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Character Amenability of the Intersection
of Lipschitz Algebras

Fatemeh Abtahi, Mohsen Azizi, and Ali Rejali

Abstract. Let (X, d) be ametric space andlet ] € [0, co) be nonempty. We study the structure of the
arbitrary intersections of Lipschitz algebras and define a special Banach subalgebra of N,.¢; Lip,, X,
denoted by ILip; X. Mainly, we investigate the C-character amenability of ILip; X, in particular
Lipschitz algebras. We address a gap in the proof of a recent result in this field. Then we remove this
gap and obtain a necessary and sufficient condition for C-character amenability of ILip; X, specially
Lipschitz algebras, under an additional assumption.

1 Introduction

Let (X, d) be a metric space and let B(X) indicate the Banach space consisting of all
bounded complex valued functions on X, endowed with the norm

[Flleo = sup|f(x)] - (f € B(X)).

Take « € R with a > 0. Then Lip,, X is the subspace of B(X), consisting of all bounded
complex-valued functions f on X such that

f(x) = f)I
d(x,y)"

It is known that Lip . X, endowed with the norm | - || given by

[fla=pa(f)+[fle

and pointwise product, is a unital commutative Banach algebra, called a Lipschitz alge-
bra. These interesting Banach algebras were first considered by Sherbert [18]; see also
Bishop [5]. Lipschitz spaces have also been considered recently. For example, in [14]
the authors described a new method of using the theory of approximate resolutions to
study Lipschitz functions. A topological property of function spaces in the Lipschitz
category was studied in [7]. Another interesting work in this field is [11], which de-
scribes the general form of algebra, ring, and vector lattice homomorphisms between
spaces of real-valued little Lipschitz functions on compact Holder metric spaces, for
the case where 0 < « < 1. Character amenability of Lipschitz algebras was investigated
by Hu, Monfared, and Traynor [10]. In particular, as an immediate consequence of

(L1) 2a(f) ::sup{ ix,y€eX, x%y} < o0,
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[10, Theorem 3.8] regarding character amenability of the second dual of a Banach al-
gebra, they showed that when X is an infinite compact metric space and 0 < & < 1,
Lip, X is not character amenable. Furthermore in [6], C-character amenability of
Lip,, X was investigated for a > 0.

This work is a detailed study of the construction of Lipschitz spaces. Recently,
arbitrary intersections of some special Banach spaces, such as L?—spaces, weighted
L?—spaces, and Lorentz spaces have been studied; see [1-3]. More precisely, in [1], for
an arbitrary subset J of [1, co) and Hausdorft locally compact group G, we introduced
a special subset of M,¢; L?(G), denoted by IL;(G), which was the set of all functions
fin Nyey LP(G) such that

| fllzz, = sup [ f]lp < oo.
peJ

We proved that IL;(G), endowed with the norm |- |z, is always a Banach space.
Moreover, we provided some examples to show that IL;(G) can be a proper subset of
Npey L (G). In fact, we showed that

IL;(G) = L™ (G) n L™ (G),
[ £z, = max{|[ fllm, [ fla, 3 (f € IL;(G)),

where

my=infa and M;=supa.
ae] ae]

Motivated by these works, we investigate arbitrary intersections of Lipschitz algebras,
denoted by Ny Lip,, X, where J is an arbitrary nonempty subset of [0, o). By anal-
ogy with L?-spaces, we introduce a special subset of 4 Lip, X, denoted by ILip, X,
which is defined by the set of all functions f in N,y Lip, X such that

11y = sup [ flla < co.
ae]

We prove that if M; < oo, then
ILip,; X = LipM] X,
and for each f € ILip; X

@ <[ £l <31£15-

In fact, | - | ; defines a norm on ILip; X, equivalent to the norm | - | »,. Furthermore,
ILip; X, endowed with |- | ; and pointwise product, is a Banach algebra.
We also study Me; Lip,, X for the case where M; = oo and show that

NLip,X= N Lp,X= N Lip,X.
ae] 0,00)

ae[my,00) ael0,

We provide some examples to show that in this case, | - |; can take value oo and so
does not necessarily define a norm on (,¢; Lip, X. It leads us to introduce a special
subset of Nye; Lip, X, denoted by Lip__ X, as

Lip, X={f¢ ) Lip, X : | flLip.. = sup |flla < o0}
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Then we show that Lip_, X, endowed with the norm | - |i,_ and pointwise product,
is a Banach algebra.

The last section contains the main results of this work. It is completely devoted
to the C-character amenability of Lipschitz algebras. In [6, theorem 3.1], it has been
stated that Lip,, X is C-character amenable for some C > 0 and « > 0 if and only if X
is e-uniformly discrete for some ¢ > 0. We found a gap in the proof of [6, Theorem
3.1], and give an example to show that [6, Theorem 3.1] is not true when a > 1. We
note that in the assumptions of [6, Theorem 3.1] an extra condition seems to be re-
quired. Indeed, we prove that the assertion of [6, Theorem 3.1] will be true for Lip,, X
with & > 1 under the condition that Lip , X separates points of X, and under this con-
dition the proof of [6, theorem 3.1] remains valid. Under this extra condition, we
establish a necessary and sufficient condition for C-character amenability of ILip; X
in the case where M; < oco. This result also provides a necessary and sufficient con-
dition for C-character amenability of Lipschitz algebras. In fact we show that ILip; X
(equivalently Lipschitz algebras) is C-character amenable for some C > 0 if and only if
(X, d) is e-uniformly discrete for some ¢ > 0. Finally, we investigate the C-character
amenability of Lip__ X. Indeed, under the assumption that Lip__ X separates points of
X, we show that Lip__ X is C-character amenable for some C > 0 if and only if (X, d)
is e-uniformly discrete for some & > 1.

2 Intersection of Lipschitz Algebras

Let (X,d) be a metric space. If « = 0 is assumed in inequality (1.1), then all the
functions of B(X) satisfy the inequality. Thus, we define Lip, X to be the set B(X)
endowed with norm

[flo = 1fllee + po(f)  (f €Lipy X).

In fact, Lip, X and B(X) are the same spaces, and

Ifloo < 1fllo < 3] fleo-

Suppose that J € [0, o) is nonempty. Similar to L?-spaces, let
ILip, X = {f e () Lipg X [l = sup [ £la < oo}
(153 (133

The aim of this section is to study the structure of ILip; X. This requires some prepa-
ration, which will be provided in the following results. We begin with an elementary
proposition that will be used several times in further results. First, recall that (X, d)
is called e-uniformly discrete for some € > 0 if

dx,y)2e (x,yeX,x#y).

Proposition 2.1 Let (X, d) be a metric space. Then (X, d) is e-uniformly discrete for
some € > 0 if and only if there exists a > 0 such that Lip , X = B(X). In this case, for all
a >0, Lip, X = B(X) and for each f € Lip, X

1w < 1flle < (1+ =) 1w

https://doi.org/10.4153/CMB-2017-039-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-039-8

676 F Abtahi, M. Azizi, and A. Rejali

Proof First, suppose that (X, d) is e-uniformly discrete for some ¢ > 0. Thus for all
x,y € X with x # y we have d(x, y) > €. For each f € B(X) and « > 0, we have

2
pat) =sup L0 < Csupl () ~f )1 1l <9
It follows that f € Lip, X, and so B(X) = Llpw X. Moreover

x#y (.X' y)(x
Iflee < 1fla < (14 2)If | (f €Lip, X).

Conversely, suppose that B(X) = Lip, X for some « > 0. First note that since B(X) =
Lip,, X, all of the characteristic functions y,} (x € X) belong to Lip, X, and so they
are continuous. It follows that all the singleton subsets of X are open, which implies
the discreteness of X. Thus, for each xo € X, there exists My, > 0 such that for
all x € X with x # xo, d(x9,x) > M,,. Now suppose to the contrary that (X,d)
is not uniformly discrete. Thus, there exist distinct elements x;, x, € X such that
d(x1,x,) < 1. Moreover, there exists K; € N with K; > 2 such that

1
— <d(x1,x3) < 1.
- <dlnx)

Similarly, there exist distinct elements x3, x4 € X such that
. 1 1
d(x3,x4) < mln{ E,Mxl,MxZ} < 5
Thus, there exists integer number K, > 3 such that
1 1
2.1 — <d(x3,x4) < — <1/2.
(2.) e (x3,%4) X, /

Note that (2.1) implies that x;, x,, x3, x4 are distinct elements of X. Inductively, for
each n € N there exist distinct elements x5,,_;, X2, € X and K,, € Nsuch thatK,, > n+1

and
L<d(x2n_1 xzﬂ)<min{L My, My,, My, ..., M }< L
Kn = > anl > 12 278X 2T X3 > Xon—2 [ = K,,,l
Moreover, for each n € N, the elements x1, x,, . .., X,, are distinct and
1
(2.2) —— > K, 2 n.

d(x2n—1, xZn)

Now consider the sequence (x,) in X, constructed as above, and define the function

f:X - Cby
fx) = { %€ baond,

0 otherwise.

Obviously, f € B(X) and so by the hypothesis f € Lip, X. Consequently, for each
n € N, we obtain from (2.2) that

e < 1 _ f(xan) = f(x2n0)| < pa(f) < oo,
d(xZns xZn—l)a d(xan x2n—1)a
which is impossible. This contradiction implies that (X, d) is e-uniformly discrete,
for some ¢ > 0. [ |
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Corollary 2.2 Let (X, d) be a metric space and let ] C [0, 00) with M} < co. Then
ILip; X = B(X) if and only if (X, d) is e-uniformly discrete for some & > 0. In this case,
for each f € ILip; X,

11w < 11 < max{ 3, (1 =) 1 o

Proposition 2.3  Let (X,d) be a metric space and let 0 <y < a < B < oo. Then
Lip, X nLips X < Lip,, X.

Moreover, for each f € Lip, X nLipg X,
1f e < max{|fly [ flp}-

Proof Suppose that f € Lip, X nLip,; X. Thus, forall x, y € X

f(x) = fD < py(Sld(x, )",
£ () = F) < pp(Hd(x, )P
Ifd(x,y) > 1, then
() = fI < py(£)d(x, )7 < max{ py (f), pp(f) } (6, 9)"
and if d(x, y) <1, then
F(x) = FD)I < pp(f)d(x, y)F < max{p,(f), pp(f)}d(x, )"
Consequently, for all x, y € X, we obtain
£ () = f()| < max{ py (), pp(f)} d(x, )"
It follows that p,(f) < o0, and so f € Lip,, X. Moreover,
Pa(f) <max{py(f), ps(f)}

and so

Ifla < max{“f”y’ Hf”ﬁ}’

as claimed. |

Corollary 2.4 Let (X,d) be a metric space and let 0 < a < § < 00. Then Lipg X ¢

Lip, X. Moreover for each f € Lips X, | f« <3[ f]p.
Proof The result is immediately obtained by choosing y = 0 in the proof of Propo-
sition 2.3. u

We now state the main result of this section.

Theorem 2.5 Let (X,d) be a metric space and ] € [0, +00) with M; < co. Then

ILip; X = Lip,, X.
Moreover, for each f € ILip; X,

@3 U1, <3151
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Proof By Corollary 2.4, we have
Lipy, X ¢ Q}Lip“ X, and | fla« <3| fllm,»

forall f € Lip,, X and « € J. It follows that

(2.4) Iy = sup Iflla <30 flla, <00 (f €Lipy, X).

Inequality (2.4) implies that Lip,, X ¢ ILip; X. Now we prove the reverse of inclu-
sion. Suppose that f € ILip; X. For every £ > 0, there exists a, € J with M; —e < a, <
Mj. Thus, for distinct elements x, y € X, we have

f(x) = fO) 1f(x) = F(»)]
ey <max{ 21l £ SR < max(2 f s e ()}

< max{ 2] flleos | fla, } < max{2]f]e £}

The above inequalities hold for each & > 0. Consequently,

f(x) - fO)

@3) it s max(2l e, 1)}
Inequality (2.5) is valid for all distinct elements x, y € X. It follows that f € Lip,, X
and
P () < max{2] fleo, | 11}
Moreover, | f| um, < 3| f];. Thus, the proof is complete. [ |

Inequality (2.3) in Theorem 2.5 indicates that ILip; X is exactly the space Lip,, X,
and || - | defines a norm on ILip, X that is equivalent to norm | - | 5, In fact, we have
the following corollary.

Corollary 2.6 Let (X,d) be a metric space and let ] € [0, +00) with M; < co. Then
ILip; X, endowed with norm | - |y and pointwise product, is a Banach algebra.

Remark 2.7 1In [1], we investigated the intersections of L?-spaces, denoted by
Mpey L7 (G), where G is a locally compact group and J € (0,00) with 0 < m; <
M; < oo. In [1, Proposition 2.3] and [1, Example 2.4], we showed that the spaces
Npe(my,my) LP(G)s Npepmy,my) LP(G) and Npepm,,m,] LP (G) can be different spaces.
Then we introduced a special subset IL;(G) of N,¢; L?(G), defined by

IL;(G) = {fe Q]L”(G) Nl = P 1£1p < oo}

We provided examples to show that IL;(G) is not necessarily equal to (,¢; L?(G).
Moreover, we proved that IL;(G), endowed with the norm | |1z, , is a Banach space.
In fact, analogously to Theorem 2.5, we proved that

ILI(G) = IL(O,M;)(G) = IL[O,M;)(G) = IL(O,M;](G) = IL[O,M;](G)
=L™(G)n LM (G),
1f iz, = max{| fllm [ fllag, ) (f € 1L;(G));
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see [1, Theorem 3.2]. In Theorem 2.5, we showed that ILip; X = Lip,, X, whichisa
subset of (Nyey Lip, X. For some special metric spaces, the following equalities hold:

(2.6) Lipy, X = ILip; X = 1 Lip, X.
For example, suppose that (X, d) is e-uniformly discrete for some ¢ > 0 and J ¢
[0, 00) with M < co. Thus, by Corollary 2.2, ILip; X = B(X), and so

Lipyy, X =TLip; X = (1 Lip, X = B(X).
But e-uniform discreteness of X is not a necessary condition for equality (2.6). For
instance, consider R endowed with the usual Euclidean metric and take J = (1,2). It

is not hard to see that for each « € J, Lip, R = Cons(RR), where Cons(RR) is the space
consisting of all constant functions on R. Thus

Cons(R) = Lip, R = Lip,, R =1ILip; R = Q] Lip, R.
o

At the present time, we are not able to prove equality (2.6) in general, or provide a
special metric space (X, d) and a subset J € [0, co) with Mj < oo, such that

ILip, X & 1 Lip, X.

The following question arises naturally from the above discussion.

Question 2.8 For which metric space (X,d) and J ¢ [0, o) does equality (2.6)
hold? Is there a metric space (X,d) and J ¢ [0, 00) such that ILip; X is a proper
subset of Ngey Lip, X?

3 Introduction of Lip_ X

Let (X, d) be a metric space and let € [0, o0) be nonempty. In this section, we study
Maey Lip, X for the case where M; = oo. The following result is required to justify our
next definition.

Proposition 3.1 Let (X,d) be a metric space and let | be an arbitrary subset of
[0, +00) such that Mj = co. Then

NLip,X= N Lip,X.
0,00)

ae] ae[ )

Proof It is obvious that
N Lip, X < N Lip, X.
ae[0,00) ae]

Thus, it is sufficient to show that Nye; Lip, X € MNaefo,00) Lip, X. To that end, suppose
that f € Mgey Lip, X. Since Mj = oo, for each a > 0, there exists § € J such that
0 < a < B. Since f € Lip, X = B(X), by Proposition 2.3 we obtain f € Lip, X. It
follows that f € Mye[0,00) Lip, X. Therefore, the desired equalities are satisfied. =~
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Example 3.2 Suppose that (X, d) is a metric space and J € [0, oo) such that M; =
oo. Then the function || - | 7, defined by

I£1y = sup Ifla (fe 1 Lip X),

can take value co. For example, take the subset X = {0, %} of R, with the induced
Euclidean metric, and let J = [0, c0). Then for all f € B(X) and « > 0, we have

LEZE0 - 217) - 0 < o0

In particular, define the function f; on X by
Jo(x) = {

Thus, p«(fo) = 2%, and so fy € Lip,, X for each o > 0. However,
[ folly = sup | folla = oo.
a>0

pa(f) =sup
xty

1 ifx=0,

0 ifx:%.

It follows that | - [|; is not a norm on N,y Lip,, X, as claimed.

Example 3.2 leads us to introduce the linear subspace Lip_ X of N, Lip, X for
the case where M; = oo. For f € B(X), let

f(x) - fO)
3.1 Poo(f) =sup pa(f) = supsup =————=c=.
f a0 f a0 x#y d(x,y)"‘
Note that by Corollary 2.4 and Proposition 3.1, for each f € Nye; Lip, X,

sup | flla < sup | flla < 3sup|fla
ae] a>0 ae]

and thus for such f, we have

sup || fla < oo if and only if sup || f||o < oo.
>0

ae] a>

As in (3.1), it let us introduce the function p, independent of the choice of J. Now
let

Lip,, X = {f € B(X) : poo (f) < o0}
Moreover, for each f € Lip_ X let

[Flp. = [Fleo + poc(f) = sup | fle-

Theorem 3.3  Let (X,d) be a metric space. Then | - |ip_ defines a norm on Lip_, X,
such that Lip ., X, endowed with | - |Lip_ and pointwise product, is a Banach algebra.

Proof 1t is easily verified that | - |ip_ defines a norm on Lip_, X. Moreover, for all
f>g € Lip_, X we have
1f&lLip.. = [/&lloo + Poo (F€) < [ fllocllglloo + [ fllocPoo (&) + [8lloo oo (f)

< (Iflloo + Poo(F)) (lgloo + Poo(8)) = IfILip.. IglLip.. -
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Thus, Lip_, X is a normed algebra under the norm |- ||p;p_ and pointwise product.
Now suppose that { f,,} is a cauchy sequence in Lip_ X. Thus, { f,} is a Cauchy se-
quence in B(X) and also in Lip, X for all « > 0. Thus, there are f € B(X) and
fo € Lip, X such that || f, = f|e — O and | f, — fa|« = 0. Consequently, f = f, for
all @ > 0, which implies that f € Ny» Lip, X. On the other hand, for every ¢ > 0,
there exists N € N such that for all m,n > N, | f, = fin|Lip_ < & Thus, foralla >0
and m,n > N,

(3.2) [ fu = finlle <€

Letting m tend to infinity in (3.2), we deduce that | f, — f||« < ¢ whenever « > 0 and
n > N. Consequently, | f, — f|Lip_ < &. It follows that

| fo = fluip. — 0.
Moreover, f = (f — fy) + fn, which implies that f € Lip__ X. Therefore, Lip_ X is a

Banach algebra under the norm | - i, and pointwise product. [ |

Remark 3.4 (i) Consider the function f; defined in Example 3.2. As we men-
tioned, p4(fo) = 2% and so fy € Lip, X, for each a > 0. However,

Poo(fo) :ililgpa(fo) = oo.

It follows that fo € Nys0 Lip, X but fy ¢ Lip,, X. Therefore, Lip_ X can be a proper
subset of Ng50 Lip, X.
(ii) By the explanations preceding Theorem 3.3, f € Lip__ X if and only if

sug{pn(f),p%(f)} < oo

Moreover, by the proof of Proposition 2.3, we have
sup pa(f) = sup{pn(f), p1(f)}.
a>0 neN

(iii) It is clear that for each a > 0, Cons(X) < Lip_ X ¢ Lip, X, where Cons(X)
is the set consisting of all constant function on X. Moreover, for each f € Lip_ X
and & > 0, | fla < |f[rip_. Consequently, Lip_ X is continuously embedded in

Lip, X. Moreover, Corollary 2.4 can be improved. In fact, 0 < & < 8 < oo implies that
Lip, X ¢ Lip, X.
(iv) Suppose that J C [0, c0). Then by Theorem 2.5, we have

LileX if My < oo,

ILip; X = L ) ~
ip,, X if Mj=oo.

In the next proposition, we give a more precise structure for Lip__ X.

Proposition 3.5 Let (X,d) be a metric space. Then

Lip. X = {f ¢ 0 Lip, X:d(x,9) <1 = f(x) = (1)}
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Proof Suppose that f € Lip_ X. Then f € Nys0 Lip, X, and by the definition there
is M > 0 such that

Poo(f) =sup pa(f) = M < 0.
a>0
Suppose that x, y € X with 0 < d(x, y) < 1. Then for each « > 0, we have

If (x) - f(¥)l
Tdn ) <pa(f) <M,

and so |f(x) - f(y)| < Md(x, y)*. Letting « tend to infinity, we obtain f(x) = f(y).
Consequently,

Lip, X € {f € N Lip, X:d(x,y) <1= f(x) = f(3)}
The reverse of the inclusion is obvious. |

In the further results, we verify the structure of Lip_ X for some special metric
spaces.

Proposition 3.6 Let (X, |-|) be a normed space. Then Lip_, X = Cons(X).

Proof Supposethat f € Lip__ (X) and take x, y € X to be distinctand let |x—y| = m.
We show that f(x) = f(y). Let
A={tx+(1-t)y:te[0,1]},
and define
0:[0,1] — A, 0(t)=tx+(1-1t)y.
Choose 0 = fg,f,...,t, =1 € [0,1], where n is taken sufficiently large such that
|ti — tiza| < & for each i = 1,...,n. Take xo,%i,...,%, € A such that 6(#;) = x;

(i =1,...,n). Consequently, |x; — x;—1| < L, forall i = 1,...,n. It follows from
Proposition 3.5 that f(x;) = f(x;_1), forall i =1,..., n. Therefore, f(x) = f(y), as
claimed. ]

Proposition 3.7 Let (X,d) be a metric space.

(i) IfXiso-compactand f € Lip_ X, then f has countable range.
(ii) If X is compact and f € Lip__ X, then f has finite range.
(iii) If X is o-compact and connected then Lip _, X = Cons(X).

Proof (i) For each x € X and ¢ > 0, suppose that B(x, ¢) denotes the open ball
centered at x with radius €. By the hypothesis, there is a sequence (K,) of compact
subsets of X such that X = U, K,,. By the compactness of K,,, for each n € N, there
are Xy, .. . X¢,,» € X such that

Cn
K, c UIB(xi,n,l/Z).
i=
This implies that

X= U UB(xin1/2).

n=1i=1
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Consider the countable subset {x; , } of X and take f € Lip_ X. For each x € X, there
aren € Nand 1< i < ¢, such that x € B(x;,,,1/2). Since d(x,x;,,) < 1/2, it follows
from Proposition 3.5 that f(x) = f(x;,,). Hence,

7= 0 Of ),

and so f has countable range.

(ii) The proof is similar to that of previous part.

(iii) It is known that all the connected subsets of C are either singletons or un-
countable subsets of C. It follows from part (i) that if f € Lip_ (X), then f should be
constant. Therefore Lip_, X = Cons(X). ]

Proposition 3.8 Let X = {x, : n € N} be a countable set and let d be a metric on X
such that d(x,, xn11) < 1for all n € N. Then Lip_, X = Cons(X).

Proof Suppose that f € Lip_ X. Thus, Proposition 3.5 implies that f(x,) = f(x441)
for all n € N. It follows that f is a constant function. This gives the proposition. =~ M

In Proposition 2.1, we give a necessary and sufficient condition for the equality
Lip, X = B(X), where a > 0. Moreover, in the previous results we obtained some
sufficient conditions for the equality Lip, X = Cons(X). The next results provide us
with a more exact relation between these spaces. Before this, let us introduce a special
subset of X that plays an important role in this verification. Let

Bx:={xeX:d(x,y) <1lforsome y# x}.

It is clear that if By is nonempty, then it contains at least two distinct elements of X.
Moreover, By includes D(X), the set consisting of all cluster points of X.

Proposition 3.9 Let (X, d) be a metric space. Then the following assertions hold:

(i)  If Bx is a nonempty subset of X, then Lip_ X & B(X).
(i) If Bx is a nonempty and proper subset of X, then Cons(X) & Lip_ X.

Proof (i) Suppose that xg, x; are two distinct elements in Bx and define the complex

function g on X by
0 ifx=xg,
g(x) = {1 if x # xo.

Then for each «a > 0, we have

lg(x) — g(x0)| 1 1
« =sup ————— 2 su 2> .
Pe(&) = S e 2P ACew)e © Al )

Consequently,
sup pa(g) > s 1
up Py >sup ———— = 00,
won L8 =08 (0 x0))

and so g ¢ Lip__ (X). Therefore, Lip_ X & B(X).
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(ii) Take the complex function f on X to be yz,, defined by

1 ifxEBx,
0 ifx ¢ Bx.

f(x)={

Then for each « > 0,
f(x) - f)I
« = su — L - = —F <1
pe(f) xeBx,EeBx d(x, y)“ xeBy,y¢By A(%, )"

and so sup,,., pa(f) < co. It follows that f € Lip_, X. Moreover, By is a proper subset
of X, so f is a well-defined and non-constant function. This implies that Cons(X) &
Lip_ X. n

Proposition 3.10 Let (X,d) be a metric space. Then Lip_ X = B(X) if and only if
X is e-uniformly discrete for some € > 1.

Proof First, let Lip, X = B(X). By Proposition 3.9(i), Bx = @. It follows that X is -
uniformly discrete for some ¢ > 1. Conversely, suppose that X is e-uniformly discrete
for some ¢ > 1. Thus, for each f € B(X) we obtain

lf(x) - f) 2| f]e
) = sup su <su
p (f) leIg x#I; d(x) )/)a aZIg &x
It follows that f € Lip__ X and

[fleo < [ flLip.. < 3] flleo-

This completes the proof. ]

<2[flle-

The following corollary is immediately obtained from Propositions 3.9 and 3.10.

Corollary 3.11 Let (X, d) be a metric space. Then the following assertions hold:
(i) Lip, X =B(X)ifand onlyif Bx = @.

(ii) IfLip. X = Cons(X), then Bx = X or X is a singleton.

(i) If@ & Bx & X, then Cons(X) & Lip_, X & B(X)

Example 3.12 Consider the reverse of Corollary 3.11(ii). In the case where X is a
singleton, Cons(X) = Lip,, X = B(X). But the equality Bx = X does not necessarily
imply Lip,, X = Cons(X). For example, suppose that X = {0, 1,2, 2}, endowed with
the induced Euclidean metric from R. Define f: X - C by

1 ifxe{o,1/2),
f(x)_{o if x € {2,5/2}.

Then for each a > 0 we have
1IN /2\0 ;2\« 2\«
() =max{(3) .(3) -(5) }=(3) sv
which implies that f € Lip__ (X). It follows that Cons(X) & Lip_, X.

Remark 3.13 We point out some remarkable features of By.
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(i) The function f = xp, in Proposition 3.9 belongs to Lip__ X, and so it is contin-
uous. It follows that By is a clopen subset of X, i.e., both open and closed.

(ii) We show that if (X, d) is a connected metric space with at least two distinct
elements, then Bx = X. To that end, first note that by part (i), Bx = @ or Bx = X.
If Bx = @, then Corollary 3.11(i) implies that Lip_, X = B(X). Consequently by
Proposition 3.10, X is e-uniformly discrete for some € > 1, and since X is connected, it
follows that X is a singleton. This contradicts the hypothesis. Consequently, Bx = X.

(iii) Suppose that (X, d) is a metric space such that X = D(X), where D(X) is the
set consisting of all cluster points of X. Then clearly Bx = X. But the converse of this
statement is not necessarily true. For example, take X to be the subset {0,1, 1} with
the induced Euclidean metric from R. It is obvious that Bx = X, whereas X does not
have any cluster points.

Example 3.14 Let X = {0, 1 5> 2} with the induced usual Euclidean metric from R.
Then Bx = {0, % } and so By is a nonempty and proper subset of X. Thus, by Corollary
3.11(iii),

Cons(X) & Lip_, X & B(X).
One can also obtain this result directly. Indeed, suppose that f € B(X). Thus

pat) = max] 21502 - o, LEIOL (27 1502) - ).

Now define
1 ifx=0,
f(x)=41 ifx=1,
0 ifx=2.

For each a > 0, i
pa() = max{ o, (5) "} <1

which implies that f € Lip_ X. Thus, f is a non-constant function belonging to
Lip_, X. Consequently, Cons(X) & Lip., X. Now define the function g on X by

1 ifx=0,
glx) =40 ifx=1,
1 ifx=2.

Then for each « > 0,
2 o
_ a [~ Y
pa(g)—maX{Z ,(3) } 2%,
and so g ¢ Lip__ X. Therefore, Lip__ X & B(X).

We end this section with a brief discussion concerning different behaviors of
ILip; X and Lip,, X with respect to different metrics.

Remark 3.15 Suppose that (X, d;) and (X, d;) are two metric spaces such that d;
and d, are equivalent; i.e., there are C;, C; > 0 such that

Cidi(x,y) <da(x,y) < Codi(x,y) (x,y€X).
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It is easily verified that for « > 0, all the Lipchitz algebras Lip , (X, d) and Lip , (X, d>)
are the same spaces. Moreover, if ] € [0, c0) with M; < oo, then by Theorem 2.5 we
have

ILip,(X, dy) = ILip,(X, d5).

But the spaces Lip__ (X, d;) and Lip__ (X, d,) are not necessarily the same. For exam-
ple, let X = {0, %}, d; be the induced Euclidean metric on X and let d; be the usual
discrete metric on X, defined by

1 ifx#y,
dz(x,y)={0 ifxii

It is clear that d; and d, are equivalent metrics on X. However, Proposition 3.5 implies
that Lip_ (X,d;) = Cons(X), whereas by Proposition 3.10, Lip_ (X,d») = B(X).
These observations show that different metrics produce different spaces Lip__ X.

4 Results on Character Amenability

Let A be a Banach algebra and let A(A) denote the spectrum of A, consisting of
all nonzero multiplicative linear functionals on A. In [12, 13], Kaniuth, Lau, and
Pym introduced and studied the concept of g-amenability for Banach algebras, where
¢ € A(A). A Banach algebra A is called p-amenable if there exists a bounded linear
functional m on A* satisfying

m(¢) =1 and m(f-a)=m(f)g(a)

foralla € Aand f € A*, where f-a € A" is defined by (f - a)(b) = f(ab), (b e A).
Moreover, for some C > 0, A is called C — ¢-amenable if m is bounded by C; see
Hu, Monfared, and Traynor [10]. The notion of (right) character amenability was
introduced and studied by Monfared [15]. Character amenability of A is equivalent
to A being ¢@-amenable for all ¢ € A(A) and A having a bounded right approximate
identity. The concept of C-character amenability is defined similarly; see [10] for more
details in this field.

There are valuable works related to some notions of amenability of Lipschitz alge-
bras. Gourdeau [8] discussed amenability of Lipschitz algebras. Moreover, he proved
that if a Banach algebra A is amenable, then A(A) is uniformly discrete with respect
to norm topology induced by A*; see also Bade, Curtis, and Dales [4], Gourdeau [9],
and Zhang [19].

Now suppose that (X, d) is a metric space. As an immediate consequence of [10,
Theorem 3.8] on character amenability of the second dual of a Banach algebra, Hu,
Monfared, and Traynor [10, p. 64], obtained that if X is an infinite compact metric
space and 0 < « < 1, then Lip, X is not character amenable. Moreover, C-character
amenability of Lipschitz algebras was recently studied by Dashti, Nasr Isfahani and
Soltani for each & > 0; see [6]. In fact, as a generalization of the above result from
(10], they showed that for 0 < & < 1and any locally compact metric space X, Lip, X
is C-character amenable for some C > 0 if and only if X is e-uniformly discrete for
some ¢ > 0.
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Notification 4.1 We find a gap in the proof of [6, Theorem 3.1] and give an example
to show that [6, Theorem 3.1] is not true when « > 1. In the proof of [6, Theorem 3.1],
the fact that Lip , X separates the points of X was applied. This fact is valid whenever
0 < a < 1; see, for example, [17, Lemma 3.1] for the proof of the case « = 1. In fact
they defined the function f; (s € X) as f;(x) = min{d(s, x),1} (x € X) and showed
that the family of functions { f; : s € X} separates the points of X. Moreover, since the
function d” is also a metric on X whenever 0 < a < 1, it is obtained that the family of
functions {f; : s € X}, where f,(x) = min{d*(s, x),1} (x € X), separates the points
of X as well. In fact, the proof of [17, Lemma 3.1] can be adapted for each 0 < a < 1.

However, it should be noted that Lip, X does not necessarily separate the points
of X whenever a > 1. For example, consider R, endowed with the usual Euclidean
metric. Then Lip, R = Cons(R) for all « > 1, and so in this situation, Lip,, R does not
separate the points of R. More importantly, this example shows that the equivalence
given in [6, Theorem 3.1], is not preserved for a > 1. Indeed, Lip, R = Cons(R) is
amenable, and so by [10, Theorem 2.9] it is C-character amenable for some C > 0.
However R is not uniformly discrete. Therefore [6, Theorem 3.1] is true for 0 < & < 1,
but not for &« > 1. These observations lead us to suggest an extra condition in the
assumptions of [6, Theorem 3.1], which seems to be required. Indeed, we prove that
the assertion of [6, Theorem 3.1] will be true for Lip , X with & > 1 under the condition
that Lip , X separates points of X, and under this condition the proof of [6, Theorem
3.1] remains valid.

Regarding Notification 4.1, one can modify [6, Theorem 3.1] by the following result.
The proof of [6, Theorem 3.1] is still valid for Lip, X with « > 1 under the added
condition.

Theorem 4.2 Let (X, d) be a metric space and « € (0, +00). Suppose that Lip,, X
separates the points of X. Then the following assertions are equivalent:

(i) Lip, X is C-character amenable, for some C > 0;
(ii) Lip, X is amenable;
(iii) (X, d) is e-uniformly discrete, for some € > 0.

The following result is obtained from Corollary 2.2, Theorems 2.5 and 4.2.

Corollary 4.3  Let (X,d) be a metric space and ] € [0, +00) with M; < co. Suppose
that ILip; X separates the points of X. Then the following assertions are equivalent:

(i)  ILip; X is C-character amenable, for some C > 0;
(i) ILip; X is amenable;

(iii) ILip; X = B(X), as two Banach algebras;

(iv) (X, d) is e-uniformly discrete, for some ¢ > 0.

Now we consider ILip; X for a subset ] of [0, c0), where M; = oo, which is the
space Lip__ X by part (iv) of Remark 3.4. We end this work with the investigation of
C-character amenability of Lip__ X. By [8], for each 0 < & < o0, all of the linear maps
¢x:Lip, X — C (x € X), defined by ¢,(f) = f(x) (f € Lip, X), are bounded and
multiplicative and so belong to A(Lip, X).
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Theorem 4.4 Let (X,d) be a metric space such that Lip__ X separates the points of
X. Then the following assertions are equivalent:

(i) Lip,, X is C-character amenable, for some C > 0;
(ii) Lip,, X is amenable;

(iii) Lip_ X = B(X);

(iv) (X, d) is e-uniformly discrete, for some € > 1.

Proof (i)=(iv) The proof of [6, Theorem 3.1] is adapted here. Suppose that Lip_ X
is C-character amenable for some C > 0. Thus, by [6, Corollary 2.2], A(Lip_, X) is
uniformly discrete, and so there is € > 0 such that |¢ — y/| > ¢ for all distinct elements
¢, v € A(Lip X). Since X ¢ A(Lip., X) and Lip_, X separates the points of X, for
all x, y € X with x # y, we have ¢ # ¢, and so

sup o (f) - dy(f)| 2 e

[l fllLipo, <1

It follows that for all « > 0 and x, y € X with x # y,

sup |f(x) - f(Iz sup |f(x) - f(¥)|2e.

[ fllast [l fllLipo, <1
Consequently,
lf(x) = f(¥)l «
e< su x)— = sup | ———2=)d(x,
o 1fG) =S ”f”};( PR )d(x,)
< H;IHJP pa(f)d(x, y)* <d(x, )"
<1

So, ¢/e < d(x, y) for each a > 0, and consequently d(x, y) > 1. Thus, (iv) is obtained.

(iv)=(iii) It is immediately obtained from Proposition 3.10.

(iii)=>(ii) Suppose that (iii) holds. By Proposition 3.10, X is e-uniformly discrete
for some ¢ > 1. Also in this case B(X) = £*°(X), which is amenable by [16, Example
2.3.4]. Thus, (ii) is obtained

(ii)=(i). If Lip_, X is amenable, it has an approximate diagonal bounded by some
C > 0; see [16]. Thus, Lip_ X is C-character amenable by [10, Theorem 2.9] and so (i)
is obtained. ]
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