.5) we obtain (3.3).

Casell: Ifk, = 0 (hence k; > 0),take c; = +1/(2vk;) # 0. Weget H = 2—? Then
(3.6) Q= C?l + ¢y8.

Solving the equation, we obtain (3.4). ]
Lemma 3.4 Suppose that there is a number d such that ¢ satisfies

(3.7) db*sT + b’I1 — s = 0.

Then
22 2
:kl(b s)+db 1
S 2s

(3.8) Q

)

where ky is a number independent of s. Thus ¢ satisfies
{2sX, + 3AT}db* + {b*Y, + 3A} = 0, {25Xs + 3uT'}db* + {b*Ys + 3} = 0,
Proof Equation (3.7) can written as
sdb* — b*Q
1+sQ+ (b —s2)Q’

It is easy to solve the above ODE and get (3.8). The remaining argument is straight-
forward using the formulas for X;, Y; i, A, and I'. |

—s5s=0.

Note that if we write Q in (3.8) in the following form Q = ¢;/s + s, then d =
(14 2¢; +26,0%) /b2

Lemma 3.5 Let (k,c) # 0. Let ¢ be given in (3.3) or Q be given in (3.5). Then
(3.9) {(b* — %)Xy — 3ATstk + {s*Xy + 3AT's}c = 0,

(3.10) {(V* — ) Xs — 3uTstk + {s*Xs + 3ul's}c = 0,

ifand only if c; = —1/b? and ¢ = 0. Moreover, ¢ does not satisfy (3.7).

Proof Plugging Q = ¢;1/1+ ;52 + ¢35 into (3.10) and setting s = 0, we get

kb?ci (c,b* + 1) “ 0

(3.11) 2(1 + c3b2)?

It is also easy to see thatat s = 0,

1
Xo +3ul = ———— #0
526 H 1+C3b2#

Thus sXs + 3ul’ # 0 for small s. It follows from (3.10) that k # 0. Then by (3.11) we
get ¢, = —1/b%. Conversely, if c; = 1/b? and ¢ = 0, then Q = ¢;/1 — (s/b)? + ¢35
satisfies (3.9) and (3.10). [ |
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Lemma 3.6 Let ¢ be given in (3.4) or Q be given in (3.6). Then (3.9) and (3.10) hold
if and only if

14+ + Czbz
—k
C1

(3.12) c=—

Furthermore, (3.7) holds if and only if

14 2¢; + 2c,b?
(3.13) d= —
Proof Plugging Q = ¢;/s+ c;sinto (3.9) and (3.10) yields

6c1b*((1+ ¢ + obP)k+cic) 250 ((1+ ¢ + bk +cic)
(24202 — B>+ ab%2)2 7 (24208 — b + o)

Thus (3.9) and (3.10) hold if and only if ¢ is given by (3.12). Plugging Q = ¢ /s + ¢35
into (3.7) yields
S(1+2¢ + 200 —db?)

242082 — B + b2

Thus (3.7) holds if and only if d is given by (3.13). [ |

4 Landsberg Metrics

In this section, we are going to derive a sufficient and necessary condition for an
(v, B)-metric to be Landsbergian. First note that

hibl = a(b® — ), hjy! =0,
hibt = ahj, hpy* =0, hpblb* = o? (B — ),
C]-yj =0, Ejyj =0.
Let
J:= bj]]- = a{al(sy + IT'rg) — (Troo + Mas)st,
C:=0b/Cj = (Xuroo + Yaaso)a(b® — s*) + 3AJ,
E:=VE; = (Xsroo + Yeaso)a(b* — s*) + 3pu].

Lemma 4.1 Assume n > 3. The following two conditions are equivalent.
(i) Lju=0.
(11) C]' = 0and E]' =0.

Proof (i) = (ii). Assume that L;; = 0. Then by (2.7),

(4.1) hjhkCI + hthCk + hkhZCj + 3Ejhk1 + 3Ekhjl + 3E1hkj =0.
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Contracting (4.1) with b* and &' yields
20(b? — sz)h]-C + 6ah;E + a?(b* — 52)2Cj +3a2(b* — sz)Ej =0,
and contracting the above equation with b/ yields
302 (B — $)*C + 902 (b* — $$)E = 0.
By the above two equations, we get
(4.2) (b* —$*)Cj +3E; = 0.

Let Wj := (0> — $*)hjx — hjhy. We have W y¥ = 0 and Wjb* = 0. Using (4.2), we
can see that (4.1) is equivalent to the following equation:

(4.3) W]-kCZ + szck + Wlej = 0.

Contracting (4.3) with b yields W C = 0. Since n > 3, Wj # 0. We obtain that
C = 0. Contracting (4.3) with a¥’ yields that C; = 0. By (4.2), we get E; = 0.
(if) = (i). Obvious by (2.7). [ |

5 A Sufficient Condition

In this section, we shall prove the following.

Proposition 5.1 LetF = a¢(8/a) bea positively almost regular (o, 3)-metric on a
manifold. Suppose that o = \/ajjy'yl and 8 = b;y' satisfy

1
(5.1) sij = ﬁ{bﬁj — bjsi},
(5.2) rij = k(bza,‘j — b,‘bj) + Cb,‘bj + d(b,‘Sj + bjS,‘),

where k = k(x), ¢ = ¢(x), and d = d(x) are scalar functions. Assume that ¢ = ¢(s)
satisfies the following ODEs:

(5.3) {(b* — 5 Xy — 3ATsYk + {s*Xy + 3AT's}c = 0,
(5.4) {(b* — %)X — 3ulstk + {s*Xs + 3ul's}c = 0.

If so # 0, we further assume that ¢ = ¢(s) satisfies the following additional ODEs:

(5.5) db*T's+ V11 — s = 0,
(5.6) (25Xy + 3AD)db? + (B*Y, + 3A) = 0,
(5.7) (25X6 + 3uD)db* + (b*Y + 3u) = 0.

Then F = a¢(8/«) is a Landsberg metric.

https://doi.org/10.4153/CJM-2009-064-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2009-064-9

On a Class of Landsberg Metrics in Finsler Geometry 1367
Proof By a direct computation, we get
C; = *{((b* — )Xy — 3sAD)k + (s*Xy + 3ATs)c}h;

QS
+ b—;{(zm +3AT)db? + (B*Y4 + 3A) }hj

A
— ?)lj—za{dbzI‘s + 011 — s}(soyj — o)),
E; = 2 {((b* — )X — 3suT)k + (s*Xo + 3ul's)c}h;

+ OZ‘]—S;’{(st6 +3uD)db? + (b2 + 310) L
3ua
— %{dszs + 0711 — s}(soyj — s)).

Under our assumption, we always have C; = 0 and E; = 0. |

6 A Necessary Condition (Assuming n > 3)

We are going to study the equations C; = 0 and E; = 0. The difficulty is how to
deal with the terms involving ¢(3/«). To overcome this difficulty, we change the
y-coordinates (y') at a point to “polar” coordinates (s, y*), where i = 1,...,n and
a=2,...,n

Fix an arbitrary point x € M. Take an orthonormal basis {e;} at x such that

N

Fix an arbitrary number s with |s| < b. It follows from 3 = s« that y! = NGE

where
Q=
Then
o= 717 a, (= 7175 o
T P
Let

n n n
Fe— (ol P a3 - . «
T = E "oy, Too = E ragy Y=, S0 = E Say -
a=2 a=2

a,3=2

We have 55 = bs)g and s; = bs;; = 0.
Before we derive some equations on r;; and s;;, let us state the following trivial
fact.

Lemma 6.1 Ifa = \/>.I_,(y*)? satisfies p + & = 0, where ¢ = @(7) and
Y = Y(y) are homogeneous polynomials in j = (y*), then ¢ = 0 and 1) = 0.
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Proof First, we assume that deg ¢ = even. Then deg = odd. We have
e(y) £ (y)a(y) = 0.

Thus () = 0 and ¢¥(y) = 0. If deg ¢ = odd, by a similar argument, we still get the
same conclusion. [ |

Although the expressions for C; and E; are similar, we shall first study the equation
E; = 0 because i # 0 under our assumption on ¢.

By a direct computation, one can show that E; = 0 is equivalent to the following
two equations:

(6.1) {(b2 — 52)X6 — 3S,UJF}T_’00 + S{SX(, + 3IUJF}T'11@2 =0,
(6.2) (b — $){(25Xs + 3ul) P10 + (B°Y5 + 311)310}
— 3sp{sD'Fo + (B*I1 — 5)510} = 0,

and E, = 0 is equivalent to the following two equations:

(63) S{((bz — SZ)X(, — 3SILLF)1700 + S(SX6 + 3/LF)7‘116&2})/”

— 3b2u{F(T_’oa@2 — fooy”) — S_Oaaz} =0,

(6.4)  s{(b* — *)[(2sXs + 3ul) 1o + (b*Ys + 314)510]
— 3us[[siyg + (B*TT — 5)$10] }»*
= 3ub*{[[sriy + (V11 — $)s1,]a% — [Tsfip + (W11 — $)50] "}
Contracting (6.3) with y* yields (6.1) and contracting (6.4) with y? yields (6.2).

Lemma 6.2 Letn > 3. Assume that ¢ # kiv/1+ kas* for any constants ki, k. If
C; = 0and E; = 0 at a point x, then

(65) Sab = 0,
(66) Tab = kbzéaba
(67) r = CbZ,

where k and ¢ are numbers, and ¢ = ¢(s) satisfies (5.3) and (5.4).

Proof Using (6.1), we get from (6.3) that
(6.8) 3ub*{T (a0 — Fooy®) — 50a@° } = 0.
By Lemma 3.1, 4 # 0. We get from (6.8)

(6.9) T(Fa0@® — 70y”) — 500> = 0.
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Since n > 3, (6.9) implies (6.5) and (6.6).

Letting ¢ := r1;/b?, we obtain (6.7). Plugging (6.6) and (6.7) into (6.1) yields
(5.4). Similarly, C; = 0 implies (5.3). Since A = 0 for a large class of functions
(Lemma 3.2), one should first use (6.9) to simplify C, = 0. Then C; = 0 im-
plies (5.3). [ |

Now we assume that ¢ # kj+/1 + kps? for any constants k; and k,, and it satisfies
C; =0and E; = 0. By (6.2) and & # 0, we get from (6.4) that

(6.10) (sT'rig + (V11 = 5)s10)&* — (sT'Fy0 + (BT — $)539)y* = 0.
Since n > 3, it follows from (6.10) that
(6.11) sTrip + (VTI = §)s1, = 0.

Using (6.11), equation (6.4) can be reduced to {25Xs +3ul' }r1,+ {b*Ys +3p}s1, = O.
By a similar argument for C; = 0 using (6.11), we get

{25X4 + SAF}T’M + {b2Y4 + 3A}51a =0.

Lemma 6.3 Letn > 3. Assume that ¢ # kiv/1 + ks> for any constants ky, and k,
and that C; = 0 and E; = 0 at a point x. Suppose that ¢ = ¢(s) does not satisfy (5.5)
for any number d. Then r;; = 0, s;, = 0.

Proof By comparing (6.11) and (5.5) and using the fact I' # 0, we conclude that
r1a = 0 and s;, = 0. [ |

Lemma 6.4 Letn > 3. Assume that ¢ # kiv/1 + kys* for any constants ky and k;
and that C; = 0 and E; = 0 at a point x. Suppose that ¢ satisfies (5.5) for some number
d. Then

(6.12) Ta = dbzslu.
Proof By (5.5), we have (W’I1 — 5)/sI" = —db?. Then (6.12) follows from (6.11). W

Let us summarize what we have proved.

Proposition 6.5 Assumen > 3. Let F = a¢(8/«) be a positively almost regular
(o, B)-metric on a manifold of dimension n > 3. Assume that ¢ # ki\/1 + ks> for any
constants ky and ky. Suppose that F = a¢(5/«) is a Landsberg metric. Then [3 satisfies
(5.1) and (5.2) and ¢ satisfies (5.3) and (5.4). If so # 0, then ¢ = ¢(s) satisfies three
additional ODEs: (5.5), (5.6) and (5.7).

Proof By Lemma 6.2, 3 satisfies s, = 0, 1, = kb*0ap, 111 = cb?, and ¢ satisfies (5.3)
and (5.4).

Case I: If ¢ does not satisfy (5.5) for any d = d(x), then by Lemma 6.3, r, = 0,
s1a = 0. In this case, we can write the above equations together in the form (5.1) and
(5.2) for any scalar function d = d(x).

Case II: If there is a scalar function d = d(x) such that ¢ satisfies (5.5), then ¢

satisfies (5.6) and (5.7) by Lemma 3.4. By Lemma 6.4, we have r, = db%s,. In this
case, we can write the above equations together in the form (5.1) and (5.2). [ |
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7 Proof of Theorems 1.1 and 1.2

We have obtained a sufficient and necessary condition for a positively almost regular
(v, B)-metric F = a¢(3/a) to be Landsbergian. See Propositions 5.1 and 6.5 above.
To find non-trivial Landsberg («, 3)-metrics, one has to solve equations (5.3) and
(5.4), and when sy # 0, one has to solve the additional equations (5.5), (5.6), and
(5.7).

A natural question arises: are there non-trivial solutions ¢ = ¢(s) to these ODEs?
Luckily, we can solve them. After solving these equations, we shall prove Theo-
rem 1.2. Theorem 1.1 follows from Theorem 1.2 because there are no regular Lands-
berg (v, 3)-metrics which are not Berwaldian.

Lemma 7.1 Letn > 3. AssumethatC; = 0 and E; = 0. If uXy, — AXg # 0, then 3
is parallel with respect to cv.

Proof By Proposition 6.5, ¢ satisfies (5.3) and (5.4). It follows from (5.3) and (5.4)
that (uXy — AX){(b? — )k + s>c} = 0. We get (b* — s*)k + s*c = 0, by which we
conclude that k = 0 and ¢ = 0. Then (5.1) and (5.2) are reduced to the following
identities:

Sij = bLZ(biSj — bjsi), rij = d(b,'Sj + b]'S,').

We claim that s; = 0. If this is not true, then ¢ satisfies (5.5) by Proposition 6.5. Then
Q is given by (3.8). By (3.1), one easily can verify that ¢ satisfies uXy — AXs = 0.
This contradicts the assumption. ]

Proof of Theorem 1.2 (=) Suppose that F = a¢(3/«) is a Landsberg metric. By
Proposition 6.5, 3 satisfies (5.1) and (5.2) and ¢ satisfies (5.3) and (5.4). If sy # 0, ¢
also satisfies (5.5), (5.6), and (5.7). However, we do not solve (5.3) and (5.4) directly.
Instead, we consider the equation (3.2) which is obtained from (5.3) and (5.4).

First suppose that ¢ does not satisfy (3.2), i.e., uX4y — AXg # 0. Then by Lemma
7.1,k = 0, c = 0, and 3 is parallel with respect to . In this case, F is a Berwald
metric.

Now suppose that ¢ satisfies (3.2), i.e., uXy — AXs = 0. Since F = a¢(8/a)
is almost regular, by Lemma 3.3 ¢ is given by (3.3). Hence Q is given by (3.5). By
Lemma 3.5, one can see that ¢ does not satisfy (5.5). By virtue of Proposition 6.5, we
conclude that sy = 0.

If (k,c) = (0, 0), then it follows from (5.1) and (5.2) that 3 is parallel with respect

to a.
Now assume that (k, ¢) # 0. By Lemma 3.5, ¢ satisfies (5.3) and (5.4) if and only
ifc; = —1/b* and ¢ = 0. Note that the norm of 3 with respect to « is a constant,

b(x) = ||Bxlla = 1/+/—c2 = constant .

Since our function ¢ is C* on (0, b,), we must have b = b,. Then ¢ takes the form

(7.1) =0y exp( ay/1—(s/by)*+ c3s ) ds,

1+s(ciy/1— (s/b )2 + c35)

where ¢, ¢; and ¢, are constants with ¢; # 0 and ¢4 > 0.
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(<) Assume that § and ¢ satisty the conditions in Theorem 1.2. If § is parallel,
we are done. Thus suppose that (3 is not parallel with respect to a.. By assumption,
0 satisfies (5.1) and (5.2) with ¢ = 0,d = 0,50 = 0, and ¢ is given by (3.3) with
¢, = —1/b?. By Lemma 3.5, ¢ satisfies (5.3) and (5.4). By Proposition 5.1, we see
that F is a Landsberg metric.

In Lemma 8.1 below we will show that the Landsberg («, 3)-metrics in Theorem
1.2 are not Berwaldian if k # 0. [ ]

Let b, = 1. Using the substitution s = sin(t), |t| < 7/2, we obtain the following
formula for the function ¢ in (7.1).

(72) ¢=c4¢1+s[c1m+c3s]exp( ¢ arctan ¢ )

V2 +e)?r—(d+c

where 1) is given by either of the following formulas:

(sr+Q2+a) e +1)s+ (rle+1) — 2+e)e) V1 — &
(C35+ (a+nV1—=92)V2+c)?—1r

((2 +c3)c; +r(r — cl))s+ (C3r —2+ac)(r— cl)) Vi—¢
(aVI=s+(r—ca))V2+a)?—1 ’

P =

)

P =

where r := \/c? + c3.

When ¢; = gand ¢c; =0,

t
(7.3) ¢:C4\/1+g5\/1—52exp(w),
Vi—g
where 1) is given by

2s+gV1—¢
V1—¢y/4—g¢?
Csgt2V1=§
sy/4— g

Comparing it with [1, 2], we see that the («, 3)-metric defined by (1.4), (1.5), (1.6),
and (1.3) with ¢ = g and ¢3 = 0 is the metric constructed by G. Asanov from a
completely different approach.

If we allow more singularity for Finsler metrics, we get more Landsberg metrics.
A function F = a¢(f/a) is called a positively almost regular (o, §)-metric if ¢ is a
C® function on (0, b,) satisfying

ifg >0,

ifg <o0.

B(s) >0, ds) —sp'(s) + (b —sH)g"'(s) >0 (0<s<b<b,).

and the 1-form g satisfies that 8(x, y) < bya(x, y) if B(x, y) > 0. A positively almost
regular (o, 3)-metric might be singular (even undefined) in the directions y € T,M

with (x, y) = b,a(x, y) or B(x, y) < 0.
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Theorem 7.2 Assumen > 3. Let F = a¢(3/a) be a positively almost regular (, 3)-
metric, where ¢ = ¢(s) is a function on (0, b,) such that ¢ # ki1 + kys* for any

constants ky > 0 and ky. Let b(x) := ||Bx||la # 0. Assume that b(x) = constant or
db(x) # 0 on M. Then F is a Landsberg metric if and only if F has one of the following
forms.

(i) Fisgivenin Theorem 1.2.
(ii) ¢ is given by

(7.4)

1
. )
c3se 22 ifcp = —1,

1L 1 .
ST (14 ¢p + 82) 20 if ey # —1,
¢(s) =

where ¢y, ¢y, c3 are constants with ¢, # 0 and ¢; > 0 and (3 satisfies the equations

(7.5) sij = %{bﬁj - bjsi}

1+2¢ + 26,07

1+c + b
#b,‘bj} + T(bﬁj + bjS,‘),

(7.6) i = k{ (Bai; — bib) -

1
where k = k(x) is a scalar function. This metric is always a positively almost
regular Berwald metric.

Proof Suppose that F = a¢((/a) is a Landsberg metric. By Proposition 6.5, 3
satisfies (5.1) and (5.2) and ¢ satisfies (5.3) and (5.4). If sy # 0, ¢ also satisfies (5.5),
(5.6) and (5.7).

As shown in the proof of Theorem 1.2, if uX; —AXg # 0, then F is Berwald metric.

Assume that X4 — AXg = 0. By Lemma 3.3, ¢ is either in the form (3.3) or (3.4).

If ¢ is given by (3.3), we have shown that F is as given in Theorem 1.2.

Assume that ¢ is given by (3.4) or Q is given by (3.6). By Lemma 3.6, ¢ satisfies
(5.3) and (5.4) ifand only if c = —(1+¢; + c,b?)k/c;. We see no restriction on ¢; and
¢, in this case. Moreover, ¢ satisfies (5.5) if and only ifd = (1+2c;+2c,b%)/b?. In this
case, ¢ also satisfies (5.6) and (5.7) by Lemma 3.4. We have proved Theorem 7.2(ii).

Conversely, if 3 satisfies (7.5) and (7.6) and ¢ = ¢(s) is given by (7.4), then 3
satisfies (5.1) and (5.2) with ¢ = —(1 + ¢; + b?)k/c; and d = (1 + 2¢; + 26,0%) / V2.
By Lemma 3.6, ¢ satisfies (5.3), (5.4) and (5.5). Thus F is a Landsberg metric by
Proposition 5.1.

In Lemma 8.2 below we will show that the Landsberg («, 3)-metrics in Theorem
7.2(ii) are Berwaldian. [ |

Theorem 7.2 also characterizes positively almost regular Berwald («, 3)-metrics
in dimension n > 3.

8 Spray Coefficients

To check whether or not an («, 3)-metric is a Berwald metric, by definition it suffices
to look at its spray coefficients. In this section, we shall compute the spray coefficients
for the (o, 3)-metrics in Theorems 1.2 and 7.2.
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Lemma 8.1 Assumen > 3. Let F = a¢(s), s = [/« be a positively almost regular
(o, B)-metric in Theorem 1.2, where ¢ = ¢(s) is given by (1.3) and ( satisfies (1.4),
(1.5), and (1.6). Then F is not a Berwald metric if k # 0.

Proof For the function ¢ in (1.3),

/
(8.1) Q= ﬁ = c1/1— (5/bo)? + 5.
It follows from (8.1) that

Q’ —c1s+c3b2y/1 — (s/b,)?

Q—-sQ c1b;

1— (s/bo)2(1 + c3b2)
By (1.6), we get roo = k(b2a? — [3*). Plugging these into (2.6) yields

— 2
ERINLY /o — (B/b,)? { By B + % TG ng)zbi}
1

21+ ;b2

Thus if k # 0, then G’ is not quadratic in y. Hence F is not a Berwald metric. ]

Lemma 8.2 Assumen > 3. Let F = a¢(s), s = [/ be a positively almost regular
(v, B)-metric in Theorem 7.2, where ¢ = ¢(s) is given in (7.4) and (3 satisfies (7.5) and
(7.6). Then F must be a Berwald metric.

Proof For the function ¢ in (7.4),

(8.2) Q= C?l + ¢y8.
It follows from (8.2) that
Q. a- 38
Q—sQ 2¢1s
o —C1S

- ab? — (1+ 2 +b?)s?
By (7.5) and (7.6), we get

aQsy = %(cl + 082 (sob' — 5 3),
«
6{—2(1Q50 + 7’0()} = —ﬁ(kbzﬁ — 2C150).

Plugging these into (2.6) yields

S 1 .
G =G+ 2 {4c1c2Bs0 + kb (c10? — 2 3%)}b
— BB — 2a50)y' — 3 (ciat + B
b2 Cc150)y 2 [5)e% (%) S.
Clearly, G' are quadratic in y. Thus F is always a Berwald metric. ]
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