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Abstract

We consider the two-dimensional minimisation problem for inf{E,(¢) : ¢ € H'(R?) and |lg|l} = 1}, where
the energy functional E,(¢p) is a cubic-quintic Schrodinger functional defined by E,(¢) := % &2 [Vel? dx —
}Ta IRZ lol* dx + %az ﬁgz l|® dx. We study the existence and asymptotic behaviour of the ground state. The

ground state ¢, exists if and only if the L mass a satisfies a > a, = ||Q||§, where Q is the unique positive
radial solution of —Au + u — u® = 0 in R%. We show the optimal vanishing rate E@z IVul? dx ~ (a — a.) as
a \, a, and obtain the limit profile.
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1. Introduction and main results
We consider the two-dimensional (2D) cubic-quintic nonlinear Schrodinger equation

i, = —AY — WPy + Wy, (t,x) e RxR?, (1.1)

where the cubic nonlinearity is known as the Kerr nonlinearity [4] and the quintic
nonlinearity was introduced in [15]. The incorporation of the defocusing quintic term
is motivated by the stabilisation of two-dimensional vortex solitons [13]. This kind of
model can be used to describe nonlinear optics, field theory, the mean-field theory of
superconductivity, the motion of Bose—Einstein condensates and Langmuir waves in
plasma physics (see [4] and the references therein).

The combination of a focusing cubic nonlinearity and defocusing quintic nonlinear-
ity is very natural in many physical applications and leads to interesting mathematics.
The nonlinear Schrodinger equations with the cubic-quintic nonlinearity (or general
combined power-type nonlinearities) is very different from the purely cubic equation,
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since an effect of the quintic term is to prevent finite time blow-up (see [2]). Moreover,
the arguments on the asymptotic behaviour of minimisers become much more complex
and some new phenomena appear.

In particular, Soave [16, 17] studied normalised ground states for the nonlinear
Schrodinger equation with combined nonlinearities. The uniqueness and nondegener-
acy of positive solutions for the time-independent cubic-quintic nonlinear Schrédinger
equation was shown in [1, 11]. Tao ef al. [18] considered the Schrédinger equation
with combined power-type nonlinearities including the cubic-quintic nonlinearity and
studied local and global well-posedness, scattering, finite time blow-up and asymptotic
behaviour. Killip ez al. [9, 10] studied solitons, scattering and the initial-value problem
with nonvanishing boundary conditions for the cubic-quintic nonlinear Schrodinger
equation on R3.

We focus on the normalised ground states of (1.1) and define the energy functional

1 1 1
E() = - Vul? dx — = “d —f 6 dx.
(u) 2fR2| ul” dx 4fRZIuI v+ 2 RJ”' X

A standing wave is a solution of (1.1) of the form
w(x, 1) = e u(x),

where 1 € R and u(x) € H'(R?) is a time-independent function. Usually, u(x) is called
a normalised ground state if it is a minimiser of the minimising problem under the
prescribed L? mass:

I(a) = inf{E(u) : u € H'(R?) and ||ull} = a}.

Let ¢(x) = u(x)/+/a. It is easy to check that u is a minimiser of I(a) if and only if ¢(x)
is a minimiser of the minimisation problem for e(a), where I(a) = ae(a),

e(a) := inf(E.(p) : ¢ € H'(R?) and [lg]}3 = 1), (12)

and the energy functional is given by

1 a a?
Efg) =3 IVl* dx — 1 f ll* dox + < f ll® dx.
R2 R2 R2

In what follows, we will consider this equivalent minimisation problem for e(a).

Now let
a, = f |0 dx,
RZ

where Q is the unique positive radial solution of the nonlinear scalar field equation
~Au+u-uw =0, ueHR. (1.3)

The following theorem follows by the same arguments as in [1].
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THEOREM 1.1. Let Q be the unique positive radial solution of (1.3). Then:

(1) f0<a<a.= ||Q||§, there is no minimiser for (1.2);
(2) ifa > a., there exists at least one minimiser for (1.2).

Moreover, e(a) = 0 for 0 < a < a. and lim,~ 4, e(a) = e(a,) = 0 for a > a..

REMARK 1.2. We can restrict the minimiser of (1.2) to nonnegative radially symmetric
functions, since E,(¢) > E,(|¢|) for any ¢ € H'(R?) (from the fact that |V|g|| < [V
almost everywhere (a.e.) in R?) and the symmetric decreasing rearrangement. There-
fore, in what follows, we will assume that the ground state ¢,(x) of (1.2) is nonnegative
and radially symmetric decreasing.

In view of Theorem 1.1, it is natural to ask what would happen for minimisers ¢, of
e(a) as a ™\ a.. We obtain the following result.

THEOREM 1.3. Assume that a > a. and ¢, is a nonnegative radially symmetric ground
state of e(a). Then,

lim f IVou>dx — 0 and f IVoul? dx ~ (a — a.). (1.4)
aNa, JRr2 R2?

Given a sequence {ai} with a; \, a. ask — oo, there exists a subsequence (still denoted
by {ay}) such that

(ar — a.) Py, (ax — a.) " ?x) = wo(x)  strongly in H'(R?), (1.5)
where wy satisfies
—Awp(x) = —,li’zwo(x) + a*wg(x) - afw(s)(x) for some 8 with 0 < /32 < 1%

Moreover,
a2
lim (@ — a,) 2e(a) = ——= f [wol® dx. (1.6)
aN\a. 6 R2?

REMARK 1.4. From (1.4), the vanishing phenomenon happens for the ground states
as a \ a.. This is very different from the purely cubic equation or the cubic-quintic
equation with an external potential (see [3, 5-8, 14, 19]). In particular, Guo and
Seiringer [5] studied the mass concentration properties of normalised ground-state
solutions for the purely cubic equation with an external potential as a " a. (a < a.
and a tends to a,). The second author and Feng [19] studied the blow-up properties of
ground-state solutions of the 2D cubic-quintic nonlinear Schrodinger equation with a
harmonic potential.

The paper is organised as follows. In Section 2, we prove Theorem 1.1. In Section 3,
we prove Theorem 1.3. Throughout this paper, we use standard notation. For simplicity,
we write || - ||, to denote the LP(R?) norm for p > 1; a \, a, means that a tends
to a, with a>a,; X~Y means X <Y and Y <X, where X <Y (X > Y) means
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X < CY (X = CY) for some appropriate positive constants C. The value of the positive
constant C is allowed to change from line to line and also in the same formula.

2. Proof of Theorem 1.1
We recall from [20] that a. also corresponds to the best constant in the

Gagliardo—Nirenberg inequality

f wfde< 2 [ 9emPdx f P dr, o) e H'E®), Q1)
R2 a,. Jr2 R2

which becomes an equality when ¢(x) = Q(|x|), where Q is the unique positive radial
solution of (1.3). It is easy to see that

3 [ 10wt ax= f VO dx = f 0GP d (22)
R2 R2 R2
(see also [2, Lemma 8.1.2]).

LEMMA 2.1. For any a > 0, we have e(a) < 0 and e(a) < 0 if and only if a > a..

PROOF. Let Q be the unique positive radial solution of (1.3). For y > 0, define
yO(yx)

QIl2
so that [, (|3 = 1. Since [[VQI}3 = 1IQIl} = a. (by (2.2)), then,

Eu(gy) = = f Ve, 2 dx— & f oyt e+ & f 0,18 dx

a’y* 6
- —) N d 23
-z ( L) s | lora (23)
By letting y — 0%, we deduce that e(a) < 0.

To prove that e(a) = 0 if and only if 0 < a < a,, we just need to show that for
0 < a < a,, we have E,(¢) > 0 for any ¢ € H'(R?). We deduce from the Gagliardo—
Nirenberg inequality (2.1) that

1 a a2 a2
an):ifRz|Vso|2dx—ZfR2|¢|4dx+ngJgodezngzwdxzo.

Thus, e(a) = 0 if and only if 0 < a < a,.
Next, we claim that for any a > a., we have e(a) < 0. By (2.3),

Py(x) :=

2 2
e(a) < 1(1 - i)+ a
2 a

*

dx =: —A(a — a*))/2 + By4,

where

1 a* 6
A= >0 and B=— |OI° dx > 0.
2a, 6a; Jr2
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Now, let y = Co(a — a.)"/?, taking Cy small enough so that AC; — BC; > 0. Then,
e(a) < —(AC; - BCy)a—a.)* s —(a—a.)* <0 (2.4)

for any a > a... This completes the proof of the Lemma 2.1. ]

PROOF OF THEOREM 1.1. Part (2) of Theorem 1.1 comes from [1], or it can be proved
by the standard concentration-compactness principle [12].

Next, we prove that there is no minimiser for (1.2) with0 < a < a, = ||Q||§. Suppose
that there exists a minimiser ¢, with 0 < a < a.. As pointed out in Section 1, we can
assume ¢, to be nonnegative. We deduce from the Gagliardo—Nirenberg inequality

(2.1) and e(a) = 0 that
f [Vu|* dx = f lq|™ dx
2 Jp2 ¢ 4 Jg2 ¢

f lpal® dx = 0
R2

for O < a < a,. This implies ¢, = 0 a.e., which is a contradiction with ||goa||§ = 1. This
completes the proof of the first part of Theorem 1.1.

To prove the stated properties of the energy e(a), note that Lemma 2.1 implies
that e(a) = 0 for 0 < a < a, =||Q|l3. We have already shown that e(a) S —(a — a.)*
for a > a. in (2.4), hence it remains to show that lim,\ 4, e(a) = e(a,) = 0 for a > a,.
This will complete the proof of Theorem 1.1. |

and

3. Asymptotic behaviour of ground states as a | a.

Suppose that ¢,(x) is a ground state of e(a) for a > a.. Then ¢,(x) satisfies the
Euler-Lagrange equation

~A@a(x) = dapa(¥) + agy(x) = a@p(x) 3.1

for some suitable Lagrange multiplier 1, € R and the Pohozaev-type identity
OE.(19a(Tx))lr=1 = 0 (see [2]), that is,

2 2
f Ve dx— = f lpal* dx + = f lpal® dx = 0. 3.2)
RZ 2 RZ 3 R2
Moreover, A, in (3.1) can be given by
1
P f VuP d— 2 f el d. (3.3)
2 Jre 4 Jse

LEMMA 3.1. For any a > a,, we have e(a) ~ —(a — a,).
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PROOF. In view of (2.4), we just need to prove the lower bound. First, for any
¢ € H'(R?), by using the Holder’s inequality and Young’s inequality with €,

1/2 1/2
f 2 |so|“dxs f |so|2dx f |so|6dx
R

|
3(a a*)f v |2 Za (a a,)” f|<p|6dx (3.4)

Then, for any ¢(x) € H'(R?) with [l¢||? = 1, by using the Gagliardo-Nirenberg inequal-
ity (2.1) and (3.4),

E p) = = f|V¢,o|2 x——f I90|4dX+—f ll® dx
- e f ol® dx

> —(a—a*) .

This completes the proof of Lemma 3.1. ]

LEMMA 3.2. Assume that ¢,(x) is a ground state of e(a). Then for any a > a.,

Lo as~ [ el de~ @ (3.5)

PROOF. From the Gagliardo—Nirenberg inequality (2.1),

1 a
= | Ve dx— = f la(OI* dx. (3.6)
2 R2 4 R2
However, by the definition of e(a) and Lemma 3.1,
1 a
3 f Va0l dx = 7 f I dx < Eu(py) = e(@) s ~(a - a.)*. (3.7)
R2 R2
From the inequalities (3.6) and (3.7),
f lpa(0)* dx 2 (a - a.).
RZ
Moreover, by the Gagliardo—Nirenberg inequality (2.1) and (3.7),
[ vawParz [ ipswrtdcz @-a.
R2 R2
From (3.1), (3.2) and Lemma 3.1,
a’ 6 2
3 lpal” dx = —e(a) ~ (a — a.)”. (3.8)
RZ
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By Holder’s inequality together with (3.7) and (3.8),

172
f IVsoa(X)Izdxsf Iwa(X)l4dxs(f Isoal6dX) S (a—a.).
R2 R2? R2

This completes the proof of the lemma. ]

Let ¢, be a nonnegative minimiser of (1.2) and define the L*-normalised function
wr(x) 1= T9,(Tx),

where 7 := (a — a,)~"? > 0. From (3.5) and (3.8),

f IVw.(x)* dx ~ f IwL(O|* dx ~ f W) dx ~ 1. (3.9)
RZ RZ RZ

By the Euler-Lagrange equation (3.1) and Remark 1.2, the functions w. are nonnega-
tive solutions and satisfy

—Aw,(x) = T AW (x) + awl(x) — a*w (). (3.10)

It follows from Lemma 3.2 and (3.3) that 724, is uniformly bounded as a \ a. and
strictly negative for a close to a.. By passing to a subsequence, if necessary, we can
thus assume that

22, - —,82 <0, asa’\ a,. 3.11)

PROOF OF THEOREM 1.3. First, (1.4) in Theorem 1.3 comes from (3.5). Next, we
prove (1.5). Note that {w.} is radially symmetric, since ¢, is radially symmetric (see
Remark 1.2). By (3.9), {w;} is uniformly bounded in H! (R?) and there exists a
subsequence {w-,} such that w;, — wy weakly in H! (R?), where H! (R?) denotes
the Sobolev space of radial H'(R?) functions. For 2 < p < +oco, the embedding
H! (R?) — LP(R?) is compact, so wr, — wq strongly in L(R?). This implies that

we [*dx — | [wol*dx and f e |0dx — | |wol® dx. (3.12)
R? R2 R2 R2

By the Pohozaev identity (3.2), w,, (x) satisfies

2a?
f Vwq [? dx — %f lwe, [* dx + —kf we |0 dx = 0
R2 R2 3 Jre

and it follows from (3.12) that

) ) a. 4 2a? 6
lim [Vwe |“dx = — [wol™ dx + — [wol” dx. (3.13)
k—oo Jp2 2 Jre 3 R2

By passing to the weak limit 7, — 0™ in (3.10), we see that wy(x) satisfies

—Awg(x) = =B wo(x) + a.wi(x) — aZwy(x). (3.14)
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We also have the Pohozaev identity (see [1]),

2
B | Iwol?dx - % f Iwol* dx + %f [wol® dx = 0, (3.15)
R2 R2? R2

where % € (0,3/16) since wy # 0 (see [1]). From (3.14) and (3.15),

. 2a;
f Vol dx = = f fwol* dx — = f wol® dx. (3.16)
R2? 2 R2 3 R2

It follows from (3.13) that

lim f [Vw,,|* dx = f [Vwol? dx. (3.17)
R2 R2

k— o0

However, by (3.11) together with (3.12) and (3.17),

. ) 1
lim IwT,(I2 dx = lim > ( IVWT,(I2 dx — ay, [We, [* dx + a,% IwTkI6 dx)
k—oo g2 k—o0 Tk /lak R2 R2 R2

1
:——2(f [Vwol? dx — as |w0|4dx+af
B\ Jr2 R?

w%)
RZ

= | |wol?dx.
RZ

Combining this with (3.17) shows w;, — wy strongly in H '(R?) and this yields (1.5).
By (3.8) and (3.12),

4 2
. . k™k
]}Lr?o T:é(ak) = —]}1_{210 6 . |S0ak|6 dx
a2 a?
=—-N s 6 == 6 . 1
gwﬁyua 6LMMX (3.18)

Finally, by applying the same argument as we used before to (3.18), we can take a
subsequence {1y} with 7, — 400 as k — +o0, such that

2
liminf r*e(a) = lim te(q)) = - = f Iwol® dx, (3.19)
aN\a. k—o00 6 R2

where wy(x) satisfies (3.15) with some 82 € (0, 3/16) and fRZ [wo(x)[> dx = 1. However,
taking the test function ¢, = ~'wy(r7'x) in E,(-), we deduce from (3.16) that

1 2
e(a) < T'E (@) = —f [Vwol* dx — gf Iwol* dx + a_f Iwol® dx
2 Jre 4 Jgo 6 Jr2

2 2
a, —a a- —2a
== lwol* dx + : [wol® dx.
4 R2 6 R2
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This means that

2
. a

lim sup t*e(a) < ——= f [wol® dx.
aNa. 6 Jr

Combining this with (3.19) gives (1.6). This completes the proof of Theorem 1.3. O
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