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STOCHASTIC VELOCITY MOTIONS AND
PROCESSES WITH RANDOM TIME
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Abstract

The aim of this paper is to analyze a class of random processes which models the motion
of a particle on the real line with random velocity and subject to the action of friction. The
speed randomly changes when a Poissonian event occurs. We study the characteristic
and moment generating functions of the position reached by the particle at time ¢ > 0.
We are able to derive the explicit probability distributions in a few cases. The moments
are also widely analyzed. For the random motions having an explicit density law, further
interesting probabilistic interpretations emerge if we consider randomly varying time.
Essentially, we consider two different types of random time, namely Bessel and gamma
times, which contain, as particular cases, some important probability distributions (e.g.
Gaussian, exponential). For the random processes built by means of these compositions,
we derive the probability distributions for a fixed number of Poisson events. Some
remarks on possible extensions to random motions in higher spaces are proposed. We
focus our attention on the persistent planar random motion.

Keywords: Bessel process; gamma process; iterated Brownian motion; Struve function;
Laplace distribution; random flight; random time; telegraph process
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1. Introduction

Diffusion processes have a central position in the theory of probability. Nevertheless, their
main shortcoming is the unboundeness of the first variation. For this reason, a diffusion process
is often not suitable to describe the real motion and many researchers have proposed alternative
models having finite speed.

The prototype of random motions with finite velocity is the telegraph process. By assuming
that the change of direction is governed by a homogeneous Poisson process N (t), ¢ > 0, with
rate A > 0, we can define the telegraph process as

N(@)+1 .
T =V©O) Y (sj—sj-)(=1"", (1.1)

Jj=1

where V (0) is the initial velocity assuming the values +c or —c with probability % and the times
s are the instants in which the jth Poisson event occurs. Furthermore, T (¢), ¢ > 0, is linked
with the hyperbolic partial differential equations, because its density law is the fundamental
solution of the equation
3%u 5, 1 _ 2 3%u 2
o2 T ar T a2 (12
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The telegraph process has been studied by several authors; see, for example, Orsingher
(1990), Foong and Kanno (1994), Di Crescenzo (2001), Stadje and Zacks (2004) and Zacks
(2004). This model seems to be suitable to describe the real motion and it emerges in
different fields. In physical mathematics the connection between the telegraph process and
the electromagnetic theory strongly emerges. In particular, (1.2) describes the propagation of a
damped wave along a wire. Weiss (2002) provided an interesting review of physical applications
of the process T'(t), t > 0. Models governed by hyperbolic differential equations and, in
particular, telegraph equations have been exploited to describe the movement of chemotaxis (see
Hillen and Stevens (2000)). The telegraph process is useful in ecology to model the displacement
of wild animals on the soil (see Holmes et al. (1994)). Indeed, this model preserves the property
of animals to move at finite velocity along the same direction. Di Crescenzo and Pellerey
(2002) introduced the geometric telegraph process as a model to describe the dynamics of the
price of risky assets, i.e. the authors replaced the standard Brownian motion with the standard
telegraph process. Ratanov (2007a), (2007b) proposed a model of financial markets using the
telegraph process with two different velocities (as the risky asset tends upward or downward)
and jumps occurring at switching velocities. Mazza and Rulliere (2004) established a link
between hitting times associated with the risk process (time of ruin of the insurance company)
and the telegrapher’s motion.

A statistical analysis of the random model 7 (¢), ¢t > 0, has been performed by De Gregorio
and Tacus (2008) and Iacus and Yoshida (2009), when the sample path is observed at discrete
times.

In this paper we will analyze a one-dimensional random motion which generalizes T (¢),
t > 0. At time ¢ > 0, the random speed of the motion is defined by v = c cos 6, where c is a
positive constant and 6 is a random variable with density given by

Fow+1
@) = D Gy g0 v o0,

JED (v +1/2)
So, we consider a particle starting from the origin, choosing initially a velocity ¢ cos 8; with
probability law given by f,(6). The particle travels maintaining its motion with the same
velocity until a Poisson event occurs. Now, the particle changes velocity independently to the
previous velocity according to f,(f) again, and so on. At time ¢ > 0, we indicate the particle
position on the real line with X, (¢).

The function f),(6) permits us to define a random motion in which the small displacements
have a greater probability than the large displacements. Therefore, the random walker moves
with friction. Indeed, every object or particle moving on a surface suffers an effect due to the
friction of the surface itself. Then, the particle will tend to go away from the starting point
slowly. If v = 0 then fp(0) = 1/m becomes the uniform distribution on the semicircle with
radius 1. In this last case the particle moves without friction.

We study the conditional characteristic and moment generating functions of X, (¢), ¢ > 0.
Fixing the number of Poisson events, we are able to derive the conditional probability distribu-
tion in the cases v = 0 and v = 1. Therefore, let N(¢), ¢t > 0, denote the underlying Poisson
process governing the changes of the velocity. Then we have

P(Xo() €dx | N@®) =n) _ T/DT(n/2+1) ( 2 ) R EENUSIVS

dx 2aT(n) ct
PX(W edr [N =m) Tt DL@+2) (2N 55 o
dx 27T (2n +2) ct ’

https://doi.org/10.1239/aap/1293113150 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1293113150

1030 A. DE GREGORIO

with n > 0 and |x| < ct. These results permit us to point out the relationship between
Xo(t), t > 0, and X(¢), t > 0, and the random flights studied by several authors, such as
Stadje (1987), (1989), Kolesnik and Orsingher (2005), De Gregorio and Orsingher (2006),
Kolesnik (2006), and Orsingher and De Gregorio (2007). A random flight is a continuous-
time random walk defined similarly to X, (¢), but with its direction chosen uniformly on an
hypersphere. By means of the above probabilities we can claim that, in distribution, X((#) and
X1(t) respectively correspond to the projection onto the real axis of a planar random flight and
a four-dimensional random flight.

Furthermore, we derive the first two moments of X, (¢), t > 0, while, for v = 0, 1, we are
able to make explicit the moments of order p by means of special functions.

In the second part of this paper, we focus our attention on the random motions X¢(#), ¢ > 0,
and X (t), t > 0, evolving up to a random time, leading to interesting interpretations of
the related conditional probability distributions. In other words, we will introduce families
of random times, containing as particular cases some important random variables. In the
probabilistic literature there are several papers devoted to the analysis of the properties of
stochastic processes with random times. For example, the Brownian motion with Brownian
time (iterated Brownian motion) has been studied in Burdzy (1993), Khoshnevisan and Lewis
(1996), Allouba (2002), DeBlassie (2004), Nane (2006), and Orsingher and Beghin (2009). The
iterated Brownian motion has been proposed as a model for a diffusion in a crack (see Burdzy
and Khoshnevisan (1998)). Beghin and Orsingher (2009) studied a planar random motion with
Brownian times; the authors provided the conditional probability on the number of the events
of a fractional Poisson process.

In this work, as random time, we consider the well-known Bessel process

By(t) =

d
> W2,  t>0andd > 1,
i=1

where the W; (¢)s are independent Brownian motions. Under the condition that v, > d/2 — 1,
m = 0, 1, the following result holds:

P{X,n(Ba(1)) € dx | N(B4(1)) = n}

22
= & /1 w271 (1 — )vm=d/? e 7T - dw,
Bd/2, v, —d/2+1) Jy V2rtwe

wherevg = n/2,v; = n+1, n > 1,and B(a, b) isabeta functionwitha > Oandb > 0. Hence,
the random motion X,, stopped at a Bessel random time drastically changes its probability
distribution, which becomes Gaussian with variance given by a beta random variable (up to the
scale factor ¢2r).

For d = 1, the Bessel process becomes a reflected (around 0) Brownian motion |W (¢)], that
is, the Brownian time arising in the iterated Brownian motion, while, for d = 2, we obtain a
random clock distributed as a Rayleigh random variable. We provide the unconditional densities
of X,,(By4(1)), t > 0, in these two cases.

Other relationships will be pointed out when considering the composition with the sojourn
time of a Brownian motion on the positive axis.

Let G4 (1), t > 0, be a gamma process witha > 0, thatis, arandom process with probability
law given by g, (s, t) = t"‘s""le’”/r‘(a), s > 0,¢ > 0. The gamma random variable arises
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in various applications and it is useful to model the lifetime of a phenomenon. For this reason,
we deal with a gamma time and, for X,, (G4 (?)), t > 0, obtain

P{Xm(Gq(1)) € dx | N(Gu (1)) = n}
. dx
T T+ 1)/2)B@/2, v, —a/2+ 1)

1 /2
_ _ t t|x| tx|
d a/2—1 1 — Um 01/2— K_
x /0‘ ww (1=w) Twe \ 2c/w o/2 c/w

with v, > /2 — land n > 1, where K, (x) = (1/2)(x/2)* [;° emi¥ Az mu=l g

To complete the discussion on random times, we deal with a random clock obtained by
mixing B;(t) and G4(t), and study the effect of the random motion X, (¢) on the probabilistic
structure.

It is not a difficult task to extend the previous results to the planar and four-dimensional
random flights with randomly varying time. Moreover, in Section 4, we will discuss the
possibility of a planar random flight with drift, which is persistent along a portion of the
surface.

2. Moving randomly with friction

Let us consider a random motion which describes the displacements of a particle starting
from the origin of the real axis. The particle moves forward or backward with random velocity
v = ccos 8, where c is a positive constant and 6 is a random variable having density

re+1m 2y
—ﬁf‘(v T12) sin“" 6, 2.1

with 6 € (0, ) and v > 0. Therefore, the particle moves with a velocity, randomly chosen
on the x-component of the unit semicircle according to (2.1), and continues to move with this
velocity until a Poisson event occurs and another velocity is chosen independently from the
previous velocity. The position at time ¢ of the particle is defined as

H(0) =

N(1)+1

X,(t) = ¢ Z (sj —sj—1)cos b, (2.2)
j=1

where N(¢), t > 0, represents the underlying homogeneous Poisson process with rate 1 > 0
governing the changes of velocity, the s;, j =1,..., N(t) + 1(so = 0, sy¢)+1 = 1), are the
times of occurrence of the jth Poisson event, and the 6;s are independent random variables
distributed as in (2.1). Furthermore, N (¢) and 0; are independent. From (2.2), it emerges that
X, (1), t > 0, is a telegraph-type process similar to 7 (¢) defined in (1.1). We note that X, (¢)
has an infinite number of possible velocities and it has no necessarily alternating directions.
Furthermore, the particle at time ¢ is located inside the interval (—ct, ct), and X, (¢) has a fully
absolutely continuous probability distribution, whilst in the law of T () a singular component
appears (see Orsingher (1990)).

We underline that, for values of € close to 7 /2, the density law f, (9) assigns a probability
mass greater than 1 near O or . This means that the process slowly moves away from the
starting point. This represents the effect of the friction of the surface on which the particle
performs its motion. When v assumes high values, the density f,(0) is highly concentrated
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FIGURE 1: The behavior of f,(0) forv =0, 1, 2, 3.

around /2 (see Figure 1) and then the motion is slowed down. For this reason, v represents
the level of friction to which the motion is subject. In other words, X, (7), t > 0, defines a
whole class of random motions indexed by the parameter v, namely the level of friction. For
v = 0, we obtain again the uniform distribution on the semicircle with radius 1 and X¢(#) is
exactly the x-component of a planar random flight studied in, for example, Stadje (1987) and
Kolesnik and Orsingher (2005).

Our first result concerns the conditional characteristic function of X, (¢), t > 0, for a fixed
number of Poisson events during the time interval [0, ¢].

Theorem 2.1. The conditional characteristic function of X, (t), t > 0, is equal to
1
T Ju(@c(sj —sj-1))

izl (ac(sj —sj-1))"
(2.3)

. | t t
E{e*Y O | N(t) =n} = %(ZVF(V-F 1))"“/ dsl--~/ dsy,
0 Sn—1

with n > 1, while, for N(t) = 0, we have
. 2 \"
E{e“®® | N(1) =0} = (—t> L'+ DJy(act), 2.4)
ac

where

B 0 (_l)k(x/2)2k+v
S = ]; Tk+ DIk+v+1)

is the well-known Bessel function of first kind, with x € R and v € R.

Proof. In order to prove (2.3) and (2.4), we observe that the Bessel function J,(x) admits
the integral representation
(x/2)"

_ g ixcos¢ .:..2v
Jy(x) = NCESTONODN e sin“’ ¢ d¢ 2.5)

https://doi.org/10.1239/aap/1293113150 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1293113150

Stochastic velocity motions and processes with random time 1033

with Re(v + 1/2) > 0. For n > 1, we obtain
E{ei“"v“) | N(t) = n}

r 1 T
= dSl (V + ) sinz‘) 91 d@l .
VAT 1/2)
1
rov+1) T . . n+
X m A s ‘9n+l d9n+1 exp laCjZl(Sj _Sj_l)COSQj
1 [t t n+l .
= n dsq -- / ds, H{& elotc(s_;—Sj_l)cose_/ sin2v 9j de}
e 0 Sn—1 \/EF(V + 1/2)

n+1

! t " J .
= ’;—n(Z‘)I‘(V + 1))n+1/ ds; f ds, 1—[ v(ac(sj — s 1))7
0 Sn—1 -

p (ac(sj —sj-1))"

where in the last step we used the integral representation (2.5). For N(¢) = 0, the position of
the particle at time 7 is X (¢) = ct cos 6. Then

T+ 1) ”
JATW+1/2) Jo

= <i> 'w+ 1)Jy(act).
act

E{ei(XXv(t) | N(t) — O} — eiaCt cosf sin2v 0 de

This completes the proof.

It is interesting to observe that (2.3) has the same structure as the characteristic function
derived in the problem of d-dimensional random flights (see Equation (2.3) of Orsingher and
De Gregorio (2007)), where the parameter v is replaced by d/2 — 1.

For the moment generating function, we present the following theorem.

Theorem 2.2. The conditional moment generating function of X, (t), t > 0, becomes

“ 1i[‘ L(Be(s; —si-1))
T (Be(sp —sj-1)”
(2.6)

! t !
E(ePXO | N(t) =n} = %(2”F(v+ 1))"“/ dsw-f
0 Sn—1

with n > 1, while, if N(t) = 0, we have

E{efXO | N() =0} = (ﬂ%) (v + D1, (Bet), 2.7

where I,(x) = Z/fio (x/2)2k+”/F(k + DI'(k + v + 1) represents the modified Bessel func-
tion, with x € Randv € R.

Proof. The proofs of (2.7) and (2.6) follow analogously to the those developed for (2.3)
and (2.4), noting that

i (x/2)" o Xcos¢ i 2v
b= pra f, € S 040

with Re(v + 1/2) > 0. This completes the proof.

The random motions obtained by setting v = 0 and v = 1 have a special role in this paper.
Indeed, for X¢(#), + > 0, and X{(¢), t > O, we are able to find explicit closed-form expressions
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for their characteristic and moment generating functions and the density laws. In order to
distinguish these important particular cases from the general random model X, (), v > 0, we
will indicate them in the rest of the paper with X, (t), m = 0, 1. Moreover, we will use the
following notation: vop = n/2 and vy =n + 1.

Theorem 2.3. For X,,(t),t >0, m =0, 1, andn > 1, we have

(v + 1)20

E{eiaXm(t) | N(t) =n} = Jvm (act), (2.8)
(act)Vm

E{eﬁXm(t) | N(t) — n} — Mlvm (ﬂct) (29)
(Bery™

Proof. Starting from (2.3), we prove (2.8) for m = 0. Indeed, we have

|t ¢ n+1

E{ef X0 | N(t) =n) = ?—n/ dS1~-~/ dsp ]_[ Jo(ac(s; —sj—1)),
0 Sn—1 s
j=1

and, by means of the approach developed in Kolesnik and Orsingher (2005) (see the proof of
Theorem 1), we observe that the n-fold integral

n+1

t t
/ dsi / dsy [ ] Jotee(sj —sj-1)) (2.10)
0 Sn—1

j=I1

can be evaluated by recursively applying the following formula (see Gradshteyn and Ryzhik
(1980, Equation 6.581(3))):

D+ /2T +1/2)
V2rT(n+v+1)

with Re(u) > —% and Re(v) > —%. Therefore, at the first step we have

W2 )t a(a)

/a x*a—x)"Ju(x))y(a —x)dx =
0

t
/ Jo(ae(t — sp))Jo(ac(sy, — sp—1)) dsy

Sp—
ol 1 [ect—sa1)

=— Jo(w) Jo(ae(t — sp—1) — w) dw
ac Jo

1 2312
= (/2 (et — sp—1 )21 et — su-1)),

" ac 2nr(1)
where we have used the change of variable w = ac(s, — $,—1).
At the second step we obtain
1 r2a/2 [
oc 2 (1) Js, s
1 F2(1/2) ac(t—sy—2)
(@0 V270 (1) Jo

(ac(t — su—1))2 01 p(ac(t — sp—1))Jo(@c(sn—1 — Sp—2)) dsy—1

(ac(t — sy—2) — w) 2 Jo(w) 1 jp(ac(t — sp—2) — w) dw

= : F3(1/2) (ac(t — sp—2))J1(oc(t — s;,—2))
= (ac)2 (@)2F(3/2) n—2 1 n—2))s
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where we have used the change of variable w = ac(s,—1 — s,—2). Therefore, at the (n — 1)th
step, we have

1 (I'(1/2))"
(@)™ (V27" 1T (n/2)
1 (U(1/2))"
(@) (v2m)" 1T (n/2)
1 (U (1/2))"!
(@) (V2T ((n 4 1)/2)

where we have used the change of variable w = acs;.
Finally, by means of the duplication formula for gamma functions, we obtain

t
f (ac(t — s1)) "2 g1y jplac(t — 51))Jo(aest) dsy
0

oct
/ (ot — w)("_l)/zJ(n_l)/z(ozct —w)Jo(w) dw
0

(ct)"2 Jy pp(act),

n! 1 (C'(1/2))+

1 (@0)" (v2m)"T ((n + 1)/2)
220 (n/2 + 1)

- (act)n/?

E{eiDlX()(l) | N(t) — l’l} — (act)”/2jn/2((xct)

Jnp2(act).

By taking into account the formula (see Gradshteyn and Ryzhik (1980, Equation 6.533(2)))

/a Jul) hla=x) (1 N l)%_v(“), 2.11)
0

X a—x [/ a

with Re() > 0 and Re(v) > 0, it is possible to compute exactly the characteristic function

1
T Ti(ac(s; —sj-1))

) ' t t
E{ewxl<’>|1v<t)=n}=’;—,,2"+‘ / dsy - / dsy . (212
0 Sn—1

izl ac(sj —sj—1)

emerging from (2.3) for v = 1. Hence, as above, we recursively apply (2.11), and at the first
step we have

/’ Jilaclsn = sn-1)) Jilect =sn)) o 2 Ja(ac(t = su-1)
sy oC(Sn — Sn—1) ac(t — s,) "Tac aclt —sa_1)

The integral with respect to s, becomes

ac

2 /t Ji(ac(sp—1 — sp—2)) Jo(ac(t — sp—1)) 3 Ja(ac(t = sp—2))
s QC(Sp—1 —sp—2)  ac(t —sp—1) | (@0)?  ac(t —su-2)

and then in the last step we have

n /’ Ji(aesy) Jp(ac(t — s1)) dst — n+ 1 Jyq(act)
(ac)™=1 J§,  acsy ac(t — s1) = (xe)® act

Therefore, the characteristic function for X (), ¢ > 0, immediately follows.
In order to show (2.9), we need to prove that
'(w+1/2Tv+1/2)

V2T (n+v+1) au+v+1/2[ﬂ+v+l/2(ll) (2.13)

fa x*a—x)'I,(x)],(a —x)dx =
0
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for Re(u) > —% and Re(v) > —%, and

fa L) ba—x) (1 N l>a—1lﬂ+v(a) (2.14)
0 poow

X a—XxX

for Re(u) > 0 and Re(v) > 0. Result (2.13) can be proved as follows. Since (see Gradshteyn
and Ryzhik (1980, Equation (46), p. 1145))

24T (u +1/2)
ﬁ(bz _ 1)M+1/2’

o
f e P xM, (x) dx = Re(n) > —3, Re(b) > 1,
0

we have
o0 a
/ eba daf x*a—x)"1,(x)],(a — x)dx
0 0

B / Ooe—bxxwmdx f TPy, dy
0 0
T +1/2T'(v+1/2)
(b2 _ 1)u+v+l
_ F'(w+1/2)L'(v+1/2) [
V2al(w+v+1) 0

= QHtvy

e—baaﬂ+v+l/21u+u+l/2(a) da.
Furthermore, since (see Gradshteyn and Ryzhik (1980, Equation (48), p. 1146))

Re(n) > 0, Re(b) > 1,

/ooe_bxx_llﬂ(x) dx = ! ,
0 wub + (b? — 1)1/2)n

using similar steps to those used to prove (2.13), it is possible to show that (2.14) holds.

In conclusion, by means of (2.13) and (2.14), and by carrying out the same procedure used
for the proof of (2.8), the proof of (2.9) immediately follows. This completes the proof.

In the next theorem we present the conditional probability distributions of X¢(¢), t > 0,
and X(1), t > 0.

Theorem 2.4. The following conditional densities hold:

) P, edx INW=0) TOLO+D 2\ 55 5 p
polx.1) = dx = 2ar(2v) (m) (e =277,

mo o PXn@edx IN@=n) T@IT@a+D(2\™ 55 50 15
P61 = dx = 27T Qum) (ct) (€7 =29 ’

(2.15)

withn > 1, |x| < ct,andm =0, 1.

Proof. We prove only (2.15) for m = 0, because the other results follow by means of similar
steps. Instead of inverting (2.8), we show that the characteristic function of the probability
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distribution p?l (x, t) corresponds to (2.8) for m = 0. Therefore, we have

E{el“X0® | N(r) = n)
_ F'n/2)I(n/2+1) (%)n /C’ 0% (22 _ x2)(n=D/2 g
C

2n T (n) —ct
n ct
_ F(n/27)11;((n/)2+ 1) (%) / cos(@x) (212 — x2)m=D/2 gy
n C 0
TC(n/2)T(n/2+1 o
_ P/ ;r(&/) + )( ) Z(_ )k((;k)V_/ 22K (212 — x2)0=D/2 gy
C(n/2)C(n/2+ 121 & !
_T®/2 :;‘/(n;i- ) Z( )k((gli))v / Y121 -2 g

oo

_ Tm/)T(n/2+ DI((n + 1)/2)2"*1 Z i i (ac)? Tk +1/2)
B nl(n) k:o( ) k) Tk+n/2+1)

_ T(m/)T(n/2+ DI ()7 Z(_ )k(act)Zk [(2k)/m2' %
- al () (n/2) 2k)! T(kK)T(k+n/2+1)

) S (! !
F<2+1>l;( Y ( 2 ) Tk + Dk +n/2+ 1)

I'(n/2+ 1)2"/?

This completes the proof.

Remark 2.1. Theorem 2.4 permits us to point out the connection between X¢(¢), X1 (), and the
random flights studied in Stadje (1987), Kolesnik and Orsingher (2005), and De Gregorio and
Orsingher (2007). Indeed, by setting v = 0 in £, (6), we again obtain the uniform distribution
on a unit semicircle, and (as expected) Xo(¢) represents the projection onto the x-axis of a
planar random flight. Then

Po(x, 1) = L(n/2)T'(n/2+ 1) <%>”(62 2_ 2y

27T (n)

corresponds to the distribution (4.4) of Orsingher and De Gregorio (2007). For v = 1, the
probability distribution

Tn+ DT +2) [ 2\
palx.0) = =) @y

ct
2al'(2n + 2)
coincides with the density obtained by means of the projection of a random flight in R* onto
the real line (see Equation (4.1c) of Orsingher and De Gregorio (2007)). In other words, the
shadow on R of a four-dimensional random flight is perceived by an observer located on the
real line as a slowed down motion. Therefore, in distribution, we have

N()+1
X1(t) 2 Z (sj—sj-1) sin61,j Sin@zﬂj sin ¢,
j=l
where (01}, 62, j, ¢) is uniformly distributed on the four-dimensional hypersphere.
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Remark 2.2. From Theorem 2.4 we observe that pg)’ (x,t) = pi(x,t) if and only if v = vp,.
This means that X (¢) (absence of friction) and X (¢) are equivalent in distribution to a random
model representing a particle slowly moving with the same speed until 7.

By averaging pQ(x,t) and pl(x,t) with P(N() = n} = e ™t)"/n!, n > 0, the
unconditional densities of Xo(#) and X (¢) yield

_ [e'9)
At 1

POx, 1) = re Z(l c2t? —x2>kl—
: 2c =\2c T2((k + 1)/2)

re M X A
= [I()(— c2t? — x2> + £o<— c2t? — x2)1|
2c c c

—At

e
T — x| < et, (2.16)
7/ c2t? — x2

where
00 (x/2)2k+l»b+]

Lul0) = k;) Tk+3/2Tk+ut3/2)

xeR, uekR,

is the modified Struve function, and

1 SN2 g
p(x’t)zc«/_)mt Z(Czt@ ””) F(k+3/2)

e M/c22 — x2 1
W{ 11/2( (ct 2))-1-2151 3/2( (c*t x2)>}

2.17)

for |x| < ct, where Ey g(x) = Z,‘:io xk/F(ozx +8), x e R,a, B > 0, is the Mittag—Leffler
function.

Note that the first term in (2.16), that is, Io(Av/c2t2 — x2/c), is equal to that given in the
absolutely continuous component of the law of a telegraph process (see Orsingher (1990)),

that is,
—t

A d A
¢ |:A10 <—\/ 2?2 — xz) + —Io<—\/ c2t? — x2>i|,
¢ ¢

2c ot

while the derivative with respect to the time of the Bessel function is replaced by the modified
Struve function Lo(Av/c2t2 — x2/c).

We are able to provide the first two moments of X, (¢) by applying the results contained in
Section 3 of Stadje and Zacks (2004). Therefore, for fixed n > 0, the mean value is given by

E{X,(1) | N(t) = n} = ct E{cos )
= % " cos 6 sin?” 6 d@
(v

T 1 /2 /2
= \/ir‘((v——ij—LIEZ) (/ cos 6 sin” 6 do — / sin @ cos>’ 6 d@)
Tl (v 0

=0,
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where in the last step we used the well-known integral

1T (@ + 1)/ (b + 1)/2)
2 T(a+b)/2+1)

, Re(a) > —1, Re(b) > —1.

/2
/ sin @ cos? 6 d§ =
0

Remark 2.3. The mean value can also be derived from Theorem 2.1 (or, equivalently, from
Theorem 2.2). It is clear that

1

Ju(ac(sj —sj-1)) .
T 2T+ 1)’

(ac(sj —sj-1))

a=0

while it is not hard to prove that

d Jy(ac(sj —s5j-1)) _ i k (ac(sj —sj])>2k+”_l c(sj—sj—1)
da (ac(sj —sj-1))" KT(k+v+1) 2 (ac(s; —sjfl))"’

k=0
which calculated at o« = 0 is equal to 0. Then

=0.

a=0

d .
E(Xu() | N@) =n} =i"' —E(e“* 0 | N@t) =n)
o
For the second moment, we have (see Stadje and Zacks (2004, p. 669))

E{X2(t) | N(t) =n} = 2 E{cos? 6}

n-+2
2 r 1 T
= c2t? v+1) cos? 6 sin®” 6 do
nt2 At +1/2) Jo
2 LT+ DHIE/2)
ct
n+2 JaT(v +2)
22

T+ D +2)

and
E(x2() = e L 50"

v+1n:On!(n+2)

[e.e]

o (en? At)"(n+1)
= ¢ v+1Z n +2)!

n=

2
_ e_m%(Em(xt) — E13(A1))

(ct)? 1 1—e M
= —(1-—), (2.18)
v+ 1At N3

where in the last step we used the following relationships: Ej2(x) = (¢* —1)/x and Eq 3 =
(e* — 1 — x)/x2. Asexpected, if v increases, the action of the friction is stronger and the value
of E{X % (1)} tends to decrease. Indeed, for growing values of v, the particle maintains a position
close to the starting point, so that the probability distribution of X, (¢) will be less sparse.
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Furthermore, it is not difficult to show that

ct 0 p is odd,
E{XP(t) | N(t) =0} = / xPpox,t)dx = T(v+ DI((p +1)/2)

- VAT (p/24+v+1)

(ct)? piseven.
For v = 0, 1, we present the following result.

Theorem 2.5. The pth moments of Xo(t), t > 0, and X(t), t > 0, are respectively given by

) p—1)/2 i
E{X[()}=e" t(ﬂ) (c t)pl“< ){1<p+1>/2(“) + Lp+1)2(A0)}

e M (en)PT((p+1)/2)
JaT(p/2+1)

h +1
E(X{ (1)} = ei/; <pT>(Cl)p<E1,p/2+1(M) - §E1,p/2+2(lt)>, (2.19)

if p is even, whilst E{X[ ()} = E{XT (t)} = 0 if p is odd.

Proof. Let p be even. Then

—At 0

A k—1 1 ct
Z — —/ xP(?? — x?)*=D/2 qx
i \2c 2((k+1)/2) Jo

re M N AN (et
2 (Z) T2((k+ 1)/2) Jo

E(x! () = 2

(PED/2=1 (] _ yyk+D/2=1 g

rer p+1 A\ k-1 (Ct)k
— » s
= ( 1) F< 2 >,§<2c) T((k+ 1)/2T(k+p)/2+ 1D’ (220

where we have used the change of variable x = ct,/y.
Now, splitting the above sum into even and the odd elements, we obtain

2% 2k+1
(Ct)pr(p;rl>{z<2£c) F(k+1)F(§<Ci:(P+1)/2+1)
k=0
0 g\ 21 (ct)%k
25 |
; 2c

F'k+1/2)'k+ p/2+1)
re =M p+1
p
> ()F( : )

[ (5) 1 () Groats
* Cg 2 F(k+1)r(k+(p+1)/2+1)+ 2c) JaT(p/2+1)

AT 1
+(2_c> ;<7> F(k+1/2)r<k+p/2+1)}

—At

re
E{X; (1)} =
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e’)‘ p+1
()pr( > )

S S N
X{cz 7)) Te+Drk+p+D2+D \2¢) Zmrorz+D

k=0

A\~ At 2k+-2 1
+(Z> Z 0(?) F(k+3/2)1"(k+(p+1)/2+3/2)}

re ™ (Pl VAN
= (c)?T — Nels Up+12(A1) + L(p+1)/2(A1))

A\! 1
+(%) ﬁr<p/2+1>}'

For X(¢), we have

o0 K12 ot
B0 = d_ Z( ) Fara Jy N
o_o A N2 g . 1 e .
\/ ;0(2) Tk +3/2) " /oy (1 =y dy
e »\'"? k+1
= — p+2 k
 ovm (2) ( )(t) Z( Vrat it

et (p+1 » kk+p/2—|—1 p/2
_ﬁr( 2 >(”) Z(“) T+ p/2+2)

ﬁ 2
where we have used the change of variable x = ct,/y.
If p is odd, it immediately follows that E{X (1)} = E{X” (t)} = 0. This complete the proof.

>(Cl)p(E1 p/2+1(A) — E1 p/2+2(M)>

Remark 2.4. From (2.19) we immediately obtain expression (2.18) again for v = 1, by setting
= 2. For E{X%(t)}, starting from (2.20) and using the duplication formula for gamma
functions, we have

) - e R 3 0 A k—1 (Ct)k
E{X5(®)} = e (ct) F(i)é(z_c) T((k+ 1)/2)T(k/2 +2)

—“(ct)2 . (F Tk/24+1)
ZF(k+1)r(k/2+2)

k=0
0

_ —At 2 (M)k
=e e ,§F<k+1><k+2)

o k
A k+2-—1
—e**’(ct)zz (A)" (k + )
=0 F'k+Dk+1D)Kk+2)
= e M (ct)*(E1o(M) — E13(AD)),
which coincides with (2.18) for v = 0.
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Remark 2.5. Since, for x > 0 and u > 0, 1,,(x), &£, (x), and E , are monotone increasing
functions as x — oo, the following approximations hold as x — 0:

xH xhtl

1
O N V5 M A 7

re)

Iu,(x) ~

Therefore, for At — 0, we have

p+1>()»_t 1 N (r1)? 1
2 2T((p+D/24+1D)  2/aTW(p+1)/2+3/2)

E{X) 1)} ~ e—“(cr)l’r(

1
* ﬁr<p/2+1>>’

—At

» e p+1 » 1
ol ﬁr( 2 )“t) C(p2+2)

3. Stochastic motions with randomly varying time

So far, we have analyzed a random motion X, (#) evolving up to a nonrandom time ¢ > 0,
and derived its probability distribution in two particular cases. In this section we focus our
attention on the random motion X,,(¢), m = 0, 1, defined as in (2.2), with randomly varying
time.

In order to develop our analysis, we take into account families of random times which
include some well-known random variables. In particular, by considering Bessel and gamma
processes as random times, we are able to include a wide range of probability distributions often
used to model the time in many theoretical and real situations. Clearly, every random variable
successively used as a random clock will be supposed to be independent from X, (¢), t > 0,
and N(t), t > 0. Therefore, we analyze the effect due to the composition of these random
times with the random motion X,,(¢), ¢ > 0, on the related densities.

3.1. Random times involving Brownian motions

Let us consider a Bessel process starting from O, i.e.

By(t) =

d
doWEn,  t>0,d>1,
i=1

where the W;(¢)s are independent standard Brownian motions. It is well known that the
probability law of By(¢), t > 0, is equal to

d—1
1 r —r2)2

r@) 2d/2—1td/2e , r>0. (3.1

fa(r) =

At time ¢, we deal with the random motion X,,(¢), + > 0, m = 0, 1, having Bessel random
time By (), t > 0 (X,,(¢) and B,4(t) are assumed to be independent). Therefore, the change in
velocity of X;,(Bg4(t)), t > 0, is governed by N(B;(t)), t > 0, i.e. a homogeneous Poisson
process N (t) with the Bessel time having the probability distribution

P{N(B4(1)) =n} = /OOP{N(S) = n} fa(s)ds, n=0.
0
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Since X, (B4(t)) is located inside (—cBy(t), cB4(t)), its support is the whole real line.
Recalling that vy = n/2 and vi = n+1, and by indicating with B(a, b) = I'(a)["(b)/T"(a + b),
a > 0, b > 0, the beta function, we are able to provide the following theorem.

Theorem 3.1. Given N(By(t)) = n, with n > 1, such that v, > d/2 — 1, we have the
following conditional probability distribution:

P{X,n(Ba(1)) € dx | N(Ba(1)) = n}

dx 1 /21 n e—x2/202tw
= w7 (1 — w)V Y —— dw (3.2)
B(d/2, v, —d/2+1) /(; V2rtwe

withx € Randm =0, 1.

Proof. By using a similar approach to that adopted in Beghin and Orsingher (2009), we can
write

P{X,(Ba(1)) € dx | N(Ba(1)) = n}

=/0 P{X,u(Ba(r)) € dx | N(Ba(?)) = n, Bq(t) = s} P{By(1) € ds}

= /OOP{Xm(Bd(I)) €dx | N(s) =n}P{Bq(r) € ds}
0

dx T + DT (vm) 1
C 2 I'(2uy,) ['(d/2)2d/2—1d/2
2N L0 —12 d—1 —s2/2
X . (c“s% — x°)m | F P ds. 3.3)
0

Therefore, by means of Theorem 2.3 and, for any n > 1 such that v,, > d/2 — 1, we are able
to explicit the Fourier transform of X,,,(B;(t)), t > 0, as follows:

E{el@XnBa0) | N(By(1)) = n)

+oo
=/ " P{Xyu(Ba(t)) € dx | N(Ba(t)) = n}

—00

2\ U 1 o d—vm—1_—s2)21
I'vy, +1) P I(d/2)2dP 172 |, Jy,, (ccs)s e ds

_ T@u+D i (- ac)* /ﬁ"’szz{%leﬁz/zi is
[(d/2)24/2—14d/2 = KTk+v,+1)\ 2 0

Tt DS (—D* @2\ [ i
=~ TWn gklr‘(k+vm+l)< 2 ) /0 Y e dy
_Tn+D i (=T (k +d/2) (a%%)"
T T(d)2) KT k+vn+ D\ 2
O (—1)k 2 2.\ k
_ F'(vy + 1 Z( 1) B<k+€,vm—g+l)(aCt)
T(d/DT (v —dj2+ 1) &= K 2 2 2
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e¢]

ks o22.Nk pl
1 Z (=D* [fa?c?t / Wk H2=1 (1 _ yyom—d/2 gy,
BW/2vm —d/2+ 1) =k \ 2 A

_ 1 /1 wd/zfl(l . w)vmfd/Zefazczzwﬂ dw,
Bd/2,v, —d/2+1) Jy

where we have used the change of variable y = s2/2t.
Finally, by inverting E{ei"‘X'”(Bd @) | N(By(t)) = n}, result (3.2) emerges. This completes
the proof.

The probability (3.2) claims that, conditionally on the number of events of N (B;(z)), t > 0,
such that v,, > d/2 — 1, the random process X,,,(B;(t)), t > 0, is distributed as a centered
Gaussian with variance ¢?tZ, where Z ~ Bd/2, vy, —d/2+1).

Remark 3.1. Under the condition that v > d/2 — 1, by means of similar arguments exploited
in the proof of Theorem 2.1, we obtain

P{X,(Bq(1)) € dx | N(Ba(1)) = 0}

dx 1 421 a2 efx2/2c2tw
= w7 (1 — w)' Y —— dw. (3.4)
Bd/2,v—-d/2+1) /0 W 2mtwe

In particular, we are interested in the random motions obtained by setting v =0 and v = 1. It
is clear that, for v = 0, the condition v > d/2 — 1 is satisfied for only d = 1, whilst, ford = 2,
we have

—x2/2¢%t
V2rte

If v = 1, the above condition and representation (3.4) hold for bothd = 1 and d = 2.

P{Xo(B2(1)) € dx | N(B2(1)) = 0} = dx

From (3.1) we can derive some well-known probability distributions. Indeed, for d = 1,
we obtain B (t) = |W(t)|, which is a reflected Brownian motion around the x-axis, and its
density becomes fi(r) = ﬁe_’z/ 2t Jmt. Furthermore, |W (1) represents the Brownian time
used in the definition of the iterated Brownian motiogl (see Allouba (2002)). For d = 2, we
obtain a Rayleigh random variable with f>(r) = re~" /%' /¢, which also emerges by analyzing
the distribution of the maximum of a Brownian bridge. Moreover, probability (3.2) holds for
each n > 1, with the conditions v,, > —% (d =1) and v, > 0 (d = 2) always being satisfied.

In the next theorem we provide the unconditional probability distributions for X, (|W (¢)|),
t >0, and X,;,(B>(1)), t > 0.

Theorem 3.2. For d = 1, the following probability distribution holds:

e’} cs Se—s2x2/2ty2
P{X (IW (1)) € dx} = dx/ dsfis) [ S p(ps)dy. xeR m=0,1,
" 0 —cs 4/ 27le2
3.5)

where p®(y,t) and p'(y,t) are defined by (2.16) and (2.17), respectively. Furthermore, for
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d =2, we have

P{Xo(B> (1)) € dx} = dx /OO ds fo(s)e ™
0

As 1 e)\s\/l—w e—xz/Zcztw e—x2/2czt
= dw + —— ), (3.6)
( 2 /0 V1 —w 2rxtwe 2mte )
o0 1 . —x2/2c2%tw
P{X|(By(t)) € dx} = dx/ ds (s)/ e[ +As(1 —w)]———dw. (3.7)
ne 0 f2 0 V2mtwe

Proof. By taking into account (3.2) and (3.4), form = 0 (vg = n/2) and d = 1, we obtain
1

— P{Xo(IW@)]) € dx}

dx

= i D PIN(IW(@)]) = n} P{Xo(IW (1)) € dx|N(IW (1)]) = n)

n=0
%) S n
A 1
:/ fl(s)dse*“Z( )
o £l B(1/2. (1 + D/2)
1 12 ( 1)/2e—x2/2021w
X w (1 —w)" N — —dw
/0 W 2mtwe
00 e—As
= fi(s)ds
f, e
1 —x2/2c? 00
y / w121 — w)—l/ze x2/2¢%tw (As)" (1 — w2 C(n/24+1)
0 V2mtwe =5 n! L((n+1)/2)

= f h fi(s)dse™
0
1

1/2 1/2e_x2/2cztw - 1 As "
X w (1 —w)” (—vl — w) dw
/; V2rtwe nX:(:) r2((n+1/2)\ 2
00 )\.SC_)LS
= / Si(s)ds
0
1

2

1/2 e /2w 20 1 AS n-l
X w —1l—w dw
/o J2rtwe nX:(:) I2((n+1)/2) < 2 >

o) —ASs
- / Fils) ds2E
0

c

cs Sefszxz/Zty2 o 1 A n—1
x 2 I2((n + 1)/2 (2_ c2s2—y2> dy
0 2myr T+ 1)/2)\2c

2.2 192
00 s g8 x 2y 5 o—hs X 1 A n—1
= fi(s)ds (— 252 — y2> dy,
/(; —cs 4/ 27[[)’2 2c r;) I2((n + 1)/2) \ 2¢c

where we have used the change of variable y = cs/w.
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Form =1(w; =n+ 1) andd = 1, we have

1
I PX W@ € dx}
X

/oof( ) dse™ i o : /1 gy
= 1(s) dse ™ w —w —dw
0 = n! B(/2,n+3/2) Jo W2mtwe
e /1 _l/ze_xz/zcz“” > ()»s)"(1 yi+1/2 ['(n+2)
w —w =
N V2rtwe = n! C(n+3/2)
00 e—hs 1 e—xz/Zcztw 00 n+1
= 1(s)ds w12 (As(1 — w2 dw
/0 f Vs Jo 2rtwe rg ['(n+3/2)

/oo 2 e—As
= AG)ds=
0 ¢ N/ ams3

2.2 2 o 1/2
s ga—s X7/ 2y n4+1 A n+1/
x (62(“—y>) dy

0 Jamn? = Tw+3/2)

=/ fi(s)ds

—v2x2/2ty e—hs 1 A n+1/2
/ Z nt (—(“ 2)) dy,
—es y/2mty? eNamsd S T +3/2)
where we have used the change of variable y = cs\/w. Therefore, result (3.5) is proved.
Developing the quantity

| " hrase S P by, By € dv | VB0 =)
0 n!

n=0
form = 0, 1, and taking into account Remark 3.1, it is not hard to prove results (3.6) and (3.7).
The probability distribution (3.5) permits us to claim that the process X,, () stopped at

a reflected Brownian time is equivalent in distribution to a Brownian motion with variance
X5, (W OD/W2@).

Remark 3.2. Recalling that, for a centered Gaussian with variance o2, the moments are
given by
Fr'p+1
2020 (p/2 4+ 1)’
if p is even, and are O if p is odd, we obtain

PRI (p+1 00

where E{X| b (t)} is defined as in Theorem 2.5 and p is even.

p

Now, we analyze the effect of the random clock defined as the time spent on the positive
axis (sojourn time) by a standard Brownian motion W (¢), ¢ > 0, namely,

t
r@) =f0 Liw(s)>0;(s) ds.
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The density function of I'(¢) is y(s) = 1/m/s(t —s), 0 < s < t, also known as the arcsin
law. We have the following result concerning X,,(I'(¢)), t > 0, where I'(¢) and X,,(¢) are
considered to be independent.

Theorem 3.3. Forn > 1, the following probability distribution holds:

P{X, (L)) € dx | N(I'(t)) = n}
dx ! ! o1 1 1
- B(l,vm>/o ”S)ds/o e Jaw a2
withm =0, 1.

Proof. Applying the same arguments as those used to prove (3.3), we obtain

P{Xn(I'(1)) € dx | N(I'(r)) = n}
_ d_xr(vm + DI'(vp) t<£

2 I'Cvy) 0

Um
Cs) (% = x?)m21 ey (5) ds.

As before, we consider the Fourier transform for X,,,(I'(¢)), t+ > 0. Hence, we obtain

E{e*XnTO) | N(T (1)) = n}

2k
(v +1) i (—=DF ac /[ s oy =1/2 g
T KDkt v, + D\ 2 0

_Tm+D i (—DF¥ act * /1 Y1201 _ )12 gy,
b4 KTk+v, +1D\ 2 0

k=0

r(vm+1)i (—=DFT 2k +1/2)I'(1/2) <act)2k

7 KT+ v+ DLk +1) 3

> (=DFT 2k + 1/2)T(k + DT (v (1/2) (a_ct>2k

v

KT+ DI k+vm + DIRk+ 1)\ 2

o . 2k
U (—1) 11 oct
_ Um B(2k+ =, = |Bk+1, N
2 @y ( +22>(+ U’")<2>
1 1
- v_m/ e —zrl/zdz/ (1= w)*~" dwlo(actzy/w),
T Jo 0

where we have used the change of variable s = ry. Therefore, by taking into account

Theorems 2.1-2.4, we obtain
1
P P{X;n(T'(#)) € dx | N(T'(¢)) = n}

Um ! —1/2 —1/2 : Uy —1 1 1
= z (1-2) dz | Ad—w)" "dw— ———
7 Jo 0 2w /2122w — x2

[ N ! N 1 1
S R R
7 Jo /stt—s3) Jo 27 /252w — x2

where we have used the change of variable s = 7z. This completes the proof.
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From Theorem 3.3 we conclude that X,,(¢), t > 0, with random time I'(¢), t > 0, is
equivalent in distribution to the random motion X¢(¢), t+ > 0, with a random time given by
['(t)v/Z, where Z ~ B(1, vy,), which maintains the velocity initially chosen until 7.

Remark 3.3. The random process I'(¢), ¢ > 0, is also connected with X,,(Bg(¢)), t > 0.
Indeed, recalling that

s 2 \t—s
ds, P{Tt) eds | W) <0} = = 7

2
P{T'(t) eds | W(t) > 0} = T

for 0 < s < ¢, from (3.2) and (3.4), the following equalities hold:
P{Xo(IW(®)]) € dx | N(W(1)]) = 0} = P{W(c’T'(1)) € dx}

ds

dx [ 1 —x2/2¢%s
Z;/(; st —s) 2msc as.
P{Xo(B3(#)) € dx | N(B3(1)) =2} = P{X1(B3(t)) € dx | N(B3(?)) = 0}
=P{W (T (1)) e dx | W(t) > 0}
B % /[ Js e—X7/2¢% s
wt Jo JE—35) Lmsc
P{Xo(IW(®]) e dx | N(W(@®)]) =2} =P{Xi(IW(@)]) € dx | N({W(@)]) = 0}

=P{W(’T(r)) e dx | W(t) < 0}
dx2 (' Jt—s e~ ¥ /2% d

= — ——— ——— s,
Tt Jo \/E 2mse

where W(t) is an independent Brownian motion with respect to W (¢).

3.2. Compositions with gamma random times

In this subsection of the paper we deal with a second class of random times, different from the
previous class. Let G, (), t > 0, agamma random process, with parameter « > 0, be governed
by the density law g4 (s, 1) = 1*s*~'e ™" /T'(a), s > 0. The process N (G4(1)), t > 0, governs
the changes in velocity of X, (G4 (%)), t > 0 (G4 (¢), t > 0, and X,,,(¢), t > 0, are assumed
to be independent), and has distribution given by

o0
PIVGa@) =n) = [ PING) =mlgu(s.0ds. n =0
0
Analogously to the Bessel case, we study the conditional probability distribution of the
random motion X,,(G4(t)), t > 0.

Theorem 3.4. Given N(Gy(t)) = n > 1, such that v, > «/2 — 1, the random process
Xm(Gy (1)) has the following conditional probability distribution:

P{Xn(Gu(t)) € dx | N(Gu (1)) = n}
_ dx
T T+ 1)/2)B(/2, v, —a/2+ 1)

! 1 tlx] \*? x|
dww®2=1(1 — w)ym—/2_-__ K_ — 3.8
X/O ww ( w) Twe \ 2ca/w o/2 4D, 38

where K, (x) is the modified Bessel function of the second kind and m = 0, 1.
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Proof. The random process X,,,(G4(t)), t > 0, admits as support the real line; hence, the
following probability distribution holds:

P{X:n(Ga(1)) € dx | N(Gu(1)) = n}

= /OOP{Xm(Ga(t)) €dx | N(Ga(1) = n, Gu(t) = s}P{Gq (1) € ds}
0

= /OOP{Xm(Ga(t)) €dx | N(s) =n}P{Gq(r) € ds}
0

_dx ' + Dl (v) 1*
T 21 TQuy) @

o /9 Um
X / (_) (C252 _ x2)vm—1/21{|X‘<C‘Y}Saf—le—l.¥ ds.
0 Ccs
Then

E{elXn(Ca) | N(Gy(1)) = n)
2 Um 1 0 Jvm (acs)
F(oc) 0 sUm

sozflefts ds
ac

=F(vm+l)<

L~ (=D ac\* > ,,
= F 1 _ +a—1 —tSd
(Um + )r(a)kzzokzr(kﬂmﬂ)(z) /0 g © @

T+ 1 i (—=DFT 2k + @) (g)ﬁ
T T(w) KTk + v + D\ 21
_T@m+ 1) i (—=DFT(k + a/2)T(k + (o + 1)/2)2%+e—1 <%>2"
- J/aT(a) P KT (k4 vy, +1) 2t
_ (v, + 12971
~ VAT(@T (v —a/2+ 1)
ad (—l)k ac\ a+1 o o
_ 'w,+1)
C (/2T (@ + 1)/2)T (v — a/2 + 1)
ad (—l)k ac\ o+ 1 o o
B 1
 T'((a+ 1)/2)B(a/2, vy — /2 + 1)
O (=DF fac\ koo !
% Z (_) f efzzk+((x+l)/27l dz/ wk+a/271(1 _ w)vmfa/Z dw
k! t 0 0
k=0
1

— /oo efzz(a+l)/27l dz
F'le+1D/2)B(a/2, vy —a/2+ 1) Jo

1
% / wa/z—l(l _ w)vm—oz/Z dwe—(ozc/t)zzw'
0
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By inverting the above quantity, we obtain

LP{Xm(Goz(l)) €dx | N(Gu(1)) = n}
dx

— 1 /00 dzefzz(owl)/zfl 1
T+ 1)/2) Jo B(@/2, v —a/2+ 1)
1 —12x2/4czw
te
X dww®> 11 —w)ym 2
/o Jamrzwe
1 1

F'(a+1)/2) B(a/2, vy — a2+ 1)

1 a2
_ _ t tx| tlx|
d a/2—1 1 — vp—a/2 __° K_ — |, 3.9
X/O ww ( w) Twe \ 2ca/w o/2 c/w 39

where in the last step we used the following integral representation for the modified Bessel

functions K (x):
VEA N —z—x2/4z —p—1
Ku(x) = 5\ 3 e z dz.
0

Remark 3.4. From (3.9), it is straightforward to observe that

P{Xn(Ga (1)) € dx | N(Ga(1)) = n}

coincides with the density of a Gaussian random variable with variance 2c2U Z /12, where U
is a gamma variable with parameters (o 4 1)/2 and 1, while Z ~ B(«/2, v, — /2 4 1).

Remark 3.5. The approach developed in the previous proof is sufficient to show that
P{X,(Gu (1)) € dx | N(Gu(1)) =0}

dx
T T+ D/2)B@/2,v—a/2+ 1)

1 a2
_ _ t tlx| tx|
dww*?7 (1 — w)" =2 —— K_op| —— 3.10
. /0 ww (1 =w) Twe \ 2c/w of2 c/w (3.10)

withv > /2 — 1.

Fora =1, G((t), t > 0, becomes an exponential random process. The exponential clock
permits us to derive an interesting interpretation of probability (3.8). Indeed, since

T
Ki12(x) =1/5:C *,

P{Xn(G1()) € dx | N(G1(2)) = n}
_ 1
" B(1/2, v, +1/2)
for n > 0, with the condition v,,, > —% always being satisfied. This means that the conditional

probability of X,,(G1(?)), t > 0, is equivalent to the distribution of a Laplace random variable
with parameter 1 /c+/Z, where Z ~ B(%, v, + 1).

we obtain

1
/dww_1/2(1—w)”’"‘lﬂ;e_”xl/cﬂ 3.11)
0 2c/w
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Remark 3.6. The process Xo(G1(¢)), t > 0, and the occupation time I'(¢), ¢ > 0, are linked
by the relationships

t

t3/2 3/2
P{Xo(G1(1)) € dx | N(G1(t)) =0} = dx/ P(C (1) € ds)——e " I¥l/evs
0 2¢c4/s

P{Xo(G1(1)) e dx | N(G1(1)) =2} =P{X1(G1(1)) € dx | N(G (1)) = 0}

=dx /tP{F(z‘) eds | W) < ()}ﬁe—fmlﬂ/c\/E
0 2¢ca/s ’

which follow from (3.10) and (3.11).

Now, by means of the same steps used in the proof of Theorem 3.2, it is not difficult to prove
the result contained in the next theorem. Therefore, we omit the proof.

Theorem 3.5. For o = 1, we have
0 cS St
P{X,,(G1(1)) € dx} :dx/ gl(s,t)dsf 5e—”lx‘/qu(y,s)dy,
0 0

where ¢ (y, 1) = 2p"(y, 1), m = 0,1, and p°(y, 1) and p'(y,t) are respectively defined
by (2.16) and (2.17).

Theorem 3.5 claims that X, (#) with exponential time is equivalent in distribution to a Laplace
random variable with parameter | X,,(G1(¢))|/tG(¢).

In order to conclude the discussion on random times, we observe that B;(¢) and G (¢) can
be composed to obtain a new class of random times. Obviously, B, (#) and G (¢) are thought
to be mutually independent.

Theorem 3.6. Forn > 1 and v, > d/2 — 1, we have
P{Xn(Bi(Gy (1)) € dx | N(Bi(Gy(1))) = n} (3.12)

_ dx
C T(@)B(d/2, v, —d/2+1)

1 a—1/2
V2 1 V2t
o f dwwd/21 (1 — y)tn—d/2 ( Vilx| ) K—a+1/2< IXI)_
0

Jrwe \ e 2w cy/w
Proof. Since B;(G4 (1)) has a density given by
1 /OO rdil efr2/2zzozfleflz dz
C(a)T(d/2)24/2-1 [, 7472 '

we can write

P{Xn(Bi(Gy())) € dx | N(Bi(Gu (1)) = n}
T + DT () 1% dx
T 2aTQum)  D(@)[(d/2)24/2-1

00 00 2\ Vm gd-1 2
X / ds/ dZ<_) (C2S2 _x2)vm—l/21{|x|<cs} 5 e—S /2ZZa—le—lZ-
0 0 cs z
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Therefore, by means of Theorem 2.3, we are able to explicit the Fourier transform of the previous
probability distribution as follows:

+oo
/ " P{X)u(Ba(Ga (1)) € dx | N(Ba(Gu(1))) =n}

—o0
2 Um tﬂt [e}e] d/2 1 ;
=T (v + D — @=d/2-lgiz g
(b + )<ac) F(a)r(d/2>2d/2—1/o e eE
© 2
x/ Jvm(acs)sd_“m_le_s 22 g
0

CTn D [
d
[(a)[(d/2)242 1 J, © ©®

00 2k
% Z L ac /oos2k+d—le—s2/2z ds
k=0k!F(k+vm+1) 2 0
_TOn D (% gy
()T (d/2)

k
8 i (—DF a’c?z /'OO Y21y gy,
KTk v+ D\ 2 )

1T (v + 1) “Za_le—zzdzz< DAT(k +d/2) <a c z)k
C'(@)I'(d/2) KTk +v,+1) 2

_ tar(vm / a—1 —lZdZ
- r(a)r(d/z)r(um — d/2 +1)

(= Dk d d a?c?z\*
XZ - B<k+§,vm—§+1)< 5

k=0

td x 1 ,
= o—la— Zd
F@BW/2,vm—d2+1) )y © ¢ &

[e)e] k 1
(=D* (P2 k+d/2—1 m—d /2
X E P 3 /0 w 1 —w)Y dw

k=0

t(x o
— Z(X*lefl‘z dZ
T(2)B(d/2, vy —d/2 + 1)

1
— _ "
X / wd/2 1(1 _ w)vm d/2e a~c zw/2 dw,
0

where we have used the change of variable y = s%/2z.
By inverting the above characteristic function, we obtain

P{Xn(Bi(Ga(1)) € dx | N(Ba(G (1)) = n}

1
_ t* f w21 (1 — p)Pn=d/2 gy
C(a)B(d/2, v, —d/2+ 1) J

00 ﬂ‘zfxz/Zszw
[t
0 V2w zwe
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1
- ! f w2711 — w)vm =42 dw
T(@)B(d/2, vm —d/2+ 1) Jo

2 2
oo \/;efufx t/2cuw
x / ua71/271
0 2rwe

du

1
(@) B@/2 vm —d/2+ 1)
[ w0
0 A/ TTwe Cm —a+1/ C\/E 5

where we have used the change of variable u = ¢z.

Remark 3.7. For « = 1, we have

P{Xn(Ba(G1(1))) € dx | N(Ba(G1(1))) = n}

1
— dx / du)wd/27l(1 _ w)vm*d/z «/2_[ efﬁ‘xl/cﬂ
Bd/2, v, —d/2+1) Jy —ZCﬁ

with n > 1, which has the probability structure of a Laplace random variable.

Remark 3.8. Let X and Y be two independent random variables distributed as a Gaussian with
mean 0 and variance respectively equal to o> and 1. It is well known that V = XY has the
following density law:

400 e—)c2/2(r2 e—v2/2x2 1 |U|
fv(v) = ( >

—————dx = —XKj
—00 A2mo 27 To

These considerations and Theorem 3.6 permit us to state that, for ¢ = % andd =1,
P{Ximn(IW(G12()]) € dx | N(|W(G12(1))]) = n}

1
= dx / dww 121 — w)rm=1/2 V21 Ko V2r1x]
B(1/2,v, +1/2) Jo e/ w c/w
holds for each n > 1. In other words, conditionally on the number of Poisson events during
the interval [0, 7], the law of X, (|W(G1,2(1))|) is equivalent to the distribution of the product

of a standard Gaussian and a normal random variable, mutually independent, with mean O and
variance cv/Z /v/2t, where Z ~ B(%, Um + %).

o

4. Some remarks on random motions in higher spaces

Let Xo(1) = (X1(1), X2(2)), t > 0, and X4(t) = (X1(2), X2(1), X3(7), X4(2)), t > O,
respectively denote planar and four-dimensional random flights. Then the results presented in
the Section 3 can be extended to these random processes.

We also use the following notation: ey = (g, «2), g = (a1, @2, @3, ®4), X2 = (X1, X2),
and x4 = (x1, x2, x3, x4). Furthermore, let || - || be the euclidean norm and (-, -) be the scalar
product. As proved in Orsingher and De Gregorio (2007), the characteristic function and the
conditional probabilities of the planar random flights are given by

'(n/2 4 1)2"/?
(ct]loz|)"/2

(@1 = "2,

Efe!®X20) | N(t) = n} = Japa(ctlleal),

n
2 (ct)"

pa(llx2ll, 1) =
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while, for X4(¢), t > 0, we have

['(n 4 2)2"t1
(ctloeg )+

+
pa(llxall, 1) = ﬁ(e — Ilxal®" 1

Efe!@Xs0) | N (1) = n) = Jngi1(ctllesl),

Therefore, for the planar random flights at a Bessel random time, namely (X(B;(?)),
X2(B4(1))), t > 0, by following the same steps as in the proof of Theorem 3.2, forn > 1, we
have

P{X1(Bs4(t)) € dx1, X2(B4(t)) € dxa | N(B4()) = n}

202t
= dxy dx f w2711 =y /222 L @1
BW/2,n/2—d/2+ 1) 2mtwe?

withn/2 > d/2 — 1, while, for (X1(Gy(t)), X2(G4(?))), t > 0, we have

P{X1(Gq (1)) € dx1, X2(Gu(1)) € dxa | N(Gu(1)) = n}
_ dxq dxp
T+ 1)/2)B(a/2,n/2 —aj2 + 1)

1 a2
_ t]|x2 ] t]|x2 ]
d a/2—1 1— n/2—a/2 " K_ ,
% /0 ww ( w) Jrwe \ 2c/w af2 cy/w

which hold if n/2 > «/2 — 1. We observe that from probability (4.1) for d = 1 we again
obtain result (3.3) of Beghin and Orsingher (2009). Similar considerations hold for the four-
dimensional random flights.

The random flights in higher spaces have directions uniformly distributed on a multidimen-
sional hypersphere. It would be interesting to consider a model, for example in the plane, with
a different density law with respect to the uniform law. Let us consider a planar random flight
with density law similar to (2.1), for example,

f@) = —sm 0, 6 € [0, 2r].

Therefore, we obtain a random motion with drift, which is persistent along a specific portion
of the plane. Hence, in order to calculate the characteristic function, we need to evaluate
fo exp{iz( cos @ + B sin @)} sin® 6 d. We evaluate this integral as follows:

2
/ expfiz(« cos @ + Bsin6)} sin® 6 do
0

k 2
= Z (i2) / (o cos6 + B sin 6)*sin® 6 do
k=0

o k 2
Z Z o BT cos” 6 sinf "2 6 do.
P A 0

Now, the last integral has to be split into two parts, i.e. fozn = fon + 712 ™. Hence, by performing
the change of variable §’ = @ — 7 in the second integral, we observe that the previous sum is
equal to O if k is odd. By splitting the first integral on (0, 7/2) and using a change of variable
analogous to the previous change, we find that the sum is equal to O if r is odd. Therefore, we
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can write 5

T
/ expfiz(« cos 6 + Bsin6)} sin® 6 do
0

()% & k=) KNP 2(k—r+1)
Z 2k)! Z cos” 6 sin 6do
0

2k
_ L2 2K\ 3y 2y DO+ /DT —r 4+ 14 1/2)
ZZ( b (Zk)'z<2r>a p Tk +2)

2k —2k
- L2 2k\ 2 p2iery 2 T2 =1 + 1))
ZﬂZ( b (Zk)vz( r>“ e TG+ D

2k k
Z 2(k—7‘)+1 2r p2(k—
:2 _1k r ( r)
”];)( )F(k+2)22’<ngF(r)F(k—r—i—l)a p

o0 2k k 2r p2(k—r) k 2r p2(k—r)
_ 1k Z o’ B o’ B
_2”12( D (k+1)!22k{;2(r!)(k—r)!+;r!(k—r—l)!}
0 2% k
_ RN 2 1 K\ 2 poik—r)
_271];( b (k+1)!22k{2(k!)r2_(:)(r>a d

B X

-1
k—1 2r p2(k—1-r)
+(1<—1>!,:0< r )a g

S

— 2k + 1)1k! 22

—l)k 2k

5 Z (k + D)l (k — 1)12%

Ji (z\/a BRGNS ey Y
o LVE TR g Z (a2 + 8%
aZ + B2 (I +2)!
J /2 2 2
:27[{ 1aya +'6)— 2'3 2]2(Z\/m)}.
zy/a? + B2 as+p
Then, in view of the proof of Theorem 2.1, the characteristic function becomes

E{ei(az,Xz(t)) | N(t) = n}

n! !
— _nZn+1 / dsl e
t 0

t n+1 . 2
y / ds,, l—[{ Jl(C(S/ s/—1)||“2”) _ ) JZ(C(Sj _ Sj—l)||(x2||)}o (42)
Sn—1 i=1

c(sj—sj—1 el llee2 1

aZ+ /32)2(k1)}

From (4.2), it emerges that, as expected, an asymmetry is introduced by f(6), because the
particle will tend to maintain the same direction. Moreover, the inversion of the characteristic
function is quite difficult; therefore, it does not seem to be possible to obtain the explicit
probability distribution of X, (#) at time # by means of this approach.
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