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Abstract We consider the non-linear Schrédinger equation

—Au+ V(2)u = pf(u) + |u|?” —2u, (Pw)

in RN, N > 3, where V changes sign and f(s)/s, s#0, is bounded, with V non-periodic in z.
The existence of a solution is established employing spectral theory, a general linking theorem due
to [12] and interaction between translated solutions of the problem at infinity with some qualitative
properties of them.
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1. Introduction

We investigate the existence of a non-trivial solution of the elliptic problem
~Au+V(z)u=gu), uecHRY), u#0 (PL)

with g(s) = uf(s) + |s|* =25, N > 3, >0, under no periodicity condition on V that
changes sign, and s — f(s)/s is bounded.

This problem has been extensively studied considering several potentials V and non-
linearities g. For the case where V and g(s) = g(z, s) are periodic functions in the variable
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z and g have a subcritical growth, we refer the reader to [7-9, 13, 16, 17 | and references
therein.

The case when g possesses critical growth and potential V changes sign, we refer the
works of [2, 4, 14, 18 ], which are more closely related to this article. In all of them, the
condition of periodicity is crucial in order to overcome the lack of compactness in RY.

On the other side, Maia e Soares in [12] considered the case when V is not periodic
(namely, V(z) — V& > 0 as |z| — o0) and ¢ is asymptotically linear at infinity, without
any monotonicity condition on s — g(s)/s. The framework that the authors deal with
the problem makes possible to apply the celebrated result due to Berestycki and Lions
in [3] and ensures that the limit problem associated to (P,)

—Au+ Voou=g(u), uwe HRY), u#0 (Pu, o)

has a mnon-trivial ground state solution ug € CZ?(RY,R), which is positive, radially
symmetric and decays exponentially, namely,

ug(z) < eV Voolzl  for all z € RY. (1.1)

As quoted by the authors in page 21, after some interactions between the energy func-
tionals associated to (P,) and (P, o), property (1.1) of the solution ug was strongly
needed in order to prove that the weak solution of (P,) is non-trivial (see Section 5 in
[12], p. 19).

Our work complements all results cited above. Differently from them, the potential V'
is non-periodic and changes sign and the non-linearity g(s) = puf(s) + |s|?” ~2s possesses
a critical growth, with s — f(s)/s bounded. This scenario brings several difficulties.

The central idea of our approach is to apply the version of the Linking Theorem due to
Maia and Soares in [12, Theorem 1.2] and, for that purpose, takes a positive ground state
solution of (P, ) that has an exponential decay and makes some suitable interactions
with problem (P,). Since our problem is critical, we cannot apply [3] directly as the
authors do in [12]. Therefore, how to guarantee that (P, ) has some non-trivial ground
state solution? And, then, is it possible to show that this solution has exponential decay
as (1.1)?

In this paper, to prove that problem (P,) has a non-trivial solution, we first answer
these two question, considering the elliptic problem

—Au+V(z)u=puf(u)+ |u|2*_2u, u e HI(RN), u#0 (P,)

with N >3, u>0and u € E := H'(RY) and V : RY — R is a potential satisfying the
conditions:

(V1) V € L= (RN);
(V2)  lim V(x) =V, >0;

|z]|—=+o0

(V3) 0 ¢ o(L) and info(L) < 0, where o(L) is the spectrum of the operator
L=-A+V.

(Vi) V(z) < Vo — Ce1272 with 4, > 0 and v, € (0,1).
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The conditions that we consider on the non-linearity f € C(R,R) are the following:

() i 1) =

(f2) We have f(s) =0 for s <0 and |f|g|)| < m for all s#0;
(f3) If F(s):= /OS f(t)dt and Q(s) := %f(s)s — F(s), then for all s € R\ {0},

0 and f(s) =0, for all s € (—00,0] ;

F(s)>0, Q(s) >0 and lim Q(s) = +o0

S5— 00

An important consequence of assumptions (f1) and (f2) is that, given £ >0 and 2 <
p < 2%, there exists C; > 0 such that

[F(s)] <els]? + Cels[” and  [f(s)| < els| + Ccls|"™ (1.2)

for all s € R.
One of our main results is the next theorem.

Theorem 1.1. Suppose that assumptions (V1) — (Va) and (f1) — (f3) hold. Then, there
exists p* > 0 such that, if p > p*, problem (P,) has a nontrivial and nonnegative solution
u, in HY(RN). Moreover, the limit problem

—Au+ Voo = puf (u) + [u? ~2u  in RN
(PH7 OO)

u € HY(RY),

has a ground state solution uy such that, if v € (O VvV ) then there exists C = C'(m,v) >
0 satisfying

luo(z)| < Cluo|eee™!, Vo e RY.

We stress here that, in order to prove Theorem 1.1, we do not need any monotonic-
ity hypothesis on function s — f(s)/s, as one can find in the literature about similar
problems. One example of non-linearity that satisfies our assumptions but f(s)/s, s #0,
sT—1,5s% + 253

1+s5
however, f(s)/s, s#0, is not increasing.

This paper is organized into seven sections as follows. In §2, we focus on providing
the appropriate variational setting for the problem. In §3, we obtain the geometry of
a version of the Linking Theorem, and as a result, we obtain an appropriate Cerami
sequence. This sequence is proven to be bounded in §4. In §5, we present the first part
of the proof of Theorem 1.1, and in §6, Appendix A, we present the second part of the
proof and we also discuss the limit problem (P, ) and its ground state solution in detail.
Finally, in Appendix B, § 7, we present a technical result on significant convergences.

is not increasing is f(s) = for s € R. Then f satisfies our hypotheses;
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2. Variational setting

Let £ := H'(RY). The energy functional I : E — R associated with equation (P) is
given by

I,(u) = %/RN (IVul* + V(z)u®) dz — /J/

1 .
F(u)dz — —/ lu|? d,
RN 2* JpN
with u € E. It is well known from conditions (V3) and (V3) that the eigenvalue problem

—Au+V(z)u=Au, ucL*RY) (2.1)

has a sequence of eigenvalues A\ < A < -+ < A\, < 0 (see [6], Theorem 30, p. 150). We
denote by ¢; the eigenfunction corresponding to \;, i € {1,2,...,k} in HY(RY). Setting

E~ :=span{¢;, i=1,2,...,k} and E*:= (E_)L,

we see that E = ET @& E~. According to Stuart in [15], Theorem 3.15, the essential
spectrum of —A + V is the interval [V, +00), and this implies that dimE~ < oo.
Having made these considerations, every function u € E may be written as u = u™ +u~
uniquely, where u™ € ET and u~ € E~. Hence, by using the arguments in Lemma 1.2
of [5], we may introduce the new inner product (-,-) in F, namely,

/N(Vu Vv +V(z)uw)dr ifu,veET,
R

(u,v) = f/ (Vu-Vo+ V(z)uw)de if u,v e B,
rN
0 ifue BT andv e E™.
such that the corresponding norm || - || is equivalent to || - ||, the usual norm in E =

H'(RY). In addition, the functional I may be written as

1 1 1 x
) = P = g = [ Pde—g [P da

for every function u = u* +u~ € E. We call the attention to the fact that, since \; # 0
for all i € {1,2,...,k}, it follows from (2.1) and the definition of ¢; that

/RN ut(x)v™ (z)dz =0 (2.2)

for all functions ut € ET and v™ € E~.
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To deal with compactness issues, we will prove several auxiliary results concerning the
limit problem associated to (P,), namely,

—Au+ Vaou = pf(u) + |uf2 2w in RY

(Py, o)
u€ HYRYN).

Hereafter, let us denote by J, : H'(RY) — R the associated functional given by
Ju(u) = 1/ (IVul® + Voou?) da — u/ F(u)dx — i/ |u|2>k dz
" ' 2 RN e RN 2% RN ’

Also, let us consider the level d, := 16131\1; Ju(u), where
ueNp

Ny o= {ue H'RY)/{0} : J),(u) =0}.

3. Geometry of the Linking Theorem

In this section, we are going to show that functional I, satisfies the geometry of the
following version of the Linking Theorem.

Theorem 3.1. [12, Theorem 1.2] Let E be a real Banach space with E =V & X,
where V is finite dimensional. Suppose there exist real constants R > p > 0, a > 8 and
there exists an e € OBy N X such that I € CY(E,R) satisfies

(1) Ipp,nx = o
(Iy) Setting M := (BrNV) @ {re : 0 < r < R}, there exists an hy € C(M,E) such
that
(i) sup I (ho(w)) < +oo,
weM
(i) sup I (ho(w)) =,
weOM
(iii) ho(OM) N (0B, N X) =0,
(iv) There exists a unique u € ho(M) N (0B, N X) such that

deg (ho, int(M), u) # 0.
Then I possess a Cerami sequence on a level ¢ > «, which can be characterized as

c:= éré{ﬂir&aﬂ}} I(h(w)),

where I' ;== {h € C(M, E) : h|gy, = ho}.

To prove that functional I, has the geometry of Theorem 3.1, let ug € H*(R"Y) be a
non-trivial ground state solution of problem (P, o) given by Proposition 6.7 in Appendix
A. By hypothesis (f2), ug is nonnegative.
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Given w € FE and y € R, to simplify the notation, we write w* (- — y) (or w=(- — y))
referring to the projection in E1 (respectively, in E7) of the translated function w(- —y).

Proceeding as Claim 4.5 in [11], we may prove that ug (-—y) is a non-trivial function just
choosing y € R with norm sufficiently large. Now, let us consider R > 0, any non-trivial
function e € ET with ||e]| = 1 and the sets

M={w=te+v; |w|<R, t>0, v € B}
and
My=0M={w=te+v ; v~ € E7,|w|=R, t >0o0r |w| <R, t=0}.

Defining

ho(w) = ho (tRe +v™) = ug (t_Ly> +|v~|, for t € (0,1]
and ho(v™) = |v~|, where up € E is the non-trivial solution to the limit problem (Px)
found before and L >0 to be chosen, we have the following lemmas. The first one proves
item (I;) from Theorem 3.1.

Lemma 3.2. There exists p> 0 such that

inf I,(w)>0.
wE@BpﬂEJF #( )

Proof. For p>0, let w™ € E* with ||w*| = p. Then, from (1.2), for all £ >0, there
exists C. > 0 such that

1 * 1 *
Iu(w®) > 5p? = peCp® = pCeCp* = —p*

2*

where we used Sobolev embeddings and the equivalence of the norms. It follows that, for

e< e

1 1 "
I(w") > sz - <2* +MCEC) P

9 3
Now, choosing 0 < p < ( )> , the result follows. O

41+ 2*uC.C
The next result shows that item (i) from Theorem 3.1 holds, choosing £=0.

Before stating this result, we remember an important result from spectral theory that
characterizes the functions that belong to E~ as follows: u € E~ if and only if
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/]RN (IVul* + V(z)u?) dz < 0.

Thus, if w € E—, then |u| € E~.
In the sequel, we will denote |lw||3, = /N(|Vw|2 + Voow?) dz for any w € H(RY).
R

Lemma 3.3. There exist R> 0 sufficiently large, which does not depend on u, such
that, for all > 0,

sup I, (ho(w)) = 0.
we My

Proof. Denoting by YF(¢)(z) = ug (£7%), let us separate this proof in three possible

tL
cases. If w =tRe +v~ with ¢t € [0,1] and |[v~| = R, we have
1 2
L (ho(w)) < 5 [T @) - #2]
1 2 9
< = _
< s [, - 7]
1
< = Y3, — R?
< 5 mar i1, - 7] <o

for R >0 large enough. Second, if w = v~ € Bg(0) N E~, one has
I, (ho(w)) =1, (v7) <0.

To finish the proof, if w = Re + v~, with ||[v™|| < R, then

Iy (how)) = 5 [I00 ) = o™ 7] — 1 / CF (T o)) do

S MEaCR
< J, (Y1) + “/RN [F(Y*(1) — F(YT(Q) + [v])] d
b [ [T OF et ) e

where we used the facts that, for L >0 large enough, it holds that J,(Y(1)) < 0; we
also have for |y| sufficiently large that [T~ (1)|| is small enough such that J,(Y(1)) <0
implies J, (Y*(1)) <0 and
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Lo I = e e aas [ = ra + o] a

Moreover, we applied the non-decreasing condition for function F since f(s) > 0 for all
s and for function s 52*, for s >0. d

Now, let us demonstrate that item (iii) from Theorem 3.1 also is valid.
Lemma 3.4. It holds that ho(OM) N (0B, NET) = 0.
Proof. Observe that
ho(OM) = (0BRNE™) & {Y*(t): 0<t<1}U(BrNE )U(BrgNE )& {TT(1)}
and that
(OBRNE™) @ {Y*(t):0<t<1}NET =0.
In addition, to guarantee that (Bg N E~) & {YT(1 }& nE* ﬁ 9B, = 0, it is enough to

choose a sufficiently large L, [y| > 0 such that I,(T (1)) ~ I,(Y ( ) < Ju(Y(1)) < —1.
Therefore, by Lemma 3.2, necessarily

1Tt > 2%, (3.1)

where Y1 (1) = ul (£%). Then, we conclude that
o \"L

ho(OM) N (0B, NE™) = hg(0M)NdB,NEt = (BRNE~)NdB,NE' = 0.
The lemma follows. O

Finally, let us prove that item (iv) from Theorem 3.1 is true.

Lemma 3.5. There exists a unique u € ho(M) N (0B, N ET) such that

deg (ho,int(M), u) # 0.

Proof. Consider the function 9 : [0,1] — R, given by ¢(t) = [|[YT(¢)|], is strictly
increasing and hence injective. Moreover, 1 is continuous, ¢(0) = 0, and from (3.1), we
have ¥ (1) > p. Thus, from the Intermediate Value Theorem, there exists some (unique,
since 1 is injective) to € (0,1) such that ) (t9) = p. Hence,

ho(M) 1 (9B, N E*) = {Y*(t) : t € [0,1]} N OB, = {T* (t)},
and there exists an unique w = Y7 (t9) € ho(M) N (8B, N E™). Since Rte — ho(Rte) =

Yt (t) is injective, there exists a unique ug = Ritpe € int(M) such that hg (ug) = T (to).
Therefore, deg (hg, int(M),w) # 0, proving (iv).

O
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4. Boundedness of Cerami sequences
We say that a sequence (u,) C E is a Cerami sequence at level ¢ for functional I, if

I.(up) = cin R and ||IL(un)||E*(1 + |lunl) = 0 € R,

as n — +00. Before we state the next result, we note that, if (v,) is a bounded sequence
in F, then (v,,) satisfies either

(4) vanishing: for all » >0, limsup sup / |v,|? dz =0
n—oo yerN JB(y,r)
or

i1) non-vanishing: there exist r,n > 0 and a sequence (y,,) C RY such that
(i) g . q Y

limsup/ |vn|? dz > 7.
B(yn,r)

n—oo

Lemma 4.1. Let (u,) C E be a Cerami sequence at level ¢> 0. Then, (u,) has a
bounded subsequence.

Proof. Suppose by contradiction that 1 < |lu,| — co as n — +oo. Consider

Up,
Uy =
[[n |
and note that ||v,|| = 1. The sequence (v,,) is bounded; however, we will show that neither

(@) or (#2) is true. First, notice that from hypothesis (f3),

1
c+on(l) =1,(uy) — §IL(un)un

_ f(un)un _ 1 / 2%
_M/RN ( 5 F(uy,) | do + 572 ) fow lup|® dz
> <1 _ 1) / |un|2* dz,

2 2% RN

which shows the boundedness of the sequence (|uy,|2+). It will be used in the calculations
that follows.

First, suppose that hypothesis (i) is satisfied for sequence (v,,). Since the sequence
(up) is a Cerami sequence, we have

/ U:Lr - T
o) = Lulen) o = e

= v |* - ,u/RN (f(uu”)vnv;{) dz (4.1)
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and

U, 1 _
B T A T

—tolP=n [ (2uir ) (42)

Subtracting equation (4.2) from (4.1), we have

Thus,

“/Q; <f(;‘:)vn(v; vn)> dz = “/RN <ij1”)%(@; - vn)> dz =1,  (4.3)

provided f(s) =0 if s < 0, where we define Q;f = {z € RY; wu,(z) > 0}. By equivalence
of the norms, there exists a constant vy > 0 such that

loll? > wolle| 2, (4.4)

RrRNV)

for any w € E. Given 0 < & < 314, by hypothesis (f1), there exists § >0 such that

<e for 0#|s|] <é.

For each n € N, consider the set

Q, ={z e RY; 0 < u,(z) < d}.
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Thus, from (4.4) and by Hoélder’s inequality,

i [ (Bt - o) de < e [ o vl
On Un Qn
< ellonllzny (0t gy + ozl 2
< 2efonlZa e,
2¢e 2¢e
< H vl = = — <1
From (4.3), we conclude that
1iminf/ (f(un)vn(v,’lL - v;)) dz > 0. (4.5)
n—oo Q’i\ﬁn Un

/0l
|-

Since the function is bounded by (f2), by Holder’s inequality with exponent g > 1,

we obtain

f(un) 2
/ﬂﬁ\fln (vn(vﬁ )> dz < ClO5\ Qn | ||Un||Lp BN (4.6)

Un

Assumption (i) and Lions’s Lemma ensure that ||vnHLp(RN) — 0. Therefore, up to a
subsequence, from (4.5), we obtain

|5\ Q| = 00, asn — oo. (4.7)

Now we consider two disjoint subsets of Q7 \ Q,,. Hypothesis (f3) implies that there exists
R >0 such that, if s > R,

1
§f(8)5 — F(s) > 1.
Without loss of generality, we assume 0 < § < R. For each n € N| let
A, = {z € RY;u,(z) > R}

and thus, by (4.1),

c+o0,(1) Z,u/

An

(54 unl@ne) = Flua(e)) do> i,
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which implies that the sequence (|A4,]|) is bounded. Consider also
B, = {z € RY;6 < u,(z) < R}.
Since B, = (% \ Q) \ 4,,, we have
95\ @l = [Aul + [ Bul.
It follows from (4.7) and the boundedness of the sequence (|A4,|) that
|Bp| — 0. (4.8)

Since the interval [§, R] is compact and the functions f and F are continuous, we have

- 1
by hypothesis (f3) that ¢ := i[I(}fR] <2f(s)s - F(s)) > 0. Thus, from (4.8),
s€

)

[ (5t = Flu) dou [ n (i~ Flu) )

> 1ud| B, | — oo.

We have a contradiction with the fact that

i | (E Fun)in — Flun) ) da < Lu(un) — 21 (un)tn = ¢+ 0n(1).
/JRN <2 ) 2

Therefore, () does not hold for sequence (v, ). Now, suppose that (iz) holds for sequence
(vn). By equivalence of the norms, there exist constants Cy,Cy > 0 such that

[wl < Cillwl g1 gy < Cellwl], for all functions w € E. (4.9)
Let (y,) C RY be the sequence given by hypothesis (ii). Consider o, (z) = v, (z + yn)
and Uy (z) = un(x + yp). Note that (9,,) is bounded in E. In fact, from (4.9), it follows
that

[6n]l < CillOnll 1@y = Crllvnll g1 gy < Collonll = Co.

Thus, up to a subsequence,

4.10
U, — 0 strongly in L2 (RY). (4.10)

loc

{ U, — U weakly in F,

We note that @ # 0, since by (4) and (4.10),

/ o2 dx = limsup/ 02 do = limsup/ v2dr >n>0.
B(0,r) n—oo JB(0,r) n—00 JB(yn,r)
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C
By (4.9), ||ty || > C—lHunH, which goes to infinity as n — oco. It follows from (4.10) that
2

0# [0(z)| = Tim [5,(x) = lim [iin (2)]

— a.e. in 2,
n—oo ||y |

with || > 0 and Q C B(0,r). Since ||4y,| — oo, we have |@,(z)| — oo a.e. in Q. Thus,
Fatou’s Lemma yields

n—oo

liminf/ lup |2 dz = liminf/ |t |2 da
RN n—oo JpN

n—oo

> liminf/ \ﬁn|2* dz
Q

n—oo

z/hminf\anﬁ* dz
Q

= +o0.

However, this contradicts the fact that (|u,|e*) is bounded. This implies that hypothesis
(i) does not hold for sequence (v,). We conclude that, up to a subsequence, (u,) is
bounded. O

In the sequel, since M is a closed and bounded subset of a finite dimensional space, we
have that M is compact. Therefore, by the continuity of k¢ and I, for each p >0, there
exist ¢, > 0 and v, € E~ such that

gé%d#(ho(u)) = Ly(ho(tyRe+v;)) =1, <ug <t;Ly> + v;l) ;

with t,Re + v, € M. Let us prove that in fact ¢, > 0. Otherwise, if {, = 0, then
by the definition of I,, we have I,(|v,|) < 0. However, by the proof of Lemma 3.2,

+ (- —Y
i ()
satistying I,,(ho(tRe)) = I, <u8‘ <t_y> ) > 0, contradicting the maximality of 1,,(v ;).

we may choose several small values of ¢ >0 such that tRe € M and < p,

Therefore, t,, > 0.

Lemma 4.2. It holds that ¢, — 0 as p — +oo, where ¢, = in% max I,(h(w)), with
clwe
I''={h € C(M,E) : hlg, = ho}

Proof. First, remember that ¢, > 0 is not equal to zero. We claim that ¢, Re+v, — 0
as 1 — +oo. In fact, since {,Re + v, € M and M is a compact set, passing to a

subsequence if necessary, we may suppose that ¢,Re + v, — wo := toRe + vy, € M
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strongly as pu — +oo. Let us show that wy = 0. Otherwise, suppose wg # 0 and note
that, by the equivalence of the norms,

0<¢, < gé%a}[u(ho(u)) = Lu(ho(tuRe +v,))

2
(%) Y
t,L

- —,u/RN F(ho(tyRe +v,))d.
HI(RN)

After a change of variables, since 0 < ¢, < 1, it is possible to find a constant C'>0,
which does not depend on p, such that

"\ t.L

for all x> 0. At this moment, supposing ¢y > 0, since ug is positive and ug (- —y) — 0
strongly in E as |y| — oo, we choose y € RY with norm large enough to get F'(ho(wo)) =
Flho(toRe+v7)) = F(uf ((-—y)/toL)+lvg ) ~ F(uo((-—y)/taL)+[v5 ) > 0. Therefore,
Fatou’s lemma provides

2

<C

2|
2 HI(RN)

pH—00

0< / F(ho(wp))dx < liminf/ F(ho(tyRe +v,))dz.
RN RN
Then, we obtain for p > 0 sufficiently large that

0<¢, <C— u/N F(ho(t,Re+v,))dz <0,
R

which is an absurd. This contradiction shows that wg = 0 and proves our claim.
It follows from the continuity of the norm and of the function hg (using also that
ho(0) = 0) that

0<¢, < {ng\)jlu(u) = I(ho(tuRe +v,))

IN

1 _
oty Re + ;)

—0

as 1 — 00, and the result follows. d

5. A nontrivial solution for (P,)

We begin with a technical result.
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Lemma 5.1. If jip > py > 0, there exists C> 0 such that, for all z1,z5 € RY,
/ e Hlz=ailegmnale=aal \pmdy < € emrlT1—m2l)
RN B

Proof. Since

prler —xol 4 (p2 — pa) [z — 22| < (lo— 21| + o —22]) + (k2 — pa) [z — 22
= gl — x|+ p2 v — 2],

we have

/ e Hile—zilg—m2lr—2al 4p < / e~ Ml —z2lg—(n2—p)lz—2a| 40 — O e~ H1lT1—22l
RNV RNV

The proof follows. U
Lemma 5.2. For every u> 0, it holds that c, < d,,.

Proof. For simplicity, C' will denote a positive constant, not necessarily the same one.
By the definitions of the functionals I, and J,, and fixing u, = v, + ¢, Re, we have

(o)) = 51T 0 = o 2 = [ POT(8) + o) s

1 *
o [T+ de
1 *
< Z|Irt 2 —/ F(Y™ - — T+ 2
<3l e [ PO e 5 [ ) de
1 o
g [ ) |
1 *
+f N(F<r+<tu>>—F(T*(m)ﬂv-\)) dot g [0 s
R

+3 [ V@) = V) (070, da

LT ) + 5 [ (Vi) = Vi) (00, da

T(tw) +
s [ @) = () + o)) da

e [y (P =1 ) + o) ao
T + 5 [ (V@) = V) (071 da 6.1)

. . * .
provided |y| is large enough and F' and s +— s? | for s >0, are non-decreasing.
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1
Let us estimate the integral 3 /N (V(2) = Vo) (YT (¢4))? do. We begin remembering
R
that

w (57 ) = Y6 = T )@+ 1 (1))

for all 2,y € RY. Thus, replacing = by = + y, we get

x .

w (77 ) = Y +9) = YH )+ )+ T+ )
m

for all z,y € RN. Since ||[Y~(t)(z + y)|2 = [|T(t)]2 — 0 as |y| — oo uniformly on

t € [0,1] (see (3.8) and (3.9) in [12] and note that we are considering for t =0, T~ (0) = 0),

it yields the pointwise convergence

YH(t)(x +y) = uo <th) as Jy| — 0. (5.2)
We have from assumption (V}) that
3 [ V@ =V (00 e = 5 [ (Via+9) = Vo) (T (1)) + ) o

<=0 [ T )P de (53)

< _CoClu™ /R e TR () (@ 4 y) de,

where we used that, for all x,y € RN, |t,Lx + y|"2 < Ct2L72|z["2 + Cly["2 < Clz|*2 +
Cly|"2 and the function s — —e~ 1% s > 0, is increasing.
Now using (5.2) and the Lebesgue Theorem, we obtain as |y| — oo that

2
—Clz —Cl|z £
[ @ e e [ e (u (M)) 4z = ap > 0,

with ag > 0 does not depending on y. It follows from this and (5.3) that

%/]RN (V(z) = V) (T*(tu))Q dz < _Cefcm’yz 5.4)

for |y| large enough.
Therefore, from (5.1), we obtain

Lu(ho(uy)) < Ju(TF(t,)) — Ce=ClI™, (5.5)

By Mean Value Theorem (choosing the points a := Y(¢,,) and h := =Y~ (¢,,) that implies
a+h="7"7%(t,)) and the growth of f, we have for 2 < p < 2* that
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[ 000 = PO do < [ 7086 + 700 (0))] 0 (1) o
<e [ TN de e [ (002 s
+c/‘|<>WHT<QMx (56)

—|—C/ w)|P dx,

where r;(x) € (0,1). Following the same arguments, we arrive at

/RN ((T(tu))z* — (T (t, dx < c/ T (8] de 57

+C’/ |2 dz.

Now using the exponential decay of Y(¢,,) given by Proposition 6.10 in Appendix A, with
v >0 to be chosen, we get from Lemma 5.1 that

/RN ‘T(t“)|2*_1|T_(tu)|d$ <C - (e_(2 _l)tuLx_yleﬂSII) dz
< Ce*(z 71)t#—L|yl’ (5.8)
just choosing v >0 small enough. By the same arguments, we also have

[ et ode <o [ (R ) 4
RN RN

—(p—1)-Y_—
(p )tHL\yI

<Ce 59
(5.9)
and
- el _sle
/RN T )T (E)d2 < C " <e tul e Ol |> dx
<ce wrl, (5.10)

Now applying (5.8)—(5.10) in (5.6) and (5.7), and defining || Y~ (¢,)||vee := By, one has

/RN (F(C(t) — F(C*(t,)) do <eCe ml" L eg?c.oe” " V0l 4 coopr
(5.11)
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and

/R () () de <o TTIRIM o (5.12)

Choosing 0 < & < 1, inequalities (5.11) and (5.12) provide

T = SITH @I = [ POTH 6 o= g0 [0 (0 o

2* JrN
g8 [ (PO~ F(T(0,)) do

5 [ (T = 0))) o

(P—l)mm + 05055

> T, (YT (t,) — {ECe_tll‘lLly +eB.+CCe
B [C’ o @ URT | Cﬂj*] + %BZ

> J(TH(t,) + (; - a> g2 —cce Wl _ .00 "TVRIY _copr
oo IR g

Since 3, — 0, we have

1 .
(2 —5) 82— C.0pr — OB >0

taking |y| sufficiently large. It follows that

Ju(Y(t)) = T (YT () — ECeitﬂLLlyl _ Csce*(Pfl)tuLLlyl B Ce*(Q**l)tMLL\yl.

(5.13)
Thus, returning to (5.1) with (5.4) and (5.13), we get
Lu(ho(w,)) < Ju(X () — Ce O™y coe™ Bl 4 .oV Tz
Loe @ Ll (5.14)

with |y| large enough. Since the function e Clyl"? decays more slowly than the other

terms of exponential functions (because 0 < v2 < 1), we conclude from (5.14) that

L (ho(uy)) < Ju(Y(tL))-
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To finish the proof, we proceed as follows.

Cu < umeg}@[( I (ho(u)) = I (ho(uy)) < Ju(T(t,)) < tren[gﬁ] Ju(Y (@) = Ju(uo) = dp.

We used the fact that the maximum max J, (Y (¢)) is achieved at the unique point to,

where JJ,(Y(t0))Y (to) = 0. This point #o is unique once J;, (T (t0)) Y (to) = 0 is equivalent
to

_ _ *
to LN Vuoll3 + to L [|uoll3 = to LY /N [ (uo)uo da + to' LN |uol[3+,
R
which has only one solution in ty. Since ug is a non-trivial solution of (P, ), we can
1
infer that the value of tq is tg = I The proof is complete. O

Lemma 5.3. Consider (u,) C E, a (Ce). sequence for functional I, such that

1
t, — 0 in HY(RN) and ce |0, S%

N
NC2

where Cy is given by (4.9). Then, there exist a sequence (y,) C E and p,n > 0, satisfying

n—oo

limsup/ U |? dz > . (5.15)
Bp(yn)

Proof. Suppose, by contradiction, that (5.15) does not hold. Then, by [10, Lemma 8.4],
we have, for p € (2,2%), that

lim |un|? dz = 0.
n—oo JpN

Consequently, by (1.2) and (f3),

lim F(up)dz = lim fup)uy, dax = 0. (5.16)

n—oo JpN n—oo JpN
Since u, — 0 in H*(RY) and dim E~ < oo, then [u,, || — 0. Thus, using that I}, (u,)u, =
0n(1) and (u,) is bounded in H'(R"), we obtain by (5.16)

e /N Junl® Az + 0n (1) = [Jul[* = lluz > + 0n(1) = [Ju > + 0n(1).
R

Hence, by (5.16) and inequality above,

1 * 1
on(1) + ¢ = I (un) = N/RN | A + on(1) = 1. (5.17)

=
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This implies that [ = Nc¢ > 0. Now considering S the best constant of the Sobolev
embedding DV?(RY) — L2 (RY), we can conclude, by (4.9), that

& 2 +12
1275 < | |Vuy|*de < Clu) ||* + 0n(1) = Cil + 0,(1).
rN

N
Using that [ = Nc and inequality above, we obtain ¢ > 52, which contradicts our

N
NC?
hypothesis. O

Proposition 5.4. Let (u,) C E be a (Ce). sequence for functional I,. If

1
S O,min d#,TS% 5
C2N

then problem (P,) has a non-trivial solution u,,.

Proof. Using Lemma 4, there is u, € E such that u, — w, in E and I} (u,) = 0.

Suppose, by contradiction, that w, = 0. Then, by Lemma 5.3, there are (y,) C RN
and p, n > 0 such that (5.15) holds. Note that since dim E~ is finite, |ju;, || — 0 and,
consequently, for all v € F,

/ (Vu, Vv + V(x)u, )dx—/ (Vut Vo + V(z)uv) dz + o,(1),
RN

/funvdx_/ Fu o dz + on(1),
/RNF(“")dx:/ F(u})dz + on(1),

RN

/ |un|2*71unvdx = /RN |u:[|2*71u:[11 dz + 0, (1),

/Iunlfdx:/ Juf |2 dz + 0n (1),
RN RN

which imply I,,(u,) = I, (u}) + 0,(1) and IL(uj{) = o, (1).
Let us prove that 1im |yn| — 400 occurs. In fact, if there exists R > 0 such that

B,(yn) C Bx(0) C RN for all n € N, then, since (u,,) converges strongly to 0in L2 (RM),

we see that

loc

limsup/ u? do < limsup/ u? dr =0,
n—+oo Bp(yn) n——+00 BE(O)

contradicting (5.15).
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Now define wy,(z) := u,} (z +yn), for all z € RY. Therefore, (w,,) is bounded in E, and
there exists w, — w, € E. Using the arguments above, we have

I(uf) = Ju(wn) + 0n(1) and  J) (w,) = 0. (5.18)

We claim that w,, # 0. In fact, by (5.15),

n < lim sup / |up|?dz = limsup / lut |2 d + 0, (1)
n—-+oo n—-+oo
Bp(yn) Bp(yn)
= limsup / [w,|? dz + 0, (1)
n—-+4oo
Bp(0)

w,|? dz.
0

Bp(0)

Hence,

1
dp < Jp(wp) = Ju(wy) — §J/ (wp)wy,

IN

hnrggf I, (wy) —

= hnrggf I, (uy) —

Iﬂ(un) + On(l)

Cp-

IN

Therefore, u, may not be trivial, and the proof of the lemma is complete. O

At this moment, the first part of the proof of Theorem 1.1 may be presented. In
§2, we proved that I, satisfies all conditions in Theorem 3.1, what implies the exis-
tence of a Cerami sequence (u,) at level ¢, > 0, where ¢, = }11an max I,(ho(w)) with

el we

I''={he C(M,E) : h|y,, = ho}. This sequence is bounded by Lemma 4 and then (uy,)

converges weakly to a solution u, of (P,). To show that w, is non-trivial, we have from
Lemma 5.2 that ¢, < d,, and, from Lemma 4.2, we choose >0 large enough to obtain

1 N
< —x S2 and apply Proposition 5.4 to get a non-trivial solution w, of problem
C?N
(P,), which is non-negative because of hypothesis (f2), as we wished to prove.
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6. Appendix A: One ground state solution to the Limit Problem (P, o) and
some of its properties

To prove the existence of ground state solution to the limit problem (P, ), we consider

—Au+ Voou = pf(u) + |u/2 2u  in RY
(Pp, o0)
u € HY(RYN).

Hereafter, let us denote by J,, : H' (RM) — R the associated functional given by

1 1 *
Ju(u) == 3 /]RN (IVul® + Vaou?) dz — M/]RN F(u)dz — > Jow lu|? d.

In this section, we consider H!(R"™) endowed with the following norm
2,y = /N (IVuf2 + Vaolul?) da.
R

Notice that weak solutions of problem (P, ) in H'(RY) are critical points of
functional J,, € C'(H*(RY),R).
Let us show that functional J,, has a mountain pass geometry.

Proposition 6.1. The following statements hold.
(i) There exist o, p > 0 such that
J.(w) >, for allu € H*(RY), with ||u|| ;1 = p-.
(i) For allu € HY(RM)\ {0}, we have

lim sup J, (tu) < —oc.
t—+oo

Proof. Using (1.2) and Sobolev embeddings, we obtain

1 € 1 *
s = Sl —n (5 [ uPasso [ rac) - o [ ao

1 e *
Sl = ESCllull,y — pCClulfyy — Cllull?,

v

_ L pe —2 2% 2
= Nl [(5 - 50) - noCul? - s
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1
Choosing € € (O,C> and taking [lul|,1 small enough, we can determine positive

numbers « and p such that
Ju(u) > a, for allu € HY(RY), with ||ul| ;1 = p.

To prove the second item, let us consider v #0 and ¢ > 0. Then, by (f3),

12 2 .
J,(tu) = —=|ul?, — F(tu)dax — — 2°qd
) = Gl —n [ Pewde =G [ s

1 27 -2 .
2 2 2
<t l2”u”H1_2*/RN uf?” de| .

Letting t — 400, we obtain

1 2" -2 *
limsup J,, (tu) < l2u||§{1 - /]RN |u|? dx] — —00.

t—+00 2%
O

We say that a sequence (u,,) C H'(RY) is a Palais-Smale sequence at level b, for the
functional J,, if

Ju(un) = b, and || (un)|| -0 in H-Y(RY),
as n — oo, where

;= inf
by inf max Ju(n(t)) >0

and
I = {ne C([0,1], H([RY)) : 7(0) = 0, J,(n(1)) < 0}.
Notice that Proposition 6.1 implies the existence of a Palais-Smale sequence at level

b, for the functional J,,. Using this Palais-Smale sequence, we show the existence of non-
trivial critical point for J,,, but we need to show some technical results. First, let S >0

be the best constant to the Sobolev embedding D>2(RN) «s L2 (RYN).

Lemma 6.2. Consider (u,) C H*(RY) a Palais-Smale sequence at level b, for the
functional J, such that

u, — 0 in HY(RY) and bMG(O,;Sg).
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Then, there exist a sequence (y,) C RY and p,n > 0 such that

lim sup/ [Up|? dz > . (6.1)
n—00 JBp(yn)
Proof. One proceeds exactly as in Proposition 5.4. g

Lemma 6.3. If u — +oo, then b, — 0.

Proof. Consider a function ¢ € C§°(R”) such that HcpH?{l = 2. Then, by Lemma 6.1,
there exists ¢, > 0 such that

J(uw)—mng( ®).

We are going to show that, up to subsequence, ¢, — 0 when p — +oo. First, using the
characterization of b, and (f3), we have

2" .
t2 — F(t,p)de — L 2 d
2o [ Fltpde = [ o da

1 752*—2 .
t2 - K 2 d
M (2 9 /]RN |90‘ 37) )

and this implies that (¢,) C R is bounded. Hence, up to a subsequence, (¢,) converges to
some ty > 0. To prove that tg = 0, let us suppose, by contradiction, that ¢y > 0. Then,

0<b,

IN

by (f3)a
0<b, < —,u/ F(t,p)d 2* |<p|2 dz
< 68 [ Flopae -8 [ 1of a4,
- 2 RN 2% RN H

which implies that

0 <limsupb, < —oo0.

p—>+00

Therefore, up to a subsequence, (t,) converges to 0. Hence, by (f3) one more time,

0<by <t — / F(t,p)d 2* |<p|2 dz < 2,

for all p> 0. This proves the lemma. g
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Proposition 6.4. There exists p* > 0 such that the limit problem (P, ) has a
nontrivial solution.

Proof. By Proposition 6.1, we get a Palais-Smale sequence (u,,) C H'(R"™) at level
b, > 0. Using the proof of Lemma 4 with a slight modification, we can show that the
sequence (u,) is bounded in H*(R™). Then, there exists uo, € H'(RY) such that, up to
a subsequence, u,, — uy € HY(RY).

If wy # 0 then, using a density argument, we have a nontrivial solution of (P, « ). On
the other hand, if ug = 0, we can find p* > 0 such that, by Lemma 6.3,

1 N N
0<bH<NST, Vo ou>pu®.

Then, by Lemma 6.2, there exist a sequence (y,) C RY and p,n > 0 such that

limsup/ U |? dz > 1. (6.2)
n—00 JBp(yn)
Setting w,, := un(x 4+ yn) and, since the problem is invariant under translations, we

have that (w,) C RY is a bounded Palais-Smale sequence. Hence, there exists wq €
H'(RY) such that, up to a subsequence, w,, — wy € H'(RY) and, by (6.2) and Sobolev
embeddings,

n—oo n—oo

limsup/ |wo|* dx = limsup/ lw,|? dz > 7,

Bp(0) Bp(0)

which implies that wg # 0 and, using a density argument one more time, we have a
non-trivial solution of (P o). O

At this moment, we will concentrate in showing that the limit problem has a ground
state solution. For this, let us consider

Ny i={uwe H'RY)\{0}: J,(u)=0}.

Before stating the results, observe that Lemmas 5.4 and 6.2 are still valid when we
consider a sequence (u,) C N, instead of a (Ce). sequence for functional .J,,.

Lemma 6.5. Consider p* > 0 given by Proposition 6.4. If u > p*, then the following
proprieties hold.

(i) N, # 0.
(it) There exists p, > 0 such that

/RNM2 de >p, >0, YueN,.

Pu

(iii) If u € N, then J,(u) |u|2* dx > N > 0.

27
N RN
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Proof. We deduce immediately item (¢) from the existence of a non-trivial solution
obtained by Proposition 6.4. To prove the second item, we are going to use (1.2) to ensure

that
1£(s)] < els| + Cels> ™, VseR.

Then, considering u € N, and using Sobolev embeddings,

,u/ f(u)udac—i—/ |u|2* dz
RN RN

eu / ful? dz + (uCe + 1) / fuf?” da
RN RN

[ull3

IN

*
< epllull?y + Cepllull?,;-

1

Choosing € € <0, ), then there exists K, > 0 such that
1

lull?1 > K., Y ueN,.

Using again (6.3) and (6.4), we can find p,, > 0 such that

/ > dz > p, >0, YueN,.
RN
Let us show item (éii). Using (f3) and item (iz), we obtain, for u € N,

Tuw) = Juw) — 3w

_ /RN (JC(;W_F(U)) dx—l—(;—;*)/RNUF*dx

Pr g

=

\Y
=

The above Lemma ensures that

0<d,:= ulerjl\ffu Ju(u).

(6.5)

The next result establishes the existence of a non-trivial ground state solution wy, to

problem (P, ).

Lemma 6.6. If N, # 0, let (u,) C N, be a minimizing sequence for J,,. Then (uy)
is bounded in H*(R™). Moreover, there exists u* > 0 such that the infimum of J, on N,

is attained for all p > p*.
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Proof. The existence of a minimizing sequence (u,,) C N, is assured by Lemma 6.5.
Using the same arguments as in Lemma 4.1, we show that (u,,) is bounded in H!(RY).
Hence, by usual arguments and Sobolev embeddings, there exists wo, € H'(RY) such
that, up to a subsequence,

Vu,(z) = Vs (z) a.e in RY.
Up — Weo in L (RYN)  for any 1 < s < 2%, (6.6)

Un(T) = Woo(x) for a.e x € RY.

The pointwise convergence of the gradient in (6.6) is guaranteed by Lemma 7.1 in the
Appendix B.

By density arguments, J) (0o )(woo) = 0. Observe that, if we # 0, then wo € N,
and hence, by Fatou’s Lemma and (f3),

G < ulwe) = Tyln) = 3w
ol (B )
Y (o P LR A
< ) — T+ 04(1) = () + 0 (1) = dy 00 (1)

Then, we conclude that (u,) converges strongly to woe in H'(RY) and hence J,,(ws) =
dy.

On the other hand, if ws = 0, we define wy,(z) := u,(x + y,). Then, arguing as we
did in Lemmas 5.3, 5.4 and 6.3, there exists pu* > 0 such that if © > p*, then there is
Wy 0o € N oo satisfying, up to a subsequence,

Vw,(z) = Ve (z) aein RY,
Wy, — Woo in Ly, (RY)  for any 2 < s < 2%,

Wy () = Woo(z) a.ex € RV,

https://doi.org/10.1017/50013091523000330 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000330

606 G. S. Amaral Costa, G. M Figueiredo and J. C. O. Junior

Then, by Fatou’s Lemma and (f3),

— Y~ ——~—

— 1
dy < Jp(Wyoo) = Ju(Wyooo) — ijp/t(wu,OO)wu,oo

IN

1
lim inf {Ju(wn) - QJL(wn)wn}

n—oo

1 R 1 ’
= hggl@gf {Jﬂ(un) - 2J#(un)un}
< Ju(un) +on(1)

= d/‘/’
which completes the proof. O

Proposition 6.7. There exists p* > 0 such that problem (P, o) has a ground state
solution ug € H*(RN) for all p > p*.

Proof. It follows directly of Lemmas 6.5 and 6.6. O

Without loss of generality, we may suppose that vy > 0 in RY. To see this, it is
enough to truncate the functional J,, considering (max{w,0})?" in place of [w|?" and
using hypothesis (f3).

The next lemma is an important consequence of the standard regularity arguments. It
will be used to apply the Divergence Theorem in the sequel.

Lemma 6.8. It holds that uy € H*(RY).

We also may suppose that ug € HL ;(RY). Indeed, it is enough to solve problem (P, )
in H., (RM) and use the Symmetric Criticality Principle. This implies the following

lemma whose proof is an immediate consequence of Strauss inequality.
Lemma 6.9. There exists C = C(N) > 0 such that, for all x# 0,

1
N-1°
|z 2

|uo(2)] < Clug|o

The next result is the most important concerning the qualitative properties of ug. It
will guarantee that the solution ug has an appropriate exponential decay, which was used
before to relate two important levels in order to obtain a strong convergence of a Cerami

£ ()l

sequence. Recall that el < m for all s € R from hypothesis (f2).

Proposition 6.10. If v € (0,\/V) and pu > p*, then there exists C = C(m,v) > 0
such that

lup(x)] < C||u0\|ooe_”‘””‘7 vz € RY.

https://doi.org/10.1017/50013091523000330 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000330

A Non-periodic Indefinite Variational Problem in RY with Critical Exponent — 607

Proof. For z #0, we have that

A (e_”M) - <y2 _N- 1u> e~vlal, (6.8)

||

Define C := e¢"® > 0, where R >0 to be chosen, and
—vz|

w(x) := ug(x) — Clug|ooe

By the definition of C, we get w(z) < 0 for || < R. Let us prove that this inequality still
holds for |z| > R. For this end, consider the set

Q= {zeRY; wy(z) >0},

where w, () = max{w(z),0}. Suppose, by contradiction, that Q # (). Since w, €
H(RY), it follows that € is a Lebesgue measurable set, which satisfies

Q c RV \ Bgr(0) := D(R).

Therefore, by the Divergence Theorem (note that w, =0 on dD(R)), we get

/ |Vw,y |? dr = Vwy - Vwy dz
RN D(R)

= /RNVonuq_d:r

= / Vug - Vwy doe — Clu|so / V(e ™l . v, dx
RN RN

:/ Vuo-Vw+dx—|—C|u|oo/ Ae 1w, dz.
RN RN

Using the definition of w and that ug is a solution of (Ps ), we obtain

/ |Vw, |*de = / (Mf(uo) — Voo + (u0)2*71 + C’Hu0||OOA(e7”‘I‘)) wdz
RN Q

— /Q [(“f(qz;)) — Voo + (u0)2*2) g

N -1
+ Cluploo <1/2 - u) evlel
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where we used (1.2). Now, choosing ¢ >0 such that pe + v? — V., < 0, which implies in
particular that pe — Vo < 0, we obtain from Lemma 6.9 that

C1 2
/ |Vw, |*dz < / pe — Voo + + : o
(N=1)(p=2) (N=1)(2*=2)
o o ol 2 a2
+ Clugloo (1/2 - N|_ 1u> e’””} wdz
x

for some constants ¢y, co > 0 that do not depend on R > 0. We choose R > 0 sufficiently
large such that, for |z| > R,

C1 C2

(N—l%(p—Q) + (N—1)2(2*—2) <0.

ue — Voo +

] ]

Noting that ug(z) > Clug|ee ™! in Q, we get

C1 C2
02 T (e D)
2 |m| 2

C\u0|ooe_”|””‘

/N|Vw+|2dx§ / pe — Voo +
R Q 2|
N-1
+ <V2 - mu) C’|uo|ooe_l’|m|] wdz.

C1 Co
(N—l%(p—2) + (N—1)2(2*—2)

§/ ,ué‘*VOOJrl/QJr
@ || z|

—v|z|

x Cug|oce wdz.

If necessary, we take R >0 even large so that

&1 C2

2
He = Voo H V7 —Tiimy T vy < O
o — o —
what is possible in view of ue — Vi, + v? < 0. Then, we arrive at
0< / |Vw, |*dx <0,
RN
an absurd. Thus, Q = () and the proposition follows. O

All this section proves the second and final part of Theorem 1.1.
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7. Appendix B: A technical result

Lemma 7.1. Let (u,) C N, be a sequence satisfying w, — Weo in HY(RN) for some
Woo € HY(RN). Then, passing to a subsequence, Vu, — Vwes strongly in [L (RN)N
and Vu,(x) — Vwe(x) almost everywhere x € RN,

Proof. We will adapt some ideas found in [1]. Since u,, — ws in H(RY), then, up
to a subsequence,

Up — Woo in Li, (RY)  for any 1 < s < 2%,

loc

7.1
Un(2) = weo(z) for a.e x € RV, (7.1)

Given any R>0, let v € C§(RM,[0,1]) be such that v = 1 in Bgr(0) and
¢ = 0 in RM\Byg(0). Then, by Cauchy Schwarz inequality and the fact that
fRN YV V (Uy — Ws) dz = 0,(1) (because of the weak convergence u, — W), we
have the following facts:

L Vs — vy i) de = [ VY (=) frmde

+/RN (U, — Weo) Ve Vb da
= o,(1),

/]RN (U, — Woo) V (U, — Weo) Vi da = 0,(1),

/]RN Votin, (unfwm)wdm:/ Vool (U, — Weo ) ¥ dz = 0, (1)

Bop(0)

and

Flttn) (oo — un) o da = / F(ttn) (wos — 1) et = 0m(1),

RN Byr(0)

where in the last convergence, we used the growth of f. Moreover, let 2* —1 < s < 2* and

consider r = ﬁ > 1. Then, 7’ := " i 7 satisfies ' = 5_278*_1_1 < 2*. By Holder

inequality with exponents 7 and 7', we get from (7.1) and from the boundedness of (u,,)
in L*(RY) that
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‘/N |un|2 -1 (Up — Weo) Y da
R

/ |un|2*_1 (Up, — Weo) Y da
BoR(0)

1/r
< [ / | |71 dx]
Bar(0)
1/v!
'l"/ T/
X l/ [ty — Woo|™ || dx]
Byr(0)
1/r /v
< / |t | da / |t —woo|7"/ dz
Bar(0) Bar(0)

= on(1).

Therefore, remembering that u, € N, one obtains

on(L) = T (tn)tintp — T (e et — /RN VsV ((un — o) ) d

N Vu,V (uy — weo) ) dz + /]RN Vool (U, — Weo ) ¥ dx

R
[ Fn) (o =) et [l g = ) e

— /RN VeV ((tn — weo) ) dz

" V (ty, — Weo) V (g, — Woo) %) da + 0, (1)

/]RN Y|V (U — weo) |* daz + /RN (Un, — Woo) V (Uy, — Weo) Vip dz 4 0,,(1)

\%

> / IV (1, — oo ) |? dzz + 0, (1).
BR(0)

Since R >0 is arbitrary, this implies that, passing to a subsequence, Vu,, = Vws in
(L, (RY)]Y.

loc
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To complete the proof of the lemma, let us show that Vu,(x) — Vwe(x) a.e.
x € RY by using a diagonal process. Since Vu, — Vwes in [L*(B1(0))]Y, there
exists an infinite subset N; C N such that the subsequence (Vun(gc))neN1 converges
to Vwe(z) a.e. € Bi1(0). Since (Vun), oy, converges to Ve in [L2(B2(0))]V, we
obtain a subsequence (Vuy),cy, withNy C Ny such that (Vun(ac))n€N2
Vwe(z) a.e. © € By(0). Proceeding in this way, we find infinite subsets of indexes
Nit1 € Ni C N such that (Vun(:c))neNk converges to Vweo(z) a.e. x € Bg(0).
Consider N* = {n},n3,...,n},...} C N with n} being the kth element of Nj. Therefore,
(Vun(z)),cn, 18, from its kth element, a subsequence of (Vu,(z)) and hence con-

converges to

nENk
verges to Vwe, () a.e. © € By (0). For each k € N, there exists Z; C By(0) of zero measure
such that (Vun(z))neNk converges to Vweo () for all x € By, (0)\Zy. Take Z := UX_, Z,,.

Then, Z has zero measure and, for all x € RM\Z, we have z € By(0)\Z) for some
k€ N and (Vu,(z)), cn« converges to Vws (). This shows that, up to a subsequence,
Vi, (z) = Vs (z) a.e. € RY and completes the proof. O
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