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In this paper, we present explicit and computable error bounds for the asymptotic
expansions of the Hermite polynomials with Plancherel-Rotach scale. Three cases,
depending on whether the scaled variable lies in the outer or oscillatory interval, or
it is the turning point, are considered separately. We introduce the ‘branch cut’
technique to express the error terms as integrals on the contour taken as the
one-sided limit of curves approaching the branch cut. This new technique enables us
to derive simple error bounds in terms of elementary functions. We also provide
recursive procedures for the computation of the coefficients appearing in the
asymptotic expansions.
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1. Introduction

Plancherel-Rotach asymptotic expansions for the orthogonal polynomials as the
polynomial degree tends to infinity have been studied extensively in the literature.
There are many standard asymptotic techniques including the steepest descent
method for integrals [12], the WKB method for differential equations [8], the
Deift—Zhou method for Riemann-Hilbert problems [4, 5], asymptotic theory of
difference equations [13] and Darboux’s method [14]. The error term for the trun-
cated asymptotic expansion is usually of the same order of magnitude as the first
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Figure 1. The contour I' with counter-clockwise orientation.

neglected term. In other words, the ratio of the error term and the first omitted
term is bounded by a constant independent of the polynomial degree. The exis-
tence of such a bound can be proved by standard ‘soft’ analysis. However, as far
as we know, the quantitative information for this error bound is unknown even for
the classical orthogonal polynomials. One may expect a rather complicated ‘hard’
analysis on finding explicit and computable expressions for error bounds. Various
reasons why we need error bounds for asymptotic expansions are discussed in Ref.
[9]. As mentioned in Ref. [11], the upper bounds of the error term obtained from
standard asymptotic techniques are difficult to compute, and thus may not be real-
istic. In this paper, we will derive explicit and computable error bounds for the
asymptotic expansions of the Hermite polynomials.

The main challenge is to find a convenient integral representation of the error
term on an appropriate contour so that the error bound is computable. Berry
and Howls [2] proposed the so-called ‘adjacent saddles’ method which was further
developed in [1, 3]. The key idea of their method is to express the error term as an
integral over the ‘adjacent contours’ passing through the ‘adjacent saddles’. How-
ever, the technique of ‘adjacent saddles’ cannot be applied directly to the Hermite
polynomials and many other orthogonal polynomials because the integrand (or the
phase function) of the integral representation for the Hermite polynomials has a
branch point in the complex plane. It is thus difficult to express the error term
as an integral over the ‘adjacent contours’. Moreover, for the turning point case,
when two saddle points coincide with each other, there does not exist any ‘adjacent
saddle’. To resolve these two difficulties, we introduce a new ‘branch cut’ technique
which deforms the contour of integration for the error term to the branch cut of
the phase function. More precisely, the contour is defined as the limit of the curves
approaching one side of the branch cut. By virtue of the ‘branch cut’ technique, we
are able to find simple error bounds in terms of elementary functions.

The Hermite polynomials can be expressed as contour integrals:

n!
Hy() = 3 /F 2ttty Ly,

where I' is a counter-clockwisely oriented contour encircling the negative real line
(cf. [7, §18.10(iii)]). To be more specific, we may choose

P={A—id: A< 0}U{de?: —m/2<O<m/2Y U{X+id: <0},

where > 0 is any fixed positive number; see figure 1.
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After introducing the Plancherel-Rotach scale, we rewrite the integral represen-
tation as

_ n! —N[t?—2zt+(Int)/2],—1/2

where N = 2n + 1. By symmetry, we may assume that « > 0. We shall denote the
phase function in the above integral by

1
f(t;x) :t2—2xt—|—§lnt. (1.2)
The zeros of f'(t;x) are called saddle points and can be calculated as

etf/2,  x=coshB>1, 3>0;
eti@ /2. x=cosa€l0,1), ac (0,7/2];
1/2, =1

rE+vaz -1

Note that the two saddle points coincide (¢4 = ¢_) at the turning point 2z = 1. For
simplicity, we shall drop the dependence of f on xz. There are three cases to be
considered.

Case I: o =cosh 8 > 1 with § > 0. This is called the outer interval.

Case II: x =cosa € [0, 1) with « € (0, #/2]. This is called the oscillatory
interval.

Case III: z = 1. This is called the turning point.

We will consider these three cases separately. We mention here that an asymptotic
expansion with error bounds for the slightly differently scaled H,,(v/N + 1cos )
was given earlier by van Veen [10].

The rest of the paper is organized as follows. In §2-4, we derive the asymptotic
expansions with error bounds for Case I, IT and III, respectively. The main results
are stated at the end of each section. In § 5, we demonstrate the accuracy of the error
bounds through numerical examples. Recursive procedures for the computation of
the coefficients appearing in the asymptotic expansions are given in appendix A.

2. Case I: ®* = cosh8 >1 with 3> 0

The saddle points are t+ = e?/2 with 0 <t_ < t,. Moreover, f"(t_)=2(1—
e??) <0 and f"(t,) =2(1 —e2%) > 0. We shall deform the contour of integra-
tion T to the path of steepest descent passing through the saddle point t_. To
describe this steepest descent contour, we shall introduce the analytic function

w(z) = [f(z) = F(E)]V2, (2.1)

where the branch of the square root function is chosen so that
w(z) = —i(z —t_)/—=f"(t_)/2+ O((z —t_)?)
= —i(z—t)Ve2B —14+0((z —t_)?),
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Figure 2. The contours I'+. The arrows indicate the increasing direction of the phase
function f.

for z in a small complex neighbourhood of t_. Let z = re’® with » >0 and 6 €
(—m, m). We investigate the equation Im[f(z) — f(t-)] = Im f(z) = 0; namely,

72 sin(26) — 2r cosh Bsin 6 + g =0. (2.2)

Clearly, 0 = 0 satisfies the above equation. By symmetry, we can restrict 6 € (0, )
and find two solutions

r(0) = 0/(2sin0) Che (),
cosh 3 + \/cosh2 8 —0/tan6
h h? 3 — 0/ tan 6
ry(0) = cosh 7+ \/COS p— b/ tan , 0€(0,m/2). (2.3)

2cos 0

It is readily seen that ry(f) — tL = e®7/2 as § — 0. For consistency, we define
r+(0) = t1. Consequently, we can regard r_(6) as a symmetric function on (—m, )
and 7 (0) a symmetric function on (—m/2, 7/2). Define two contours

. = {r,(Q)ew :0e(—mm}, Typ= {r+(9)em 10 € (—7/2,7m/2)}.

It follows that the solution of Im f(z) = 0 is the union I'_ UT'y UR™, where R" is
the positive real line. The contours I'y are depicted in figure 2.

Since f’(z) has no zeros other than ¢4, it follows from the asymptotic behaviour
f(z) ~ 2% as z — oo that I'_ is a steepest descent contour passing through t_,
while I'} is a steepest ascent contour passing through t,. Moreover, the solutions
of f(z) — f(t_) = 0 are real and positive. Consider f(t) = t? — 2t cosh 8 + (Int)/2
for t > 0. Since f(t) — —oo as t — 0" and f(t) — oo as t — oo, we obtain from

https://doi.org/10.1017/prm.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.90

Error bounds for the asymptotic expansions of the Hermite polynomials 421

f/(t+) = 0 that the equation f(¢) — f(¢—) = 0 has exactly two positive roots: one is
t_; and the other, denoted by t., is larger than ¢,. Hence, we can choose [t., 00) as
a branch cut and extend the definition of w(z) on C\ (—o0, 0] U [t, c0) by analytic
continuation.

Now, we deform the contour of integration from I" to the steepest descent contour
I'_ with counter-clockwise orientation and then make a change of variable u = w(t):

JN e N N r) 172
Hn( NCOShﬁ) = W - (& t dt
_NF() S To=1 (1)~ 1/2
= /eiN“ I O (1_0] du. (2.4)
2TiN™/2 Jp w (w1 (u))

Recall that I' is the steepest ascent contour passing through t,. We also denote
by Iy a clockwise oriented contour encircling (—oc, 0]; namely,

To={\+id: A< 0}U{de?: —m/2<O0< /2 U{N—id: )\ <0},

where § > 0 is a small positive number such that § < ¢.. In fact, I'g is identical to
I’ but has the opposite orientation. Since |w(z)|/|z| — 1 as z — oo, we have from
the Cauchy integral formula

[w—l(u)]—1/2 1 2_1/2 J

a7 . T ds

w' (w1t (u)) 211 Jrour, w(z) —u
for any w € R. Substituting this expression into (2.4) gives a double integral
representation

H, (VN cosh e u? R
n cosh ) = (2mi 2Nn/2/ /FOUF+ w(z) —u =

For any p > 0, it follows from

u?P

1 Pouk—
TS v o g7 s

and

that

H, (VN cosh 8) =

k=2j

— k 1 )

du = 2.5
/Re u { T(j+1/2)/N7H12, k=2j+1 .
(2mi 2N"/Q{

—1/2
uk_ldu/ Zikdz
ToUl, w(z)

efNu u2p 271/2 sdu
“ ﬁwmww%m@—mdd} (2.0

B le—NF(t-) pi:l Aj(coth 3) bey (N, B)
©2y/msinh NN ) = NI R
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where
: . —1/2
A, (coth g) — — YSmhOLU +1/2) / S —— (2.7)
27T3/2 Toul' 4 w(z)2]+1

/N sinh 5 —-1/2
ep(N,B) = —ﬂ/ e Nu uzp/ - dzdu.  (2.8)
R r

2m3/2 oury w(2)*[w(z) —u]

We show in appendix A.1 that the coefficients A;(coth 3) are polynomials in coth 3
of degree 35 with rational coefficients, and can be calculated using a recursive
formula.

To find an upper bound for the remainder €,(V, §), we need to estimate the
integral

,—1/2
%W:ﬂﬁmw@%mw—m“’“ER (29)

If there exists C), > 0 such that |c,(u)| < C, for all u € R, then we obtain from
(2.5) with k = 2p + 1 and (2.8) that

Vsinh 5 C,I'(p+ 1/2)

|€P(N7ﬂ)| g 271_3/2 NP

(2.10)

First, we estimate the integral

L-1/2
“:Awwwmw—m“

Recall that the contour I'y encircles the negative real line having a distance § > 0
from it. By analyticity of the integrand, the value Iy does not change if we let
§ — 0. Hence,

+oo 8_1/2 +oo 8—1/2
Io| < , , d . . ds,
ol lA IwbéﬂPﬂwbﬁﬂ)—us+fA w(se )PPl (se=) —a]
(2.11)

where w(se™'™) is defined as the limit of w(se?) as § — +nx. Note from (1.2) and
(2.1) that

w(set ™) = % + 2s5cosh B+ (Ins)/2 — f(t_) +in/2.
Thus, we obtain
lw(seT™)| = {[s? + 2scosh § + (Ins)/2 — f(t_)]* + (x/2)°}/* = R(s), (2.12)

where the last equality defines R(s), the modulus of w(seT™). Let 0+(s) be the
phase of w(set*™). We then have

R(s)? cos[20+ (s)] = Re[w(se®™)?] = 5% + 2scosh B + (Ins)/2 — f(t_),
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which implies that

1 — cos[204(s)]

w(se™'™) = ul > [Imfw(se™™)]| = R(s)| sin[0+(s)]| = R(s) 5

_ \/R(s)2 —[s2+2scosh B+ (Ins)/2 — f(t_)]
2

_ (m/2)%/2
-\ R(s)2+[s2+2scosh B+ (Ins)/2 — f(t_)]

(/27
TV 4R(s)2  4R(s)

Assume that p > 1. Substituting this inequality into (2.11) yields

8 +oo 8_1/2
|IO| < ;/0 st-

To estimate the integral on the right-hand side of the above inequality, we note
from (2.12) that R(s) > y/7/2 for s € [0, 1] and R(s) > v/2scosh @ for s > 1 > t_.
Thus,

g [l s1/2 g [t+oo s—1/2
|IO|<;/O (7r/2);)1/2d8+ﬁ/1 st
op+7/2 1
= T2 T (= 1920 72 (cosh B)p 172

(2.13)

where we have assumed p > 2 to ensure convergence of the second integral.
It remains to estimate the integral

L—1/2
L [ e

For z €'y, we have Im f(z) =0 and Re[f(z) — f(t-)] < f(t+) — f(t=) < 0. It
then follows from (2.1) that w(z) is purely imaginary and |w(z) — u| > |w(2)|
for z €T, and u € R. Now, we parameterize 'y as z = z,(0) = r; (0)e? with
6 € (—m/2, 7/2), where r(0) is given in (2.3). Since dz/df = [, () + ir;(0)]e®
and [w(2 (0))” = |f(2+(0)) — F(E)| = F(t_) - [(21(8)), we deduce

L < /ﬂ'/2 r+(9)—1/2\/[7ﬂ;(9)]2+ OE

—r/2 |w(z4 (0)) PP+

de

- /2 91 ()~ IO+ [+ (O]
0 [f(to) — f(z+(9))]p+l/2

As both 6/ tan 6 and cos 6 are decreasing functions for 6 € (0, 7/2), it follows from
(2.3) that r(#) is an increasing function for 6 € (0, 7/2); namely, 7/, (6) > 0. To

de.
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estimate 7/, (6), we apply an implicit differentiation on (2.2) and obtain

v (6) = —274(0)? cos(20) + 2r (#) cosh Bcos 6 — 1/2
A 2r. (0) sin(20) — 2 cosh Bsin 6

A simple calculation together with (2.3) gives

214 (0) sin(20) — 2 cosh #sin @ = 2sin 0274 () cos § — cosh f]

= 2sinf4/cosh? 3 — 6/ tan 6
and

2r, (6) cosh 3 cos § — 27, (0)? cos® 0

(cosh 8 4 y/cosh® B — 6/ tan 6)?

= cosh 3(cosh 3 + \/cosh? 3 — 6/ tan §) —

2
0
B ' 2.14
2tan 6 ( )
Consequently,
2 2 -
0< ' (0) = 2r (0)*sin“ 0 +6/(2tan6) — 1/2
2sin 6 cosh25 —0/tan@
r(0)*sin @ o 7+(0) tan 6
\/cosh2 B —0/tan6 tanh 3
and
(6)*/2/ cos 6
. 1
tanhﬁ / — f(z4(0))|pt1/2 df (2.15)

Let 6y = arccos(1/4). If 6 € (0, 6p), then cos > 1/4, f(t_) — f(2+(0)) > f(t-) —
f(ty) = sinh(263)/2 — § and r4.(0) < 4 cosh 8. Hence,

/00 T4 (9)1/2/ cosf 40 < 27 (4 cosh 6)1/2
0 [f(t,) — f(Z+(9))]P+1/2 X [smh(2ﬁ)/2 _ ﬁ]p+1/2 .

If 6 € (0, 7/2), then 7, (0) > 2¢P = 4t, > 2cosh 8 > 2. This together with (2.14)
implies that

(2.16)

—f(24(0)) = —74(0)? cos(26) + 27, (#) cosh 3 cos O — % Inry(0)

0 1
= T+(0)2 + Qtal’le - 51117’_,_(9)
4 1 1 4
2 57”+(9)2 + 57"+(9)2 - §1n7”+(9) > 5T+(9)2,
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and
e 2P 1+In2 _e* 19 L 10 3
-~ _ irTme e 2 2 9 2
Flo) ===+ 02+ —5— < =+ 5 ST+ () < 5+ (0)
Coupling the above two inequalities gives
1
FE-) = F(4(0)) > 574(0)*
Therefore,
/”/2 r4(6)!/?/ cos 9 d9</7r/2 ()12 (0)/t a0
oo LF(=) = FGr@PH/270 = o 1y (0)241 /20 H1/2
p+1/2 /2 p+1/2 /2 —3p+1/2
e B R I e ey
t+ Jo, ty Jays 3tip+1/2

(2.17)
where we have assumed p > 1. Substituting (2.16) and (2.17) into (2.15) yields

2 4 h 2 pHl
1| < __dmyeoshy u p>1. (2.18)
tanh 8 | [sinh(23)/2 — B]pt1/2 ~ 3e(Zpt1/2)8
A combination of (3.5), (2.13) and (2.18) gives
op+7/2 1
leo()l < ol + 11} < a7 + 2 = Ty2r 772 (cosn g 172
N 2 4m+/cosh B N 2Pty
tanh 3 | [sinh(23)/2 — B]pt1/2 ~ 3e(Zp+1/2)8

for p > 2. Let C), be the number on the right-hand side of the above inequality. The
error bound (2. 10) holds for p > 2. Note from (2.6) that

Ap(coth )

ep(Naﬂ): Np

+ Ep+1 (Nv ﬂ)
Hence, we may improve the error bound (2.10) to

|A,(coth B) | Vsinh 3 Cp1T'(p +3/2) @

& (N, )l < NP 2m3/2 Nl - NP’
for p > 1, where
Vsinh 3 CpiaT'(p + 3/2)

ép = |A,(coth 3)| +

273/2 N
Using the explicit value

672ﬁ+ﬂ+ 1+In2
4 2 2

n (2.6), we can summarize our results as follows.

~ft) =
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THEOREM 2.1. Let >0 and N =2n+1 > 1. Then for any p > 1, we have

an!eN(e’25+2ﬁ+2)/4 p—1 A] COthﬂ

H, (VN cosh ) = oS GNI JZZ:O +ep(N,B) o, (2:19)
where
C,
(N, B)] < 22, (220)
with

Vsinh 8 CpiaT'(p + 3/2)
273/2 N

C, = |Ap(coth 8)| +

and
2p+9/2 1

Cp+1 = TP +3/2 + 7p2P—5/2(cosh 3)p+1/2

n 2 4m+/cosh 3 n 27 Py
tanh | [sinh(23)/2 — B]p+3/2 © 3e(2p+5/2)5 [~

In particular, 5'p — |Ap(coth B)] as N — +oo; namely, the error bound is close
to the absolute value of the first neglected term when N is large. The coefficients
Aj(coth 3) are polynomials in coth 8 of degree 3j with rational coefficients, and
these polynomials can be calculated using a recursive formula given in appendiz A.1.

3. Case II: * = cosa € [0, 1) with a € (0, /2]
The saddle points are t4 = e***/2, and we have
f(te) = 2 — 2eTHY = 4gin et (/279
Now, we define an analytic function w(z) via
w(z) = [f(z) = f(t)]V/2, (3.1)
where the branch of the square root function is chosen so that
w(z) = V2sinae' ™1 (z — 1) + O((z - 14)?)

for z in a small complex neighbourhood of . The steepest descent contour passing
through ¢, is described via the equation Im [f(z) — f(t4)] = 0. By using polar
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coordinates z = re'? | this equation becomes

0—06
72 sin(20) — 2r cos asin 6 + 5 0 —o,

with
0o = a —sin(2a)/2 € (0, ).

We are only interested in solutions in the upper half-plane; namely, 6 € (0, 7). By
the quadratic formula, there are exactly two solutions:

(0 — 6o)/(25in §)

s 9 S 05771- )
cosa + y/cos2a — (0 — )/ tan 6 -
ra+(0) =
cos o + \/COSQOé - (9_90)/tan9’ 0 € (0,q],
2cos
and
cos o + \/COS2Oé — (0 —6o)/ tan
2
2cosf el
Ta+(9) -
COS (v — \/cos204 — (0 — 90)/tan97 0 € (0o, ql,

2cos b

where 744 (0) and 7,4 (f) are defined as piecewise functions so that they are dif-
ferentiable at 6 = o. This is because the function /cos®2a — (60 —fp)/tand is
not differentiable at # = «. For any 6 in a small real neighbourhood of «, we
have, by Taylor expansion, cos?a — (0 —6p)/tan6 = (0 — a)? + O((6 — «)?) and
Veos2a — (0 — )/ tanf = |0 — a| + O((0 — «)?). Hence,

ras(0) = =000 by )

2[cos v — (0 — ) sin @

1 1 —sina

— .- 2% )+ 0((0 - )?),

2 2cos
B cosa+ (0 — ) e
ra+(9) = 2[cosa — (0 — o) sin a] +0((0 - a))
_ 1 l4sina 2
=5 +72COSOZ (0 —a)+O0((0 —a)).

In particular, we have

L 1 T o 1 e
ray(a) =71y (a) = 3 roy(a) = —3 tan (Z — 5) , Ty (a) = icot (Z _ 5) )

Now, we define two contours
Lar = {rar (0)e? : 0 € (0,7)}, Tay = {ras(0)e” : 0 € (09, 7/2)}.

Recall that —Nf(t) is the phase function in the integral representation of
H, (VN cosa). It is readily seen from the asymptotic behaviours f(z) ~ 2?2 as
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» X

Figure 3. The contours I'y4 and I'g+. The arrows indicate the increasing direction of the
phase function f.

z — oo and 2f(z) ~Inz as z — 0 that 'y, is a steepest descent contour and ', is
a steepest ascent contour passing through the saddle point ¢ = e*®/2. Moreover,
the only zero of f(z) — f(t4) in the upper half-plane is ¢, . Hence, w(z) defined in
(3.1) is analytic for all Im z > 0 and positive z > 0. For z = se'™ with s > 0, we
define
w(se'™) = lim w(se').
— T

We can define in a similar manner the contours I'y_ and I',_ which, together with
I4+ and 'y, are illustrated in figure 3.

Now, we return to the integral representation of H,(v/Ncosa) in (1.1) and
deform the contour of integration to the steepest descent contours I'yy UT4—
oriented with increasing parameter 6 (i.e., counter-clockwise direction):

|
H, (VN cosa) = JW/F e NIWO=1/2 gy
d+

n! —Nf(t),—1/2 )
+27T7;W/pde f()t /dt—.l++],,

where the last equality defines the two integrals I, and I_, respectively. Since the
contours I'g; and I'y_ are symmetric with respect to the real axis, have opposite
orientations, and f(t) = f(¢), the integrals I, and I_ are complex conjugates of
each other. Therefore, it suffices to study the integral I. First, we introduce the
change of variable u = w(t):

I, = _W/e—fvﬁ[w_l(“)]_wdu_
2miN™/2 Jg w (w1 (u))
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Since w(z) is analytic in the upper half-plane and |w(z)|/|z| — 1 as z — oo, we can
infer from the Cauchy integral formula that

[w 1(u)] 1/2 1 —1/2 J
w(w W) 27r/ wz) —u
where RT is the positive real line and T'J is the negative real line with argument 7:
Iy = 6lim+{)\ +i6: A <0} = {se'™ : 5 > 0}.
—0

Both R* and T'§ are oriented from left to right. Now, we have the following double
integral representation:

. o NF(ts) 1/2 i
T 27m (27i)2Nn/2 / /F+UR+ w( .

For any p > 0, we use the identities (2.5) and

uk—l u2p

=2 W e a

to derive
le=N/(t+) gy i(icota)
I, = J . mi/4 | = N 9
T o /rsmaN®+)/2 jZ::O N ¢ + (N, ) ¢, (3.2)
where
I'(j+1/2 —1/2
Aj(icota) = e~/ VsinaT(j+ 1/2) / Zi.dz, (33)
2m3/2 r+ur+ w(z)%
N —1/2
6p(N CY m/ / z dedu. (3.4)
273/2 Pt UR+ w(2)%[w(z) — u]

The coefficients A;(icot ) are polynomials in icota and these polynomials are
identical to those appearing in the expansion (2.19) (see appendix A.1 for details).
To find an upper bound for the remainder £,(N, «), we need to estimate the
integral
L—1/2

cp(u) :/ dz, uwelR. (3.5)
: riur+ w(2)*[w(z) —u]
By expressing w(z) in polar coordinates, one can easily show that

[Im w(2)?|
2Jw(z)]

w(z) — ul > [Im w(z)| >
Note from (3.1) that

00/2, Z€R+,

[Tm w(z)*| = [Im f(2) — 60/2] = {(w —00)/2, z€Ty.
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Assume that p > 1. Substituting the above two formulas into (2.9) yields

4 [t g—1/2 4 +o0 g—1/2
<= d N A P
oy e e
For s € (0, 2), we have
lw(s)| = v/m w(s)?| = \/60/2,
w(se’™)| = /|Im w(se™)?] = /(7 — 00)/2,

and for s > 2, we have

Ins cos?a+In2+1/2 -

lw(s)|? = |Re w(s)?| :sz—QscosoH—T—i— 5 > (s —1)%
; ; 1 2a4+mn2+1/2
lw(se'™)|* > |Re w(se'™)?| = s + 2scos o + % e —|—2n + 1/ > 52,

Accordingly,

4 2 -1/2 +oo  —1/2
< 2 2z
lep(w)l < 3 {/ (90/2)p1/2d8+/z = 1)%-1‘“}
4 2 s—1/2 +oo ¢—1/2
g {/ RO / d}

_ 4 23/2 1
= 6o {<00/2)P1/2 o 3/2}

4 23/2 23/2721)
+ + .
™ — by {[(71'—90)/2]?’—1/2 2p—3/2}
Denote the right-hand side of the above inequality by C,,. It then follows from (2.5),
(3.4) and (2.9) that

Vvsina C,I'(p+1/2)
273/2 NP '

[Ep(N; @) <
provided p > 1. We define

ep(N,a) 1= Re(5,(N, a)eN/2),
and observe that

. 1 .
lep(N, )] < [Re (4, (i cota)e 0N =7/D/2) | 4 |ReF, 41 (N, a)|

. 1 _
< ’Re (Ap(i cot a)e_’(eoN_”/z)/g)’ ~» T |Ep+1 (N, )]

for any p > 0. Using the explicit value

cos(2a)  1+In2 .6

—ft4) = R Uy

in (3.2), and the fact that H,(vV/Ncosa) =TI, +1_ =1, +1I, =2Re I, we can
summarize our results as follows.
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THEOREM 3.1. Leta € (0, /2], N =2n+1 > 1 and 0y = a — sin(2a) /2. Then for
any p = 0, we have

2"+1n!eN(cos(2a)+2)/4
V2r sinaN (v+1)/2
2 Re (A; (i cot a)e_i("oN—’Tﬂ)/Q)

H, (VN cosa) =

X Z J 5 +ep(N, @)
=0
2l (cos(2a)+2)/4 < > 2 Re(4;(i cot Re(4; (i cot o))
= S —_— =
V27 sin aN (n+1)/2 o

+sin (90N - W) pi m(A(icota)) |y oyl

2 4 ) 4 NJ
j=1
where
C
(N0l < 2 (3.

with

_ , —i(8oN—7/2)/2 Vsina Cp1I'(p + 3/2)

= ‘Re (Ap(z cot a)e 1% >‘ 5372 N ,
and

o 4 23/2 1 4 93/2 1/2—2p
prl = g {(90/2)p+1/2 Tt 1/2} — {[(ﬂ 0022 T op )2 } '

In particular, ép — |Re(A, (i cot a)e"oN=7/2)/2)| g5 N — +-00; namely, the error
bound is close to the absolute value of the first omitted term for large N. The
coefficients Aj;(icot o) are polynomials in icota of degree 3j with rational coeffi-
cients, and these polynomials can be calculated using a recursive formula given in
appendiz A.1.

4. Case III: © =1

The saddle points coincide ts =ty =1/2. We have f(t5) =—3/4— (In2)/2,
f'(ts) = f"(ts) =0 and f"(ts) = 8. We introduce the analytic function

w(z) = [f(z) = f(t:)], (4.1)
with the branch of the cube root being chosen so that
w(z) = (4/3)3(z — t)e™2™/3 £ O((z — t,)?) (4.2)

for z in a small complex neighbourhood of t;. We shall extend the definition of
w(z) by analytic continuation to C\ (—oo, 0]. First, we investigate the equation
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Im[f(2) — f(ts)] = Im f(z) = 0, which in polar coordinates z = re® is

r?sin(260) — 2rsinf +60/2 = 0. (4.3)
This equation is clearly satisfied by all z > 0. There are two further solutions:

0/(2sin )

—— (e (0,n),
1++1—0cotb (0,m)
1
9 - — =
T+( ) 27 0 07
14++v1—6coth
T 9eosf 0 € (-7/2,0),
and
1++1—0coth
W, 96 (077T/2),
T—(e): o) 0:03
0/(2sin0) 0 (—m.0),

1++v1—0coth’

where we have defined () as piecewise functions so that they are differentiable
at § = 0. Note that since 1 — 0 cot § = 62/3 + O(63) for small |0| > 0, we have

V1—6coth = l% +O0(6%)

and

rs(0) = 5 F 5%+ O

for small values of 6. Especially,

1
L0)=F——=.
Now, we introduce two contours
Ty ={r (0)e?:0¢c(—n/2,7)}, To={r_(0)e":0¢c (—n,n/2)},

which we illustrate in figure 4.
We have the following lemma.

LEMMA 4.1. Let 2z, (0) = r,(0)e? for § € (—m/2, 7); the function f(z1(0)) — f(ts)
increases from —oo to +oo as 0 increases from —w/2 to m. Let z_(0) = r_(#)e"
for 0 € (—m, w/2); the function f(z_(0)) — f(ts) decreases from +oo to —oo as 0
increases from —m to m/2.

https://doi.org/10.1017/prm.2021.90 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.90

Error bounds for the asymptotic expansions of the Hermite polynomials 433

1—‘1+ 1—‘2+

X
I

r, r_

Figure 4. The contours I'1 and I'y. The arrows indicate the increasing direction of the
phase function f.

Proof. For small 6, we have from f'(ts) = f"(ts) =0, f"”'(ts) = 8 and (4.4) that
2in/3

V3

(&

24(0) =ty = [, (0) + iry (0)]0 + O(6%) = 0+ 0(6?),

and

4 4
0)) — f(ts) = 5 (24(0) — ts)® + O((24.(0) — ta)*) = —=6° + O(6").
F(z4(0)) = £(ts) = 5(24(0) = t5) ((z4(0) —t)%) o3 (%)
Hence, the function f(z4(#)) — f(ts) is increasing for small §. We claim that
f(z£(0)) — f(ts) is increasing for all 6 € (—n/2, 7). Assume to the contrary that

0= L 14 (0) = PO 0) + i, (0"

for some 0 € (—7/2, 0) U (0, 7). Since f'(z) # 0 for any z # t5, we have 7/, (0) =
r4(0) = 0. This contradicts to the equation (4.3). Hence, the function f(z4(0)) —
f(ts) is increasing for all § € (—m/2, ). Note that r4(6) — co as 6 tends to
—m/2 from the right or 7 from the left. It is readily seen that f(z(0)) — f(ts) =
71 (0)? cos(20) — 2r(0) cos @ + (1/2)Inr, (0) — f(ts) increases from —oo to +oo as
0 increases from —7/2 to 7.

The second statement of the lemma follows in a similar manner. O

Since the solutions of Im f(z) =0 are the union I'y UTy UR™, the equation
f(z) = f(ts) = 0 has a unique solution z =t in C\ (—oo, 0]. This implies that
w(z) defined in (4.1) can be analytically continued to C\ (—oo, 0]. Moreover, it
follows from (4.2) that w(z4(0)) increases from —oo to co as # increases from —7 /2
to .
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Next, we let I'11 be the portion of I'; in the upper half-plane and I's_ be the
portion of I's in the lower half-plane; namely,

Dy ={r (0)e?:0e(0,m)}, Too ={r_(0)e”:0¢c (—m,0]}.

Both I'; and T'y_ are oriented with increasing 6 (counter clockwise direction). We
now deform the contour of integration for H,(v/N) in (1.1) from T' to T4 UT,_:

_ e~ Ni()=1/2
H"(\/N)W/FH t=12dt

n! e Nf()=1/2
— W2t =1, + I,
* oriNn2 /2_ +

where the last equality defines the two integrals I, and I_, respectively. Since the
contours I'y . and I';_ are symmetric with respect to the real axis, have opposite
orientations, and f(t) = f(f), the integrals I, and I_ are complex conjugates of
one another. Thus, it is sufficient to study the integral I,. First, we introduce the
change of variable u = w(t):

nle=NFGs)  poo o o w1t (u)]~1/2

We denote by Fg the negative real lines with arguments £ and orientation from left
to right. For convenience, we denote by I', the union of FS‘ oriented to the right and
I, oriented to the left. Since w(z) is analytic in C \ (—oo, 0] and |w(2)|/|2|?/® — 1
as z — 00, we can assert from the Cauchy integral formula that

[w_l(u)]_l/zzl/ ?—1/2 b
r. w

w' (w1 (u)) 2mi z)—u
Substituting this into (4.5) gives

le~Ni(ts) oo ~1/2
I = Mi/ e_NUS/ — dzdu.
(2mi)2N™/2 ) r. w(z) —u

5

For any p > 1, we use the identities

1 B Rl it uP~1
wz) —u 2wl | wp () -
and
o e Ny du = LG/3) (4.6)
0 3NI/3
to find
2!/ 2nle N1 [ 2rij/a—nif2D(/3)
- 2mij/3—mif2-\J /D) | ~
I+ = 67‘[‘]\7”/2 . ( ) D]e NJ/S +€p(N) s (47)
=
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where
4\ /3 o—2mij/3 —1/2
D, == . ~dz, 4.8
J (3) 23/21i /F* w(z)d N (4.8)
3 3 212
E(N)=———— [ eV p—l/ dzdu. 4.9
500 =gy [ | g 49)

It is shown in appendix A.2 that the coefficients D; are rational numbers which
can be calculated via a recurrence relation.
To find an upper bound for the remainder £,(N), we need to estimate the integral

L—1/2
cp(u) = /r* Y P s dz, ueR. (4.10)

By expressing w(z) in polar coordinates, one can easily show that

[Tm w(z)°|

We also note from (4.1) that
[Im w(2)*| = [Im f(2)] = 7/2,

for z = se*™ € I',. Assume that p > 4. Substituting the above two formulas into
(4.10) yields

6 [Ftoo 172 6 [+o° g—1/2
ROy e = L = L
For z = se™™ € T, with s = |z| € (0, 1), we have
w(z)| > [Im w(z)*[V? = (w/2)!/°.
For z = set'™ € T, with s = |2| > 1, we have

1 In2+3/2
lw(2)]® > |Re w(z)®| = s + 25 + % + % > 2.

Consequently,
192 1 ) +oo  (—1/2
il ~1/2 p/3-1 S
ep(w)] <~ { | i+ | /d}
_12 2 L6
S (n/2)p/3-1 T Ap— 157
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Denote the right-hand side of the above inequality by C,. It then follows from (4.6),
(4.9) and (4.10) that

1 Cpl'(p/3)
23/2x  Np/3 7

Ep(IV)] <
provided p > 4. We define
ep(N) :=Re g,(N),

3\ /3 s
(4> Dp S1n (3>
3\ 2
(el

for any p > 3. Using the explicit value —f(t;) = 3/4+ (In2)/2 in (4.7), and the
fact that H, (v N) =1, +I_ =1, +1, =2Re I, we can summarize our results
as follows.

and observe that

L'(p/3)
Np/3

L'(p/3)
Np/3

lep(N)] < + [Regp 1 (N))]

< + [Epra (V)]

THEOREM 4.2. Denote N =2n+1 > 1. Then for any p > 3, we have

H,(VN) = 2l S (3>j/3 Dj sin (27U> LG/3) +ep(N) ¢

3nrNn/2 ot 4 3 Ni/3
where
C
lep(N)] < 2, (4.11)

with

. 3\P* . (2mp 1 Cpul((p+1)/3)

Cp,= (4) D, sin () I'(p/3) + 5373 N1/ ,
and

B 2 + 6
m | (m/2)P=2/3 " 4p—11]"

In particular, if p is not divisible by 3, ép — |(3/4)p/3D,, sin(27p/3)| L(p/3) as
N — +o00; namely, the error bound is close to the absolute value of the first neglected
term when N is large. The coefficients D; are rational numbers and can be calculated
using a recurrence relation given in appendix A.2.

Cpir =

5. Numerical examples

In tables 1, 2 and 3, we present some numerical results that demonstrate the accu-
racy of our error bounds given in theorems 2.1, 3.1 and 4.2, respectively. We can
infer from the tables that the bounds are rather realistic, that is, they do not
seriously overestimate the actual error.
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Table 1. Bounds for |ep(N, )| with various N =2n+ 1, 8 and p, using (2.20)

Values of n, § and p n=>50,0=1,p=1 n=>50,=1,p=3
Numerical value of |ep(N, )] 0.0985 x 102 0.0543 x 1075
The bound (2.20) for |ep(N, §)] 0.1917 x 102 0.1704 x 107
Values of n, § and p n=>50,0=4,p=1 n=>50,0=4,p=3
Numerical value of |, (N, §)] 0.8229 x 1073 0.1879 x 10~ 7
The bound (2.20) for |ep(N, B)| 0.9811 x 1073 0.7375 x 1077
Values of n, § and p n=100,6=1,p=1 n=100,83=1,p=3
Numerical value of |ep(N, )] 0.5004 x 1073 0.0701 x 106
The bound (2.20) for |ep(N, §)] 0.7357 x 1073 0.1441 x 1076
Values of n, 8 and p n=100,0=4,p=1 n=100,8=4,p=3
Numerical value of |ep(N, )] 0.4134 x 1073 0.2383 x 1078
The bound (2.20) for |ep(N, )] 0.4533 x 1073 0.5887 x 1078

Table 2. Bounds for |ep(N, «)| with various N = 2n+ 1, « and p, using (3.6)

Values of n, « and p n=50,a=7/4,p=1 n=50,a=7/4,p=3
Numerical value of |ep(N, )] 0.0406 x 107! 0.0103 x 1073
The bound (3.6) for |ep(N, a)| 0.1147 x 107! 0.3159 x 1073
Values of n, o and p n=50,a=7/3,p=1 n=>50,a=7/3,p=3
Numerical value of |ep(N, a)| 0.1551 x 1072 0.0119 x 1074
The bound (3.6) for |ep(N, a)| 0.2779 x 102 0.1192 x 1074
Values of n, o and p n=100,a=n/4,p=1 n=100,a=7/4,p=3
Numerical value of |e,(N, )] 0.0689 x 102 0.0066 x 10~*
The bound (3.6) for |ep(N, a) 0.2494 x 102 0.2001 x 1074
Values of n, a and p n=100,a=7/3,p=1 n=100,a=7/3,p=3
Numerical value of |ep(N, )| 0.0932 x 1072 0.1532 x 1076
The bound (3.6) for |ep(N, ) 0.1249 x 102 0.8399 x 1076

Table 3. Bounds for |ep(N)| with various N = 2n+ 1 and p, using (4.11)

Values of n and p n=>50,p=4 n=>50,p="7 n =50, p =10
Numerical value of |e,(N)] 0.2148 x 1072 0.0300 x 10~° 0.0538 x 1077
The bound (4.11) for |ep(N)|  0.6615 x 1072 0.4092 x 107° 0.6667 x 10~7
Values of n and p n=100,p=4 n=100,p="7 n =100, p = 10
Numerical value of |ep(N)| 0.0835 x 1072 0.0601 x 1076 0.0523 x 108

The bound (4.11) for |ep(N)|  0.2253 x 1072 0.6658 x 10~° 0.5438 x 1078
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Appendix A. The computation of the coefficients

Appendix A.1. The coefficients A;

Our starting point is the integral representation (2.7). We first reverse the ori-
entation of the path I'o UT'} and thereby remove the minus sign in front of the
integral. Next, by an appeal to Cauchy’s theorem, the contour of integration can
be shrunk into a small, positively oriented circle around ¢_. After performing the
change of variable u = ze”, we arrive at

fe=26 —1T(5+1/2) (2u)~1/2
Aj(coth §) = T 2mi }{1/2” (w(ue=P)2)i+1/2 du. (A1)

The contour of integration is a small loop surrounding 1/2 in the positive sense.
We would like to obtain a recursive scheme for the evaluation of the integrals in
(A.1). To this end, we employ a method of Lauwerier [6]. The method requires the
power series expansions about 1/2 of the functions appearing in the integrand of
(A.1), namely

k+1

o = = ) €0+ 32 G2 e 1))

k=1

and

1/2 — (—1)* k 1
=S () 1)

k=0

respectively. An application of Lauwerier’s method [6, egs. (8) and (9)] (with the
slightly different notation P;(t) := (—1)7¢;(—t/2)) then yields

Aj(cothB) =

(=1)7 (14 cothf
e

where Py(t) =1 and

>3/+<>0 e™%s7 " Y2Pyi((1 + coth B)s)ds, (A.2)
0

P =5 () - i oo [ B (A3)
=1

for j > 1. Tt is readily seen from (A.3) that P;(t) is a polynomial in ¢ of degree
j with rational coefficients. With the bubbtltutlon t = coth 3, (A.2) reduces to the
more compact form

a5 = &Y (1‘2”> /O T et V2p, (1 + 1)s)ds.
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The A;(t) is the product of (1 + )7 and a polynomial in ¢ of degree 24, and has
rational coefficients. In particular, Ag(¢) = 1 and

(14 t)(1 + 5t — 5¢2)

Ar(t) = 21 )
An(t) = (1 +t)2(—143 + 298t + 231¢2 — 770t3 + 385t4)
1152
As(t) = (1 +t)3(—6187 — 240549t + 750468t% — 3345653 — 1021020t* + 12762755 — 4254256) .

414720

Consider now the right-hand side of (3.3). We deform the contour of integration
into a small, positively oriented circle around ¢, employ the identity v2sina =
e~ Ti/4emia/2,[e2ia” 1 and perform the change of variable u = ze™*®, to obtain the

equivalent form
2ia _ 17(j+1/2 2u)~1/2
NEETLCESTE e A
m 2mi (1/2+) (w(uei)?)it+1/2

Since cos & = cosh(—ia), we see that (A.1) is identical to (A.4) when 3 is replaced
by —ia. This confirms that the right-hand side of (3.3) is indeed A;(coth(—ia)) =
Aj(icota).

Appendix A.2. The coeflicients D

We proceed similarly as in the case of the coefficients A;. By Cauchy’s theorem,
we can deform the contour of integration in (4.8) into a small, positively oriented
loop contour around the saddle point ¢ = 1/2, to obtain

i/3 —2rij/3 —1/2 i/3 —1/2
D; = (4> ej/?{ Zi/dz - <4> Lj{ Mdz
3 23/27'('2 (1/24) w(z)J 3 211 (1/24) (w3(z))1/3
(A.5)
The square and cube roots in the second integral are defined to be positive for pos-
itive real z and are defined by continuity elsewhere. To apply Lauwerier’s method,

we expand the functions in the rightmost integral in (A.5) into Taylor series about
1/2:

3x (—2)F 2 1 —1/2 — (—1)* 1
6= - S -0 e = SR () -
k=0 k=0

Lauwerier’s method [6, egs. (8) and (9)] (with the notation Q,(t):=
(—1)77'g;_1(3t/4)) then gives

_qyi-1 ptee
Dj = (1“(13)/3)/0 e=*s/71Q;(s)ds, (A.6)

where Q1(t) = 1 and

1 /2 2k+1
% =5 () -5 k+4/ Q-+
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for j > 1. It is easy to verify that @);(t) is a polynomial in ¢ of degree j — 1 with ratio-
nal coefficients. When integrating Q;(s) term-by-term in (A.6), the factor I'(j/3) in
the denominator cancels, showing that D is always a rational number. In particular,

3 1 9
D=1, Dy=0, D3=——, Dy=—, D5 =——
! ’ ° P 20" 60 70’

3 199 3

Dg = — - _ 2
6740 7 72007 ° 700
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