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In this paper, we consider the chemotaxis-Navier-Stokes model with realistic
boundary conditions matching the experiments of Hillesdon, Kessler et al. in a
two-dimensional periodic strip domain. For the lower boundary, we impose the usual
homogeneous Neumann-Neumann-Dirichlet boundary condition. While, for the
upper boundary, since it is open to the atmosphere, we consider three kinds of
different mixed non-homogeneous boundary conditions, that is, (i)
Neumann-Dirichlet-Navier slip boundary condition; (ii) Zero flux-Dirichlet-Navier
slip boundary condition; (iii) Zero flux-Robin-Navier slip boundary condition. For
boundary conditions (i) and (iii), the existence and uniqueness of global classical
solutions for any initial data and any large chemotactic sensitivity coefficient is
established, and for boundary condition (ii), the existence and uniqueness of global
classical solutions for any initial data and small chemotactic sensitivity coefficient is
proved.
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1. Introduction

When the well mixed suspension of Bacillus subtilis cells is placed in a chamber
with the upper surface open to the atmosphere, this kind of aerobic bacteria con-
sume oxygen, swim toward the direction of sufficient oxygen, that is, the surface of
the water layer. Then they form a thin boundary layer with dense cells upstream.
Below this layer, the cells in the suspension were severely depleted. Because that
bacteria are about 10% denser than water, thus, the density of the mixed suspen-
sion becomes larger near the water surface than at the bottom. When the density
of the upper boundary layer is too high, it becomes unstable and forms a descend-
ing bacterial plume. And finally evolved into various patterns [10, 11, 14]. Based
on these experimental observations, Goldstein et al. [19] proposed the following
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chemotaxis-fluid model

ng+u-Vn=An—xV-(nVe), inQ,

¢ +u-Ve=Ac—cn, in Q, (1.1)
u+u-Vu=Au—Vr+nVy, inQ, '
V-u=0, in Q,

where Q = Q0 x RT, n, ¢ represent the bacteria cell density, the oxygen concentra-
tion respectively, x > 0 is the sensitivity coefficient of aggregation induced by the
concentration changes of oxygen, J = nVc is the chemotactic flux, —cn is the con-
sumption term of oxygen, that is more bacteria, more oxygen are consumed, u, 7 are
the fluid velocity and the associated pressure, the fluid couples to n and ¢ through
transports u - Vn, u- Ve and the gravitational potential nV.

In recent years, this kind of models has been widely studied by many authors. For
the studies of Cauchy problem in RY we refer to [9, 15, 22], and for the bounded
domain with zero flux boundary value conditions for n,c, and no-slip boundary
value condition for u, please refer to [8, 20, 21] or the references therein. From these
results, one see that the solutions will convergence to the constant steady states, and
there is no pattern formation. Matching the experiment descriptions, the following
mixed boundary conditions is proposed [6, 16]: the boundary condition at the top
I'top describes the fluid-air surface, where there is no cell flux, the oxygen will be
saturated with the air oxygen concentration c,;,- and the vertical fluid velocity and
the tangential fluid stress are supposed to be zero

(Vn—xnVe) - v=0, c=cur, u-v=0, [Du)],=0, onIlr,

where v denotes the outward unit normal vector of the boundary,m denotes unit
tangent vector of the boundary, and

[D(u)] = %(Vu + vu®).

At the bottom of the domain I'g, the cell and oxygen fluxes and the fluid velocity
are assumed to be zero:

(Vn—xnVe)-v=0, Vec-v=0, u=0, onlp.

Finally, periodic boundary conditions at the sides of the domain are imposed in
order to avoid any impact of these boundaries. And some numerical results are
given in [6, 16]. However, very little theoretical research in this regard has been
carried out. Peng, Xiang [18] considered mixed boundary value problem in an
unbounded strip domain of R? with the consumption term cn being replaced by
cn? (v > 2) , and established the global existence and convergence of small strong
solutions around an equilibrium state. Besides the above boundary value problem,
such kind of mixed non-homogeneous boundary value problem

(Vn—xnVe)-v=0, Vec-v=—a(z,t)c+b(x,t), u=0, ondN

also be considered [4, 5, 13], in which, the global classical solution in two dimen-
sional space [4, 5] and time periodic solution in two and three dimensional space
[13] are established respectively.
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Adopting the realistic boundary conditions mentioned above, in the present
paper, we consider the model (1.1) in a two-dimensional strip periodic domain

Q={(z,y) eR¥zcR0<y<1}, U ={(z,9) eR*0<2<,0<y<1},

with period [ and the following boundary conditions, that is

ny =0, ¢ = ceir, v=0, uy =0, (z,y) €'y, (1.2)
’I’LyZCy:O,u:UZO, (x,y)EFB, '
or
ny — xncy =0, 7¢y = —c+ Cair, v =0, uy, =0, (x,y) € I'p, (1.3)
ny=c, =0, u=v=0, (z,y) €T'p, ’

and periodic boundary conditions at the left and right sides of the domain 2; are
imposed, where u = (u,v), I'p is the upper boundary of the rectangular area, I'g
denotes the lower boundary, c.;- is a positive constant, 7 =0 or 1. It is easy to
see that when 7 = 0, it is corresponding to the Dirichlet boundary condition, when
7 =1, it is corresponding to the Robin boundary condition.

We also give the initial value as follows

n(x7yv0) = Tlo(-l?,:g) 2 07 C(Z‘,y,O) = Co(l',y) 2 07 u(xvyao)
=u(z,y), (z,y) € (1.4)

Throughout this paper, we assume that

ng, Co, Ug € C2+a(§),
ng, co 2 0,
no, Co, Ug are periodic functions with respect to variable x with period .
(1.5)
We give the global existence theorems as follows.

THEOREM 1.1. Assume (1.5) holds. Then the problem (1.1), (1.2), and (1.4)
admits a unique global bounded classical solution (n,c,u,w) (7w is unique up to
a constant) with (n,c,u) € C*t*13(Q; x (0, +00)) N C* 3 (Q x [0,+00)), V7 €
C%(Q x (0,400)), n,c =0,

||(TL, ¢, u)||02+°¢11+%(Ql) + HV’R—HCW%(QQ < Ca (16)
where the constant C' depends only on ng, co, Ug, o, I, .
THEOREM 1.2. Assume (1.5) holds. When (i) T =0 with appropriately small
X; or (it)r =1 with any large x, the problem (1.1), (1.3), and (1.4) admits a
unique global bounded classical solution (n,c,u, ) (7 is unique up to a constant)
with (n,c,u) € C*413(Q; x (0,400)) NC%%(Q x [0,+00)), Ve C¥%(Q x
(0,+OO)), n,c = 0;

||(TL,C, 11)||Cz+a,1+%(Ql) + HVWHCW%(QU < Cv (17)

where the constant C' depends only on ng, co, ug, a, I, .
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2. Preliminaries

Based on Gagliardo-Nirenberg interpolation inequality and Sobolev trace embed-
ding inequality, we infer the following trace interpolation inequality.

LEMMA 2.1. For functions uw: € — R defined on a bounded Lipschitz domain
Qe RN, we have

el ooy < ClIDull oy el 7y + Cliull oy (2.1)
@ (V)

(N—-1) _ r(N(p—q)+p(g—1))
where 0 < < p < g < VR, p> 1, 5 = Ao

—~

Proof.

(i) We first consider the case p < N. By Sobolev trace embedding inequality [1,
3], we have

[ull o 902y < C1llDul| ey + CallullLr a9y

where p* = %. On the other hand, for any p < ¢ < p*,

”u”Lq(BQ) ||U|| 39)||U||Lp(dn)

p(p—q) _ (N=1)p—(N—p)q
q(p*—p) a(p—1)
inequalities, and noticing that (a + b)* < a® + b* for any a,b > 0,0 < a < 1,
then we have

with a = for p < N. Combining the above two

lull ooy < (CollDullogey + Callulloony) ' I1ullEs o0y

CL DUl + O3 Nl e, ) el En o0y

< 1| Dull oy el 2o oy + Co ™ lull 2o (o) - (2.2)

/N

By [7], for any 1 < r < p < 400,

”uHLP(aQ) <03 (”DUHLP(Q =+ HU’”LT(Q ) ||UHLT(Q)
< C3)| Dul| %oy lull 1y + ull e (2.3)

with 6 = % Combining (2.2) and (2.3), we get that

lull agomy < CLIDulE oy (CollDull el + iy )
+C37 (Call Dull eyl + Hullm(m)

2] 1-6
< IO | Dull e lull oy + CL e IDull by lullg o
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+ Gy Cs[| Dl Lol 1y + C2 ™Ml e

= O Cg | Dull e 5y
a(l—a)(1-06) af
+ 2 Dull iy lull ey ™™ ull f ™
) (1-6)(1—o)

1— a+9a 1—a+ba
el 5o,

+ Cy = Cs| Dul| 70 HUHLT

+ Cylull L0y

atba a(l-0
< CallDul 66 Nl gy + Csllull o).

Let = a(1 — 0), by a direct calculation, we see that

r(N(p—q) +p(g—1))

, forp < N.
d(N(p—7)+pr) P

6=

Then (2.1) is proved for p < N, r > 1
Next, we show that (2.1) also holds for any r > 0. By the prove above, we see

that
lell ooy < CIDUIE o 1l gy + Cllulr e, (2.4
for 1< <gq, f="We—a4pal) gy« N While by Gagliardo-

q(N(p—7)+pT)
Nlrenberg 1nequahty [17], for any 0 <7 < 1,

1041

L7(Q) + C?HUHLT(Q)v

lullzr ) < CollDull3 ol

with

S

= (% — +)ag + =21, Substituting it into (2.4), we arrive at

iy + O7||U||LT(Q))

@)

11—« 1-3 3
< CCL | Dul| 0 Ju ||i£<ml>+005||Du||m?muu||ﬁr<m

lullzaaoy < CllDul Ly (CollDullg ol

+C (Coll Dull3h o llull -2, + C|

+ COGlIDullgh o Iull ) + CCxllull e

@ 1 1
< CslDull 55l 265 + Collull . (2.5)

By a direct calculation, we see that G(1 — o) = %. Combining

with (2.4), we prove (2.1) for any r > 0.
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(ii) Next, we prove the case p > N. For any ¢ > p, there exists p < N such that
q< (JX,_lﬁ)p, namely % < %, then by the result of (i), we have

p 2 E(1-v), e, By 2, B
HUHLQ(aQ) = ||up|| ap o) ClOHDuPHL:D(Q) ||up||Lﬁ(Q) +Cll||up||Lﬁ(Q)

2(1-7)
[ullZo 0 + CrallullLe o)
L7(Q)

< Cho 2w Du

22E (1) 21—y
< Cuallull ) I1Dull7s 0 ||u||7p(g)+011|\u||m(9)

2(1— 7+v‘

_Cl2llu||Lp( ID HL:D(Q) +011||UHLP(Q

where ~ = W, it is easy to see that p%f;(l —y)+v=
%{W. We denote 3 = %f}(p—q). The above inequality is equiv-
alent to

lullacony < Crallull gy 1 Dull 75 + Cuallull oy (2.6)

Similar to the proof of (2.5), using Gagliardo-Nirenberg inequality [17], for
any 0 <r <p,

1
lll o0y < Casl| Dull T o lull - @y + Crallull ey,

with % = (% - %) B1 + % Substituting it into (2.6), we arrive at

HUHL‘Z(aQ) Chz (Cl3||Du||Lp(Q)”u”Lr(Q) + 014”“HLT Q)) HDuHLp(Q
+ O (Casll Dl 73y + Cralal o)

1B+1— B(1—p1)
C(120 HDUH?,P?Q) ﬁ”uHL(r(Q)l "’0120 HDuHLP(Q)”uHBT(Q)

+ CuiCus|| Du| 7 g Il - (o) + Cra Cralll
1— (1
< Ousl| Dul 251l (56 + Crallull o

By a direct calculation, we get that 5(1 — f1) = %. We com-

plete the proof.

https://doi.org/10.1017/prm.2023.19 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.19

Chemotaxis-Navier-Stokes system with realistic boundary 451

By [12], we have the following lemma.

LEMMA 2.2. Let T >0, 7€ (0,7), >0, 8> 0, and suppose that f:[0,T) —
[0,00) is absolutely continuous, and satisfies

F1(8) = g@) f(t) + f1H7(t) < h(t),t € RT,
where o > 0 is a constant, g(t), h(t) = 0 with g(t),h(t) € L}, .([0,T)) and

loc

t t
sup / g(s)ds < a, sup / h(s)ds < 8.
t t

te[r,T) Jt—1 te[r,T) Jt—7

Then for any t > to, we have

t t t
f(t) < f(to)efto 9(8)d8+/ h(7) ofr9(s)ds qr

to
and
140
2A 7 ! 140
sup f(t) <o +2B, sup f7(s)ds
t€(0,7) 1+o te[r,7) Jt—r
<(I4a) sup {f(t)} +8,
te(0,T)
where

A=7"T 7 (1+a)T7 2, B=71" 177 o™ 1+ 206> + f(0) .

3. Global classical solution: Neumann-Dirichlet-Navier slip boundary
value condition

We first give some notations, which will be used throughout this paper.

Notations: Ql = Ql X R+, QlT = Q[ X (O,T), ||f||Lq = ||f||Lq(QZ).

In this section, we pay our attention to the global existence of classical solutions to
the problem (1.1), (1.2) and (1.4). We use Leray-Schauder’s fixed point framework
to show the local existence of classical solutions. For this purpose, let’s consider the
following linear problem

ng+u-Vn=An—xV-(nyVe), in Q,
¢ —Ac+u-Ve=—-ngyc, in Q,
u; +u-Vu=Au—Vr+onVp, in Q,
V.-u=0, in Q, (3.1)
ny =0, ¢ =0ceir, v =0, uy =0, (z,y) € T'p, :
ny=cy =0, u=v=0, (z,y) € T'p,
n(x,y,0) = ong(z,y) = 0, ¢(x,y,0)
= UCO(xvy) > Oa u(x,y,O) = UUO(may), S Qa

for any T'> 1 and for any given u € CQ%(QZT) N, QL) 7 e Ca%(élT) with
V-ua=0 and u-v|r,. = 0. By classical theory of linear parabolic equations, we
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have u € C2+o 1+ (@ x (0.7))n 0 5 (@), Vr € Co3 (@ x (0,T]), and we fur-
ther have ¢ € C?t1+5 (Q x (0,T]) N C* %(@lT), and n € 02+a’1+%(§l x (0,T)) N
o I
C*2(Qr).
On the other hands, by comparison lemma, it is easy to obtain ¢ > 0. Next, we
show that n > 0. Let n_ = min{0, n}. Multiplying the first equation of (3.1) by ny,
and integration it over €; x (0,t) yields

t ¢
\ﬂ—(',t)|2dxdy:—/ / u-Vnn_ dmdydT—i—/ / n_Andzdydr
o 0o Jo 0 Jo

¢
_X/ / n_V-(nyVe)dedydr
197}

:—f// In_|*u- VdeT+// —deT
aJ(T) aJ(T) ov
—// |Vn_|*dzdydr

0o Joy

t
—/ |Vn_|?dedydr <0
0o Jo,

where J(t) = {x € Q;n(z,t) <0}, which implies that fQL In_(x,t)]*dzdy =0,
that is n > 0.
We define the mapping

T C™% Q) N WEQL) x €3 Q) x [0,1]

— C*% (QT) NWy (@) x C™% (QT)
7 :(a,n,0) — (u,n).

From the above analysis, we see that u, " € C2+0‘71+%(§l x (0,T]) N Ca’%(@é«)7
and noticing that C?+e1+% (Ql YN C*3 (QT) Ca%(GZT) N W, °(Q4), then the

operator 7 is completely continuous. It is easy to verify that

0.

7 :(u,n,0)

In fact, it is easy to see that when o = 0, it follows ¢ =0, u =0, then one can
further derive that n = 0.

By Leray-Schauder’s fixed point theorem, to show the local existence of classical
solutions, we only need to show that ||, nHCa + [l @ S Cif (u,n,o0) is a
classical solution of 7 : (u,n,0) = (u,n). For this purpose, in what follows, we pay
our attention to the energy estimates.
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LEMMA 3.1. Let 7 : (u,n,0) = (u,n). Then we have

n=0, 0<c<ocy,

t
I, )l + x / / nley| dS dr = [[no| 11, (3.2)
0 I'r

and

sup / (IVVe]* + nlnn + [uf?) dzdy
Q

0<t<T

t+41
sup / dT/ (Vu2 [Vnl® + ¢|D? ln02+n|V\f|2> dz dy
Q

0<t<T 1

sup / d’l’/ (Jey* + |eynInn]) dS (3.3)
I'r

O<t<T 1

where C' depends only on ng, co, Ug, X, and Cqir, and it is independent of T'.
Proof. By comparison lemma, it is easy to obtain that
0 < ec<ocyir

The positivity of n has been established in the above analysis. By a direct
integration, we see that

d

T n(x,y,t)dedy + X/ ndycdS =0, (3.4)

I'r

which implies (3.2) since dyc¢ > 0 on I'r. By the second equation, and using a direct
calculation, we see that

1
DUVVER + el D el = AV — V- (u[VVel?) — |V Vel

1
- QVnVc — 2V cVuVy/e.

Then
d |V\f\2dxdy+ 1/ c|D2]nc|2dxdy+/ n|Vy/e|* dz dy
dt 2 Jo, Iy
= [ AIVVcfdedy — | V- (u|Vye|?)dzdy
97 Q
1
5 VnVedzdy —2 [ VieVuVyedzdy
197} Q
1 1
:/ 3y|V\/E|2de/ 8y|V\/E|2def/ VnVcdxdyff/ dedy.
I'r s 2 Jo, 2Ja, ¢
(3.5)
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Noticing that ¢ = o¢g- on I'r, then ¢ =0,0z¢| =0,050¢| =0,04c| >=0.
I'r I'r I'r I'r
Recalling the equation c satisfied, it gives
—0OyyC + u0yc + voyc = —nc, on I'p,
which implies that
OyyC = 0NCqir, on I'p.
Therefore, we have
1 2 1 .
/ ay|wa|2d5:”/ Vel'0e 4 / Ve Voye g
Tt 4 T'r C 2 T'r C
_ _1/ |0y c|22(9 €4S+ 1/ aycayycds
4 T'r C 2 T'r &
1 |9ycl?
=—— ds OycdS. 3.6
4 /FT 2 +35 9 /FT noyc (3.6)

Noticing that d,c = 0 on I'g, it implies that 0,yc = 0 on I'g. Thus, we have

1 2 1 ,
8,IVy/e2dS = —~ / ch‘ % s+ / Or Oy + 0y 0C 49 _ o,
FB I‘B

I's 4 2 C
(3.7)

Noting that ¢ = ¢4 on T'r, substituting (3.6), (3.7) into (3.5) yields

d
% |V\[|2dxdy+ 2/ c|D21nc|2dxdy—|—/ n|Vy/c|> dz dy
9]

Q
- /|6 I*ds
— c
402c2, Jp, Y

air

1 1 1
= f/ ndycdS — - VnVedxdy — - mdxdy
2 I'r 2 o} 2 o} C
1 1 air
< f/ ndycdS — - VnVcdxdy—i—n/ |V i dedy + — ¢ |Vu|2 dz dy
2 Jr, 2 Jo, Ql 16n
(3.8)
for any small n > 0. By a direct calculation, we see that
4
/ [Vel dedy= [ |VInc*VIncVedrdy
Ql C QL
= / VIne*Ve-vdS— [ ¢ (|[Ve[’Alnc+2VeD? IneVe) dzdy
FT Ql

20, . 4 3 3
</ |Vc|2chdS+</ [Vel dzd ) (/ c|A1nc|2dxdy)
I'r & o 3 on

4 2 %
+2(/ [Vel d:cd) (/ c|D21nc|2dxdy)
QL C Ql

https://doi.org/10.1017/prm.2023.19 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.19

Chemotaxis-Navier-Stokes system with realistic boundary 455

3 4 3 3
/ 9yel” Cl ds +v2 (/ [Vel dz dy) (/ c|[D*In¢c|? dxdy)
I'p C Q
4 3 3
+2</ [Vel dxd) </ c|D21n02d:rdy>
Ql C Ql

1 4 2 +/2)?
<—2/ |0ycl>dS + - / [Vel dx dy +( e) / ¢|D*In ¢|? dz dy,
T'r 2 o)) C 2

2
0 Cqir 7]

N

that is

4
/ Vel” g ay QLQ/ \8yc|3dS+(6+4\/§)/ D’ e dedy.  (3.9)
Q I'r

C 0" Chir Q

Taking n = n (3.8), and combining with (3.9), we arrive at

1
4(6+4v/2)
d

1
|V\f\2dxdy+ / c|D21nc|2dxdy+/ n|Vy/c|? dz dy
dt 4 Ql Ql

+‘/§_21/ |0,cl® dS

air JI'r

1 2v2)cq;
< 7/ ndyedS — o [ VnVedrdy + (3+2V2)cair |Vu?dzdy. (3.10)
Tr

97 2 Q

Multiplying the first equation of (3.1) by 1+ Inn, and integrating the resulting
equation over {; gives,

| 2

g nlnndxdy—i—/ [Vn
n

T dedy = —X/ n(1+1Inn)dycdS
Q (97} I'r

+x [ VeVndzdy. (3.11)
o]

Multiplying the third equation of (3.1) by w, and integrating the resulting equation
over §2;, using the boundary conditions and Poincaré inequality, we see that for any

1<p<?2,
1d 9 9
|u| dzdy + |[Vu|*dedy =0 [ nuVedxdy
2dt Iy Q
< o[Vl llull, 2 ln] e
< Co ||Vl < [[Vull2 In]|
1
<5 [ [VuPdzdy +Clnll7,
2 Jo,
since u . 0, which implies that
B

d
&/ lul? dz dy +/ \Vul?>dzdy < Cp||n||3,, for any 1 < p < 2. (3.12)
QL Ql
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Combining (3.10), (3.11) and (3.12), we arrive at

d

1
— Ve dedy + — [ nlnndzdy+ (3 +2V2)cair [ |ul?dzdy
dt o 2X

Ql Ql

(3 + 2\/§)cair

4+
2 Q
1 |Vn|?
+ —
2X o n

|Vul|? dz dy

1
dxdy—i—f/ c|D?*Inc? dz dy
4 Jq,

2—1
+/ n|Vve? da dy + v2-1 10,cl> dS
202¢2, Y
197} air JI'r

1
<3 / nInndyeds + Cp(3 + 2V2)car||nl| - (3.13)
I'r

Noticing that dy,c > 0 on I'p, then

—1/ nlnnaycdS:—l/ n|lnn|8ycd5—|—/ n|lnn|dycdS
2 2
FT FT

Trn{n<1}

< —f/ n|lnn|d,cdS + C4 OycdS
FT 1_‘T

1 2-1 -
< **/ n|lnn|d,cdS + \[2/ |0, dS + Cy. (3.14)
2 Tt 4C Tr

air

From Gagliardo-Nirenberg interpolation inequality, and noticing that 4 — % < 2 we
infer that

Cp(3 + 2\[2)cair||n”%ld =Cp(3+ 2\/§)Cair”\/ﬁ”%2p
414 4
< CslIVVal 2 7 IVall . + CallVnl 7.
1
< EHV\/ﬁH%z + Cs. (3.15)

Substituting (3.14) and (3.15) into (3.13) yields
d 1

(/ |Vyel?dedy + —

ot 2x

dt
(3 + 2\/§)cair
4+
2 Q

2 1
5 Akl dxdy—kz/ c|D21nc\2dxdy+/ n|Vy/c|? dz dy
QL Ql

nlnndrdy + (3 + 2\/§)Cair /

lul? dz dy>
197}

)]

|Vu|? dz dy

_’_7
8 Ja, m

2—-1 1
V2 / |0yl dS + 7/ n|Inn|d,cdS
I'p 2 I'r

402c2,
which implies (3.3). O
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LEMMA 3.2. Assume that T : (u,n,o) = (u,n). Then

t+1
sup [[Ve(-, )72 +  sup / (ID%clZ2 + lleell72) ds < C, (3.17)
0<t<T 0<t<T—1.J¢
t+1
sup |[Vu(,¢)[|7> +  sup / (ID%ull7> + [lue]|72) ds < C, (3.18)
0<t<T 0<t<T—1.J3

where the constants C' depend only on ng,co,ug, X, and Cqir, and they are
independent of T'.

Proof. By Gagliardo-Nirenberg interpolation inequality, we get that
[Vellza < CrllD%e|| 2z el + Callel i~ < CsllD*c|Z2 + Cu, (3.19)
InlZ2 = Valze < Cs[VVallzallValz: + CollvValz: < CrllVvalz: + Cs,
(3.20)
lullzs < CollVaullzellullZs + Cuollullz. < CullVullze + Cra. (3.21)
Applying V to the second equation of (3.1), and multiplying the resulting equation

by Ve, noticing that ¢, = ¢y =0 on I'g, and ¢; = ¢z =0, ¢yy = nc on 'z, and
using (3.19)-(3.21), we conclude that

1
1d / |Ve|?dzdy= | VAcVedzdy— [ V(nc)Vedzdy— [ V(uVe)Vedrdy
2dt Jg, Q Q Q
1
=— | AlVedady — / |D?c|? dx dy — / neey dS + / (nc+uVe)Acdz dy
2 Q[ Ql I'r Ql
< 1 9,|Ve|?dS — 1-/ 9y|Ve|*>dS — |D?c|? dz dy — / neey dS
2 Jr, 2 Jrp o Tr

1
+7/ |Ac|2dxdy+2/ |Vc|2|u|2dacdy+2/ Inc|? do dy
4 [97] [97] Q

< / (cxCpy + cycyy) dS — |D?c|* dz dy — / ncey dS
I'r

Ql 1_‘T
1 3 3
+ - |D2c2dxdy—|—2( |Ve|* dz dy) (/ lu|? da dy) +2/ [nc|? dz dy
2 (7] Q 7] Q
_} 212 2 [Vn|?
< |D%c|” dzdy + Ci3 |[Vu|* da dy + Cia da dy + Cys5,
4 97} 7] Q

which implies

t+1
sup |Ve|>dzdy +  sup / ds |D?c|?dzdy < C.
o<t<T Q o<t<T—-1J¢t Q

https://doi.org/10.1017/prm.2023.19 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.19

458 C. Jin

Multiplying the second equation of (3.1) by ¢;, then we obtain

t+1
sup / ds [ Jef*dady < C.
t

0<t<T—1 Q

Then (3.17) is proved. Multiplying the third equation of (3.1) by u;, and integrating
it over €); yields

1d

—— |Vu|? dz dy + lug|? dody = —/ u-Vu utda:dy—i—a/ nVeu; dz dy
2dt Jg, Q o ol

1
<3 [ hparay+ / (la2Vul? + 2|V |?) da dy.
Ql Ql

Noticing that

—Au+Vr=—-u; —u-Vu+onVp,
then by L? theory of Stokes operator [2], we have

ID*ullZ: + [Vali < Crr(luellze + [[uVulli: + [nVel72).

Combining the above two inequalities, and using (3.3) we arrive at

d
2017—/ |Vu|2dxdy+Cl7/ |ut|2dxdy+/ \V2u|2dxdy+/ |V |? da dy
dt Ql Ql Ql Ql
<C1s/ (Jul?*|Vul? +n?)dz dy
Q
S LagljUf|zaf| VU4 181|M| 1,2
< Cislull7:[IVulZs + Cislin|?
< Cuo ([ullz2lIVullzz + [lulZ) (IVullz2[|Aullzz + [lullZ2) + Ca0 VV/nlZ2 + C
1
< 3 |VZul? dz dy + Caa|| V|72 +CQ()/ |Vv/n|? da dy + Cos,
Ql Ql

that is

d 1
26’17—/ |Vu|? dxderf/ |D?u? dxdy+C’17/ lu, | dz dy
de 1] 2 Q Q

< CQQHVU”%Q + 020/ ‘V\/ﬁ|2 dxdy + Cas. (3.22)
Q

Recalling (3.3), we see that

t+1 A
sup / |Vul? dzdyds < C,
t o)

0<t<T—1

by mean value theorem of integrals, for any ¢ € (0,7 — 1) there exists tg € (¢,¢ + 1)
such that

IVu(z, to)?dzdy < C.
Q
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From (3.22), and by a direct calculation, we derive that for any to,

1 t
IVu( 02 < (||Vu<~,to>||%2 + 3o [ Cnll 9Vl + 023>ds)
2017 to

t
x exp { C22 / IVu(- )| ds b
2C7 to ’ L

Combining the above two inequalities, we get that

sup [|Vu(-,)[|72 < Caa.
o<t<T

Using this inequality, and integrating (3.22) from ¢ to ¢ + 1 yields

t+1
sup [ (1DPuls + el ds < G,
t

0<t<T—1

Then (3.18) is proved. O

LEMMA 3.3. Assume that T(u,n,o0) = (u,n). Then for any r > 0

t+1 ,
sup |n( t)" Tt dzdy +  sup / |Vn#\2dxdyd7
0<t<T 0<t<T—1 QL

t4+1
sup / / te,dSdr < C, (3.23)
I'r

O<t<T 1
where C' depends only on ng, co,Ug, X, r and Cqir, and it is independent of T'.

Proof. Multiplying the first equation of (3.1) by n” for r > 0, and integrating the
resulting equation over € yields

1 d 4r r+1
——— [ n"ldzd —1—7/ Vn 2 |2dedy + / n"te, ds
rt1dt Jo, YT e QL| Pdedy +x - v

2 r+1 r41
- X / n%VcVn%dxdy

7"+1 Q

2
< Tf‘lnw g llnE gl Vel s

2C’rx g1 L r1 1 r+1 1 1
< VR e (In F 2NV 1 + Inl 7 ) (IVelZ:lAclE: + Vel 2

ril r+1

<mnwz 2o + Cllnl T (1Ac7e + 1) + ClA]3s + C.

By Gagliardo-Nirenberg interpolation inequality, we get that

r+2 0= L:f) ,21
Hn|Lr+2 =|n"z |L72(T7‘+12) Cl||Vn H HL?H” R ;Til
—5—C’2Hn||’“+2 C3||Vn % HLz + Cy. (3.24)
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Combining the above two inequalities, there exists a small constant n > 0 such that

1 d
7"+].dt Q

+X/ n”lcdeJrn/ n" T2 dz dy
FT Ql

< Clnlprs (1Acie +1) + ClAc]Z. + C.

2r rtl
r+1 = 2
n dxdy—i_i(r—kl)? /Qz |[Vn =2 |“dzdy

Using lemma 2.2 and (3.17), we complete the proof. O

LEMMA 3.4. Assume that T (u,n,o) = (u,n). Then for any r > 0

t41
sup / [Ve|"dzdy 4+ sup / /\VC\T_2|D2C|2dgcdydsgCr7 (3.25)
0<t<T Jo, 0<t<T-1J¢ o)

where C). depends only on ng, co, Uy, X, © and cqir, and it is independent of T'.
Proof. Using the boundary value conditions, we see that

uVe = uc, +vey =0, on I'r,

Oy| Vel =r(ck + 22 (catay + cycyy) = e ey, = rnec) !,

Y on I'p,

and
0y|Ve|" =0, onTp.

Applying V to the second equation of (3.1), and multiplying the resulting equation
by |Ve|""2Ve yields

1d

f—/ |Vc\rdwdy:/ VAC\VC|T72Vcd:rdy—/ V(nc)\Vc|T72Vcdmdy
rdt o Q Q

- V(uVe)|Ve| *Vedz dy

Q

== AlVe|" dzdy — (r—l)/ IVe|""2|D%c|* dz dy

Ql Ql

7/ ne|Vel "?Ve-vds
o

+ / (uVe + ne) <|Vc|r_2Ac + (r — 2)\Vc|r_4VcD2(:Vc) dz dy
197

< 1/ ay\vcr‘ds—l/ 0,|VeldS — (r — 1)
T T'r T T's
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></ \Vc|r_2\D20|2da:dy—/ neley|" 2cy dS
Ql 1_‘T

r—1

T

/\vc|’“*2|02c|2dxdy+(r—1)/ IVe|" ul? dz dy
Ql QZ

+(r = Dllellp / Ve 2nf? dz dy

Q

"2 D?%c|? da dy

+(r—1) / Vel Juf? de dy + ||ell o (r — 1) / Ve 2nf dz dy,
97} 197}

(3.26)
and noticing that
r+2 3 M 512 .
IVellprie = MVl stan < CUIVIVE[zal[Vel? ] T4
+ Col| Vel 742 < Cs||Ve| T D2¢||22 + Cu, (3.27)
then there exists a constant n > 0 such that
dt/ [Ve|" de dy + 7/ |Ve|" 2| D?c|? dxdy—l—n/ |Ve|" 2 dz dy
T
<2 |Ve|" P2 dzdy +C [ |u""?dedy +C |n|% dedy + C.
2 Jo, of Q
Recalling (3.18) and (3.23), we infer that
% / |Ve|" da dy + —/ |Ve|" 2| D?%c|* de dy + = / |Ve|" 2 dzdy < C,.
r
Thus (3.25) is proved. O
LEMMA 3.5. Assume that T (u,n,0) = (u,n). Then for any r > 0
sup ([[nllL= + Vel + [uflz=) < C, (3.28)
0<t<T
and for any B € (% )
sup |[|APu|~ < C, (3.29)

0<t<T

where A = PA, P is Helmholtz projection, C, C depend only on ng, co, Uy, X, Cair
and (3, and they are independent of T .
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Proof. Multiplying the first equation of (3.1) by u” for r > 1, and integrating the
resulting equation over € yields

d 4r
- 7‘+1d d o 2d d
g” xdy + r 1 o, |Vn % \ xdy

+x(r—|—1)/

Ir

n”‘lcy ds + / n"dzdy
Q

= 27“)(/ n T VeVn't dz dy—|—/ n" Tt dz dy
Q

of

1‘+1
< 2|V T || pal|n "5 | s Vel s + 05|12

r+i 411 41, 3 r41
< 20|V | (||n el EA 2 s

1 'r+1
+ 0 (IVn B 3l 7 + I 513,

2r r
< IV e + Crr+ 1Tl

r
which implies that

d

g nr+1dxdy+/ n"ldezdy < C(r+1)8 ||n||2+1.

197}

Taking r; = 2r;_; = 27rg, ro =1, M; = max{l7 ||n0HL°°78upte(O,T) Il s }, then
we have
1 8 1 % 8j
, TN — (V7037 702 90T [
MngJrj j—1 = Cro2 g0 2r02 M;_ 4

OZk 1 T02k ’I"g:k 1 r02k 2Zk 1 TOQk MO < C

where C' is independent of j, letting j — oo, we obtain the L estimate of n.
Recalling (3.26), using (3.18) and (3.23),for any r > 3, we see that

d 1
/ Vel dxdy—f—g/ |Vc|r_2\ch|2dxdy+/ [Vel" da dy
dt 2 (ol on

<r(r—1) \Vc\r\u\dedy—FCr(r—l)/ |Vc|r_2|n|2dacdy+—|—/ |Ve|" dz dy
197} Q Ql

T r 20=2) r
=r(r = D|[Ve2[|[Za]ul[7a + Cr(r = 1)[||Ve|2 ||L4?7-72) [nllZa + [[1Vel 2|7
T

oL s 3 ”
< Cur(r = 1) (IIVel2 12191Vl 7, + [1Vel)13:)

o20-2)
T Cor(r—1) (|||Vc|z||y||vw2; e E|E )
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+ Cs ([1Vel |1 [VVel5 |2 + 1 Vel ]171)
<= 5 |VC|T72‘D26|2 dzdy + Cyr(r — 1)||Vc||2% + Csr(r — 1)||Vc||£§
+ Cer(r — 1)||V¢| TL%Q,

that is

d
—/ |Vc|rdxdy+/ [Vel"dedy < Cyr(r — 1)||Ve||” =
dt o o) L2

7‘2
+ Csr(r — 1)||VCH;EB + Cgr(r — 1)||Vc||2;2
Then, similar to above, we obtain the L estimates of V¢, and we complete the

proof.
By semigroup theory of Stokes operator, we see that

t
Jull~ < e oz~ +Cr [ ) u- Tl ds
0
t 1
G [ e e sy
0
t 3
< e*6t||u0||Loo JrC7supHu(~,15)||L4||Vu(~,7f)||Lz/ e %571 ds
t<T 0
t 1
+C'gsup|\n(-,t)||L2/ e %572 ds
t<T 0

< Cy.

Similarly, for any 8 € (%,1), we also have
t
|APu|| e < e % APug|| L~ +cm/ e 9= (t — 5)7P||u- Vu g~ ds
0
t
+Cn / e =) (b — 5) 7P In| oo
0
t
< e APug| L + Cio SugHu('at)HLoo||Vu(',t)||L°°/ e s P ds
t< 0

t
+ + Crysup ||n(-, t)|| L / e s ds
t<T 0

28—1

28—1 L
< e[ 470l + Crasup ful, 1) |z (lal, DIILZ A% IS
+ [l ) z) + Cus

1
23

< Cia + Cissup [|[APu(-, 1)) 7%,
t<T
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which implies that

Sllp||14ﬁu(',t)||mo < Cu + Cys sup |A%u(, )||2ﬁ
<T t<T

Noticing that 55 5 < 1, then

sup [|[A%u(-, 1|z~ < C. 0
t<T

LEMMA 3.6. Let 7 : (u,n,0) = (u,n). Then for anyp > 1,

0<?3¥71 (H(uan»C)HWg»l(Qll(t)) + ||7T||Wz}=°(Qll(t))) < Gy, (3.30)

where Q4 (t) = QO x (t,t + 1), C, is independent of T, it depends only on ng, co, U,
X Cair and p-
Proof. Noticing that

—Ac+u-Ve+c=c—ne,

and (3.28), using the LP theory of linear parabolic equations, it is easy to obtain
that

su c 21 <C su c—nc + Clle .p < C1. (331
0<t<¥ 1 H || (Ql( )) O<t<’_IZ)“71 H ||Lp Ql (t)) || OHW 1 ( )

For u, we see that

w+u-Vu—Au+Vr+u=u+onVy,

then
e (”u”W Qe T ||7T||W$’°(Qi(t))>
p
<C s futonVellL o) + Clluollyz, < Co (3.32)

Recalling that
n+u-Vn—An+n=n—-xV-(nVe).
Then for any ¢ > 1,

t+1
/t (10 + el 20) ds < Cllro|[%ya, +C / IV - (nVo)||%, ds

t+1
e / ]2, ds
t

t+1
< Cllmalfy + Coll Vel gy, [ IVl ds
t+1 t+1
4Ol [ IAclyds++C [ it ds
t

1 t+1 N
<Clinollyaa+5 [ 19l ds +C.
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which implies that

t+1
sup / (s + le]%,) ds < Cs.
o<t<T—1J¢

Thus, (3.30) is proved. O

Proof of theorem 1.1. Noticing that W2 (Q}) — Cﬁvg(aép), for any 3 <2 — %,
then by lemma 3.6, we derive that
<

||(1’L,C, U_) B

HC”*? Q%)

Using Leray-Schauder fixed point theorem, the problem (1.1), (1.2), and (1.4)
admits a classical solution (n,c,u,7) in Q4. From the above lemmas, we see that
all these estimates are independent of T, which implies that the solution (n, ¢, u, )
is a global classical solution, and we conclude that

l(n, c,u) (3.33)

<
loog qny <€

Combining (3.33) and lemma 3.6, and using the classical theory of linear parabolic
equations, we have

I Wl gaemne g gry + IVl n.5 gy < € (339
Using (3.34), we further have
||7’L||C2+a,1+%(Ql) < C. (335)

The global existence in theorem 1.1 is proved.

The proof of uniqueness is standard, for the completeness of the paper, in
what follows, we still give the proof. Suppose the contrary. Let (ni,ci,uy,m),
(ng,co,uz, m) be two solutions of (1.1), (1.2), and (1.4). Denote N =ny — na,
6201—62, ﬁzul—U2:(ﬂ,,’l~)), ﬁzﬁl—ﬁg. Then

ng+u-Vny +uy-Vn = Aﬁ—xV-(szcl —&—mV&), in @Q,

&t—A6+ﬁ-Vcl+u2-VE:—ﬁc1—ngé, in @,

u;+u-Vu; +uy-Va=Aua - Vr+nVp, in Q,

V=0, in Q, (3.36)
fiy =0, 6=0, 5 =0, i, =0, (z,y) € T,

fly =, =0, i=9=0, (z,y) € Tp,
n(x,y,0) =0, é(x,y,0) =0, a(z,y,0) =0, x € €,

Multiplying the first equation of (3.36) by 7, and integrating it over 2 yields

1d 12 =12
—— dxd dzxd
i [ dedy+ [ Vi asy

= —/ na-Vni do dy—x/ (nOyc1+n20,¢)n dS—|—x/ (nVey + neVe)Vade dy
Q I'r Q
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1
< 7/ \vmzdxdy+c/(\ﬁ\2+\ﬁ|2+|V5|2)dxdy
4 Q Q
—x/ \fz|23yc1 dS—x/ ng0ycndsS
FT 1_‘T
1
< f/ \Vﬁ\dedy+0/(\ﬁ\2+ 172)% + |V6|2)dmdy+0/ (|A]* + |9,¢]*) dS
4 O (9} I'r
that is
2C1t/ |7)? de dy + = /|Vn|2dxdy /(\ﬁ\2+m|2+|w|2)dxdy
Q

+C [ (A +9,¢*)dsS. (3.37)

Tr

Multiplying the second equation of (3.36) by ¢, and integrating it over € yields

2 2
2dt/ €] dxder/ [Vel® de dy
—/6ﬁ-Vcldxdy—/EU2-V6dxdy—/5(7’&01 + noc) de dy
Q Q Q
:/Vé-ﬁcl dxdy—/é(ﬁcl+n25)dxdy
Q Q
1
< 7/ |ve|2dxdy+c/(|ﬁ|2+|ﬁ|2+|5\2)dxdy,
4 Jo Q
namely,

th/ E2 e dy + > /\vc\dedy c/ (G2 + A2 + |62) dzdy.  (3.38)

Applying V to the second equation of (3.36), and multiplying the resulting equation
by Vé, and integrating it over {2 yields

2dt/ \Vc\dedyf/VAchdxdy

V(a-Ve, +ug-Ve)Védedy — | VeV (e + nod) dedy
Q Q

1
:5/ A|V5\2dxdy—/ |D25|2dmdy+/(ﬁ~Vcl +uy - VE)Aédr dy
Q Q Q
—/ (ﬁcl—i—ngé)ayédS—i—/(chl + neé)Acda dy
I

Q

1 1
_7/ Oy\V6|2dS—f/ ay|v&|2d5—/ |D?¢? dx dy
2 Jrr 2 Jry Q
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+ / (0-Vey +ug - Ve)Acde dy
Q

— / (ner + neé)dyedS + / (nc1 + noc)Acdr dy,
T'r Q

noticing that ¢, = ¢,y =0on I'p, ¢ = ¢, = ¢z = 0 on I'p, and ¢,y = nic; + nac on
I'p, it implies that

1 N . o
§8y|Vc|2 = CyCpy + CyCyy =0, onIp,

1 . L L U ~
iay\VcP = CyCyy + CyCyy = Cy(Nc1 +n2é), on Ip.

Then
2dt/ ‘VC‘deder/ |D?¢)? dw dy
- /g(ﬁ'vcl e W)Aédwdw/ﬂ(ﬁcl + n28) A dz dy
< 3[2|D25‘2dxdy+0[2(|ﬁ|2+|v5|2+|6|2+‘ﬁ|2) dz dy.
That is

2dt/ |Vé|? dedy + = /|D2c\2dmdy /Q(|ﬁ|2+|va|2+|é|2+|m2)dxdy.

(3.39)
Similarly, we also have

/|u|2dxdy+/ |Vu\2dxdy——/a-vulﬁdxdy+/ﬁwﬁdxdy
gc/ |ﬁ|2dxdy+0/ |72)? dz dy. (3.40)
Q Q

Combining (3.37)—(3.40) yields

1d ~ 12 ~ 12 ~[2 ~12
5 Q(Inl +[a]” + [e]” + [Vel) de dy
3
+ 1/ (IVii]? 4+ |Vé)? + | D% + |Val?) dz dy
Q
Cl/ (Jal]*> + Ve + [e* + |7]%) dxdy—i—Cg/ (|7 + [9,¢[*)dS.  (3.41)
Q Tr

Using Sobolev trace embedding inequality, we see that

1
02/ (|ﬁ|2+|8y6|2)dS<1/ (|Vﬁ|2+|D26\2)dxdy+03/ (A2+]Vel?) d dy.
't Q Q
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Substituting it into (3.42) gives
1d
2dt J,
+|Vél? + | D% + |Val®) dz dy

1
(7)* + |a]* + ¢ + |Vé?) de dy + 5/ (|va?
Q

< 04/Q (|a]?* + Ve + |e? + |7[?) dz dy, (3.42)
which implies that

/Q(|T~L|2 + [a)? 4 ¢)* + |Vé[?) dzdy = 0, for any t > 0,
and the uniqueness is proved. O

4. Global classical solution: Zero Flux-Dirichlet(Robin)-Navier slip
boundary conditions

In this section, we consider the global classical solution of the problem (1.1), (1.3)
and (1.4).
Consider the following linear problem

ng+u-Vn=An—xV-:(nyVe), in Q,
¢ —Ac+u-Ve=—ngyc, in Q,
u; +u-Vu=Au— Vr+onVp, in Q,
V-u=0, in Q, (4.1)
Ny — xnycy =0, Ty = —c+ 0Chir, V=0, u, =0, (z,y) €Tp, ’
ny=cy =0, u=v=0, (x,y) € T'p,
n(x,y,0) = ong(z,y) 2 0, c(x,y,0)

= JCO(xvy) =0, u(.’E,y,O) = Ju()(x?y)v €.

Similar to §2, for any 7' > 1 and for any given u € C“%(QIT) ﬁWg’O(QlT),ﬁ €

CO‘%(@IT) with V-1 =0 and u- v|p, = 0. The above problem admits a classical
solution in QlT By comparison lemma, we also have 0 < ¢ < gcq4-. Next, we show
that n > 0. Let n_ = min{0, n}. Multiplying the first equation of (4.1) by nq, and
integrating it over §; x (0,t) yields

In_(z,y,t)|* dzdy

197}
t t
:—//u~Vnn,dxdydT+//n,AndmdydT
0 Ql 0 Ql

¢
—X/ dT/ n_V - (nyVe)drdy
0 Q

1 /t / 5 /t / <5n 80)
—= n_|‘u-vdSdr+ ne | — —xne— | dSdr
2 Jo Josr) In-| 0 Josr) ov T ow
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t
—/ dT/ |Vn_|*de dy
0 Q

t
:—// |Vn_|*dedydr <0,
0 Ql

where J(t) = {z € Q;n(x,t) <0}, which implies that le In_(x,t)[*dzdy =0,
that is n > 0.
We define the mapping

T :C™% (@) N W3 Q) x O (@) x [0,1]
— 05 (Qr) NWS(Q) x €% Q)

7 :(a,n,0) — (u,n).
o =l o =l
From the above analysis, we see that u,n € C***1+2(Q x (0,7])) N C*%(Qr),
- o =l a =l a =l
and noticing that C2t45(Q.) N C*% (Qy) — C% (Qy) N W, (QL), then the
operator 7 is completely continuous. It is easy to verify that

7 :(a,n,0) =0.

Next, we use Leray-Schauder’s fixed point theorem, to show the existence of classical
solutions. For this purpose, some a prior energy estimates are necessary.

LEMMA 4.1. Let T : (u,n,o) = (u,n). Then we have
n>0, 0<c<ocur, (4.2)
and

In(, )l = ollnoll:- (4.3)

Moreover, when T = 0, for appropriately small x > 0, we have

sup/ (IVVe]* + nlnn + [uf?) dzdy
Q

t<T
B |Vn|?
+ sup / ds/ (|Vu|2 + —— +¢|D*Inc]? +n|V\/E|2> dzdy
t<T—-1.J¢ o} n
t41
+ sup / ds/ |0,c>dS < . (4.4)
t<T—-1J¢ I'r
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When T =1,

sup </ (IVVel> +nlnn + [u]* + clnc) dzdy+/
t<T (o))

(¢ — ocqirInce) dS)
I'r

ik |Vn|? 2 2 2 2
+ sup ds - +¢|D*Inc|* + n|Vyecl]? + |[Vul* ) dzdy
Q

t<T—1

Vel? 2 2
+ sup / ds/ (| “ Cy |C$| + oCyir ‘Cx2| + (¢ — ocgir In c)) ds < Cs.
't C C

t<T—1
(4.5)

Here C1,Cy depend only on ng, co, g, X, and cqir, and they are independent of T .

Proof. From the above analysis, it is easy to obtain (4.2). And (4.3) is derived from
a direct integration as follows

— [ n(z,y,t)dedy =0.
det Q

Multiplying the first equation of (4.1) by 1+ Inn, and integrating the resulting
equation over €); gives,

d 2
— ninndxdy —|—/ |V | dedy = VeVndz dy. (4.6)
dt¢ Q Q n Q

For w it is completely similar to the proof of (3.12), we conclude that

o |u|2da:dy+/ |Vu|? dz dy < Cy|n||7,, for any 1 <p < 2. (4.7)

From (3.5) and (3.7), we infer that

d |V\f|2 dedy + 1/ ¢|D*Inc|? d:cder/ n|V+/c|? dz dy
dt 2 Ja, a,
1 1
_ / 9,[VVel?ds — 5 | VnVedady - 5 VVaVe 1, qy. (4.8)
I'r Q (ol C

(i) When 7 = 0, completely similar to the proof of (3.10), we have

d

1
T |V\[|2dxdy+4/ c|D21nc|2d:17dy+/ n|Vy/c|? dz dy
97}

Q
+‘/§7_21 / |8,cl® dS

1 3+ 2v2)cuir
< 7/ ney dS — 3 VnVedz dy + % |Vu|? dz dy.

I'r Q 2 9]
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Combining with (4.6), (4.7), and using (3.15), we arrive at

d 1
< |Vﬁ|2dzdy+a/ nlnnd:ﬁdy+(3+2\[2)cair/ |u|2dzdy>
Q], Ql

de¢ Q
2v2 air
4 M |Vu‘2dxdy
2 o
2 1
Jri |Vn| dedy + - / c\DQIHC\deder/ n|Vﬁ|2dxdy
2x n 4 o) Q
2—1
%‘C;CQ_ /F 0,¢* ds
awr T
1
< 5/ ney dS + Cp(3 + 2v2)cair )20
I'r
2_1 air 2
402ca1r \/T FT SX n

By lemma 2.1, we have

Inl%y = VAl < CLIVVAIR: IVl + Callnl

L3 ()

2
<03 [Vnf? drdy + Cy.
Q N

Combining the above two inequalities, then when y is appropriately small,
such that C2gair. we arrive at
Vevis S

2-2 8X’
d 2 1 2
— Vvel?dedy+ — [ nlnndedy+ 3+ 2V2)cair | |ul®dzdy
dt Q 2X Q 7]
3 2v2 air
+% |Vu|? dz: dy
2 Q
|Vn|2 2 2 2
dz dy —|— cD*Incl*dzdy+ [ n|Vye|[*dzdy
4X 4 /o, Ql
2—-1
+4f22/ |0,cl*dS < C. (4.9)
0% Coir JTr

Noticing that
Innn) < [lnlz: + lnlle < CIVValZ: +C,
and

|v\/7|2 ‘VC‘ C,
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combining (3.9) and Poincaré inequality, we see that

/ (IVVe]* + nlnn + [uf® + clne) dz dy
197}

2
<C (V" +c|D?Inc]® + |Vu|2> dedy+C [ e )*dS.  (4.10)
Ql n FT
Combining (4.9), (4.11), and (4.4) is derived.
(ii) When 7 = 1, noticing that ¢, = —¢ + 0¢yir on I'p, we take the derivative in
the tangential direction and get that ¢, = —c; on I'r, then
1 Ve|?0 1 Ve- Vo,
8,|V/ec>ds = —f/ |C|72ycds+ S XYy
T'r 4 T'r C 2 T'r C
= *1/ Vel'es g+ 1/ Crley g5 + 1/ Dl g5
4 T'r C 2 Tt & 2 T'r C
_ _1/ |VC|220y dS—l/ |ch,|2 d5’+1/ (0Cair — C)Cyy ds.
4 T'r C 2 T'r C 2 T'r &

Noticing that c¢; + ucy = czp +cyy —ne on I'r, multiplying this equation by

1 (ocair—c)

3 , and integrating it on I'p yields

1/ wdg_li/ (0Cair Inc — ) dS
FT 1—‘T

2 c 2dt
1 air 1 1 air —
= 7/ Mucac ds + 7/ (0Cair — c)ndS — 7/ ucm ds
2 Tr C 2 Tr 2 Tr C
1 air 1
= 7/ Lc)ucz ds + f/ (oCair — c)ndS
2 Ir C 2 't
1 ! air 71at
- f/ (oc o ) Cra(x, 1, 1) dz dy
2 Jo c(x,1,t)
1 air 1 air T 2
= 7/ uucx dS + f/ (0Cqir — c)ndS — L/ lez| dS. (4.12)
2 I'r C 2 T'r 2 I'r 02

Combining (4.8), (4.4), (4.11) and (4.12), we arrive at

d ) 1d
Bl dedy + = —
Qi Jo, Vv drdy+ 55

/ (¢ — ocqirIne)dS
I'r
1 2 2 2
+ cD*Incl*dzdy + | n|Vye|*dzdy
2 Q Ql

+3/ [Veley ds+1/ |C”|2ds+““”/ 2l 4
I'r rr ¢ I'r

4 c? 2 2 c?
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1 air — 1
== / uucx ds + 7/ (0Cair — c)ndS
2 Tt & 2 e

1 1
_1! VnVcdxdy—f/ Vevave j. dy
o 2 Jo, ¢

air x 1 T
§&/ |C2| dS+crc,W/ u2d5+7/ |C‘ ds
4 I'r c I'r 4 I'r ¢

1
—|—/ cu?dS + 7/ (oCair —c)ndS
FT 2 1—‘T

1 1
- = VnVcdxdy+n/ [Vel* drdy + — c|Vu|2dxdy
2 0 & 161

197

. 2 A
gﬂ/ ez | dS+20c,m/ u2dS+f/ @ds
4 Jr, &2 I'r 4Jr, ¢

air 1
+ 74 / ndS — = VnVedz dy
2 I 2 Jq,

4
1

+n/ Vel doedy + — C|Vu\2dacdy7
on C 16

which implies that

d

1
(c — 0CqirInc)dS + 7/ c|D*In¢c|? dz dy
at 2 Jo,

1d
2
|V\f\ dedy + = 53

+ / n|Vy/c|* dz dy
o)

+ 1/ chcy ds + / lal” 4g 4 9Cair / el g
4 't C 4 Tt C 4 T'r C
|4

air 1
< 20cair/ u?dS + 062 / ndS — 5/ VnVedz dy + 77/ \Vg dx dy
Tt I'r 197} 9] ¢

1
+ 6 /., C\Vu|2dxdy. (4.13)

Noticing that

1 1
u(z,1,t) = u(x,0,t) —|—/ uy(x,y,t)dy = / uy(x,y,t) dy,
0 0

from Holder’s inequality, we infer that
.T,l,t / |uy € y’ | dy7

then

1 1

20'Cai,n/ u?dS < 200,”-,»/ dx/ |uy(m,y,t)\2dy < 2acai,«/ |Vul|? dz dy.
I'r 0 0 Q

(4.14)
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By a direct calculation, we see that

4
/ Vel qpay / IV Inc[2VIncVedz dy
197} C Q

= / VIne*’Ve-vdS — [ ¢ (|[VePAlnc+2VeD? IncVe) da dy
FT Ql

1
2 . 4 2 2
</ |Vc|2chdS+(/ Vel g, d) </ c|A1nc|2dxdy)
I'r c Q c3 o)
+2</ dxd) (/ c|D21nc|2dxdy>
QL C Ql
2

IVefs 3 3
+\/§</ dzd ) (/ CD21n62dmdy)
Ql C Ql

1
4 2 2
+2 (/ [Vel dzd > (/ c|D? lnc|2dzdy>
QL C Ql

2 4 2 22
</ Veley g / Vel® 4y ay + CHEV2S V2) / ¢/ D2 In ¢f? d dy,
't 2 o)) C 2

c2

197
that is
4 2
/ Vel gz ay / |VC|2 Y as + (6+4\/§)/ | D?Inc/?dady.  (4.15)
Q c? I'r ¢ 197}
Taking n = m in (4.13), and combining with (4.2), (4.14) and (4.15), we
arrive at
d |V\[|2 dxdy—i— Ld (c—ac - Ine)dS + 1/ c|D?*Inc* dz dy
dt 2 dt “r 4 Jo,

+ / n|Vy/e|? dz dy
197

1 \Y 2 2 T 2 air T 2
+f/ | CL = K / leal” g5 9Cai / ‘C-'J ds
8 T'r C 4 't & 4 't C

(7 + 2\/§)JCM'T

2 Q

OCair

< |Vu?dzdy. (4.16)

1
/ ndS — = VnVedx dy +
T'r 2 Q

Similar to (3.15), we have

Cp(T+ 2\/§)cair”n”%r> =Cp(7+ 2\/§)Cair”\/ﬁ”%2p
44 4
< G|Vl 2 P IIVally. + Callvnl 2
1
< o9Vl + . (4.17)
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475
Combining (4.6), (4.7) , (4.16), (4.17), and using Sobolev interpolation inequality,
we arrive at

d 1
— < \Vﬁ|2dxdy+— nlnndzdy+(7+2\/§)cair
dt o)) 2X O

1

o]
+ = / (¢ — ocqirInc) dS)
2 Jr,.

1 [Vn|? 1 2 2 2
+ — dedy+~ [ c|/D*Incl*dzdy+ [ n|Vyc|*dzdy
2x Jo, n 4 Jo, o
1 Vel?e, 1 |
+—/ | CL % dS+f/ lee 4
8 't C 4 't &

N aci“-,« / leo|? 0s (7 + 2v/2)cqir
I'r

lul? dz dy

2
dxd
5 5 o [Vu|” dz dy
O Caqir 2
< — [ ndS + Cy(7+ 2V2)cairnlf30
2 I'r
L[|Vl L [ Vol
< — [Vl da:dy—i—/ ndmdy-i-*/ [V dedy +C,
8x Jo, o 8 Ja, n
that is

d

1
— ( \Vﬁ|2dxdy+—/ ninndzdy + (7 + 2v2)cair
dt \ Jg, 2x Ja,
1

97}
+ = / (¢ — ocqirInc) dS)
2 Jr,.

1 [Vn|? 1 2 2 2
+— dedy+ =~ | c/D’IncPdady+ [ n|Vye|?dzdy
4x Q N 4 Q o

lul? dz dy

+ 1/ WCLQC” as + 1/ el 4
8 Jr, ¢ 4 Jr. c
air x 2 2v2 air
+ / 'CJ as + TH2V2)e IVul?da dy < C. (4.18)
4 T'r (& 2 o))
Multiplying the second equation of (4.1) by 1 + In ¢, and integrating it over §2; yields
d 2
— clncdxdy—I—/ &dxdy—k/ ne(l +Inc)dzdy
dt Jq, Q ¢ 1o
= / cy(1+1Inc)dS = / (0Cair —)(1 +1nc)dS
FT 1_‘T
= — / (clnc+c— ocuirIne)dS + ocgirl
I'r
=— / (¢ —0cCairInc)dS + C. (4.19)
I'r
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Combining (4.18) and (4.19), we arrive that

d

1
— / |VVe|? + —nlnn—&-(7+2\/§)caw\u|2+clnc dx dy
dt Q 2X

1
+ = / (¢ — ocCqirInc) dS)
2 I'r

1 |Vn|? 1
N dxd _
+ 4x Jo, n Ty + 4 /

1 2 1 2
+f/ WCL % d5+f/ le=l” g
FT C 1—‘T

c|D21nc|2d9L‘dy—i—/Q n|Vy/c|* dz dy
l

8 4 c

air T 2 2v/2 air
+ 2 / ol gg 4 TH2V2)c / V|2 dz dy
FT 2 QI,

4 2
—I—/ (¢ —ocgirInc)dS < C. (4.20)
I'r
Noticing that

Intnn| L < |nll7z + ol < CIVValL: +C,

and

Vel
o3

Vel <

combining (4.15) and Poincaré inequality, we see that

+ ¢,

/ (IVVe]* + nlnn + [uf* + cInc) de dy
Q

Vn|? Vel?
<C ('”' telD?Inef? + |Vu|2> dzdy +C % ds.  (4.21)
o) n rr ¢
Combining (4.20) and (4.21), we finally conclude (4.5). O

LEMMA 4.2. Assume that T : (u,n,0) = (u,n). Then for 7 =0 with small x > 0,
or T =1, we have

t+1
sup |[Ve(,#)|[72 +  sup / (ID?cll7z + llecllZ2) ds < C. (4.22)
0<t<T 0<t<T—1.J¢
t+1
sup [[Vu(-,t)[[Z. +  sup / (ID*uZz + uelf2) ds < C, (4.23)
0<t<T 0<t<T—1.J¢

where the constants C depend only on ng,co,ug, X, and Cqir, and they are
independent of T.

Proof. When 7 = 0, the proof is completely similar to lemma 3.2. We omit it. In
what follows, we consider the case 7 = 1. Applying V to the second equation of
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(3.1), and multiplying the resulting equation by Ve, noticing that ¢z, = —c, on
I'r, and using (3.19)—(3.21) yields

1
1d |Vel*dedy + [ |D*c|*derdy = — | V(uVe)Vedzdy
2dt Jq, Q o0

7/ V(cn)Vcdacder/ (CaCay + cycyy) dS
197}

I'r
< [Vl 2| Vel Za + [[ullpa || D?e]| 2| Vel 4

+ 2[|c)| 2o VRl 2 [vVRVe| L2 — [VaVell7s
- / |cgc|2 ds +/ (0Cqir — €)cyy dS

FT 1—‘T
1

< f/ |D%¢|? dz dy + C4 |Vu|? dz dy
2 97} Q

5 |Vn|2 2
+ Oy ———dxdy — le.|”dS + (0Cair — €)Cyy dS. (4.24)
(97} n I'r Ir

Noticing that c¢; 4+ ucy = czp +cyy —ne on I'r, multiplying this equation by
(0Cair — ), integrating it on I'p, and using (4.14) yields

d |c[?
/FT (0Cair — €)Cyy dS — T / (oCairc — 7) ds

= / (oCair — C)uc, dS + / (oCair — c)endS — / (0Cair — €)Coz dS
T'p I'r Ip

1 air2 air
<—/ \cz|2dS+M/ uf?ds + 25 / nds
2 FT 2 FT 2 FT

1 l
- 5/ (oCair — c(x,1,t))Cp(x, 1,t) da
0

1 ai'r2 2
<7/ \cm|2dS+M/ waas+co [ YV qeqy
2 T'r T'r n

2 I'r

1 ~
+ f/ |cz|? dS + Cs. (4.25)
2 Jrs,
Combining (4.24) with (4.25) gives

d |c\2 1

2 2 12 2
dxd oCyirCc— — ) dS + = D dxdy + 2|2 dS
2t/|Vc| rdy — pn (c c 2) 2/l| c\ x dy /FTc|

. > 5 [ [VnP? .
<C3 | |Vulfdedy+Cy | ———dody +Cs. (4.26)
(97} Q n
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Noticing that ¢ is bounded uniformly, using (4.5), we arrive at

t41
sup \Vc|2 dedy+ sup / |D?c|? dz dy ds
0<t<T 0<t<T—1 ot

t+1
sup / / lex|?dS ds <
0<t<T 1 Tr

Multiplying the second equation of (4.8) by ¢;, then we obtain
t+1
sup / |ce|? dz dy ds < C.
0<t<T—1 Q

Then (4.22) is proved. The proof of (4.23) is also completely similar to (3.18), we
omit it. 0

Then similar to the proof of lemma 3.3 by deleting the term XfFT n"tle, ds,
and lemma 3.5, we also have

LEMMA 4.3. Assume that T (u,n,0) = (u,n). For T =0 with small x > 0, orT =1,

we have
+1 i+l rtl 9
sup [n(-, )" dzdy + sup / / |Vn 2 |"dedydr<Cr, for any r>0,
o<t<TJo, o<t<T—1.J¢ o
(4.27)
and
sup |luf|p < C, (4.28)

o<t<T

where C,., C' depend on ng, co,ug, X, r and cqr, and C,. also depends on r, and all
of them are independent of T'.

LEMMA 4.4. Assume that T(u,n,o) = (u,n). When 7 =0 with small x >0, or
T =1, for any r > 0,

sup Vel dzedy < Cy, (4.29)
0<t<T Joy,

where C,. depends only on ng, co,Ug, X, 7 and Cqir, and it is independent of T'.

Proof. When 7 = 0, the proof is completely similar to (3.25). In what follows, we
only consider the case 7 = 1. Let

N

=e'T (¢ — ocCqir).

[}

2
It is easy to see that ¢(x,y,t) is periodic on = with period [, —0CaireT << 0,
and
oc _ . 5 . ~ u2
5 +uVé—yve = Aé+ (y* — 1)é — yéy — né — ocqirne’™,
ac

81} I'rull'p

(4.30)
=0.
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From a direct calculation, we derive that

0y|Vel" [prurs = 1|Vl ™ (€ulay + &Cyy)|, o, =0

Applying V to the first equation of (4.30), multiplying the resulting equation by
|VéE|"~2Vé, and using (3.27), (4.22), (4.27), (4.28), it yields

1d

—— ¢|" dxd

rdt /g, Vel dzdy

:/ VA6|V6|“2V6dxdy+/ V(yvé —uVeé
Ql Ql

+ (% = 1)é — y&y — né — ocaipne T )|VE "2Vedz dy
1

AlVe"dedy — (r—1)

|Vé|" 2| D2 de dy
QL Ql

- / (yvé = uVe+ (y* = 1)é = y&y — né — ocane’®) (Ve A
Q
+(r —2)|Ve["1VeD?eve) da dy
r—1

/ Ve ?|D%¢*dedy + C | (yvé —uVeé
4 Q[ Ql

~

2
+ (y* — 1)é — y&, — né — ocqirn e'7)?|ve 2 dxdy
—1 r
r . /Q |va|’“—2|D25|2dxoly+n/Q Ve[ 2 dady + C, [ (5 +1)dady
l l
r—1

|Vé|" 2| D?*¢* dz dy + C,.,
2 Jo,

~

Q

~

then

sup [|Vél|7. +

sup
0<t<T

t+1 ~
vé|" 2| D%¢? demy ds < C,, for any r > 2
| Y ; y :
0<t<T—1.J¢ o)
(4.31)
which implies (4.29).

O
Then similar to the proof of lemmas 3.5 and 3.6, we conclude that

LEMMA 4.5. Assume that T (u,n, o) = (u,n). For T = 0 with small x > 0, or7 =1,

1
sup (||n]|r= + [VellL= + ||A6u||Loo) <C, foranyB € ( 1) (4.32)
0<t<T

sup

v (H(uv n, c)||W§,1(Qz,1(t)) + ||7T‘|W,}*°(Q’i(t))) < Cp, foranyp>1, (4.33)

where C, Cp, depend only on ng, co, Ug, X, Cair, B and p, and they are independent
of T.
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Next, we show theorem 1.2.

Proof of theorem 1.2. Using lemma 4.5, completely similar to the proof theorem
1.1, we complete the proof of global existence in theorem 1.2.

Next, we show the uniqueness. Suppose the contrary. Let (ni,c1,uq,m ),
(n2,02,uQ,7r2) be two solutions of (1.1), (1.3), and (1.4). Denote i =ny — no,
6—61762, 11—1117112 = (QNL,’D), 7~T:7T1 — T9. Then

N +0-Vny+uy-Vi=An—xV - (Ve +noVeE),  in Q,
—Ai41i-Vey 4 ug - VE= —fic; — ngé, in Q,
@ 4+ 1V + us - Vil = Al — VA + 2V, in Q,
Voa=0, in Q. (4.34)
ny — X(nOyc1 + n20yé) =0, 7¢y = —¢, v=0, 4, =0, (z,y) €l'r,
fy =8, =0, i=9=0, (z,y) € Tp,
n(z,y,0) =0, é&(z,y,0) =0, u(z,y,0) =0, x € Q,

Multiplying the first equation of (4.34) by n, and integrating it over € yields
2q / |72|? dz dy +/ \Va|? de dy
— /Q nu - Vnydody + x /ﬂ(ﬁVcl +noVe)Vade dy
< i/Q|Vﬁ|2d:cdy+Cl/Q(|ﬁ|2 + |7)? + |Vé]?) dz dy,
that is
2dt / |7|? de dy + = / |Val?drdy < Oy / (|a)* + |n]* + |Vé[*) dedy.  (4.35)
Multiplying the second equation of (3.36) by ¢, and integrating it over ) yields
2 X / &2 dz dy +/ |Vé|* da dy + T/F |&,?dS
—/ cu-Vepdedy — / cuy - Vedr dy — / ¢(ney + noc) dedy
Q Q Q
= /QVE -acy dedy — /Qé(ﬁcl + noc)dzdy
<5 [ 19eP dedy+Co [ (5 + Al + jo) dady,
namely,

th/ 162 dar dy+2 /|Vc|2dxdy+7'/ 1&,2dS < 2/(|ﬁ|2+|ﬁ|2+|é|2)dxdy.
I'r Q
(4.36)
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Similarly, we also have

1d

77/ |ﬁ\2dxdy+/ |Vﬁ|2dmdy<Cg/(\ﬁ\2+\ﬁ|2)dxdy. (4.37)

Combining (4.35)—(4.37) yields

4
dt

<Ca [ (G + 1 + i) da dy,
Q

3

1 1 3 2C'
/ (|ﬁ|2 + =la)® + Cl|é|2) dzdy + f/ (Vﬁ|2 + v + Vﬁ|2) dz dy
o \2 2 4 Jq

which implies that

/(|ﬁ|2 +]al* + ¢ + |Vé?) dzdy = 0, for any t > 0,
Q

and the uniqueness is proved. O
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