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EDGEWORTH EXPANSION ON n-SPHERES
AND JACOBI HYPERGROUPS

GyuLA PAP AND MICHAEL VOIT

Suitable normalisation of time-homogeneous rotation—invariant random walks on
unit spheres $¢ C R4t for d > 2 leads to a central limit theorem with a Gaussian
limit measure. This paper is devoted to an associated Edgeworth expansion with
respect to the total variation norm. This strong type of convergence is different
from the classical case. The proof is performed in the more general setting of
Jacobi-type hypergroups on an interval.

1. INTRODUCTION

The aim of the present paper is to derive an Edgeworth expansion for isotropic
random walks on unit spheres S% C R%*! for d > 2 and, in general, on Jacobi hyper-
groups.

Let us consider a stationary random walk (X,),5, on S? starting, say, at the
North Pole zo € §¢ and having some SO(d + 1)-invariant transition probability. The
transition can be described by some probability measure p € M 1([0, 7r]) which is the
distribution of the angles

UXn, Xn-1) € [0, 7], n €N,

between two successive jumps. For all £ € N let ,(1’“) be a shrinked isotropic
n20

random walk starting at zo € S% and associated with the probability measure pu; €
M‘([O, ﬂ/\/ﬂ) defined by ui(A) := u(\/EA) for Borel sets A C [O,W/\/ﬂ. This
random walk is discussed, for instance, by Bingham [2] and by Voit [9]. From Voit
(9], under a mild restriction on g (‘uz must not be concentrated in 0 too much’), there
exists a kg = ko(d, p) such that for each k > ko the distribution ufck) of X,(ck) has
a continuous bounded density f; with respect to the uniform distribution wy on S9.
Moreover, it was shown in that paper that there is a ‘Gaussian’ measure v§ on S¢ with
a continuous bounded wg—density go such that

Ifk = golloo = O™Y),  ||u) — || =0(k™Y)  for k= oo,
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where ||| denotes the total variation norm of the measure g, and the order O(k™!)
is sharp.

In this paper we give bounded (signed) measures v (j = 1,2,...) on S84 with
continuous bounded wgy-densities g; (j =1,2,...) such that for all se N

= O(k~),

[o0)

= O(k-s) for k — oo.

s—1 s—1
—7 k —
fe=Y kg e = >k

The expansion will be derived from a more general result valid for Jacobi hyper-
groups covering also the cases of compact symmetric spaces of rank one (which include
the projective spaces; see, for instance, Helgason [7]).

2. JACOBI HYPERGROUPS AND GAUSSIAN MEASURES

For a > B > —1/2 we consider the Jacobi polynomials

i) = ;211Z (nfa> (n+ﬁ> c-1)"(@+1), zeR, neN,,

QP S VAN

which are orthogonal on [—1,1] with respect to the weight (1 — z)*(1+ z)® and nor-
malised by P{*f )(1) = 1. (We shall also use the notation P, if it cannot cause
misunderstanding.) It was shown by Gasper [5, 6] that for all s,t € [0, 7] there exists
a (unique) probability measure €, *£; on [0, 7] such that

PP (cos s) - PLB) (cost) = / PP (cosu) d(e, * £¢)(u), n €N
0

The convolution €, *€; can be extended uniquely to a bilinear, commutative, associative
and weakly continuous convolution * on the Banach space M,([0,7]) of all (signed)
Borel measures on [0, #]. Moreover, * establishes a commutative hypergroup structure
on K = [0,7]. Its normalised Haar measure w = w'®P) is given by

FNa+B8+2)

dw(d) := F(a+I)F(ﬁ+l)2a+ﬁ+1(sin19)2°‘+1(1+cosz9)ﬂ"°d19, 9 € [0, 7).

The dual space K = {P,(,a’ﬂ docos : n € No} can be identified with Np, and the
Plancherel measure 7 = w(®#) on it is given by

Cn+a+B+1)(a+p+1),(a+1),
(a+B+1)nl(B+1), !

r({n}) = h 1= ne N,
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where for v € R and j € N we use the standard notation
M;=vr+1D---(v+3-1).

The Jacobi-Fourier transform of a measure u € M;([0,7]) and a function f €
L'([0,],w) are given by

i(n) := /0 ﬂP,E“’ﬁ)(cosﬁ)du(ﬂ), Fln) = /0 "P,sa-m(cosﬂ)f(e)dw(ﬁ), n € Np.

According to the inversion theorem (see (3, Theorem 2.2.36)), if 4 € M,([0,7]) is such
that

oo
IEll, = > b ()] < oo

n=0
then p has a continuous w—density f given by

F@®):= fj WP a(n) PP (cosd), 9 € [0,m],

n=0

and
lall < 1l < |7, = N, -

For all @ > 8> —1/2 and j € N we introduce the functions

_nlln+a+f+1);
T 2(n - ) (a+ 1),’

(@.8)

gj(n) ==¢; "' (n n € Np.

In fact, ¢; is a polynomial of degree 25 and in particular

nn+a+pf+1)
2(a+1)

qi(n) =

For 02 > 0 the Gaussian measure v,2 with parameter o2 on the Jacobi hypergroup can
be defined by its Jacobi—Fourier transform

a%q1(n) },

F,2(n) = exp{— 5 n € Ng,

see, for instance, Bochner [4]. Clearly ||7,2]|; < oo implies that it has a continuous,
bounded w-density.
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3. EDGEWORTH EXPANSION

Let u be a probability measure on [0,7]. We denote the moments of u by

n
m; 1= m§ :=/0 7 du(t), jeEN

Let (X,),5o be the Markov chain on [0, 7] associated with 4 and on the Jacobi hy-
pergroup as follows. The chain starts at 0 at time 0, and the transition probabilities
satisfy

P(Xn € A| Xn_1 = 2) = (. + 5)(A)

for all n € N, z € [0,7] and Borel sets A C [0,7]. As in Voit [9] we obtain that the
distribution of X, is given by the n—fold Jacobi convolution power p(™).
For all k € N let px be the probability measure on [0, n/ \/lﬂ defined by px(A) :=

n(VkA) for Borel sets A C [0,7/Vk]. Let (X(k)) 5o be the Markov chain on [0, 7]

(k)

associated with px. Then X, (%) has distribution ty ~ with its Jacobi-Fourier transform

:“’i-k)( ) = (#k(n) (/ P, (cos ) duk(e))k = (/07r P, (cos (t/\/E)) du(t))k.

The Edgeworth polynomials Q;-‘ , J € Ng, corresponding to the measure u are defined
by the formal expansion

<-/01r P. (cos(t/\/lz)) dy(t)) ) = exp{ 2‘11 } ZQ;L

More precisely, defining first the polynomials 1,[1;‘ , j € N, by the power series (in the
variable y)

1
imgql(n) + —log/ P{>P) (cos (ty)) du(t) zw" n)y¥,

we can determine the polynomials Q;‘ , J € Ng, by

oo e} = gocz;(n)xf.

=1

(In Section 4 we prove that the above power series has a positive radius of convergence.)

We remark that the Edgeworth polynomials Q¥ i1 J € Ny, also depend on the parameters

o and B through the functions ¢; = q§~ *p ), j € N. The degree of the polynomial Q;‘
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is at most 2j + 2, and the coefficients are polynomials of the moments my, my, ...,
Ma(j+1)- In particular,

2
Qg(n) =1, Qi (n) =my (% + ngn')) _ mg (QI (8'”')) ’

2 3
R

_m6<<1;g7(;) 4 q24(§) 4 qz(:)) + %(Q‘{(n))z.

(The definition of the Q;‘ , j € Ny, should be compared with the usual expansion
a(t/vE)) 1 2,0\ N p-i/2u;
(u(t/ k)) = exp{—ia t }Zk Pf(it)
=0

of the characteristic function of a normalised convolution power of a probability measure
p on R with zero mean and covariance o2; see Bhattacharya and Ranga Rao [1, Section
7].) Furthermore, for all j € Ny we define the signed measure 1/;‘ on [0, w] by its Jacobi—
Fourier transform

n € Np.

3 {__mth(") },

(n) = QY (m) exp{ - 2L

Clearly ”i/‘;‘ |, < oo, and hence v¥ exists and has a continuous, bounded w-density
gj. Obviously v is just the Gaussian measure 7,2 with parameter 02 =ms.
We need the following mild restriction on g, which means that ‘u is not concen-

trated in 0 too much’.

ConprITION (G). We say that a probability measure g on [0, 7] has the growth property
(G) at the point 0 if there exist constants ¢,p > 0 such that

£([0,8]) < c-67  forall 8 € [0, 7).

Condition (G) is equivalent to
v
/ t79du(t) < oo for some ¢ > 0,
0
see Voit [9, Remark 1.9].
From Voit [9, Theorem 1.6] if « 2> f 2 —1/2, @ > —1/2, and u is a probability

measure on [0, n] with property (G) then there is a ko = ko(d, 1) such that for all
k > ko the distribution pfck) of X ,Ek) has a continuous, bounded w-density fx.
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THEOREM. Let o« 2 82 —1/2, o > ~1/2, and let u be a probability measure
on [0, w] with property (G). Then for all s€ N,

”fk—sifk'j-gj”w =0(k™®)  fork— .
=0

In particular,

Hufck) - S k7. V;‘“ =0(k™*) for k — oo.
=0

4. PROOF OF THE THEOREM

The letter ¢ with or without indices will denote a positive constant depending only
on the fixed parameters a, § and the measure . The same symbol may stand for
different constants. A relationship ax = O(bx) between sequences (ax) and (bx) of real
numbers means that there exists a constant ¢ (depending only on «, 8 and u) such
that |ax| < cby for all k € N,

In view of the properties of the Jacobi-Fourier transform (see Section 2) it is
sufficient to show that

— s—1
k i “h _
-5 7], =0
=0
We have
® _ S -i R
k -3 .
[ - k-],
7=0

- " k maq1(n sl M i
=nZ=ohn (/0 Pn(cos(t/\/l?))du(t)) _exP{_JqT(_)};QJ‘(")k i

< Ri(k) + Rz(k) + Ra(k)

where

Ry (k) := Z hr (/ P, (cos (t/\/_))du(t)) - exp{ mZQI(n)}ZQ“(n)k i
ngAVE i=

Ra(k) := ;A:fh,, (/01, P, (cos (t/x/l?)) du(t)) )

R3(k) := Z hn exp{ T2 n)}ZQ“

n>AVk
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with arbitrary A > 0, which will be chosen appropriately later.
Using the arguments leading to (3.10) in Voit [9] we observe that for each A > 0
the term R3(k) tends exponentially to 0 as k — oo, that is,

Ra(k) <cy-ch

for suitable constants ¢; > 0 and 0 <cy < 1.

By appealing to Voit [9, Lemma 3.8] if the measure p has the property (G), then
for each A > 0 the term Ry(k) also tends exponentially to 0 as £ — oo in the sense
that

Ra(k) < cy - ck for all k > c3
for suitable constants ¢;,¢3 >0 and 0 < cs < 1.
The aim of the following discussion is to show that for sufficiently small A =

A(p, o, B) we have
Ryi(k) = O(k™).

In view of our normalisation Pna'ﬂ)(l) =1, Szegd (8, (4.21.7) and (4.1.1)] lead to
the recursive formula

dP{*P nn+a+pB+1)
(@) = ( Natl) PP zeR, neN,
Consequently we have
d]Pf(leﬂ)

o W =¢""@), jneN,

and we obtain easily the Taylor expansion for the Jacobi polynomials: there exists a
constant ¢ such that

< en?CH) (1 — z)*+t, for z € [-1,1], n € Ny.

Pate) - S C g my1 - 2y

Using the Taylor expansion of the cosine function, we obtain

< cn2(e+y2s+1)

/0 " Pa(cos (t9) du(t) = 3 @5 (nymazy?
j=o0

for y € R, n € Ny with some polynomials ¢;, j € No, where po(n) = 1, ¢1(n) =
—q1(n)/2 for n € Ny, and ; is a polynomial of degree 2j. In particular, we can choose
A; > 0 such that

for y € R and n € Ny with n|y| < A;.

DO =

/ " Pa(cos (ty)) du(t) - 1{ <
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Applying the Taylor inequality

log (1 + z) - Z( 1)] 1:1:J

<clzl?, for |z|

Ml»—d

we conclude

< C, n2(s+1)y23

T s—1
llmqu(m +—log [ Palcos () du(®) - Y w4 )y

2 ‘
j=1

for y € R and n € Ny with n|y| < A; and with some polynomials 9;, j € N, where
¥; is a polynomial of degree at most 23 + 2. In particular, we have

1 1 i 4,2 M2 2
Z — < L —
'2m2q1(n) + " log/0 Py(cos (ty)) dp(t), < Conty? < St 1)n
for y € R and n € Ny with n |y} < A, where
. ma
A= A —_— .
m‘“{ U\ 8Ca(a + 1)}
With the help of the Taylor inequality
s—1 7
I' |-T| 2 el=l, for z € R,
j=0 J:
and putting y = 1/Vk we obtain
([ e (B)) ) {282} - 5= i
. kel A NLAA
0 2 3j=0

4sp.—s m2 2
cn exp{—s(a+ 1)n
for n < AVk. Obviously

n(n+ a+ B) n?
2(a+1) 7 2(a+1)

exp{—'—n—zqzan)} < exp{—%nz},

q1(n) =

implies
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and hence we have

(/: P, (cos (t/\/E)) du(t))k - exp{—&?@} ‘:—Z:;IJQ;-‘(n)k'j

_ ma "y
S c n4sk se e 3
! "p{ 8a+1)" }

for n < AVk. Taking into account that
hn = O(n®*+1),
we conclude that

Ri(k)< a1 Z nz"‘”n‘“k_’e_”"2 = O(k_s).
n<AVE
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