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In this paper, we consider the chemotaxis-Navier-Stokes model with realistic
boundary conditions matching the experiments of Hillesdon, Kessler et al. in a
two-dimensional periodic strip domain. For the lower boundary, we impose the usual
homogeneous Neumann-Neumann-Dirichlet boundary condition. While, for the
upper boundary, since it is open to the atmosphere, we consider three kinds of
different mixed non-homogeneous boundary conditions, that is, (i)
Neumann-Dirichlet-Navier slip boundary condition; (ii) Zero flux-Dirichlet-Navier
slip boundary condition; (iii) Zero flux-Robin-Navier slip boundary condition. For
boundary conditions (i) and (iii), the existence and uniqueness of global classical
solutions for any initial data and any large chemotactic sensitivity coefficient is
established, and for boundary condition (ii), the existence and uniqueness of global
classical solutions for any initial data and small chemotactic sensitivity coefficient is
proved.
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1. Introduction

When the well mixed suspension of Bacillus subtilis cells is placed in a chamber
with the upper surface open to the atmosphere, this kind of aerobic bacteria con-
sume oxygen, swim toward the direction of sufficient oxygen, that is, the surface of
the water layer. Then they form a thin boundary layer with dense cells upstream.
Below this layer, the cells in the suspension were severely depleted. Because that
bacteria are about 10% denser than water, thus, the density of the mixed suspen-
sion becomes larger near the water surface than at the bottom. When the density
of the upper boundary layer is too high, it becomes unstable and forms a descend-
ing bacterial plume. And finally evolved into various patterns [10, 11, 14]. Based
on these experimental observations, Goldstein et al. [19] proposed the following
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chemotaxis-fluid model⎧⎪⎪⎨
⎪⎪⎩

nt + u · ∇n = Δn − χ∇ · (n∇c), in Q,
ct + u · ∇c = Δc − cn, in Q,
ut + u · ∇u = Δu −∇π + n∇ϕ, in Q,
∇ · u = 0, in Q,

(1.1)

where Q = Ω × R
+, n, c represent the bacteria cell density, the oxygen concentra-

tion respectively, χ > 0 is the sensitivity coefficient of aggregation induced by the
concentration changes of oxygen, J = n∇c is the chemotactic flux, −cn is the con-
sumption term of oxygen, that is more bacteria, more oxygen are consumed, u, π are
the fluid velocity and the associated pressure, the fluid couples to n and c through
transports u · ∇n, u · ∇c and the gravitational potential n∇ϕ.

In recent years, this kind of models has been widely studied by many authors. For
the studies of Cauchy problem in R

N , we refer to [9, 15, 22], and for the bounded
domain with zero flux boundary value conditions for n, c, and no-slip boundary
value condition for u, please refer to [8, 20, 21] or the references therein. From these
results, one see that the solutions will convergence to the constant steady states, and
there is no pattern formation. Matching the experiment descriptions, the following
mixed boundary conditions is proposed [6, 16]: the boundary condition at the top
Γtop describes the fluid-air surface, where there is no cell flux, the oxygen will be
saturated with the air oxygen concentration cair and the vertical fluid velocity and
the tangential fluid stress are supposed to be zero

(∇n − χn∇c) · ν = 0, c = cair, u · ν = 0, [D(u)ν]τ = 0, on ΓT ,

where ν denotes the outward unit normal vector of the boundary,τ denotes unit
tangent vector of the boundary, and

[D(u)] =
1
2
(∇u + ∇uT ).

At the bottom of the domain ΓB , the cell and oxygen fluxes and the fluid velocity
are assumed to be zero:

(∇n − χn∇c) · ν = 0, ∇c · ν = 0, u = 0, on ΓB .

Finally, periodic boundary conditions at the sides of the domain are imposed in
order to avoid any impact of these boundaries. And some numerical results are
given in [6, 16]. However, very little theoretical research in this regard has been
carried out. Peng, Xiang [18] considered mixed boundary value problem in an
unbounded strip domain of R

3 with the consumption term cn being replaced by
cnγ (γ � 2) , and established the global existence and convergence of small strong
solutions around an equilibrium state. Besides the above boundary value problem,
such kind of mixed non-homogeneous boundary value problem

(∇n − χn∇c) · ν = 0, ∇c · ν = −a(x, t)c + b(x, t), u = 0, on ∂Ω

also be considered [4, 5, 13], in which, the global classical solution in two dimen-
sional space [4, 5] and time periodic solution in two and three dimensional space
[13] are established respectively.
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Adopting the realistic boundary conditions mentioned above, in the present
paper, we consider the model (1.1) in a two-dimensional strip periodic domain

Ω = {(x, y) ∈ R
2;x ∈ R, 0 � y � 1}, Ωl = {(x, y) ∈ R

2; 0 � x � l, 0 � y � 1},

with period l and the following boundary conditions, that is
{

ny = 0, c = cair, v = 0, uy = 0, (x, y) ∈ ΓT ,
ny = cy = 0, u = v = 0, (x, y) ∈ ΓB ,

(1.2)

or {
ny − χncy = 0, τcy = −c + cair, v = 0, uy = 0, (x, y) ∈ ΓT ,
ny = cy = 0, u = v = 0, (x, y) ∈ ΓB,

(1.3)

and periodic boundary conditions at the left and right sides of the domain Ωl are
imposed, where u = (u, v), ΓT is the upper boundary of the rectangular area, ΓB

denotes the lower boundary, cair is a positive constant, τ = 0 or 1. It is easy to
see that when τ = 0, it is corresponding to the Dirichlet boundary condition, when
τ = 1, it is corresponding to the Robin boundary condition.

We also give the initial value as follows

n(x, y, 0) = n0(x, y) � 0, c(x, y, 0) = c0(x, y) � 0, u(x, y, 0)

= u0(x, y), (x, y) ∈ Ω. (1.4)

Throughout this paper, we assume that⎧⎨
⎩

n0, c0,u0 ∈ C2+α(Ω),
n0, c0 � 0,
n0, c0,u0 are periodic functions with respect to variable x with period l.

(1.5)
We give the global existence theorems as follows.

Theorem 1.1. Assume (1.5) holds. Then the problem (1.1), (1.2), and (1.4)
admits a unique global bounded classical solution (n, c,u, π) (π is unique up to
a constant) with (n, c,u) ∈ C2+α,1+ α

2 (Ωl × (0,+∞)) ∩ Cα, α
2 (Ωl × [0,+∞)), ∇π ∈

Cα, α
2 (Ωl × (0,+∞)), n, c � 0,

‖(n, c,u)‖
C2+α,1+ α

2 (Ql)
+ ‖∇π‖

Cα, α
2 (Ql)

� C, (1.6)

where the constant C depends only on n0, c0, u0, α, l, χ.

Theorem 1.2. Assume (1.5) holds. When (i) τ = 0 with appropriately small
χ; or (ii)τ = 1 with any large χ, the problem (1.1), (1.3), and (1.4) admits a
unique global bounded classical solution (n, c,u, π) (π is unique up to a constant)
with (n, c,u) ∈ C2+α,1+ α

2 (Ωl × (0,+∞)) ∩ Cα, α
2 (Ωl × [0,+∞)), ∇π ∈ Cα, α

2 (Ωl ×
(0,+∞)), n, c � 0,

‖(n, c,u)‖
C2+α,1+ α

2 (Ql)
+ ‖∇π‖

Cα, α
2 (Ql)

� C, (1.7)

where the constant C depends only on n0, c0, u0, α, l, χ.
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2. Preliminaries

Based on Gagliardo-Nirenberg interpolation inequality and Sobolev trace embed-
ding inequality, we infer the following trace interpolation inequality.

Lemma 2.1. For functions u : Ω → R defined on a bounded Lipschitz domain
Ω ∈ R

N , we have

‖u‖Lq(∂Ω) � C‖Du‖1−β
Lp(Ω)‖u‖

β
Lr(Ω) + C‖u‖Lr(Ω), (2.1)

where 0 < r � p � q � (N−1)p
(N−p)+

, p � 1, β = r(N(p−q)+p(q−1))
q(N(p−r)+pr) .

Proof.

(i) We first consider the case p < N . By Sobolev trace embedding inequality [1,
3], we have

‖u‖Lp∗ (∂Ω) � C1‖Du‖Lp(Ω) + C2‖u‖Lp(∂Ω),

where p∗ = (N−1)p
N−p . On the other hand, for any p � q � p∗,

‖u‖Lq(∂Ω) � ‖u‖1−α
Lp∗ (∂Ω)

‖u‖α
Lp(∂Ω)

with α = p(p∗−q)
q(p∗−p) = (N−1)p−(N−p)q

q(p−1) for p < N . Combining the above two
inequalities, and noticing that (a + b)α � aα + bα for any a, b > 0, 0 < α � 1,
then we have

‖u‖Lq(∂Ω) �
(
C1‖Du‖Lp(Ω) + C2‖u‖Lp(∂Ω)

)1−α ‖u‖α
Lp(∂Ω)

�
(
C1−α

1 ‖Du‖1−α
Lp(Ω) + C1−α

2 ‖u‖1−α
Lp(∂Ω)

)
‖u‖α

Lp(∂Ω)

� C1−α
1 ‖Du‖1−α

Lp(Ω)‖u‖
α
Lp(∂Ω) + C1−α

2 ‖u‖Lp(∂Ω). (2.2)

By [7], for any 1 � r � p < +∞,

‖u‖Lp(∂Ω) � C3

(
‖Du‖Lp(Ω) + ‖u‖Lr(Ω)

)θ ‖u‖1−θ
Lr(Ω)

� C3‖Du‖θ
Lp(Ω)‖u‖1−θ

Lr(Ω) + ‖u‖Lr(Ω) (2.3)

with θ = N(p−r)+r
N(p−r)+pr . Combining (2.2) and (2.3), we get that

‖u‖Lq(∂Ω) � C1−α
1 ‖Du‖1−α

Lp(Ω)

(
C3‖Du‖θ

Lp(Ω)‖u‖1−θ
Lr(Ω) + ‖u‖Lr(Ω)

)α

+ C1−α
2

(
C3‖Du‖θ

Lp(Ω)‖u‖1−θ
Lr(Ω) + ‖u‖Lr(Ω)

)

� C1−α
1 Cα

3 ‖Du‖1−α+θα
Lp(Ω) ‖u‖α(1−θ)

Lr(Ω) + C1−α
1 ‖Du‖1−α

Lp(Ω)‖u‖
α
Lr(Ω)
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+ C1−α
2 C3‖Du‖θ

Lp(Ω)‖u‖1−θ
Lr(Ω) + C1−α

2 ‖u‖Lr(Ω)

= C1−α
1 Cα

3 ‖Du‖1−α+θα
Lp(Ω) ‖u‖α(1−θ)

Lr(Ω)

+ C1−α
1 ‖Du‖1−α

Lp(Ω)‖u‖
α(1−α)(1−θ)

1−α+θα

Lr(Ω) ‖u‖
αθ

1−α+θα

Lr(Ω)

+ C1−α
2 C3‖Du‖θ

Lp(Ω)‖u‖
α(1−θ) θ

1−α+θα

Lr(Ω) ‖u‖
(1−θ)(1−α)

1−α+θα

Lr(Ω)

+ C1−α
2 ‖u‖Lr(Ω)

� C4‖Du‖1−α+θα
Lp(Ω) ‖u‖α(1−θ)

Lr(Ω) + C5‖u‖Lr(Ω).

Let β = α(1 − θ), by a direct calculation, we see that

β =
r(N(p − q) + p(q − 1))

q(N(p − r) + pr)
, for p < N.

Then (2.1) is proved for p < N , r � 1.
Next, we show that (2.1) also holds for any r > 0. By the prove above, we see
that

‖u‖Lq(∂Ω) � C‖Du‖1−β̃
Lp(Ω)‖u‖

β̃
Lr̃(Ω)

+ C‖u‖Lr̃(Ω), (2.4)

for 1 � r̃ � p � q, β̃ = r̃(N(p−q)+p(q−1))
q(N(p−r̃)+pr̃) for p < N . While by Gagliardo-

Nirenberg inequality [17], for any 0 < r < 1,

‖u‖Lr̃(Ω) � C6‖Du‖α1
Lp(Ω)‖u‖

1−α1
Lr(Ω) + C7‖u‖Lr(Ω),

with 1
r̃ = ( 1

p − 1
N )α1 + 1−α1

r . Substituting it into (2.4), we arrive at

‖u‖Lq(∂Ω) � C‖Du‖1−β̃
Lp(Ω)

(
C6‖Du‖α1

Lp(Ω)‖u‖
1−α1
Lr(Ω) + C7‖u‖Lr(Ω)

)β̃

+ C
(
C6‖Du‖α1

Lp(Ω)‖u‖
1−α1
Lr(Ω) + C7‖u‖Lr(Ω)

)

� CC β̃
6 ‖Du‖1−β̃+α1β̃

Lp(Ω) ‖u‖β̃(1−α1)
Lr(Ω) + CC β̃

7 ‖Du‖1−β̃
Lp(Ω)‖u‖

β̃
Lr(Ω)

+ CC6‖Du‖α1
Lp(Ω)‖u‖

1−α1
Lr(Ω) + CC7‖u‖Lr(Ω)

� C8‖Du‖1−β̃+α1β̃
Lp(Ω) ‖u‖β̃(1−α1)

Lr(Ω) + C9‖u‖Lr(Ω). (2.5)

By a direct calculation, we see that β̃(1 − α1) = r(N(p−q)+p(q−1))
q(N(p−r)+pr) . Combining

with (2.4), we prove (2.1) for any r > 0.
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(ii) Next, we prove the case p � N . For any q � p, there exists p̃ < N such that
q < (N−1)p

N−p̃ , namely qp̃
p < (N−1)p̃

N−p̃ , then by the result of (i), we have

‖u‖Lq(∂Ω) = ‖u
p
p̃ ‖

p̃
p

L
qp̃
p (∂Ω)

� C10‖Du
p
p̃ ‖

p̃
p (1−γ)

Lp̃(Ω)
‖u

p
p̃ ‖

p̃
p γ

Lp̃(Ω)
+ C11‖u

p
p̃ ‖

p̃
p

Lp̃(Ω)

� C10

∥∥∥∥p

p̃
u

p−p̃
p̃ Du

∥∥∥∥
p̃
p (1−γ)

Lp̃(Ω)

‖u‖γ
Lp(Ω) + C11‖u‖Lp(Ω)

� C12‖u‖
p−p̃

p (1−γ)

Lp(Ω) ‖Du‖
p̃
p (1−γ)

Lp(Ω) ‖u‖γ
Lp(Ω) + C11‖u‖Lp(Ω)

= C12‖u‖
p−p̃

p (1−γ)+γ

Lp(Ω) ‖Du‖
p̃
p (1−γ)

Lp(Ω) + C11‖u‖Lp(Ω)

where γ = (N−1)p−q(N−p̃)
qp̃ , it is easy to see that p−p̃

p (1 − γ) + γ =
p(q−1)+N(p−q)

pq . We denote β̃ = p(q−1)+N(p−q)
pq . The above inequality is equiv-

alent to

‖u‖Lq(∂Ω) � C12‖u‖β̃
Lp(Ω)‖Du‖1−β̃

Lp(Ω) + C11‖u‖Lp(Ω) (2.6)

Similar to the proof of (2.5), using Gagliardo-Nirenberg inequality [17], for
any 0 < r < p,

‖u‖Lp(Ω) � C13‖Du‖β1
Lp(Ω)‖u‖

1−β1
Lr(Ω) + C14‖u‖Lr(Ω),

with 1
p =

(
1
p − 1

N

)
β1 + 1−β1

r . Substituting it into (2.6), we arrive at

‖u‖Lq(∂Ω) � C12

(
C13‖Du‖β1

Lp(Ω)‖u‖
1−β1
Lr(Ω) + C14‖u‖Lr(Ω)

)β̃

‖Du‖1−β̃
Lp(Ω)

+ C11

(
C13‖Du‖β1

Lp(Ω)‖u‖
1−β1
Lr(Ω) + C14‖u‖Lr(Ω)

)

� C12C
β̃
13‖Du‖β1β̃+1−β̃

Lp(Ω) ‖u‖β̃(1−β1)
Lr(Ω) + C12C

β̃
14‖Du‖1−β̃

Lp(Ω)‖u‖
β̃
Lr(Ω)

+ C11C13‖Du‖β1
Lp(Ω)‖u‖

1−β1
Lr(Ω) + C11C14‖u‖Lr(Ω)

� C15‖Du‖β1β̃+1−β̃
Lp(Ω) ‖u‖β̃(1−β1)

Lr(Ω) + C16‖u‖Lr(Ω).

By a direct calculation, we get that β̃(1 − β1) = r(N(p−q)+p(q−1))
q(N(p−r)+pr) . We com-

plete the proof.

�
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By [12], we have the following lemma.

Lemma 2.2. Let T > 0, τ ∈ (0, T ), α > 0, β > 0, and suppose that f : [0, T ) →
[0,∞) is absolutely continuous, and satisfies

f ′(t) − g(t)f(t) + f1+σ(t) � h(t), t ∈ R
+,

where σ > 0 is a constant, g(t), h(t) � 0 with g(t), h(t) ∈ L1
loc([0, T )) and

sup
t∈[τ,T )

∫ t

t−τ

g(s) ds � α, sup
t∈[τ,T )

∫ t

t−τ

h(s) ds � β.

Then for any t > t0, we have

f(t) � f(t0) e
∫ t

t0
g(s) ds +

∫ t

t0

h(τ) e
∫ t

τ
g(s) ds dτ,

and

sup
t∈(0,T )

f(t) � σ

(
2A

1 + σ

) 1+σ
σ

+ 2B, sup
t∈[τ,T )

∫ t

t−τ

f1+σ(s) ds

� (1 + α) sup
t∈(0,T )

{f(t)} + β,

where

A = τ− 1
1+σ (1 + α)

1
1+σ e2α, B = τ− 1

1+σ β
1

1+σ e2α + 2β e2α + f(0) eα.

3. Global classical solution: Neumann-Dirichlet-Navier slip boundary
value condition

We first give some notations, which will be used throughout this paper.

Notations: Ql = Ωl × R
+, Ql

T = Ωl × (0, T ), ‖f‖Lq := ‖f‖Lq(Ωl).
In this section, we pay our attention to the global existence of classical solutions to

the problem (1.1), (1.2) and (1.4). We use Leray-Schauder’s fixed point framework
to show the local existence of classical solutions. For this purpose, let’s consider the
following linear problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

nt + u · ∇n = Δn − χ∇ · (n+∇c), in Q,
ct − Δc + u · ∇c = −ñ+c, in Q,
ut + ũ · ∇u = Δu −∇π + σñ∇ϕ, in Q,
∇ · u = 0, in Q,
ny = 0, c = σcair, v = 0, uy = 0, (x, y) ∈ ΓT ,
ny = cy = 0, u = v = 0, (x, y) ∈ ΓB ,
n(x, y, 0) = σn0(x, y) � 0, c(x, y, 0)

= σc0(x, y) � 0, u(x, y, 0) = σu0(x, y), x ∈ Ω,

(3.1)

for any T > 1 and for any given ũ ∈ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ), ñ ∈ Cα, α
2 (Q

l

T ) with
∇ · ũ = 0 and ũ · ν|ΓT

= 0. By classical theory of linear parabolic equations, we
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have u ∈ C2+α,1+ α
2 (Ω

l × (0, T ]) ∩ Cα, α
2 (Q

l

T ),∇π ∈ Cα, α
2 (Ω

l × (0, T ]), and we fur-
ther have c ∈ C2+α,1+ α

2 (Ω
l × (0, T ]) ∩ Cα, α

2 (Q
l

T ), and n ∈ C2+α,1+ α
2 (Ω

l × (0, T ]) ∩
Cα, α

2 (Q
l

T ).
On the other hands, by comparison lemma, it is easy to obtain c � 0. Next, we

show that n � 0. Let n− = min{0, n}. Multiplying the first equation of (3.1) by n1,
and integration it over Ωl × (0, t) yields

∫
Ωl

|n−(·, t)|2 dxdy = −
∫ t

0

∫
Ωl

u · ∇nn− dxdy dτ +
∫ t

0

∫
Ωl

n−Δndxdy dτ

− χ

∫ t

0

∫
Ωl

n−∇ · (n+∇c) dxdy dτ

= −1
2

∫ t

0

∫
∂J(τ)

|n−|2u · ν dS dτ +
∫ t

0

∫
∂J(τ)

n−
∂n

∂ν
dS dτ

−
∫ t

0

∫
Ωl

|∇n−|2 dxdy dτ

= −
∫ t

0

∫
Ωl

|∇n−|2 dxdy dτ � 0,

where J(t) = {x ∈ Ωl;n(x, t) � 0}, which implies that
∫
Ωl

|n−(x, t)|2 dxdy = 0,
that is n � 0.

We define the mapping

T : Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ) × Cα, α
2 (Q

l

T ) × [0, 1]

→ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ) × Cα, α
2 (Q

l

T ),

T : (ũ, ñ, σ) → (u, n).

From the above analysis, we see that u, n ∈ C2+α,1+ α
2 (Ω

l × (0, T ]) ∩ Cα, α
2 (Q

l

T ),
and noticing that C2+α,1+ α

2 (Q
l

T ) ∩ Cα, α
2 (Q

l

T ) ↪→ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ), then the
operator T is completely continuous. It is easy to verify that

T : (ũ, ñ, 0) ≡ 0.

In fact, it is easy to see that when σ = 0, it follows c = 0, u = 0, then one can
further derive that n = 0.

By Leray-Schauder’s fixed point theorem, to show the local existence of classical
solutions, we only need to show that ‖u, n‖

Cα, α
2

+ ‖u‖W 1,0
2 (Ql

T
� C if (u, n, σ) is a

classical solution of T : (u, n, σ) = (u, n). For this purpose, in what follows, we pay
our attention to the energy estimates.
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Lemma 3.1. Let T : (u, n, σ) = (u, n). Then we have

n � 0, 0 � c � σcair,

‖n(·, t)‖L1 + χ

∫ t

0

∫
ΓT

n|cy|dS dτ = ‖n0‖L1 , (3.2)

and

sup
0<t<T

∫
Ωl

(
|∇

√
c|2 + n ln n + |u|2

)
dxdy

+ sup
0<t<T−1

∫ t+1

t

dτ

∫
Ωl

(
|∇u|2 +

|∇n|2
n

+ c|D2 ln c|2 + n|∇
√

c|2
)

dxdy

+ sup
0<t<T−1

∫ t+1

t

dτ

∫
ΓT

(
|cy|3 + |cyn ln n|

)
dS � C, (3.3)

where C depends only on n0, c0,u0, χ, and cair, and it is independent of T .

Proof. By comparison lemma, it is easy to obtain that

0 � c � σcair.

The positivity of n has been established in the above analysis. By a direct
integration, we see that

d
dt

∫
Ωl

n(x, y, t) dxdy + χ

∫
ΓT

n∂ycdS = 0, (3.4)

which implies (3.2) since ∂yc � 0 on ΓT . By the second equation, and using a direct
calculation, we see that

∂t|∇
√

c|2 +
1
2
c|D2 ln c|2 = Δ|∇

√
c|2 −∇ · (u|∇

√
c|2) − n|∇

√
c|2

− 1
2
∇n∇c − 2∇

√
c∇u∇

√
c.

Then

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

=
∫

Ωl

Δ|∇
√

c|2dxdy −
∫

Ωl

∇ · (u|∇
√

c|2) dxdy

− 1
2

∫
Ωl

∇n∇cdxdy − 2
∫

Ωl

∇
√

c∇u∇
√

cdxdy

=
∫

ΓT

∂y|∇
√

c|2 dS−
∫

ΓB

∂y|∇
√

c|2 dS− 1
2

∫
Ωl

∇n∇cdxdy− 1
2

∫
Ωl

∇c∇u∇c

c
dxdy.

(3.5)
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Noticing that c = σcair on ΓT , then ct

∣∣∣
ΓT

= 0, ∂xc
∣∣∣
ΓT

= 0, ∂xxc
∣∣∣
ΓT

= 0, ∂yc
∣∣∣
ΓT

� 0.

Recalling the equation c satisfied, it gives

−∂yyc + u∂xc + v∂yc = −nc, on ΓT ,

which implies that

∂yyc = σncair, on ΓT .

Therefore, we have
∫

ΓT

∂y|∇
√

c|2 dS = −1
4

∫
ΓT

|∇c|2∂yc

c2
dS +

1
2

∫
ΓT

∇c · ∇∂yc

c
dS

= −1
4

∫
ΓT

|∂yc|2∂yc

c2
dS +

1
2

∫
ΓT

∂yc∂yyc

c
dS

= −1
4

∫
ΓT

|∂yc|3
c2

dS +
1
2

∫
ΓT

n∂ycdS. (3.6)

Noticing that ∂yc = 0 on ΓB , it implies that ∂xyc = 0 on ΓB . Thus, we have
∫

ΓB

∂y|∇
√

c|2 dS = −1
4

∫
ΓB

|∇c|2∂yc

c2
dS +

1
2

∫
ΓB

∂xc∂xyc + ∂yc∂yyc

c
dS = 0.

(3.7)
Noting that c = σcair on ΓT , substituting (3.6), (3.7) into (3.5) yields

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
1

4σ2c2
air

∫
ΓT

|∂yc|3 dS

=
1
2

∫
ΓT

n∂ycdS − 1
2

∫
Ωl

∇n∇cdxdy − 1
2

∫
Ωl

∇c∇u∇c

c
dxdy

� 1
2

∫
ΓT

n∂ycdS − 1
2

∫
Ωl

∇n∇cdxdy + η

∫
Ωl

|∇c|4
c3

dxdy +
cair

16η

∫
Ωl

|∇u|2 dxdy

(3.8)

for any small η > 0. By a direct calculation, we see that
∫

Ωl

|∇c|4
c3

dxdy =
∫

Ωl

|∇ ln c|2∇ ln c∇cdxdy

=
∫

ΓT

|∇ ln c|2∇c · ν dS −
∫

Ωl

c−1
(
|∇c|2Δln c + 2∇cD2 ln c∇c

)
dxdy

�
∫

ΓT

|∇c|2∇c · ν
c2

dS +
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|Δln c|2 dxdy

) 1
2

+ 2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2
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�
∫

ΓT

|∂yc|3
c2

dS +
√

2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2

+ 2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2

� 1
σ2c2

air

∫
ΓT

|∂yc|3 dS +
1
2

∫
Ωl

|∇c|4
c3

dxdy +
(2 +

√
2)2

2

∫
Ωl

c|D2 ln c|2 dxdy,

that is∫
Ωl

|∇c|4
c3

dxdy � 2
σ2c2

air

∫
ΓT

|∂yc|3 dS + (6 + 4
√

2)
∫

Ωl

c|D2 ln c|2 dxdy. (3.9)

Taking η = 1
4(6+4

√
2)

in (3.8), and combining with (3.9), we arrive at

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
√

2 − 1
2σ2c2

air

∫
ΓT

|∂yc|3 dS

� 1
2

∫
ΓT

n∂ycdS − 1
2

∫
Ωl

∇n∇cdxdy +
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy. (3.10)

Multiplying the first equation of (3.1) by 1 + lnn, and integrating the resulting
equation over Ωl gives,

d
dt

∫
Ωl

n ln ndxdy +
∫

Ωl

|∇n|2
n

dxdy = −χ

∫
ΓT

n(1 + lnn)∂ycdS

+ χ

∫
Ωl

∇c∇ndxdy. (3.11)

Multiplying the third equation of (3.1) by u, and integrating the resulting equation
over Ωl, using the boundary conditions and Poincaré inequality, we see that for any
1 < p < 2,

1
2

d
dt

∫
Ωl

|u|2 dxdy +
∫

Ωl

|∇u|2 dxdy = σ

∫
Ωl

nu∇ϕ dxdy

� σ‖∇ϕ‖L∞‖u‖
L

p
p−1

‖n‖Lp

� Cσ‖∇ϕ‖L∞‖∇u‖L2‖n‖Lp

� 1
2

∫
Ωl

|∇u|2 dxdy + C‖n‖2
Lp ,

since u
∣∣∣
ΓB

= 0, which implies that

d
dt

∫
Ωl

|u|2 dxdy +
∫

Ωl

|∇u|2 dxdy � Cp‖n‖2
Lp , for any 1 < p < 2. (3.12)
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Combining (3.10), (3.11) and (3.12), we arrive at

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (3 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

)

+
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

+
1
2χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy

+
∫

Ωl

n|∇
√

c|2 dxdy +
√

2 − 1
2σ2c2

air

∫
ΓT

|∂yc|3 dS

� −1
2

∫
ΓT

n ln n∂ycdS + Cp(3 + 2
√

2)cair‖n‖2
Lp . (3.13)

Noticing that ∂yc � 0 on ΓT , then

−1
2

∫
ΓT

n ln n∂ycdS = −1
2

∫
ΓT

n| ln n|∂ycdS +
∫

ΓT ∩{n<1}
n| ln n|∂ycdS

� −1
2

∫
ΓT

n| ln n|∂ycdS + C1

∫
ΓT

∂ycdS

� −1
2

∫
ΓT

n| ln n|∂ycdS +
√

2 − 1
4c2

air

∫
ΓT

|∂yc|3 dS + C2. (3.14)

From Gagliardo-Nirenberg interpolation inequality, and noticing that 4 − 4
p < 2 we

infer that

Cp(3 + 2
√

2)cair‖n‖2
Lp = Cp(3 + 2

√
2)cair‖

√
n‖4

L2p

� C3‖∇
√

n‖4− 4
p

L2 ‖
√

n‖
4
p

L2 + C4‖
√

n‖4
L2

� 1
2χ

‖∇
√

n‖2
L2 + C5. (3.15)

Substituting (3.14) and (3.15) into (3.13) yields

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (3 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

)

+
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

+
3
8χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
√

2 − 1
4σ2c2

air

∫
ΓT

|∂yc|3 dS +
1
2

∫
ΓT

n| ln n|∂ycdS

� C6, (3.16)

which implies (3.3). �
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Lemma 3.2. Assume that T : (u, n, σ) = (u, n). Then

sup
0<t<T

‖∇c(·, t)‖2
L2 + sup

0<t<T−1

∫ t+1

t

(‖D2c‖2
L2 + ‖ct‖2

L2) ds � C, (3.17)

sup
0<t<T

‖∇u(·, t)‖2
L2 + sup

0<t<T−1

∫ t+1

t

(‖D2u‖2
L2 + ‖ut‖2

L2) ds � C, (3.18)

where the constants C depend only on n0, c0,u0, χ, and cair, and they are
independent of T .

Proof. By Gagliardo-Nirenberg interpolation inequality, we get that

‖∇c‖4
L4 � C1‖D2c‖2

L2‖c‖2
L∞ + C2‖c‖4

L∞ � C3‖D2c‖2
L2 + C4, (3.19)

‖n‖2
L2 = ‖

√
n‖4

L4 � C5‖∇
√

n‖2
L2‖

√
n‖2

L2 + C6‖
√

n‖2
L2 � C7‖∇

√
n‖2

L2 + C8,
(3.20)

‖u‖4
L4 � C9‖∇u‖2

L2‖u‖2
L2 + C10‖u‖4

L2 � C11‖∇u‖2
L2 + C12. (3.21)

Applying ∇ to the second equation of (3.1), and multiplying the resulting equation
by ∇c, noticing that cy = cxy = 0 on ΓB , and cx = cxx = 0, cyy = nc on ΓT , and
using (3.19)–(3.21), we conclude that

1
2

d
dt

∫
Ωl

|∇c|2 dxdy=
∫

Ωl

∇Δc∇cdxdy−
∫

Ωl

∇(nc)∇cdxdy−
∫

Ωl

∇(u∇c)∇cdxdy

=
1
2

∫
Ωl

Δ|∇c|2 dxdy −
∫

Ωl

|D2c|2 dxdy −
∫

ΓT

nccy dS +
∫

Ωl

(nc + u∇c)Δcdxdy

� 1
2

∫
ΓT

∂y|∇c|2 dS − 1
2

∫
ΓB

∂y|∇c|2 dS −
∫

Ωl

|D2c|2 dxdy −
∫

ΓT

nccy dS

+
1
4

∫
Ωl

|Δc|2 dxdy + 2
∫

Ωl

|∇c|2|u|2 dxdy + 2
∫

Ωl

|nc|2 dxdy

�
∫

ΓT

(cxcxy + cycyy) dS −
∫

Ωl

|D2c|2 dxdy −
∫

ΓT

nccy dS

+
1
2

∫
Ωl

|D2c|2 dxdy+2
(∫

Ωl

|∇c|4 dxdy

) 1
2

(∫
Ωl

|u|4 dxdy

) 1
2

+2
∫

Ωl

|nc|2 dxdy

� −1
4

∫
Ωl

|D2c|2 dxdy + C13

∫
Ωl

|∇u|2 dxdy + C14

∫
Ωl

|∇n|2
n

dxdy + C15,

which implies

sup
0<t<T

∫
Ωl

|∇c|2 dxdy + sup
0<t<T−1

∫ t+1

t

ds

∫
Ωl

|D2c|2 dxdy � C.
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Multiplying the second equation of (3.1) by ct, then we obtain

sup
0<t<T−1

∫ t+1

t

ds

∫
Ωl

|ct|2 dxdy � C.

Then (3.17) is proved. Multiplying the third equation of (3.1) by ut, and integrating
it over Ωl yields

1
2

d
dt

∫
Ωl

|∇u|2 dxdy +
∫

Ωl

|ut|2 dxdy = −
∫

Ωl

u · ∇u ut dxdy + σ

∫
Ωl

n∇ϕut dxdy

� 1
2

∫
Ωl

|ut|2 dxdy +
∫

Ωl

(|u|2|∇u|2 + n2|∇ϕ|2) dxdy.

Noticing that

−Δu + ∇π = −ut − u · ∇u + σn∇ϕ,

then by L2 theory of Stokes operator [2], we have

‖D2u‖2
L2 + ‖∇π‖2

L2 � C17(‖ut‖2
L2 + ‖u∇u‖2

L2 + ‖n∇ϕ‖2
L2).

Combining the above two inequalities, and using (3.3) we arrive at

2C17
d
dt

∫
Ωl

|∇u|2 dxdy + C17

∫
Ωl

|ut|2 dxdy +
∫

Ωl

|∇2u|2 dxdy +
∫

Ωl

|∇π|2 dxdy

� C18

∫
Ωl

(|u|2|∇u|2 + n2) dxdy

� C18‖u‖2
L4‖∇u‖2

L4 + C18‖n‖2
L2

� C19

(
‖u‖L2‖∇u‖L2 + ‖u‖2

L2

) (
‖∇u‖L2‖Δu‖L2 + ‖u‖2

L2

)
+ C20‖∇

√
n‖2

L2 + C21

� 1
2

∫
Ωl

|∇2u|2 dxdy + C22‖∇u‖4
L2 + C20

∫
Ωl

|∇
√

n|2 dxdy + C23,

that is

2C17
d
dt

∫
Ωl

|∇u|2 dxdy +
1
2

∫
Ωl

|D2u|2 dxdy + C17

∫
Ωl

|ut|2 dxdy

� C22‖∇u‖4
L2 + C20

∫
Ωl

|∇
√

n|2 dxdy + C23. (3.22)

Recalling (3.3), we see that

sup
0<t<T−1

∫ t+1

t

∫
Ωl

|∇u|2 dxdy ds � Ĉ,

by mean value theorem of integrals, for any t ∈ (0, T − 1) there exists t0 ∈ (t, t + 1)
such that ∫

Ωl

|∇u(x, t0)|2 dxdy � Ĉ.
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From (3.22), and by a direct calculation, we derive that for any t0,

‖∇u(·, t)‖2
L2 �

(
‖∇u(·, t0)‖2

L2 +
1

2C17

∫ t

t0

(C20‖∇
√

n(·, s)‖2
L2 + C23) ds

)

× exp
{

C22

2C17

∫ t

t0

‖∇u(·, s)‖2
L2 ds

}
.

Combining the above two inequalities, we get that

sup
0<t<T

‖∇u(·, t)‖2
L2 � C24.

Using this inequality, and integrating (3.22) from t to t + 1 yields

sup
0<t<T−1

∫ t+1

t

(‖D2u‖2
L2 + ‖ut‖2

L2) ds � C25.

Then (3.18) is proved. �

Lemma 3.3. Assume that T (u, n, σ) = (u, n). Then for any r > 0

sup
0<t<T

∫
Ωl

|n(·, t)|r+1 dxdy + sup
0<t<T−1

∫ t+1

t

∫
Ωl

|∇n
r+1
2 |2 dxdy dτ

+ sup
0<t<T−1

∫ t+1

t

∫
ΓT

nr+1cy dS dτ � C, (3.23)

where C depends only on n0, c0,u0, χ, r and cair, and it is independent of T .

Proof. Multiplying the first equation of (3.1) by nr for r > 0, and integrating the
resulting equation over Ω yields

1
r + 1

d
dt

∫
Ωl

nr+1 dxdy +
4r

(r + 1)2

∫
Ωl

|∇n
r+1
2 |2 dxdy + χ

∫
ΓT

nr+1cy dS

=
2rχ

r + 1

∫
Ωl

n
r+1
2 ∇c∇n

r+1
2 dxdy

� 2rχ

r + 1
‖∇n

r+1
2 ‖L2‖n r+1

2 ‖L4‖∇c‖L4

� 2Crχ

r + 1
‖∇n

r+1
2 ‖L2

(
‖n r+1

2 ‖
1
2
L2‖∇n

r+1
2 ‖

1
2
L2 + ‖n‖

r+1
2

L1

)(
‖∇c‖

1
2
L2‖Δc‖

1
2
L2 + ‖∇c‖L2

)

� r

(r + 1)2
‖∇n

r+1
2 ‖2

L2 + C‖n‖r+1
Lr+1(‖Δc‖2

L2 + 1) + C‖Δc‖2
L2 + C.

By Gagliardo-Nirenberg interpolation inequality, we get that

‖n‖r+2
Lr+2 = ‖n r+1

2 ‖
2(r+2)

r+1

L
2(r+2)

r+1
� C1‖∇n

r+1
2 ‖2

L2‖n
r+1
2 ‖

2
r+1

L
2

r+1

+ C2‖n‖r+2
L1 � C3‖∇n

r+1
2 ‖2

L2 + C4. (3.24)
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Combining the above two inequalities, there exists a small constant η > 0 such that

1
r + 1

d
dt

∫
Ωl

nr+1 dxdy +
2r

(r + 1)2

∫
Ωl

|∇n
r+1
2 |2 dxdy

+ χ

∫
ΓT

nr+1cy dS + η

∫
Ωl

nr+2 dxdy

� C‖n‖r+1
Lr+1(‖Δc‖2

L2 + 1) + C‖Δc‖2
L2 + C.

Using lemma 2.2 and (3.17), we complete the proof. �

Lemma 3.4. Assume that T (u, n, σ) = (u, n). Then for any r > 0

sup
0<t<T

∫
Ωl

|∇c|r dxdy + sup
0<t<T−1

∫ t+1

t

∫
Ωl

|∇c|r−2|D2c|2 dxdy ds � Cr, (3.25)

where Cr depends only on n0, c0,u0, χ, r and cair, and it is independent of T .

Proof. Using the boundary value conditions, we see that

u∇c = ucx + vcy = 0, on ΓT ,

∂y|∇c|r = r(c2
x + c2

y)
r
2−1(cxcxy + cycyy) = rcr−1

y cyy = rnccr−1
y , on ΓT ,

and

∂y|∇c|r = 0, on ΓB.

Applying ∇ to the second equation of (3.1), and multiplying the resulting equation
by |∇c|r−2∇c yields

1

r

d

dt

∫
Ωl

|∇c|r dx dy =

∫
Ωl

∇Δc|∇c|r−2∇c dx dy −
∫
Ωl

∇(nc)|∇c|r−2∇c dx dy

−
∫
Ωl

∇(u∇c)|∇c|r−2∇c dx dy

=
1

r

∫
Ωl

Δ|∇c|r dx dy − (r − 1)

∫
Ωl

|∇c|r−2|D2c|2 dx dy

−
∫

∂Ωl

nc|∇c|r−2∇c · ν dS

+

∫
Ωl

(u∇c + nc)
(
|∇c|r−2Δc + (r − 2)|∇c|r−4∇cD2c∇c

)
dx dy

� 1

r

∫
ΓT

∂y|∇c|r dS − 1

r

∫
ΓB

∂y|∇c|r dS − (r − 1)
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×
∫
Ωl

|∇c|r−2|D2c|2 dx dy −
∫
ΓT

nc|cy|r−2cy dS

+
r − 1

2

∫
Ωl

|∇c|r−2|D2c|2 dx dy + (r − 1)

∫
Ωl

|∇c|r|u|2 dx dy

+ (r − 1)‖c‖L∞

∫
Ωl

|∇c|r−2|n|2 dx dy

= −r − 1

2

∫
Ωl

|∇c|r−2|D2c|2 dx dy

+ (r − 1)

∫
Ωl

|∇c|r|u|2 dx dy + ‖c‖L∞(r − 1)

∫
Ωl

|∇c|r−2|n|2 dx dy,

(3.26)

and noticing that

‖∇c‖r+2
Lr+2 = ‖|∇c| r

2 ‖
2(r+2)

r

L
2(r+2)

r

� C1‖∇|∇c| r
2 ‖2

L2‖|∇c| r
2 ‖

4
r

L
4
r

+ C2‖∇c‖r+2
L2 � C3‖|∇c| r−2

2 D2c‖2
L2 + C4, (3.27)

then there exists a constant η > 0 such that

1
r

d
dt

∫
Ωl

|∇c|r dxdy +
r − 1

4

∫
Ωl

|∇c|r−2|D2c|2 dxdy + η

∫
Ωl

|∇c|r+2 dxdy

� η

2

∫
Ωl

|∇c|r+2 dxdy + C

∫
Ωl

|u|r+2 dxdy + C

∫
Ωl

|n| r+2
2 dxdy + C.

Recalling (3.18) and (3.23), we infer that

1
r

d
dt

∫
Ωl

|∇c|r dxdy +
r − 1

4

∫
Ωl

|∇c|r−2|D2c|2 dxdy +
η

2

∫
Ωl

|∇c|r+2 dxdy � Cr.

Thus (3.25) is proved. �

Lemma 3.5. Assume that T (u, n, σ) = (u, n). Then for any r > 0

sup
0<t<T

(‖n‖L∞ + ‖∇c‖L∞ + ‖u‖L∞) � C, (3.28)

and for any β ∈
(

1
2 , 1

)
,

sup
0<t<T

‖Aβu‖L∞ � C̃, (3.29)

where A = PΔ, P is Helmholtz projection, C, C̃ depend only on n0, c0,u0, χ, cair

and β, and they are independent of T .
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Proof. Multiplying the first equation of (3.1) by ur for r > 1, and integrating the
resulting equation over Ω yields

d
dt

∫
Ωl

nr+1 dxdy +
4r

r + 1

∫
Ωl

|∇n
r+1
2 |2 dxdy

+ χ(r + 1)
∫

ΓT

nr+1cy dS +
∫

Ωl

nr+1 dxdy

= 2rχ

∫
Ωl

n
r+1
2 ∇c∇n

r+1
2 dxdy +

∫
Ωl

nr+1 dxdy

� 2rχ‖∇n
r+1
2 ‖L2‖n r+1

2 ‖L4‖∇c‖L4 + ‖n r+1
2 ‖2

L2

� 2Crχ‖∇n
r+1
2 ‖L2

(
‖n r+1

2 ‖
1
4
L1‖∇n

r+1
2 ‖

3
4
L2 + ‖n‖

r+1
2

L
r+1
2

)

+ C
(
‖∇n

r+1
2 ‖

1
2
L2‖n

r+1
2 ‖

1
2
L1 + ‖n r+1

2 ‖2
L1

)

� 2r

r + 1
‖∇n

r+1
2 ‖2

L2 + Cr(r + 1)7‖n‖r+1

L
r+1
2

,

which implies that

d
dt

∫
Ωl

nr+1 dxdy +
∫

Ωl

nr+1 dxdy � C(r + 1)8‖n‖r+1

L
r+1
2

.

Taking rj = 2rj−1 = 2jr0, r0 = 1, Mj = max
{

1, ‖n0‖L∞ , supt∈(0,T ) ‖n‖Lrj

}
, then

we have

Mj � C
1

rj r
8

rj

j Mj−1 = C
1

r02j r
8

r02j

0 2
8j

r02j Mj−1

� C
∑ j

k=1
1

r02k r

∑ j
k=1

8
r02k

0 2
∑ j

k=1
8k

r02k M0 � C̃,

where C̃ is independent of j, letting j → ∞, we obtain the L∞ estimate of n.
Recalling (3.26), using (3.18) and (3.23),for any r � 3, we see that

d
dt

∫
Ωl

|∇c|r dxdy +
r(r − 1)

2

∫
Ωl

|∇c|r−2|D2c|2 dxdy +
∫

Ωl

|∇c|r dxdy

� r(r−1)
∫

Ωl

|∇c|r|u|2 dxdy+Cr(r−1)
∫

Ωl

|∇c|r−2|n|2 dxdy++
∫

Ωl

|∇c|r dxdy

= r(r − 1)‖|∇c| r
2 ‖2

L4‖u‖2
L4 + Cr(r − 1)‖|∇c| r

2 ‖
2(r−2)

r

L
4(r−2)

r

‖n‖2
L4 + ‖|∇c| r

2 ‖2
L2

� C1r(r − 1)
(
‖|∇c| r

2 ‖
1
2
L1‖∇|∇c| r

2 ‖
3
2
L2 + ‖|∇c| r

2 ‖2
L1

)

+ C2r(r − 1)
(
‖|∇c| r

2 ‖
1
2
L1‖∇|∇c| r

2 ‖
3r−8
2r

L2 + ‖|∇c| r
2 ‖

2(r−2)
r

L1

)
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+ C3

(
‖|∇c| r

2 ‖L1‖∇|∇c| r
2 ‖L2 + ‖|∇c| r

2 ‖2
L1

)

� r(r − 1)
4

∫
Ωl

|∇c|r−2|D2c|2 dxdy + C4r(r − 1)‖∇c‖r

L
r
2

+ C5r(r − 1)‖∇c‖
r2

r+8

L
r
2

+ C6r(r − 1)‖∇c‖r−2

L
r
2

,

that is

d
dt

∫
Ωl

|∇c|r dxdy +
∫

Ωl

|∇c|r dxdy � C4r(r − 1)‖∇c‖r

L
r
2

+ C5r(r − 1)‖∇c‖
r2

r+8

L
r
2

+ C6r(r − 1)‖∇c‖r−2

L
r
2

.

Then, similar to above, we obtain the L∞ estimates of ∇c, and we complete the
proof.

By semigroup theory of Stokes operator, we see that

‖u‖L∞ � e−δt‖u0‖L∞ + C7

∫ t

0

e−δ(t−s)(t − s)−
3
4 ‖u · ∇u‖

L
4
3

ds

+ C8

∫ t

0

e−δ(t−s)(t − s)−
1
2 ‖n‖L2

� e−δt‖u0‖L∞ + C7 sup
t<T

‖u(·, t)‖L4‖∇u(·, t)‖L2

∫ t

0

e−δss−
3
4 ds

+ C8 sup
t<T

‖n(·, t)‖L2

∫ t

0

e−δss−
1
2 ds

� C9.

Similarly, for any β ∈
(

1
2 , 1

)
, we also have

‖Aβu‖L∞ � e−δt‖Aβu0‖L∞ + C10

∫ t

0

e−δ(t−s)(t − s)−β‖u · ∇u‖L∞ ds

+ C11

∫ t

0

e−δ(t−s)(t − s)−β‖n‖L∞

� e−δt‖Aβu0‖L∞ + C10 sup
t<T

‖u(·, t)‖L∞‖∇u(·, t)‖L∞

∫ t

0

e−δss−β ds

+ +C11 sup
t<T

‖n(·, t)‖L∞

∫ t

0

e−δss−β ds

� e−δt‖Aβu0‖L∞ + C12 sup
t<T

‖u(·, t)‖L∞(‖u(·, t)‖
2β−1
2β

L∞ ‖Aβu(·, t)‖
1
2β

L∞

+ ‖u(·, t)‖L∞) + C13

� C14 + C15 sup
t<T

‖Aβu(·, t)‖
1
2β

L∞ ,
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which implies that

sup
t<T

‖Aβu(·, t)‖L∞ � C14 + C15 sup
t<T

‖Aβu(·, t)‖
1
2β

L∞ .

Noticing that 1
2β < 1, then

sup
t<T

‖Aβu(·, t)‖L∞ � C. �

Lemma 3.6. Let T : (u, n, σ) = (u, n). Then for any p > 1,

sup
0<t<T−1

(
‖(u, n, c)‖W 2,1

p (Ql
1(t))

+ ‖π‖W 1,0
p (Ql

1(t))

)
� Cp, (3.30)

where Ql
1(t) = Ωl × (t, t + 1), Cp is independent of T , it depends only on n0, c0,u0,

χ, cair and p.

Proof. Noticing that

ct − Δc + u · ∇c + c = c − nc,

and (3.28), using the Lp theory of linear parabolic equations, it is easy to obtain
that

sup
0<t<T−1

‖c‖p

W 2,1
p (Ql

1(t))
� C sup

0<t<T−1
‖c − nc‖p

Lp(Ql
1(t))

+ C‖c0‖p
W 2,p � C1. (3.31)

For u, we see that

ut + u · ∇u − Δu + ∇π + u = u + σn∇ϕ,

then

sup
0<t<T−1

(
‖u‖p

W 2,1
p (Ql

1(t))
+ ‖π‖p

W 1,0
p (Ql

1(t))

)

� C sup
0<t<T−1

‖u + σn∇ϕ‖p

Lp(Ql
1(t))

+ C‖u0‖p
W 2,p � C2. (3.32)

Recalling that

nt + u · ∇n − Δn + n = n − χ∇ · (n∇c).

Then for any q > 1,∫ t+1

t

(‖n‖q
W 2,q + ‖nt‖q

Lq ) ds � C‖n0‖q
W 2,q + C

∫ t+1

t

‖∇ · (n∇c)‖q
Lq ds

+ C

∫ t+1

t

‖n‖q
Lq ds

� C‖n0‖q
W 2,q + C2‖∇c‖q

L∞(Ql
T )

∫ t+1

t

‖∇n‖q
Lq ds

+ C‖n‖q

L∞(Ql
T )

∫ t+1

t

‖Δc‖q
Lq ds + +C

∫ t+1

t

‖n‖q
Lq ds

� C‖n0‖q
W 2,q +

1
2

∫ t+1

t

‖∇n‖q
W 1,q ds + C̃,
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which implies that

sup
0<t<T−1

∫ t+1

t

(‖n‖q
W 2,q + ‖nt‖q

Lq ) ds � C3.

Thus, (3.30) is proved. �

Proof of theorem 1.1. Noticing that W 2,1
p (Ql

T ) ↪→ Cβ, β
2 (Q

l

T ), for any β < 2 − 4
p ,

then by lemma 3.6, we derive that

‖(n, c,u)‖
Cβ,

β
2 (Ql

T )
� C.

Using Leray-Schauder fixed point theorem, the problem (1.1), (1.2), and (1.4)
admits a classical solution (n, c,u, π) in Ql

T . From the above lemmas, we see that
all these estimates are independent of T , which implies that the solution (n, c,u, π)
is a global classical solution, and we conclude that

‖(n, c,u)‖
Cβ,

β
2 (Ql)

� C. (3.33)

Combining (3.33) and lemma 3.6, and using the classical theory of linear parabolic
equations, we have

‖(c,u)‖
C2+α,1+ α

2 (Ql)
+ ‖∇π‖

Cα, α
2 (Ql)

� C. (3.34)

Using (3.34), we further have

‖n‖
C2+α,1+ α

2 (Ql)
� C. (3.35)

The global existence in theorem 1.1 is proved.
The proof of uniqueness is standard, for the completeness of the paper, in

what follows, we still give the proof. Suppose the contrary. Let (n1, c1,u1, π1),
(n2, c2,u2, π2) be two solutions of (1.1), (1.2), and (1.4). Denote ñ = n1 − n2,
c̃ = c1 − c2, ũ = u1 − u2 = (ũ, ṽ), π̃ = π1 − π2. Then

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ñt + ũ · ∇n1 + u2 · ∇ñ = Δñ − χ∇ · (ñ∇c1 + n2∇c̃), in Q,
c̃t − Δc̃ + ũ · ∇c1 + u2 · ∇c̃ = −ñc1 − n2c̃, in Q,
ũt + ũ · ∇u1 + u2 · ∇ũ = Δũ −∇π̃ + ñ∇ϕ, in Q,
∇ · ũ = 0, in Q,
ñy = 0, c̃ = 0, ṽ = 0, ũy = 0, (x, y) ∈ ΓT ,
ñy = c̃y = 0, ũ = ṽ = 0, (x, y) ∈ ΓB ,
ñ(x, y, 0) = 0, c̃(x, y, 0) = 0, ũ(x, y, 0) = 0, x ∈ Ω,

(3.36)

Multiplying the first equation of (3.36) by ñ, and integrating it over Ω yields

1
2

d
dt

∫
Ω

|ñ|2 dxdy +
∫

Ω

|∇ñ|2 dxdy

= −
∫

Ω

ñũ · ∇n1 dxdy−χ

∫
ΓT

(ñ∂yc1+n2∂y c̃)ñ dS+χ

∫
Ω

(ñ∇c1 + n2∇c̃)∇ñ dxdy
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� 1
4

∫
Ω

|∇ñ|2 dxdy + C

∫
Ω

(|ũ|2 + |ñ|2 + |∇c̃|2) dxdy

− χ

∫
ΓT

|ñ|2∂yc1 dS − χ

∫
ΓT

n2∂y c̃ñdS

� 1
4

∫
Ω

|∇ñ|2 dxdy + C

∫
Ω

(|ũ|2 + |ñ|2 + |∇c̃|2) dxdy + C

∫
ΓT

(|ñ|2 + |∂y c̃|2) dS,

that is

1
2

d
dt

∫
Ω

|ñ|2 dxdy +
3
4

∫
Ω

|∇ñ|2 dxdy � C

∫
Ω

(|ũ|2 + |ñ|2 + |∇c̃|2) dxdy

+ C

∫
ΓT

(|ñ|2 + |∂y c̃|2) dS. (3.37)

Multiplying the second equation of (3.36) by c̃, and integrating it over Ω yields

1
2

d
dt

∫
Ω

|c̃|2 dxdy +
∫

Ω

|∇c̃|2 dxdy

= −
∫

Ω

c̃ũ · ∇c1 dxdy −
∫

Ω

c̃u2 · ∇c̃ dxdy −
∫

Ω

c̃(ñc1 + n2c̃) dxdy

=
∫

Ω

∇c̃ · ũc1 dxdy −
∫

Ω

c̃(ñc1 + n2c̃) dxdy

� 1
4

∫
Ω

|∇c̃|2 dxdy + C

∫
Ω

(|ũ|2 + |ñ|2 + |c̃|2) dxdy,

namely,

1
2

d
dt

∫
Ω

|c̃|2 dxdy +
3
4

∫
Ω

|∇c̃|2 dxdy � C

∫
Ω

(|ũ|2 + |ñ|2 + |c̃|2) dxdy. (3.38)

Applying ∇ to the second equation of (3.36), and multiplying the resulting equation
by ∇c̃, and integrating it over Ω yields

1
2

d
dt

∫
Ω

|∇c̃|2 dxdy =
∫

Ω

∇Δc̃∇c̃ dxdy

−
∫

Ω

∇(ũ · ∇c1 + u2 · ∇c̃)∇c̃ dxdy −
∫

Ω

∇c̃∇(ñc1 + n2c̃) dxdy

=
1
2

∫
Ω

Δ|∇c̃|2 dxdy −
∫

Ω

|D2c̃|2 dxdy +
∫

Ω

(ũ · ∇c1 + u2 · ∇c̃)Δc̃ dxdy

−
∫

ΓT

(ñc1 + n2c̃)∂y c̃ dS +
∫

Ω

(ñc1 + n2c̃)Δc̃ dxdy

=
1
2

∫
ΓT

∂y|∇c̃|2 dS − 1
2

∫
ΓB

∂y|∇c̃|2 dS −
∫

Ω

|D2c̃|2 dxdy
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+
∫

Ω

(ũ · ∇c1 + u2 · ∇c̃)Δc̃ dxdy

−
∫

ΓT

(ñc1 + n2c̃)∂y c̃dS +
∫

Ω

(ñc1 + n2c̃)Δc̃ dxdy,

noticing that c̃y = c̃xy = 0 on ΓB , c̃ = c̃x = c̃xx = 0 on ΓT , and c̃yy = ñc1 + n2c̃ on
ΓT , it implies that

1
2
∂y|∇c̃|2 = c̃xc̃xy + c̃y c̃yy = 0, on ΓB ,

1
2
∂y|∇c̃|2 = c̃xc̃xy + c̃y c̃yy = c̃y(ñc1 + n2c̃), on ΓT .

Then

1
2

d
dt

∫
Ω

|∇c̃|2 dxdy +
∫

Ω

|D2c̃|2 dxdy

=
∫

Ω

(ũ · ∇c1 + u2 · ∇c̃)Δc̃ dxdy +
∫

Ω

(ñc1 + n2c̃)Δc̃ dxdy

� 1
4

∫
Ω

|D2c̃|2 dxdy + C

∫
Ω

(
|ũ|2 + |∇c̃|2 + |c̃|2 + |ñ|2

)
dxdy.

That is

1
2

d
dt

∫
Ω

|∇c̃|2 dxdy +
3
4

∫
Ω

|D2c̃|2 dxdy � C

∫
Ω

(
|ũ|2 + |∇c̃|2 + |c̃|2 + |ñ|2

)
dxdy.

(3.39)
Similarly, we also have

1
2

d
dt

∫
Ω

|ũ|2 dxdy +
∫

Ω

|∇ũ|2 dxdy = −
∫

Ω

ũ · ∇u1ũdxdy +
∫

Ω

ñ∇ϕũdxdy

� C

∫
Ω

|ũ|2 dxdy + C

∫
Ω

|ñ|2 dxdy. (3.40)

Combining (3.37)–(3.40) yields

1
2

d
dt

∫
Ω

(|ñ|2 + |ũ|2 + |c̃|2 + |∇c̃|2) dxdy

+
3
4

∫
Ω

(
|∇ñ|2 + |∇c̃|2 + |D2c̃|2 + |∇ũ|2

)
dxdy

� C1

∫
Ω

(
|ũ|2 + |∇c̃|2 + |c̃|2 + |ñ|2

)
dxdy + C2

∫
ΓT

(|ñ|2 + |∂y c̃|2) dS. (3.41)

Using Sobolev trace embedding inequality, we see that

C2

∫
ΓT

(|ñ|2 + |∂y c̃|2) dS � 1
4

∫
Ω

(
|∇ñ|2 + |D2c̃|2

)
dxdy+C3

∫
Ω

(
ñ|2+|∇c̃|2

)
dxdy.
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Substituting it into (3.42) gives

1
2

d
dt

∫
Ω

(|ñ|2 + |ũ|2 + |c̃|2 + |∇c̃|2) dxdy +
1
2

∫
Ω

(
|∇ñ|2

+ |∇c̃|2 + |D2c̃|2 + |∇ũ|2
)
dxdy

� C4

∫
Ω

(
|ũ|2 + |∇c̃|2 + |c̃|2 + |ñ|2

)
dxdy, (3.42)

which implies that
∫

Ω

(|ñ|2 + |ũ|2 + |c̃|2 + |∇c̃|2) dxdy ≡ 0, for any t > 0,

and the uniqueness is proved. �

4. Global classical solution: Zero Flux-Dirichlet(Robin)-Navier slip
boundary conditions

In this section, we consider the global classical solution of the problem (1.1), (1.3)
and (1.4).

Consider the following linear problem
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

nt + u · ∇n = Δn − χ∇ · (n+∇c), in Q,
ct − Δc + u · ∇c = −ñ+c, in Q,
ut + ũ · ∇u = Δu −∇π + σñ∇ϕ, in Q,
∇ · u = 0, in Q,
ny − χn+cy = 0, τcy = −c + σcair, v = 0, uy = 0, (x, y) ∈ ΓT ,
ny = cy = 0, u = v = 0, (x, y) ∈ ΓB ,
n(x, y, 0) = σn0(x, y) � 0, c(x, y, 0)

= σc0(x, y) � 0, u(x, y, 0) = σu0(x, y), x ∈ Ω.

(4.1)

Similar to §2, for any T > 1 and for any given ũ ∈ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ), ñ ∈
Cα, α

2 (Q
l

T ) with ∇ · ũ = 0 and ũ · ν|ΓT
= 0. The above problem admits a classical

solution in Ql
T . By comparison lemma, we also have 0 � c � σcair. Next, we show

that n � 0. Let n− = min{0, n}. Multiplying the first equation of (4.1) by n1, and
integrating it over Ωl × (0, t) yields

∫
Ωl

|n−(x, y, t)|2 dxdy

= −
∫ t

0

∫
Ωl

u · ∇nn− dxdy dτ +
∫ t

0

∫
Ωl

n−Δndxdy dτ

− χ

∫ t

0

dτ

∫
Ωl

n−∇ · (n+∇c) dxdy

= −1
2

∫ t

0

∫
∂J(τ)

|n−|2u · ν dS dτ +
∫ t

0

∫
∂J(τ)

n−

(
∂n

∂ν
− χn+

∂c

∂ν

)
dS dτ
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−
∫ t

0

dτ

∫
Ωl

|∇n−|2 dxdy

= −
∫ t

0

∫
Ωl

|∇n−|2 dxdy dτ � 0,

where J(t) = {x ∈ Ωl;n(x, t) � 0}, which implies that
∫
Ωl

|n−(x, t)|2 dxdy = 0,
that is n � 0.

We define the mapping

T : Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ) × Cα, α
2 (Q

l

T ) × [0, 1]

→ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ) × Cα, α
2 (Q

l

T ),

T : (ũ, ñ, σ) → (u, n).

From the above analysis, we see that u, n ∈ C2+α,1+ α
2 (Ω

l × (0, T ]) ∩ Cα, α
2 (Q

l

T ),
and noticing that C2+α,1+ α

2 (Q
l

T ) ∩ Cα, α
2 (Q

l

T ) ↪→ Cα, α
2 (Q

l

T ) ∩ W 1,0
2 (Ql

T ), then the
operator T is completely continuous. It is easy to verify that

T : (ũ, ñ, 0) ≡ 0.

Next, we use Leray-Schauder’s fixed point theorem, to show the existence of classical
solutions. For this purpose, some a prior energy estimates are necessary.

Lemma 4.1. Let T : (u, n, σ) = (u, n). Then we have

n � 0, 0 � c � σcair, (4.2)

and

‖n(·, t)‖L1 = σ‖n0‖L1 . (4.3)

Moreover, when τ = 0, for appropriately small χ > 0, we have

sup
t�T

∫
Ωl

(
|∇

√
c|2 + n ln n + |u|2

)
dxdy

+ sup
t�T−1

∫ t+1

t

ds

∫
Ωl

(
|∇u|2 +

|∇n|2
n

+ c|D2 ln c|2 + n|∇
√

c|2
)

dxdy

+ sup
t�T−1

∫ t+1

t

ds

∫
ΓT

|∂yc|3 dS � C1. (4.4)
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When τ = 1,

sup
t�T

(∫
Ωl

(
|∇

√
c|2 + n ln n + |u|2 + c ln c

)
dxdy +

∫
ΓT

(c − σcair ln c) dS

)

+ sup
t�T−1

∫ t+1

t

ds

∫
Ωl

(
|∇n|2

n
+ c|D2 ln c|2 + n|∇

√
c|2 + |∇u|2

)
dxdy

+ sup
t�T−1

∫ t+1

t

ds

∫
ΓT

(
|∇c|2cy

c2
+

|cx|2
c

+ σcair
|cx|2
c2

+ (c − σcair ln c)
)

dS � C2.

(4.5)

Here C1, C2 depend only on n0, c0,u0, χ, and cair, and they are independent of T .

Proof. From the above analysis, it is easy to obtain (4.2). And (4.3) is derived from
a direct integration as follows

d
dt

∫
Ωl

n(x, y, t) dxdy = 0.

Multiplying the first equation of (4.1) by 1 + lnn, and integrating the resulting
equation over Ωl gives,

d
dt

∫
Ωl

n ln ndxdy +
∫

Ωl

|∇n|2
n

dxdy = χ

∫
Ωl

∇c∇ndxdy. (4.6)

For u it is completely similar to the proof of (3.12), we conclude that

d
dt

∫
Ωl

|u|2 dxdy +
∫

Ωl

|∇u|2 dxdy � Cp‖n‖2
Lp , for any 1 < p < 2. (4.7)

From (3.5) and (3.7), we infer that

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

=
∫

ΓT

∂y|∇
√

c|2 dS − 1
2

∫
Ωl

∇n∇cdxdy − 1
2

∫
Ωl

∇c∇u∇c

c
dxdy. (4.8)

(i) When τ = 0, completely similar to the proof of (3.10), we have

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
√

2 − 1
2σ2c2

air

∫
ΓT

|∂yc|3 dS

� 1
2

∫
ΓT

ncy dS − 1
2

∫
Ωl

∇n∇cdxdy +
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy.
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Combining with (4.6), (4.7), and using (3.15), we arrive at

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (3 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

)

+
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

+
1
2χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
√

2 − 1
2σ2c2

air

∫
ΓT

|∂yc|3 dS

� 1
2

∫
ΓT

ncy dS + Cp(3 + 2
√

2)cair‖n‖2
Lp

�
√

2 − 1
4σ2c2

air

∫
ΓT

|cy|3 dS +
σcair√
2
√

2 − 2

∫
ΓT

n
3
2 dS +

1
8χ

∫
Ωl

|∇n|2
n

dxdy + C.

By lemma 2.1, we have

‖n‖
3
2

L
3
2 (ΓT )

= ‖
√

n‖3
L3(ΓT ) � C1‖∇

√
n‖2

L2‖
√

n‖L2 + C2‖n‖L1

� C3

∫
Ωl

|∇n|2
n

dxdy + C4.

Combining the above two inequalities, then when χ is appropriately small,
such that C3σcair√

2
√

2−2
� 1

8χ , we arrive at

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (3 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

)

+
(3 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

+
1
4χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
√

2 − 1
4σ2c2

air

∫
ΓT

|∂yc|3 dS � C. (4.9)

Noticing that

‖n ln n‖L1 � ‖n‖2
L2 + ‖n‖L1 � C‖∇

√
n‖2

L2 + C,

and

|∇
√

c|2 � |∇c|4
c3

+ c,
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combining (3.9) and Poincaré inequality, we see that
∫

Ωl

(
|∇

√
c|2 + n ln n + |u|2 + c ln c

)
dxdy

� C

∫
Ωl

(
|∇n|2

n
+ c|D2 ln c|2 + |∇u|2

)
dxdy + C

∫
ΓT

|cy|3 dS. (4.10)

Combining (4.9), (4.11), and (4.4) is derived.

(ii) When τ = 1, noticing that cy = −c + σcair on ΓT , we take the derivative in
the tangential direction and get that cxy = −cx on ΓT , then

∫
ΓT

∂y|∇
√

c|2 dS = −1
4

∫
ΓT

|∇c|2∂yc

c2
dS +

1
2

∫
ΓT

∇c · ∇∂yc

c
dS

= −1
4

∫
ΓT

|∇c|2cy

c2
dS +

1
2

∫
ΓT

cxcxy

c
dS +

1
2

∫
ΓT

cycyy

c
dS

= −1
4

∫
ΓT

|∇c|2cy

c2
dS− 1

2

∫
ΓT

|cx|2
c

dS+
1
2

∫
ΓT

(σcair − c)cyy

c
dS.

(4.11)

Noticing that ct + ucx = cxx + cyy − nc on ΓT , multiplying this equation by
1
2

(σcair−c)
c , and integrating it on ΓT yields

1
2

∫
ΓT

(σcair − c)cyy

c
dS − 1

2
d
dt

∫
ΓT

(σcair ln c − c) dS

=
1
2

∫
ΓT

(σcair − c)
c

ucx dS +
1
2

∫
ΓT

(σcair − c)ndS − 1
2

∫
ΓT

(σcair − c)
c

cxx dS

=
1
2

∫
ΓT

(σcair − c)
c

ucx dS +
1
2

∫
ΓT

(σcair − c)ndS

− 1
2

∫ l

0

(σcair − c(x, 1, t))
c(x, 1, t)

cxx(x, 1, t) dxdy

=
1
2

∫
ΓT

(σcair − c)
c

ucx dS +
1
2

∫
ΓT

(σcair − c)ndS − σcair

2

∫
ΓT

|cx|2
c2

dS. (4.12)

Combining (4.8), (4.4), (4.11) and (4.12), we arrive at

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

d
dt

∫
ΓT

(c − σcair ln c) dS

+
1
2

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
1
4

∫
ΓT

|∇c|2cy

c2
dS +

1
2

∫
ΓT

|cx|2
c

dS +
σcair

2

∫
ΓT

|cx|2
c2

dS
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=
1
2

∫
ΓT

(σcair − c)
c

ucx dS +
1
2

∫
ΓT

(σcair − c)ndS

− 1
2

∫
Ωl

∇n∇cdxdy − 1
2

∫
Ωl

∇c∇u∇c

c
dxdy

� σcair

4

∫
ΓT

|cx|2
c2

dS + σcair

∫
ΓT

u2 dS +
1
4

∫
ΓT

|cx|2
c

dS

+
∫

ΓT

cu2 dS +
1
2

∫
ΓT

(σcair − c)ndS

− 1
2

∫
Ωl

∇n∇cdxdy + η

∫
Ωl

|∇c|4
c3

dxdy +
1

16η

∫
Ωl

c|∇u|2 dxdy

� σcair

4

∫
ΓT

|cx|2
c2

dS + 2σcair

∫
ΓT

u2 dS +
1
4

∫
ΓT

|cx|2
c

dS

+
σcair

2

∫
ΓT

ndS − 1
2

∫
Ωl

∇n∇cdxdy

+ η

∫
Ωl

|∇c|4
c3

dxdy +
1

16η

∫
Ωl

c|∇u|2 dxdy,

which implies that

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

d
dt

∫
ΓT

(c − σcair ln c) dS +
1
2

∫
Ωl

c|D2 ln c|2 dxdy

+
∫

Ωl

n|∇
√

c|2 dxdy

+
1
4

∫
ΓT

|∇c|2cy

c2
dS +

1
4

∫
ΓT

|cx|2
c

dS +
σcair

4

∫
ΓT

|cx|2
c2

dS

� 2σcair

∫
ΓT

u2 dS +
σcair

2

∫
ΓT

ndS − 1
2

∫
Ωl

∇n∇cdxdy + η

∫
Ωl

|∇c|4
c3

dxdy

+
1

16η

∫
Ωl

c|∇u|2 dxdy. (4.13)

Noticing that

u(x, 1, t) = u(x, 0, t) +
∫ 1

0

uy(x, y, t) dy =
∫ 1

0

uy(x, y, t) dy,

from Hölder’s inequality, we infer that

|u(x, 1, t)|2 �
∫ 1

0

|uy(x, y, t)|2 dy,

then

2σcair

∫
ΓT

u2 dS � 2σcair

∫ l

0

dx

∫ 1

0

|uy(x, y, t)|2 dy � 2σcair

∫
Ωl

|∇u|2 dxdy.

(4.14)
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By a direct calculation, we see that∫
Ωl

|∇c|4
c3

dxdy =
∫

Ωl

|∇ ln c|2∇ ln c∇cdxdy

=
∫

ΓT

|∇ ln c|2∇c · ν dS −
∫

Ωl

c−1
(
|∇c|2Δln c + 2∇cD2 ln c∇c

)
dxdy

�
∫

ΓT

|∇c|2∇c · ν
c2

dS +
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|Δln c|2 dxdy

) 1
2

+ 2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2

�
∫

ΓT

|∇c|2cy

c2
dS

+
√

2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2

+ 2
(∫

Ωl

|∇c|4
c3

dxdy

) 1
2

(∫
Ωl

c|D2 ln c|2 dxdy

) 1
2

�
∫

ΓT

|∇c|2cy

c2
dS +

1
2

∫
Ωl

|∇c|4
c3

dxdy +
(2 +

√
2)2

2

∫
Ωl

c|D2 ln c|2 dxdy,

that is∫
Ωl

|∇c|4
c3

dxdy � 2
∫

ΓT

|∇c|2cy

c2
dS + (6 + 4

√
2)

∫
Ωl

c|D2 ln c|2 dxdy. (4.15)

Taking η = 1
4(6+4

√
2)

in (4.13), and combining with (4.2), (4.14) and (4.15), we
arrive at

d
dt

∫
Ωl

|∇
√

c|2 dxdy +
1
2

d
dt

∫
ΓT

(c − σcair ln c) dS +
1
4

∫
Ωl

c|D2 ln c|2 dxdy

+
∫

Ωl

n|∇
√

c|2 dxdy

+
1
8

∫
ΓT

|∇c|2cy

c2
dS +

1
4

∫
ΓT

|cx|2
c

dS +
σcair

4

∫
ΓT

|cx|2
c2

dS

� σcair

2

∫
ΓT

ndS − 1
2

∫
Ωl

∇n∇cdxdy +
(7 + 2

√
2)σcair

2

∫
Ωl

|∇u|2 dxdy. (4.16)

Similar to (3.15), we have

Cp(7 + 2
√

2)cair‖n‖2
Lp = Cp(7 + 2

√
2)cair‖

√
n‖4

L2p

� C1‖∇
√

n‖4− 4
p

L2 ‖
√

n‖
4
p

L2 + C2‖
√

n‖4
L2

� 1
2χ

‖∇
√

n‖2
L2 + C3. (4.17)
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Combining (4.6), (4.7) , (4.16), (4.17), and using Sobolev interpolation inequality,
we arrive at

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (7 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

+
1
2

∫
ΓT

(c − σcair ln c) dS

)

+
1
2χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
1
8

∫
ΓT

|∇c|2cy

c2
dS +

1
4

∫
ΓT

|cx|2
c

dS

+
σcair

4

∫
ΓT

|cx|2
c2

dS +
(7 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

� σcair

2

∫
ΓT

ndS + Cp(7 + 2
√

2)cair‖n‖2
Lp

� 1
8χ

∫
Ωl

|∇n|2
n

dxdy +
∫

Ωl

ndxdy +
1
8χ

∫
Ωl

|∇n|2
n

dxdy + C,

that is

d
dt

(∫
Ωl

|∇
√

c|2 dxdy +
1
2χ

∫
Ωl

n ln ndxdy + (7 + 2
√

2)cair

∫
Ωl

|u|2 dxdy

+
1
2

∫
ΓT

(c − σcair ln c) dS

)

+
1
4χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
1
8

∫
ΓT

|∇c|2cy

c2
dS +

1
4

∫
ΓT

|cx|2
c

dS

+
σcair

4

∫
ΓT

|cx|2
c2

dS +
(7 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy � C. (4.18)

Multiplying the second equation of (4.1) by 1 + ln c, and integrating it over Ωl yields

d
dt

∫
Ωl

c ln cdxdy +
∫

Ωl

|∇c|2
c

dxdy +
∫

Ωl

nc(1 + ln c) dxdy

=
∫

ΓT

cy(1 + ln c) dS =
∫

ΓT

(σcair − c)(1 + ln c) dS

= −
∫

ΓT

(c ln c + c − σcair ln c) dS + σcairl

= −
∫

ΓT

(c − σcair ln c) dS + C. (4.19)
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Combining (4.18) and (4.19), we arrive that

d
dt

(∫
Ωl

(
|∇

√
c|2 +

1
2χ

n ln n + (7 + 2
√

2)cair|u|2 + c ln c

)
dxdy

+
1
2

∫
ΓT

(c − σcair ln c) dS

)

+
1
4χ

∫
Ωl

|∇n|2
n

dxdy +
1
4

∫
Ωl

c|D2 ln c|2 dxdy +
∫

Ωl

n|∇
√

c|2 dxdy

+
1
8

∫
ΓT

|∇c|2cy

c2
dS +

1
4

∫
ΓT

|cx|2
c

dS

+
σcair

4

∫
ΓT

|cx|2
c2

dS +
(7 + 2

√
2)cair

2

∫
Ωl

|∇u|2 dxdy

+
∫

ΓT

(c − σcair ln c) dS � C. (4.20)

Noticing that

‖n ln n‖L1 � ‖n‖2
L2 + ‖n‖L1 � C‖∇

√
n‖2

L2 + C,

and

|∇
√

c|2 � |∇c|4
c3

+ c,

combining (4.15) and Poincaré inequality, we see that∫
Ωl

(
|∇

√
c|2 + n ln n + |u|2 + c ln c

)
dxdy

� C

∫
Ωl

(
|∇n|2

n
+ c|D2 ln c|2 + |∇u|2

)
dxdy + C

∫
ΓT

|∇c|2cy

c2
dS. (4.21)

Combining (4.20) and (4.21), we finally conclude (4.5). �

Lemma 4.2. Assume that T : (u, n, σ) = (u, n). Then for τ = 0 with small χ > 0,
or τ = 1, we have

sup
0<t<T

‖∇c(·, t)‖2
L2 + sup

0<t<T−1

∫ t+1

t

(‖D2c‖2
L2 + ‖ct‖2

L2) ds � C, (4.22)

sup
0<t<T

‖∇u(·, t)‖2
L2 + sup

0<t<T−1

∫ t+1

t

(‖D2u‖2
L2 + ‖ut‖2

L2) ds � C, (4.23)

where the constants C depend only on n0, c0,u0, χ, and cair, and they are
independent of T .

Proof. When τ = 0, the proof is completely similar to lemma 3.2. We omit it. In
what follows, we consider the case τ = 1. Applying ∇ to the second equation of
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(3.1), and multiplying the resulting equation by ∇c, noticing that cxy = −cx on
ΓT , and using (3.19)–(3.21) yields

1
2

d
dt

∫
Ωl

|∇c|2 dxdy +
∫

Ωl

|D2c|2 dxdy = −
∫

Ωl

∇(u∇c)∇cdxdy

−
∫

Ωl

∇(cn)∇cdxdy +
∫

ΓT

(cxcxy + cycyy) dS

� ‖∇u‖L2‖∇c‖2
L4 + ‖u‖L4‖D2c‖L2‖∇c‖L4

+ 2‖c‖L∞‖∇
√

n‖L2‖
√

n∇c‖L2 − ‖
√

n∇c‖2
L2

−
∫

ΓT

|cx|2 dS +
∫

ΓT

(σcair − c)cyy dS

� 1
2

∫
Ωl

|D2c|2 dxdy + C̃1

∫
Ωl

|∇u|2 dxdy

+ C̃2

∫
Ωl

|∇n|2
n

dxdy −
∫

ΓT

|cx|2 dS +
∫

ΓT

(σcair − c)cyy dS. (4.24)

Noticing that ct + ucx = cxx + cyy − nc on ΓT , multiplying this equation by
(σcair − c), integrating it on ΓT , and using (4.14) yields

∫
ΓT

(σcair − c)cyy dS − d
dt

∫
ΓT

(σcairc −
|c|2
2

) dS

=
∫

ΓT

(σcair − c)ucx dS +
∫

ΓT

(σcair − c)cndS −
∫

ΓT

(σcair − c)cxx dS

� 1
2

∫
ΓT

|cx|2 dS +
|σcair|2

2

∫
ΓT

|u|2 dS +
σcair

2

∫
ΓT

ndS

− 1
2

∫ l

0

(σcair − c(x, 1, t))cxx(x, 1, t) dx

� 1
2

∫
ΓT

|cx|2 dS +
|σcair|2

2

∫
ΓT

|∇u|2 dS + C

∫
ΓT

|∇n|2
n

dxdy

+
1
2

∫
ΓT

|cx|2 dS + C̃5. (4.25)

Combining (4.24) with (4.25) gives

1
2

d
dt

∫
Ωl

|∇c|2 dxdy − d
dt

∫
ΓT

(σcairc −
|c|2
2

) dS +
1
2

∫
Ωl

|D2c|2 dxdy +
∫

ΓT

|cx|2 dS

� C̃3

∫
Ωl

|∇u|2 dxdy + C̃4

∫
Ωl

|∇n|2
n

dxdy + C̃5. (4.26)
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Noticing that c is bounded uniformly, using (4.5), we arrive at

sup
0<t<T

∫
Ωl

|∇c|2 dxdy + sup
0<t<T−1

∫ t+1

t

∫
Ωl

|D2c|2 dxdy ds

+ sup
0<t<T−1

∫ t+1

t

∫
ΓT

|cx|2 dS ds � C.

Multiplying the second equation of (4.8) by ct, then we obtain

sup
0<t<T−1

∫ t+1

t

∫
Ωl

|ct|2 dxdy ds � C.

Then (4.22) is proved. The proof of (4.23) is also completely similar to (3.18), we
omit it. �

Then similar to the proof of lemma 3.3 by deleting the term χ
∫
ΓT

nr+1cy dS,
and lemma 3.5, we also have

Lemma 4.3. Assume that T (u, n, σ) = (u, n). For τ = 0 with small χ > 0, or τ = 1,
we have

sup
0<t<T

∫
Ωl

|n(·, t)|r+1 dx dy + sup
0<t<T−1

∫ t+1

t

∫
Ωl

|∇n
r+1
2 |2 dx dy dτ �Cr, for any r>0,

(4.27)
and

sup
0<t<T

‖u‖L∞ � C, (4.28)

where Cr, C depend on n0, c0,u0, χ, r and cair, and Cr also depends on r, and all
of them are independent of T .

Lemma 4.4. Assume that T (u, n, σ) = (u, n). When τ = 0 with small χ > 0, or
τ = 1, for any r > 0,

sup
0<t<T

∫
Ωl

|∇c|r dxdy � Cr, (4.29)

where Cr depends only on n0, c0,u0, χ, r and cair, and it is independent of T .

Proof. When τ = 0, the proof is completely similar to (3.25). In what follows, we
only consider the case τ = 1. Let

c̃ = e
y2

2 (c − σcair).

It is easy to see that c̃(x, y, t) is periodic on x with period l, −σcair e
l2
2 � c̃ � 0,

and ⎧⎪⎪⎨
⎪⎪⎩

∂c̃

∂t
+ u∇c̃ − yvc̃ = Δc̃ + (y2 − 1)c̃ − yc̃y − nc̃ − σcairn e

y2

2 ,

∂c̃

∂ν

∣∣∣∣
ΓT ∪ΓB

= 0.

(4.30)
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From a direct calculation, we derive that

∂y|∇c̃|r
∣∣
ΓT ∪ΓB

= r|∇c̃|r−2(c̃xc̃xy + c̃y c̃yy)
∣∣
ΓT ∪ΓB

= 0.

Applying ∇ to the first equation of (4.30), multiplying the resulting equation by
|∇c̃|r−2∇c̃, and using (3.27), (4.22), (4.27), (4.28), it yields

1
r

d
dt

∫
Ωl

|∇c̃|r dxdy

=
∫

Ωl

∇Δc̃|∇c̃|r−2∇c̃ dxdy +
∫

Ωl

∇(yvc̃ − u∇c̃

+ (y2 − 1)c̃ − yc̃y − nc̃ − σcairn e
y2

2 )|∇c̃|r−2∇c̃ dxdy

=
1
r

∫
Ωl

Δ|∇c̃|r dxdy − (r − 1)
∫

Ωl

|∇c̃|r−2|D2c̃|2 dxdy

−
∫

Ωl

(yvc̃ − u∇c̃ + (y2 − 1)c̃ − yc̃y − nc̃ − σcairn e
y2

2 )
(
|∇c̃|r−2Δc̃

+(r − 2)|∇c̃|r−4∇c̃D2c̃∇c̃
)
dxdy

� −r − 1
4

∫
Ωl

|∇c̃|r−2|D2c̃|2 dxdy + C

∫
Ωl

(yvc̃ − u∇c̃

+ (y2 − 1)c̃ − yc̃y − nc̃ − σcairn e
y2

2 )2|∇c̃|r−2 dxdy

� −r − 1
4

∫
Ωl

|∇c̃|r−2|D2c̃|2 dxdy + η

∫
Ωl

|∇c̃|r+2 dxdy + Cη

∫
Ωl

(n
r+2
2 + 1) dxdy

� −r − 1
2

∫
Ωl

|∇c̃|r−2|D2c̃|2 dxdy + Cr,

then

sup
0<t<T

‖∇c̃‖r
Lr + sup

0<t<T−1

∫ t+1

t

∫
Ωl

|∇c̃|r−2|D2c̃|2 dxmy ds � C̃r, for any r > 2,

(4.31)
which implies (4.29). �

Then similar to the proof of lemmas 3.5 and 3.6, we conclude that

Lemma 4.5. Assume that T (u, n, σ) = (u, n). For τ = 0 with small χ > 0, or τ = 1,

sup
0<t<T

(‖n‖L∞ + ‖∇c‖L∞ + ‖Aβu‖L∞) � C, for any β ∈
(

1
2
, 1

)
, (4.32)

sup
0<t<T−1

(
‖(u, n, c)‖W 2,1

p (Ql
1(t))

+ ‖π‖W 1,0
p (Ql

1(t))

)
� Cp, for any p > 1, (4.33)

where C, Cp depend only on n0, c0,u0, χ, cair, β and p, and they are independent
of T .
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Next, we show theorem 1.2.

Proof of theorem 1.2. Using lemma 4.5, completely similar to the proof theorem
1.1, we complete the proof of global existence in theorem 1.2.

Next, we show the uniqueness. Suppose the contrary. Let (n1, c1,u1, π1),
(n2, c2,u2, π2) be two solutions of (1.1), (1.3), and (1.4). Denote ñ = n1 − n2,
c̃ = c1 − c2, ũ = u1 − u2 = (ũ, ṽ), π̃ = π1 − π2. Then

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ñt + ũ · ∇n1 + u2 · ∇ñ = Δñ − χ∇ · (ñ∇c1 + n2∇c̃), in Q,

c̃t − Δc̃ + ũ · ∇c1 + u2 · ∇c̃ = −ñc1 − n2c̃, in Q,

ũt + ũ · ∇u1 + u2 · ∇ũ = Δũ −∇π̃ + ñ∇ϕ, in Q,

∇ · ũ = 0, in Q,

ñy − χ(ñ∂yc1 + n2∂y c̃) = 0, τ c̃y = −c̃, ṽ = 0, ũy = 0, (x, y) ∈ ΓT ,

ñy = c̃y = 0, ũ = ṽ = 0, (x, y) ∈ ΓB ,

ñ(x, y, 0) = 0, c̃(x, y, 0) = 0, ũ(x, y, 0) = 0, x ∈ Ω,

(4.34)

Multiplying the first equation of (4.34) by ñ, and integrating it over Ω yields

1
2

d
dt

∫
Ω

|ñ|2 dxdy +
∫

Ω

|∇ñ|2 dxdy

= −
∫

Ω

ñũ · ∇n1 dxdy + χ

∫
Ω

(ñ∇c1 + n2∇c̃)∇ñ dxdy

� 1
4

∫
Ω

|∇ñ|2 dxdy + C1

∫
Ω

(|ũ|2 + |ñ|2 + |∇c̃|2) dxdy,

that is

1
2

d
dt

∫
Ω

|ñ|2 dxdy +
3
4

∫
Ω

|∇ñ|2 dxdy � C1

∫
Ω

(|ũ|2 + |ñ|2 + |∇c̃|2) dxdy. (4.35)

Multiplying the second equation of (3.36) by c̃, and integrating it over Ω yields

1
2

d
dt

∫
Ω

|c̃|2 dxdy +
∫

Ω

|∇c̃|2 dxdy + τ

∫
ΓT

|c̃y|2 dS

= −
∫

Ω

c̃ũ · ∇c1 dxdy −
∫

Ω

c̃u2 · ∇c̃ dxdy −
∫

Ω

c̃(ñc1 + n2c̃) dxdy

=
∫

Ω

∇c̃ · ũc1 dxdy −
∫

Ω

c̃(ñc1 + n2c̃) dxdy

� 1
4

∫
Ω

|∇c̃|2 dxdy + C2

∫
Ω

(|ũ|2 + |ñ|2 + |c̃|2) dxdy,

namely,

1
2

d
dt

∫
Ω

|c̃|2 dxdy+
3
4

∫
Ω

|∇c̃|2 dxdy+τ

∫
ΓT

|c̃y|2 dS � C2

∫
Ω

(|ũ|2+|ñ|2+|c̃|2) dxdy.

(4.36)
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Similarly, we also have

1
2

d
dt

∫
Ω

|ũ|2 dxdy +
∫

Ω

|∇ũ|2 dxdy � C3

∫
Ω

(|ũ|2 + |ñ|2) dxdy. (4.37)

Combining (4.35)–(4.37) yields

d
dt

∫
Ω

(
1
2
|ñ|2 +

1
2
|ũ|2 + C1|c̃|2

)
dxdy +

3
4

∫
Ω

(
|∇ñ|2 +

2C1

3
|∇c̃|2 + |∇ũ|2

)
dxdy

� C4

∫
Ω

(
|ũ|2 + |c̃|2 + |ñ|2

)
dxdy,

which implies that∫
Ω

(|ñ|2 + |ũ|2 + |c̃|2 + |∇c̃|2) dxdy ≡ 0, for any t > 0,

and the uniqueness is proved. �
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