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1. Introduction

Let f be any Maass cusp form (cf. [6]) over the congruence subgroup I'o(N) C T =
SLy(Z) with Af = (1 +v2) f, where A is the non-Euclidean Laplacian operator

0? 0?

Since the Laplacian is self-adjoint, any eigenvalue associated with A must be a
positive real number, and therefore v is either real or of the form ¢t with ¢ real and
—-1/2<t<1/2.

We denote the Fourier coefficients of f at cusp infinity by A¢(n) :

F(2) =4""? > Ap(n) Ky (27 |n|y)e(nz)
n#0
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normalized by setting Af(1) = 1. Here Ag(n) is then the nth Hecke eigenvalue of
f, K, is the modified Bessel function of second kind, z = z + iy and e(z) = €72,
The Maass cusp form f is said to be primitive if it is normalized cusp form which
is a Hecke eigenform of all the Hecke operators.

The Ramanujan conjecture asserts that |Af(n)| = O(n®) for any positive e. In
this direction, to the best our knowledge, the best known bound for the Fourier
coefficients was given by Kim and Sarnak [14], which is

I\p(n)] = O (n7/64+6) (1.1)

for any positive e.

Let p: H — H be the antiholomorphic involution given by p(x + iy) = —x + iy.
We call a Maass cusp form f even if fop = f and odd if fop=—f. We may
attach an automorphic L-function associated with the primitive Maass cusp form
f over T'4(N) as

né

Ls, /)= A1) Rege) > 1. (1.2)

It has an Euler product of the form (cf. [2, p. 208])

p2s

L(S,f)=H<1— ’\’;(Sp) +X°(p>>_ (1.3)

for Re(s) > 1, where xo denotes the principle character modulo N. The L-function
L(s, f) can be analytically continued to the entire complex plane. The completed
L-function associated with f can be defined as

A(Sa f) = Loo(saf)L(sa f)7

where

Loo(s f) = 7T_SF(s+;+iu)r(s+€2— iy). (1.4)

Here € takes the value 0 for f even and 1 for f odd. The completed L-function
A(s, f) satisfies the functional equation [2, p. 208]

A(s, f) = e NY275A(1 — s, f), (1.5)

where €7 is a complex number of modulus 1. The non-trivial zeros of L(s, f) lie
in the critical strip 0 < Re(s) < 1 and, by the grand Riemann hypothesis, are con-
jectured to be on the critical line Re(s) = 1/2. The goal of this article is to obtain
a transformation formula involving the non-trivial zeros of L(s, f) and to find an
equivalent criterion of the grand Riemann hypothesis for L(s, f).

In the classical case, the problem was initiated by Ramanujan. He showed an
elegant transformation formula to Hardy involving an infinite series of the Mobius
function [16, p. 312], during his stay at Trinity. Later, the identity was corrected
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by Hardy and Littlewood in [12, p. 156, § 2.5], which precisely states that for «
and [ being two positive real numbers with a3 = 7, the follovving identity holds:

ﬂzfﬁme_aw_ﬁzﬁ@e_wz: 2f2 o ))ﬁp o

provided the infinite series on the right-hand side of the above equation converges
where the sum is running over the non-trivial zeros p of the Riemann zeta function
with an assumption that the non-trivial zeros are simple. For more details, one can
look into [4, p. 467-468].

The series on the right-hand side of (1.6) converges if we bracket the terms of
the series in such a way that the terms for which

, Im(p) Im (o)
[1m(p) = Tm(p')] < exp (‘umw) rew (‘lgam@»)

are included in the same bracket (cf. [20, p. 220]) but the convergence of the series
is still unknown unconditionally.

The identity (1.6) leads Hardy and Littlewood [12] to obtain an equivalent crite-
rion of the Riemann hypothesis for {(s), which precisely states that for the function

P(y):=>.", 7“2(_272:1), the bound P(y) = O(y~/**9) as y — oo for any positive
0 is equivalent to the Riemann hypothesis. This equivalent criterion for the Rie-
mann hypothesis is sometimes known as Riesz-type criterion since Riesz [17] was
the first mathematician to find a similar result around the same time.

Later, several analogues and generalizations have been investigated in different
directions. For instance, a similar problem involving an extra complex variable
was considered in [11]. The problem in the setting of Dirichlet L-function and
Dedekind zeta function has been studied in [8] and [9] respectively. In [10], Dixit et
al. have obtained an identity analogous to (1.6) for holomorphic Hecke eigenforms
and found the similar criterion of the Riemann hypothesis for the associated L-
function. Recently, in [1], one variable generalization of (1.6) have been studied in
different direction.

We next provide the analogues of (1.6) for the non-holomorphic primitive Maass
cusp form over the congruence subgroup I'g(N) C I'. The reciprocal of L(s, f) for
Re(s) > 1 can be written as

Y
):Z
n=1

Y d DI\e(d) ifn=dD? (d.D)=1and d. D ¢
)\f(n){ﬂ( IXo(D)Ag(d) ifn , (d, D) and d, D squarefree (L)

0 otherwise.

The above expression of A 7(n) can be derived mainly from the Euler product of
L(s, f)~1, which follows from (1.3) that
n)

IR [T (12 ). (1.9

— ” p? p

https://doi.org/10.1017/prm.2023.66 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.66

4 S. Banerjee and R. Kumar

The multiplicativity of A #(n) and (1.8) together implies that for p™|n with m >

3, we have Xf(n) = 0. Therefore, from the fact that both A;(n) and xo(n) are
multiplicative, we obtain (1.7).
We next define two functions

Pr,(y) = i As(n) Ky (2771/) (1.9)

and

Pr.(y) = i As(n) {2}@ <27ry> - (Wl;(/i,z;w - (3/_;)”_)14 . (1.10)

In the following theorem, we obtain transformation formulas involving the non-
trivial zeros of L(s, f).

THEOREM 1.1. Let f be a normalized primitive Maass cusp form over the con-
gruence subgroup To(N) with eigenvalue 1/4+ v2. Let L(s, f) be its associated
L-function as defined in (1.2). Let ¢ be the complex number of modulus 1 appeared
n (1.5). If a and B are any positive numbers with o = 1/N. If the multiplicity of
a non-trivial zero p of L(s, f) is n,, Then

(a) for f odd, we have
a*2Py, (@) = e 0°* Py, (6)

= ! ! [ (s —p)"r Loo(1 =5, )82
=i — (n, — 1)! limy dsnp_l{ L(s.7) } (1.11)

(b) for [ even, we have

_ _ gmT(ziv) gagy, e MT(iv) 1,
VaPy, (o) = es/BP; (B L) CEREEE T 7) B
dnpfl
_Efzn _1'5‘>Pd8np

(s—p)" Loo(1 =, )32
x{ o) } (1.12)

provided the series on the right-hand of (1.11) and (1.12) converge where p runs
through the non-trivial zeros of L(s, f). In particular, if all non-trivial zeros of
L(s, f) are simple,

(a) for f odd, we have

07y, (@) — es3/7Py, () = — L Wﬁpé, (1.13)
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(b) for f even, we have

6f,/TWF( ) % v efﬂiiyr(il/) %71‘1/
\/>,Pf - effpfe ( ZV, f) ﬂ + + L(Z-V7 f) ﬂ

_pv -1
— €5 Z L, B3, (1.14)

The next theorem provides an equivalent criterion of the grand Riemann
hypothesis for L(s, f) when f is odd, motivated from the above theorem.

THEOREM 1.2. If f is an odd normalized primitive Maass cusp form over the
congruence subgroup To(N) with eigenvalue 1/4 +v?. Then the bound Py, (y) =
O(y=3/2%9) as y — oo for every positive § is equivalent to the grand Riemann
hypothesis for L(s, f).

Now we consider the remaining case when f is even. In obtaining the criterion
of the grand Riemann hypothesis for L(s, f) for f even, we need to consider the
derivative of the function Py, (y), unlike to the case when f is odd. The reason
behind the above fact is technical, which is mainly due to the poles coming from
the gamma factors involved in the functional equation (1.5) of L(s, f). Let Qy, (y)
be the derivative of the function Py, (y). Thus it follows from the derivative of the
K-Bessel function [5, p. 36, Formula 1.14.1.1] that

> Ap(n) [ (27Ty> (27ry)
Qr.(y)=m 2K4in | — | +2K1 | —
71,2::1 n? * n n

r'(1+q T'(1—q
_ X +fi) _ X ff) } . (1.15)
(ry /)t (mwy/n)t=w
THEOREM 1.3. Let f be an even normalized primitive Maass cusp form over the
congruence subgroup T'o(N) with eigenvalue 1/4 + v2. Then

(a) The bound Qy (y) = O(y=>/2%9) for any § > 0 implies the grand Riemann
hypothesis for L(s, f).

(b) If the grand Riemann hypothesis for L(s, f) is true, then as y — oo,

Y -1 ~ . .
Qr.(y)=—m Z )‘f { W;/:)fi?y + (ig(/l/n)lg”} +0 (y—3/2+5)
(1.16)
and
[y =]—1 ~ . .
et == 3 A G Gy} O (7).

The article is organized as follows. The next section is devoted to obtaining the
transformation formulas of L(s, f). We prove the criterion for the grand Riemann
hypothesis for L(s, f) for both odd and even case in § 3 and § 4, respectively.
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2. Transformation formula involving the non-trivial zeros of L(s, f)

In this section, we obtain an analogous result of (1.6) in the setting of primitive
Maass cusp form. In the following lemma, we provide a lower bound for L(s, f)
which will be used to prove theorem 1.1.

LEMMA 2.1. For a sequence of positive numbers T as T — oo through values such
that |T — ~| > exp(—A17v/log~y) for every ordinate y of a zero of L(s, f), where Ay
1s sufficiently small positive constant, the bound

|L(o +iT, f)| = e~ 42T
holds for o € [~1/2, 3/2], where 0 < Ay < 7.

Proof. The key ingredients to prove the above lemma are followed from [13, p. 102,
Formula 5.24] and [18, Lemma 3.6]. One can therefore apply a similar argument as
in [20, p. 219, § 9.8] or [9, p. 6] to complete the proof. a

We next provide the proof of theorem 1.1 only for the case when f odd since the
proof for f even goes along the similar direction.

2.1. Proof of theorem 1.1

The inverse Mellin transform of the modified Bessel function K, (x) [19, p. 253,
Formula 10.32.13] is given by

1 _ S— S+ [ _
K = 28721 r sd 2.1
=gz [ ( . ) ( ' ) ; (2.1)

which is Valid for any ¢ > +Re(u). Here and throughout the article, f( ) denotes the

integral f >. Replacing s by s+ 1 in (2.1) and letting x = 27 /n and p = iv,

we have
4o 2o 1 a\ —s
7K¢y — = . Loo i - d I 22
n < n > 2me /(C) (s f)(n) s (2:2)

for —3 < ¢ < —g;, where Leo(s, f) is defined in (1.4) for f odd. We next insert
(2.2) mto (1.9) to obtain

= A(n) 1 ay= oo [ Lol f)
471'0[7)f0(a) = nz::l " Tm ‘/(c) Loo(Sa f) (ﬁ) ds = 27” © (1 s, f) dS,
(2.3)

where in the last step we have interchanged the order of summation and integration.
The functional equation of L(s, f), as in (1.5) thus yields

Gf\/N Loo(lfs,f)
2mi (c) L(S7f)

We next shift the line of integration from Re(s) =c¢ to Re(s) = X where 1 <
A< % Consider the positively oriented contour formed by the line segments

draPy (o) = (Noa)™* ds. (2.4)
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A =T, A +iT), [N +4T, c+4T), [c+iT, c—iT] and [c —it, A —iT], where T is
any positive real number. Clearly, the poles of the Gamma factors in Lo (1 — s, f)
are on the right side of the line Re(s) = A. Thus, the only poles inside the con-
tour are arising from the non-trivial zeros p of L(s, f). Therefore, by invoking the
Cauchy residue theorem, we arrive at

/cj;T o IE( fs) . (Na)™*ds = l/ e //\’\J”T //\:;T}

Loo(1—3,f) . )
———— 2 (Na) °ds—2
X LG.7) (Na)=%ds — 2mi E R,,
[Tm(p)|<T

(2.5)

where R, denotes a residual term at a non-trivial zero p of L(s, f). If we assume
the multiplicity of a non-trivial zero p of L(s, f) as n,, then the residual term R,
can be calculated as

R, =

A=t (s —p)" Loo(l— s, [)(Na)*
(n, — 1)viip dsme— 1{ L(s, f) }

b A (5= )Ll s, )R
" (n,—1)! M Gem T { L(s, f) }

We can bind T'(s) for s = o +it, in any vertical strip using Stirling’s formula,
which is given by (cf. [7, p. 224])

ID(s)| = (2m)/2|t]7 2 =271 <1+0 (It|>> (2.6)

Now, lemma 2.1 and (2.6) together implies that as T' — oo,

Loo(]-_saf) —5 __ 27%
Tﬂwa) ,@(em )\T|),

where Ay < w/4. Therefore, the horizontal integrals in (2.5) vanishes as T — oc.
We next concentrate on the vertical integral in (2.5) and denote the vertical integral
as V. Substituting s by 1 — s and applying the relation a3 = 1/N respectively, the
vertical integral V reduces to

B AT Loo(l _ S,f) . B 1—\+:2T LOO(Saf) .
vie [ P weas=g [0 g

Clearly f% < 1= X< 0. Therefore as T — oo, we can apply (2.3) to evaluate the
vertical integral V' as
V = 2mi - An 5Py, (B). (2.7)
Combining (2.4), (2.5) and (2.7) together, we have
dra

” \/>7)fo( a) =473°Py, (8) = > _R,.

p

https://doi.org/10.1017/prm.2023.66 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.66

8 S. Banerjee and R. Kumar

and invoke the

Finally, we multiply both sides of the above equation by m
relation a3 = 1/N to conclude the first part (1.11) of our theorem

For the second part, when f is even, one can first apply Cauchy residue theorem
in (2.1) by shifting the line of integration from ¢ to A such that —1 < A < —% and
substitute x = 2’”, 1 = iv to obtain

2, (222) - (22) e - (22) 1)

n

1 s+ v s — v T\~
= — I I — . 2.

Next, one can argue along a similar direction as was shown for part (a) to complete
the proof of (1.12).

In particular, if all the non-trivial zeros of L(s, f) are simple, the term R, in
(2.5) can be evaluated as

Lo(1—s,f)
Bm BT

Loo(l — P f)
L'(p, f)

Loo(1 _paf)

(Na)™ = o))

(Na)™7 = B,
(2.9)
where in the last step we applied the relation a3 = 1/N. This completes the proof

of the theorem.

3. Equivalent criterion for grand Riemann hypothesis when f is odd

We first provide a heuristic stemming from theorem 1.1, which motivates us to
get an equivalent criterion of the grand Riemann hypothesis for L(s, f). Invoking
lemma 3.1 in (1.9), we obtain

3P (@) — 0, (3.1)

as a — 0. We now assume the grand Riemann hypothesis for L(s, f) and the
convergence of the series } LL,((lp ’}’ ) 37=%. Then (1.13) and (3.1) together
conclude

Pr,(8) =0 (87%2),
as  — oo.

The heuristic assumes the convergence of the series > Leo L,((lp "]’c)f 3°=%. It has

been shown in theorem 1.2 that the assumption of the grand Riemann hypothesis
is enough to obtain the bound Py, (8) = O(373/2+%), for any & > 0.
In the following lemma, we provide a bound for the function Py, (y) as y — 0.

LEMMA 3.1. Let —= < c < —=2. We have

Pry) =0y,

asy — 0.
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Proof. We first apply both (2.2) and (2.6) to obtain that for —1 < ¢ < =,

1 27y 1 1 y\ s y ot
Lo () = L L [ e (D) 52
n ( n ) Ay 21 J (o (s:) n o< n=¢ (32)
Therefore, (1.9) and (3.2) imply that
& (n) o
1 f 1
Pr,(y) <y ¢ Zl e <y
where in the last step we used the convergence of the series Y~ ’:lfl(nc) for —3 <
7
c < ~ 64 [l

We next obtain the Mellin transform of the function Py, (y), which plays an
important role to prove theorem 1.2, when f is odd.

LEMMA 3.2. For any complex number s with 0 < Re(s) < %, we have

e’} 7TS_1 T (1—s+iu) r (l—s—iy)
—s dy = 2 2
/0 y Py dy = —; G Lh

Proof. Let

o(s) = / Py ) dy.

We first make the change of variable y to x/n and then multiply both sides by
Ar(n)/n to write the above integral as

eho - [ 2]

Summing over n from 1 to co, we interchange the order of summation and integra-
tion by applying the Weierstrass M-test and the Lebesgue dominated convergence
theorem to obtain

( ) de. (3.3)

L(s+1,f)¢ / *SZAJ‘

It follows from the integral representation of Py, (y) as in (2.3) that for any ¢ €
(—%, 0), we have

T;/\J;L(Q)Pfo< ) Z n2 47rx271m () m<$)—s ds

1
 Arwix

/ Lo (s, f)z—* ds,
(c)

where in the last step we interchanged the order of summation and integration and
used the series definition of L(s, f). Therefore, substituting a by na in expression
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(2.2), the above series reduces to

i AZ(;L 7, (%) = Kiy (2m2). (3.4)

Finally, we insert (3.4) into (3.3) and apply the Mellin transform of K-Bessel
function for 0 < Re(s) < 3 to conclude that

© ,n_s—l o . e

This completes the proof of our lemma. 0

We are now ready to prove an equivalent criterion of the grand Riemann
hypothesis for L(s, f) when f is odd.
3.1. Proof of theorem 1.2

We first prove the sufficient condition of the grand Riemann hypothesis for L(s, f)
and for that we assume that the bound Py, (y) = O(y~219) holds for any & > 0, as
y — 00. It is already known from lemma 3.2 that the identity

> s—1 - v —5—1v
s [T pnman=Trr () r (). e

2 2

holds in 0 < Re(s) < % We claim that the identity is also valid inside the region
—1 < Re(s) < 0 under the assumption of the above bound of Py, (y).

To prove the claim, we first split the integral in the above identity into two
parts, one from 0 to 1 and another from 1 to co. Lemma 3.1 yields the con-
vergence of the first integral inside the region —3 < Re(s) < 0. It follows from
the bound Py, (y) = O(y=3+9) that the second integral also converges inside the
same region. Therefore, the result [19, theorem 3.2, p. 30] implies that the integral
fooo Yy~ Py, (y) dy represents an analytic function in —% < Re(s) £ 0. The gamma
factors on the right-hand side of (3.5) are also analytic inside —3 < Re(s) < 0 and
L(s+1, f) is entire. Therefore, the principle of analytic continuation yields our
claim.

Now the right-hand side of (3.5) has no zeros in —3 < Re(s) < 0. On the other
hand, the integral on the left-hand side is analytic inside the same region. Therefore,
L(s+1, f) does not vanish in —% < Re(s) <0 which concludes that the grand
Riemann hypothesis is true.

We next prove the converse part and for that we first assume that the grand
Riemann hypothesis is true. Under the assumption of the grand Riemann hypothesis
for L(s, f), it follows from [13, proposition 5.14, p. 113] that as © — oo,

Y Ay =0 <$%+5) :

where § is any positive real number. Let
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Applying the Euler’s partial summation formula, the above function can be bounded
as

M(l,n) =0 (/3*1/2”) . (3.6)

Let £ = [y*~°]. We split the sum Py, (y) into two parts as

where
=X (n) 27
Sl(fu y) = J;ZQ Ky <y) )
n=1
and

Saf) = 32 M0 g, ().

n=>~¢

We first estimate Sa(f, y). We have

N ¥ N-1 2m K. 2ty
50, (2 _ K, () Ko (3)
S () = 3w | S - =0

(2my
+M(€,N)7KWJ(VN >,

where the last term vanishes as N — oo. Therefore, the above equation implies

21y
So(f,y) = M(¢, ns— . 3.8
(1) = oMt | = o (33)
We next estimate the above sum by utilizing the mean value theorem and for that
we define
Kiu 2ry
g(z) = % (3.9)

Invoking (2.2) into (3.9), we obtain

1 1 1+ 1—1 —s
g(x) = —— r st r ot w (T—y) ds,
Ay 21 J (o 2 2 T

where —% < ¢ < 0. We differentiate g(x) with respect to x and apply Stirling’s
formula (2.6) on the gamma factors to derive that

1 s+ 1+iv s+1—iv _ xe 1
’ _ T T sps—1g _ 1
f0 = g [ e () (s e s S a0
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It follows from the mean value theorem that there exists A, € (n, n + 1) such that
g(n) —g(n+1) = —¢g’(\,). Therefore, the sum Sy(f, y) in (3.8) can be written as

=Y M(tn)(g(n) — gn+1)) =D M(ln)(=g' (An))-
n=>~¢ n={

Inserting the bounds from (3.6) and (3.10) into the above equation, we arrive at

——+5 0 c—%+6 3
Sa(f,y) e ch '< T <y 2, (3.11)
where in the penultimate step we have used the fact that >, n~% = O(z' %) (cf.

[3, p. 55, theorem 3.2(c)]) and in the last step, we put £ = [y'~°].
Next, we will concentrate on Sy(f, y). Utilizing the asymptotics of K;,(z) as
z — oo [15, Formula 10.40.2, p. 255], we can bound S (f, y) as
2my (-1 7

Si(f,y) < e\/?j Z’\7{3(/2).

n=1

Therefore, the bound of Xf(n), followed from (1.1) and the value £ = |y' ¢ |, yields

27'ry

(f7 ) <7£ 54+6 <<y 64+6 , (312)
VY

for any ¢ > 0. Combining the estimates of Si(f, y) and Sa(f, y) as in (3.12) and
(3.11) respectively into (3.7), we can conclude that as y — oo, Py, (y) = Oy~ 219)
for any 0 > 0. This completes the proof of theorem 1.2(a).

4. Equivalent criterion for grand Riemann hypothesis when f is even

In this section, we provide a criterion of the grand Riemann hypothesis for L(s, f)
when f is even, which is motivated from theorem 1.1(b). Under the assumption
of the grand Riemann hypothesis for L(s, f) and the convergence of the series
> B W B°=2, it follows from a similar argument in the beginning of § 3 that
as a — 0, or equivalently, as § — oo,

7T (—iv) 7T (iv)
L(—Z'I/,f) L(Zl/,f)

The heuristic is true under the assumption of the convergence of the series

> %BP 2 but without this assumption, it is shown in theorem 1.2 that

the estimate of Py, (/3) provides the main term of order 1%l and the error term of
the order S~1/2%9 for any § > 0. As mentioned earlier in section § 1, we need to
consider Qy, (f) to find the criterion of the grand Riemann hypothesis for L(s, f).

In order to prove the sufficient condition of the grand Riemann hypothesis, the
following two lemmas are crucial.

Pr.(8) = C BT+ 0B
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LEMMA 4.1. Let —% <c< —%. Then for any y > 0,

Qr.(y) =0y ).

Proof. We first consider the function

- () - (52) - 5L S

The above function can be written as

00 = =25 2 () - e ~ Gy o)

zd 1 s+ v s—iv\ /TY\ S
=———— r r —= d
mdy dmi Jio ( 2 ) ( 2 )(x) s

1 ; — —s—1
— o [ () () () e
4y (c) 2 2 T

13

(4.1)

(4.2)

where in the penultimate step we have applied (2.8). Invoking Stirling formula for

gamma functions in the above integral, we obtain

Q(y,z) =0 ((=/y)*).

Therefore, the definition of Q. (y) together with (4.3) yields

= A (n)

Qr.(y) <y~ '™y L <y
n=1

As(n)

(4.3)

where in the last step we used the fact that the series 2211 It converges as

—% <c< —%. This proves the lemma.

O

In the following lemma, we provide the Mellin transform of Qy, (y), which plays
an important role to prove the sufficient condition of the grand Riemann hypothesis

for L(s, f), when f is even.

3

LEMMA 4.2. For any complex number s with % < Re(s) < 3, we have

oo s _ﬂ.ss]_"(—s;-iu)r(—s;iu)
/O ¥y Qry)dy =~ IGiL)

(4.4)

Proof. Proceeding similarly as was done in the proof of lemma 3.2, we can obtain

T (*SSriu) T (75272’1/)

2L(s+1,f)

/ y S Py (y) dy =
0

We finally perform the integration by parts and utilize the fact that Qjy, (y)

dinfﬁ (y) to conclude our lemma.
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4.1. Proof of theorem 1.3

We first prove part (a) and for that we assume the bound Qy, (y) = O(y~%/2%9)
for any 0 > 0. Multiplying both sides of (4.4) with (SQZ”Q ), the identity

o S ey ey
L<s+1,f><s Z”)/ ySQfe(y)dy:WQSF(1+ 82“”>r(1+ 82’”>
0

(4.5)
holds for 4 < Re(s) < 3. Invoking lemma 4.1 and the bound of Qy, (y), it can be
shown by a similar argument of the proof of theorem 1.2 that the identity is also
valid inside the region —1 < Re(s) < 2.

Now, the right-hand side of (4.5) has no zeros in —1 < Re(s) < 0. On the other
hand, integral is also analytic inside the same region. Therefore, L(s + 1, f) has
no zeros in —3 < Re(s) < 0. This completes the proof of the grand Riemann
hypothesis.

We next prove part (b) and for that we assume the grand Riemann hypothesis
for L(s, f). The argument to prove the estimates of Py, (y) and Qy, (y) are similar,
we here provide the proof for Q¢ (y).

It follows from [13, proposition 5.14, p. 113] that the grand Riemann hypothesis

for L(s, f) implies
Z Xf(n) =0 (:E%Jr‘s) ,

n<e

as © — 00, where ¢ is any positive real number. Let

M(l,n) = z”: Xf(m).

m2

m=4F

Applying the Euler’s partial summation formula, the above function can be bounded
as

M(tn) =0 (6‘3/2”) . (4.6)

Inserting Q, (y, =) from (4.1) into the definition of Qy, (y) in (1.15), we have

Qr.(y Z

Let £ = |y'~°|. We next split the above sum into two parts as

)1).

Qr.(y i) Sy + 30 2o, (y.m)
n=1 n=~4
=T (f> ) +T2(f7 ) (47)
We first evaluate Ta(f, y). We have
Z AJ;( Z M(¢,n) ;n) —Q(y,n+1)) — M4, N)Q,(y,N).

n=~{
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Note that the last term in the above equation vanishes as N — oo, therefore, we
obtain

To(fry) =D M(6n) ((y,n) — Qu(y,n+1)). (4.8)
n=>~,

The mean value theorem implies that there exists A,, € (n, n+ 1) such that

Qu(y?n) - QV(yan + 1) = _%Qu(yaaj) (49>

=\,

We next find the estimate for the expression on the right-hand side of the above
equation. Differentiating both sides of (4.2) with respect to x, we arrive at

d 1 54 v ez r\°
—Q, =—— 1T r — ] d el
(4.10)
The combination of (4.6), (4.8), (4.9) and (4.10) together with ¢ = |y'~¢], yields
Ty(fy) < 30y~ 3l <y i (4.11)
n=>~¢

where in the last step we used the fact Y _ n=% = O(z' %) (cf. [3, p. 55, theorem

3.2(c))).
We now estimate 71(f, y). Invoking the estimate of K,(z) from [15, p. 255,
Formula 10.40.2], we arrive at

n>x

-1 7

Ti(f,y) = — Z Ar(n) {(Zy)iyl I(l—iv)+ (@)7%1 1+ iy)}

2
n n
n=1

0 e Ar(n)
+ N ; poreall B
Therefore, the bound of A 7(n), followed from (1.1) and the value £ = |y' 9], yields

Ti(f.y) = — ei ngn) {(W)W_l T —iv) + (ly)_i"_l I+ 1'1/)}

n n n
n=1

+0 (y*%” e”“ys) : (4.12)

for any § > 0. Thus combining (4.7), (4.11) and (4.12), we conclude (1.16). This
completes the proof of our theorem.
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