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Abstract

We analyse a nonlinear partial differential equation system describing the motion of a microswimmer in a nematic
liquid crystal environment. For the microswimmer’s motility, the squirmer model is used in which self-propulsion
enters the model through the slip velocity on the microswimmer’s surface. The liquid crystal is described using the
well-established Beris—Edwards formulation. In previous computational studies, it was shown that the squirmer,
regardless of its initial configuration, eventually orients itself either parallel or perpendicular to the preferred ori-
entation dictated by the liquid crystal. Furthermore, the corresponding solution of the coupled nonlinear system
converges to a steady state. In this work, we rigorously establish the existence of steady state and also the finite-
time existence for the time-dependent problem in a periodic domain. Finally, we will use a two-scale asymptotic
expansion to derive a homogenised model for the collective swimming of squirmers as they reach their steady-state
orientation and speed.

1. Introduction

Microswimmers are objects of micron size which are immersed in a fluid and capable of autonomous
motion. They are ubiquitous in nature, as exemplified by bacteria and eukaryotic cells. Recently, syn-
thetic microswimmers for applications in medicine and material repair have been introduced in [1], see
also reviews [2, 3]. Transport of microswimmers, both living and synthetic, as well as effective prop-
erties of suspensions populated by many such microswimmers, largely depends on how they respond
to surrounding environment. Modelling microswimmers has become a growing area of research. The
case when microswimmers are immersed in a Newtonian fluid has been intensively studied — see
[4-10] and reviews [11-14]. However, bacteria often swim in biofluids which demonstrate viscoelas-
tic or anisotropic properties very different from those of isotropic Newtonian fluids. For example,
Helicobacter pylori bacteria are present in stomach and are associated with diseases such as chronic
atrophic gastritis and ulcer [15, 16]. The ‘success’ in the inflammation of stomach walls by H. Pylori
depends on how the bacterium reorients itself in the mucous protective layer. Note that mucus is a
viscoelastic fluid which exhibits properties of a liquid crystal for a certain range of macroscopic param-
eters [17, 18]. In addition to medical relevance, experimental realisation which combines bacteria with
a nematic water-based and non-toxic (to bacteria) liquid crystal led to a wealth of intriguing observa-
tions such as collective phenomena for small bacterial concentrations, moving topological defects and
visualisation of flagella beating [19-24].
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Modelling self-propulsion of microswimmers in both Newtonian and non-Newtonian fluids has
received much attention in applied mathematics. These modelling approaches range from minimal one
when microswimmers are modelled as point dipoles, or rigid bodies with point motors, or rigid dumb-
bells, e.g., [6, 7, 25-30], to more detailed ones with, for example, explicit description of self-propelling
with flagella or cilia in both viscous and viscoelastic fluids, see, e.g., reviews [31-33] and the book [34].

One of the most well-established model of microswimmer is the so-called squirmer. The model
was initially introduced in [35] for Paramecium, a micro-organism which swims with the help of small
elastic appendages called cilia. The main modelling assumption for squirmers is that the body is non-
deformable and the swimming effect is introduced via a given slip velocity profile on the body surface
that models the cilia’s activity. Analysis of squirmers immersed in a Newtonian fluid, from the well-
posedness to the relation between the slip profile and the resulting velocity, has been the focus of many
authors [36-42].

To describe a nematic liquid crystal, we use the well-established Beris—Edwards model [43], a highly
nonlinear partial differential equation (PDE) model coupling Navier—Stokes (or Stokes) equation with a
PDE for the tensor order parameter which indicates the preferred local orientation as well as the strength
of the local alignment of the liquid crystal molecules. Well-posedness of the Beris—Edwards model in
R? and R* was first studied in [44, 45]. Existence of weak and strong solutions in a bounded domain
with a fixed boundary and both homogeneous and inhomogeneous boundary conditions for the tensor
order parameter were established in [46, 47].

In our work, we consider a model which combines a Beris—Edwards liquid crystal with a squirmer.
Such a system was, for example, used as a computational model in [48] to study orientation dynamics of
the spherical squirmer with respect to the preferred orientation of the liquid crystal. In [49], we extended
this model to elongated squirmers and studied how the long-term orientation dynamics of the squirmer
depends on physical and geometrical parameters. To the best of our knowledge, there are no analytical
results, such as well-posedness or model reductions via multi-scale limits for squirmers immersed in
a liquid crystal environment. On the other hand, there are classical multi-scale results for particles in
isotropic fluids, e.g., dilute, Brinkman’s and Darcy’s regimes via homogenisation limits by G. Allaire
[50, 51]. We also refer to [52-56] for some recent works on analysis of fluid suspensions with solid
particles.

The structure of this paper is as follows. In Section 2, we present the Beris—Edwards model cou-
pled with a squirmer for both the time-dependent and steady-state problems. The latter corresponds to a
squirmer moving with a constant velocity. In Section 3, we formulate our main results on the existence
of solutions to both the steady-state and time-dependent problems as well as a two-scale homogeni-
sation limit resulting in an effective model for a suspension of squirmers swimming parallel to each
other. The last statement can be considered as a steady motion of a bacterial colony. Proof of the main
results is presented in Sections 4, 5 and 6. Some calculations and non-dimensionalisation are relegated
to Appendix.

2. Model
2.1. Time-dependent PDE system

Consider a rigid squirmer swimming in a liquid crystal with translational and angular velocities V(¢)
and w(r), respectively. In the context of the Beris—Edwards model, the liquid crystal is described by a
velocity field u(x, 1) : R? x R, +— R? and a tensor order field Q(x, 1) : R? x R, > R taking values in
symmetric traceless d x d matrices. Here, d =2, 3 is the spatial dimension. The functions u = (uj)jd:l
and Q = (Qif)fd.=l satisfy the following system of PDEs and boundary conditions, written in the frame
moving with velocity V(¥), so the squirmer is always centred at O:

av
p(at—i_uv)u—i_pz :V'(Ghydro+aela)s in H\P(t) (1)
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V.u=0, in T\ P@), 2)

U =uy(o(1),X)T + w(t) x x, on IP(?), 3)

00+ - V)Q—S(Vu,Q) = F<KAQ + IAi(Q)) + Fe(Q. Q). in IT\ P(2), “4)
Q.u,Vp periodic in IT (5)

K9,0 =W(@Q,.; — Q) on IP(1). (6)

Here, I1 = (—L, L)’ is a periodic box, P(¢) and dP(r) are the domain occupied by the squirmer and
its surface in the moving frame. We assume that W C IT for all ¢+ > 0. We will also use the notation
Q(#) := IT\ P(¢) to denote the fluid region.

Equation (1) is a modified Navier—Stokes equation for the velocity u(x,f) which satisfies the
divergence-free condition (2). To this effect, we have o4, = n(Vu + (Vu)") — pl to be the standard
isotropic stress tensor where p(x, f) is the pressure of the liquid crystal with uniform density p and vis-
cosity n. The internal structure of the liquid crystal, i.e., local preferred direction and order, affects the
flow through an additional elastic stress o, given by

ou. = K[(Q AQ — AQ Q) — VQ O VO]

I I I
—§ [H(Q T Q@+ JH- 20+ g)Tr(QH)} . )

Here, K is the elastic constant and VQ © VQ is a d x d matrix with the (k, /) component ) 3., Q;;0,,Q;-

ij
The parameter § measures the ratio between tumbling and aligning that a shear flow exerts on the liquid
cArystal molecules. The matrix-valued function H = H(Q) is defined as H(Q) = H(Q) + KAQ, where
H©Q) is

S ) c . a ) o
H(Q):= aQ - cQTr(Q) = ~Vo($1QI° ~ S1QI) = — Ve F (@ ®)

The scalar potential F (Q) is the polynomial part of the Landau—de Gennes free energy whose coefficients
a and ¢ depend on macroscopic parameters of the liquid crystal such as temperature. The potential F(Q)
attains minima at Q = 0, corresponding to the isotropic state when the liquid crystal flows as a Newtonian

a
fluid, and at tensor order parameters Q with g, := ||@Q|| = ./ —, corresponding to the equilibrium liquid
c

crystalline states.

Boundary conditions (3) describes how the squirmer interacts with the flow u of the liquid crystal.
The orientation of the squirmer is described by a vector a(r) € SY~'. We also let T to be a tangent vector
field to the surface of the squirmer which can be chosen to be 7 := (& x v) x v, where v is the inward
normal vector on the squirmer’s surface 0P(¢). A typical example of the slip velocity u,, is given by
[35] (which is also used in the computational work [48, 49])

s (@(1), X) = Vprop sin O(1 + B c0s (9)), where 6 = cos™ [T| ' (|)|(] '
x

Here, 6 is the polar angle between the direction vector & and the vector connecting the squirmer centre
and the boundary point x, the parameter v,,, is proportional to propulsion strength and 8 quantifies
the type of the squirmer (puller vs pusher; see [49] for details). In this work, we consider uy(ec (1), x) =
sin(0)g(#) with a smooth function g(). Note that such u,, vanishes at points of singularity of the vector
field 7.

The instantaneous angular velocity of the squirmer is denoted by w(¢). Then any material point x on
the squirmer surface dP(f) will move with velocity @(¢) x x in the moving frame for which the system
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(1)—(6) is written. Then the boundary condition (3) states that there is a given slip velocity uy,(ee(?), x)T
with the no-penetration condition:

[ — o xx] xv=ugy(a@),x)t xv,
[u—wxx]-v=0.

The given non-zero slip velocity models self-propulsion of the squirmer. Such a condition was originally
derived for micro-organisms swimming with the help of small elastic appendages (cilia) distributed on
the surface [35].

The matrix-valued equation (4) describes the dynamics of Q(x, f). While the two first terms in the
left-hand side of (4) are the advection derivative, the third term S(Vu, Q) describes how the flow gradient
Vu rotates and stretches the order parameter Q and is given by

I I I
S(Vu,Q) = (§D ~I—A)<Q + ;l) + (Q + E) (D —-A)—-2¢ (Q + ;,) tr(@QVu), ©))

1 1
where D = E[Vu + (Vu)T] and A = E[Vu — (Vu)T] are symmetric and anti-symmetric parts of Vu,

respectively. The right-hand side of (4) consists of the term leading to the minimisation of the total
Landau—de Gennes energy

~ K
ELac(Q) = / FQ)+ 5 VOl ax (10)

Q1)

with the relaxation parameter I' > 0 and the term F.(Q, Q. ) describing the aligning effect with an
external field. This term imposes the equilibrium condition for liquid crystal, that is, in the absence of
squirmer we have Q = Q_ . We chose O = ¢g..(e, Q e, — g) which means that if the liquid crystal is not
perturbed by a squirmer then its molecules are oriented parallel to e, (the unit basis vector parallel to
x-axis). In this work, we will use the example of F.(Q, Q) from [21] for d =2, given by

Fexl(Q’ Qoo) = _§QRn/2Tr[QQooR7T/2]’ (1 1)

where ¢ > 0 is the aligning parameter and R, is the matrix of counterclockwise rotation by /2. For
d =3, the formula for F(Q, Q) is

Fou(Q, Q) = £ ((QHQ., — t1(QQ.,)Q) 12)

We note that if one considers dynamics 0=F..(0, 0..) then the Euclidean norm of Q is preserved,
i.e. tr(Q%) = const, and Q(f) converges to a multiple of Q__ as # increases, so that @ - @ = tr(QQ..) > 0.
One can also show that (12) is equivalent to (11) in the case of two-dimensional Q and Q_ (with zero
third row and column).

We impose anchoring boundary condition (6) on Q along the squirmer surface d7P(f) which forces
0 to be close to a given tensor Qpref = Goo(Mpret @ Mprer — 5). Here, n,. = v in the case of homeotropic
anchoring when the surface orients liquid crystal molecules perpendicular to it or equivalently, parallel
to the normal vector v. On the other hand, n,.; = 7 in the case of the planar anchoring when molecules
are aligned with the tangential vector field 7. The boundary condition (6) indeed penalises the difference

0, — 0O in the sense that if we drop all terms in (4) except I’ (K AQ + ﬁ(Q)), then the solution Q to
this truncated version of (4) with boundary condition (6) minimises the energy

Era(@) + W / 10, — OI dS.. (13)

aP(1)

The coefficient W in front of the penalisation term in the energy functional (13) and also the right-hand
side of (6) measures the anchoring strength. Mathematically, depending on if W — oo or 0, (6) reduces
to Dirichlet or Neumann boundary condition for Q.
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To determine the trajectory of the squirmer, that is, its velocity V(¢) and angular velocity w(f), we
consider force and torque balances for the squirmer:

v / ds, (14)
m— = ovds,,
dt
AP(1)

d[I(z
[()w]zfxxov—i—lde. (15)

dr

IP(1)

. i . .
Here, 0 = 040 + Ocia is the total stress, whereas m and 1(7) = {I,;,v};]_:l are the mass and inertia tensor of
the squirmer, defined via

m = pp|P1)],

10 = pr [ e xx1- e x .
PO
Here, pp is the squirmer’s density. The additional torque £ comes from the internal structure of the

liquid crystal, namely from that there is a preferred direction. It translates into the non-zero asymmetric
part of the stress tensor ¢ . The formula for this additional torque is [49]

d
€= pv, where = ()., and py=—2K Y €1Q0inQum;- (16)

m,l k=1
Here, ¢ is the Levi—Civita symbol. Finally, we note that the orientation «(¢) and the angular velocity
w are related via

a=w X d. (17)

Remark 2.1. Note that the term £ admits a simplified form:

d

Z / € Oum kaj V; ds,
P

Lmk=1

fﬁ,— ds, = 2K

IP

d
= _2W Z /;P Eilelm(Qpref,mk - ka) de

Lim,k=1

Here, we used boundary conditions (6). Next, for any symmetric matrix B = (B,-j)ﬁszl we have

Z Ei[kBlmBmk = O (18)

ILmk
Indeed, from properties of the Levi—Civita symbol we have
Z EilkBlmBmk = Z 6ilkBkmBml-
Lm.k Lk
On the other hand, due to symmetry of B we have
Z €nBimBui = Z €iBinBu-
Lim,k Lim,k

Thus, we have (18), from which we have the simplified form expression (simplified because it is linear
in Q as opposed to (16) which is quadratic in Q):

d
/ gi dSv = _2W Z €l le Qpref,mk dS‘( (19)

Imk=1

IP IP
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Remark 2.2. We end the introduction of the time-dependent problem with the energy identity satisfied
by solutions of this problem. First, consider the energy functional:

mV: Iw-® p

2
= —fz dx
E@®) 2 + 3 +2/|u+V|
Q)
7 K 2 w 2
+ | F(@+ EIVQI dx + > Qe — QI dS. (20)
Q) aP(1)

Note that in the absence of the squirmer P(¢) = @ (or when the squirmer is passive, i.e., u,, = 0) and if
the external field F,, equals zero, then the system is dissipative, that is, the energy is non-increasing:

d
GEO=-D) <0, where D(1):= n/ |Vu|2dx+F/|H|2dx. 1)
Q(1) Q1)

On the other hand, when the system experiences the energy input from the self-propulsion mechanism
and external field F.,, the energy identity takes the following form:

d
aé’(r) =-D()+ / ov - u,T dS, + / H:F,, dx. (22)
aP(1) Q1)
Note that boundary integral fEJP(t) ov - u,T dS, contains nonlinear terms in Q which in turn depends on
the higher order regularity property of Q. This causes difficulty in the analysis of the time-dependent

problem. Hence in this paper, we will only present a short-time existence result and leave the long-time
behaviour to future work.

2.2. Steady-state PDE system

In this work, we are also interested in the steady translational motion of the squirmer in the liquid crystal.
In the context of the model (1)—(6)(14)—(15), the steady motion is described by the stationary solution
of this system:

pu - Vu =V - (Onyaro + Oia), in IT\ Py, (23)

V.u=0, in T\ 7P, (24)

U = uy (ot X)T, on IP,, (25)
W-V)Q—S(Vu,Q)=T (KAQ + ﬁ(Q)) +Fou(Q.0Q.), in T\ P,, (26)
Q.u,Vp periodic in TT 27)

K8,0 = W(Q,; — Q) on 9Py (28)

Here, we assume that the squirmer moves with the velocity V,, with the orientation angle o, both
of which are independent of time. As equations (23)—(28) are written in the squirmer’s frame, the
domain P, occupied by the squirmer will then be stationary. Similar to the time-dependent case, we use
Q =TT\ Py to denote the fluid region in the steady-state case.

In this setting, the force and torque balances (14), (15) become

0— / ov dS.. 29)

9Pyt
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0=/xxov+lde. 30)
Pt

The force balance (29), in view of periodic boundary conditions for # and Q together withu - v =0 on
dPy (follows from (25)), leads to

O=/avde=—/avde+pfu-Vudx:—/pvde. 3D

9Pst oml Q aml

Therefore, since Vp is periodic, as imposed in (27), it follows from (31) that p(x) is periodic in TI.
Indeed, the fact that Vp is periodic implies that

p(x)=m-x + p*(x), (32)

where pP(x) is a function which is periodic in IT and m € R?. Substitution of (32) into (31) implies
that m = 0 and p(x) = p*'(x). In this case, the force balance (29) is satisfied regardless of squirmer’s
velocity V.

We note that if an external force F* = {F © }jzl is applied on the squirmer, then the force balance in
stationary case becomes

/ ovdS, +F“ =0 (33)
APt

which due to the same arguments as in derivation of (31) is equivalent to

- f pvdS, +F9=0. (34)
oIl
Using (32) and the divergence theorem for the first term in the equation above, we get
[TT|m =F“. (35)

Therefore, an external force results in the pressure difference
L
Flgy) = z[p]n i= 19 s d’ where [p]z :p|xi:L _p|x,-:7L' (36)

In terms of the force balance, the periodic problem (23)—(28) is in contrast with the analogous problem in
the exterior domain IT = R?. Namely, for the latter, we need to impose additional boundary conditions at
|x] > o0:u=—-Vyand Q =0, where V is the steady velocity of the squirmer. Then we would have
obtained a Stokes-law-like force—velocity relation instead of the force—pressure relation (36). Another
difference between the periodic problem (23)—(28) and its counterpart in IT = R is that the squirmer’s
velocity V nowhere enters the problem neither in (23)—(28) nor in the force or torque balances
(29)-(30). Physically, this is due to that an infinite periodic grid of squirmer without any connection
to a reference point immovable in the inertial frame (as boundary conditions at x| — oo would have
provided) under no external influence can move with a steady velocity, of any direction and magnitude.
Thus, the couple (u(x + V1) — Vi, Q(x — V1)), where (u, Q, a) solve (23)—(28)(29)—(30), is a travel-
ling wave solution of the time-dependent problem (1)—(6)(14)—(15) for any constant vector V. We note
that applications of the model (1)-(6)(14)—(15) in [48, 49] concern with orientation squirmer dynam-
ics for which periodic boundary conditions are sufficient. If one needs to study spatial dynamics of the
squirmer, boundary conditions at |x| — oo are necessary.

In this work, the squirmer swims due to self-propulsion only, without an external force, F© =0.
Thus, we impose periodicity for the pressure p. Taking this into account, we define a weak solution of
(23)~(28) as a couple (u, Q) € H, (2 R?) x H? (2; R**?) such that equations (24), (25) as well as the
following two equalities hold for all € H,(2; R) ﬂ{"ﬁb'psl =0and V- -¢ = O} and ® € H, (Q; R™)
and every integral term is finite:
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n/Vu:Vtﬁdx—i—p/(u-V)u-wﬁdx—i—/oela:Vlﬁdx:O. (37)
Q

Q Q

r —K/VQ:V<I>dx+W/(Qpref—Q):<I>dSX

Q 9Pst

—/((u-V)Q—S(Vu,Q)) :<I>dx+/Fm:<I>dx=0. (38)
Q
Q

3. Main results

Here, we present our three main results.

Our first main result is the existence of a weak solution of the steady-state problem (23)—(28). Note
that (23)—(28) is a boundary-value problem for the couple (u, Q). Force balance (29) results into periodic
boundary conditions for pressure p and torque balance (30) is not included in the system (23)—(28) so the
orientation vector o enters the problem (23)—(28) as a parameter. As discussed below in Remark 3.2,
to find specific values of orientation vector e,, with which the squirmer can swim steadily, one needs
to additionally impose the torque balance (30). Provided that couples (u, Q) solving (23)—(28) exist for
all orientation vectors a, the equation (30) possesses at least one solution a, which corresponds to
swimming along the LC preferred orientation e,.

For the steady-state problem, we restrict ourselves to the case £ = 0. In this case, we can establish the
maximum principle formulated in Lemma 4.1. Under this simplification, we can represent o, as

0 = —KVQ © VQ + 0,, where 0,(Q, H) = 0H — HQ = K(QAQ — AQQ) (39)
and the term § given by (9) satisfies the following equality:
S(Vu,Q): Q =Tr(S(Vu, 0)Q) =0. (40)

We also impose

Fext(Q’ Qoo) : Q = 0 (41)
This condition holds for our specific choices of F(Q, Q) given by (11) or (12).

Theorem 3.1. Suppose & =0. There is a constant C > 0 independent of K, W, Q,,., Q.., 0, p, Uy, T,
o, such that if

1
n>= 2C10||usq”L°°(Q) and T’ > 2C(f{””sq”ﬂ’°(ﬂ) + ||usq||Wl~°°(Q)) s (42)

then there is a weak solution (u, Q) € (H'(Q2), H*(R2)) of (23)-(28).

Remark 3.1. The condition (42) holds when parameters n and I" are sufficiently large, given all other
parameters. The condition (42) also holds when u,, is sufficiently small which means that self-propulsion
is small. In the limit u,, — 0, we recover existence of steady state for a passive swimmer without a
condition on parameters.

Remark 3.2. Theorem 3.1 states the existence of a weak solution of (23)—(28) for all orientation angles
o. As discussed in Section 4, the force balance (29) is satisfied since weak solutions of (23)—(28)
have periodic pressure p. To determine the steady orientation &, one needs to consider additionally

km
the torque balance (30) which is satisfied for a, = - (k is an integer). We note that it follows from

our numerical studies in [49] that a squirmer can swim steadily only if it is oriented parallel, o = k7,
or perpendicularly, e = (2k — 1)7, to the vector e,, the liquid crystal orientation in the absence of the
squirmer.
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Our second main result is the local-in-time existence for the time-dependent problem (1)-(6) with
(14) and (15). Here, we simplify the system by considering a spherical squirmer P(#) in its own moving
frame so that 2 and P are independent of time. Under this assumption, the torque balance equation can
be simplified into

dw
Iazfxxmwl—Zde, 43)

IP

where the rotating inertia /(¢) = I becomes also independent of time and isotropic.

Theorem 3.2. Suppose that (u,, Q,,,) € H*(dP) x H*(dP), £ is not necessarily 0, and the initial
data (uy, Q) € H*(2) x H*(2), where H*(2) = H*(QQ) N{V -u =0}. Then there exists T >0 and a
unique solution (u, Q) to the system (1)—(6) with (14) and (43) such that

ueH(0,T; H: Q) NH* 0, T; L2(R)),
QcH'(0,T; H(Q)) NH*0, T; H'(Q)).

Remark 3.3. We adapt techniques from [47] to prove this result in Section 5. The main idea is to rewrite
the problem in a suitable Banach space and then use the Banach’s fixed point theorem. However, the
difference from [47] is an additional difficulty coming from the presence of the squirmer which requires
to consider inhomogeneous boundary conditions as well as force and torque balances (14) and (43). The
terms in balance equations involve boundary integrals with derivatives in integrands. It led to that the
spatial regularity of the solution couple (u, Q) is higher than it is required by a weak solution of the PDE
problem (1)—(6).

Our third main result is a formal homogenisation limit in the system (23)—(28). This result can be
considered as the derivation of a simplified model describing motion of a colony with periodically
distributed squirmers (e.g. bacterial colony) in the liquid crystal.

Specifically, we introduce a small parameter ¢ := i, where L is the linear size of a periodic box con-
taining a single squirmer and §; is the observation scale. Next, we consider the problem (23)—(28) where
all the parameters are written in physical dimensions. Details of non-dimensionalisation are relegated
to Appendix C. After the non-dimensionalisation, we consider the steady-state problem (23)—(28) in a
periodic box I1, = [—e¢, ¢]?. The squirmer occupies domain P, whose linear size is ~ ¢. Consider the
domain U which is R? or a sub-domain of R? composed of many periodic boxes I, such that the linear
size of U is of the order 1 with respect to e. Then (23)—(28) becomes (see Appendix C for details):

ey AQ+aQ — ¢ QTr(Q) + S(Vit, Q) — it - VQ +  Fou = G(x) in 2,, (44)
0,0 =W(Q,.c — Q) on 9P, (45)

ep( - Vit — enAit +Vp=ekV-(VQ O VQ + QAQ — AQQ) + F(x) in ., (46)
ii = ity T on 9P, (47)

Here, 2, =TI, \ P, and V -u =0. Here, for simplicity, we assume that the orientation vector e is
independent of ¢. This physically means that the bacterial colony has reached the steady state when
every squirmer swims along a stable direction which is related to the preferred direction of liquid crystal
e, and is independent of ¢ (e.g. &y =e,). G and F are given external fields, varying spatially at the scale
1 (independent of ¢). Parameters y, a, c, g:, w, 0, 1, k are explained in Appendix C.

Our contribution in this regard is the identification of the homogenised limit (™, Q(”)) of (¢7'u, Q).
We relegate the presentation of the limiting equations as well as their derivation via formal two-scale
asymptotic expansions to Section 6. We comment here that Q" solves an algebraic equation (187),
whereas u” admits the representation (197) similar to that in the Darcy’s law.
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4. Existence of steady state — proof of Theorem 3.1

In this section, we address solvability of steady-state PDE system (23)—(28). To this end, we first show
in Subsection 4.1 that if a solution of the system (23)—(28) exists (with & = 0), then it satisfies a maxi-
mum principle for |Q|. Next, in Subsections 4.2, 4.3, 4.4 and 4.5, we prove the existence for the system
(23)—(28) where nonlinearities H and F, « are truncated for large values of Q. Finally, combination of
the maximum principle and solvability of the truncated system implies the existence of a solution to the
original system (23)—(28).

4.1. L>-bound on Q

Here, we adapt the strategy from [57]. First, we introduce the number ¢, > 0 such that
rH(Q): Q@ <0 forall |Q] > g.. (48)

Such a finite number g, exists since F(Q, Q) is a quadratic polynomial of Q whereas H is the third-
order polynomial with a definite negative sign in front the highest power.

Lemma 4.1. Let (u, Q) be a solution of (23)—(28). Then ||Q||.~ < a, where

o= maX{ |Qpref|’ q*} . (49)
Proof. Recall the equation for Q:

W-V)Q —S(Vu,Q) — KT AQ — TH(Q) — Fou(Q, Q..) = 0. (50)

By multiplying the above by Q, taking the trace of the resulting expression and using (40) and (41),
we get

%u V(9P - %(A(IQIZ) —2|VQP’) —TH(Q):Q=0.
As |VQ|? is non-negative, we obtain the inequality:
u-V(IQI) — TKA(IQ]*) — 2I'H(Q): @ <0. (5D
Now introduce ¥ (Q) := (|Q)> — a?), (« is from (49)). Note that

(@) D(QI) = ¥(@) D(IQI — &) = ¥(Q) DY(Q),

where D is either A or V.
Next, we multiply (51) by ¥ (Q) and integrate over IT \ Py. Then, we have

1/u-m//2 dsx—l"K/wlﬁ(Q)dsx
2 av

IP IP

+ K| VY Q)2 — 2T / H(©Q): Q) (Q) dx <. (52)

Q

The first term in the left-hand side of the above inequality vanishes due to (25) while the second term is
negative:
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5 a
K/ Vg(g)w(g) ds, = sz (_Q Q)(|Q|2 _ oﬂ) ds,
9P % IPN{IQI>a)

v

=2W (@t — Q) : ONIQ — &?) s,
IPN{|Q|>a}

=2W (Qper: @) — 1Q1))IQ° — &) ds,
IPN{0|>a)

=W (1Qp” = 1QP)IQP° — @) ds,

IPN{|Q|>a}
<0.

Hence,

KIVY@)le <2 [ (@) 0) @ ax.

Q

Next, by (48), we have

KIVY @I =2 [ (HQ):0) v@ar =0,

Q

so that |V (Q)||%,.,, = 0. The lemma is thus proved. O]

L2(Q)

4.2. Galerkin approximation for pair (u, H)

We introduce here Galerkin approximations for the system (23)—(28). For each m € N, we define

Uy = Uy + ﬁm = U + Z ukm‘yk and Hm = Z hkmq)k- (53)

k=1 k=1

Note that the domain IT is a bounded periodic box and both Laplacian and Stokes operators have a
discrete spectrum implying existence of bases:

[}
k=1

(W] Wilap, =0, V- W, =0, W, isTT — periodic } _ and {®,;| ®;is IT — periodic};>,  (54)

in L2(2;RY) and L*(Q; R*?), respectively. (Recall that Q =TI\ P, and L2 means L*-space with
divergence-free condition.)

The function u,, above is an offset function used to take care of non-zero boundary conditions for u.
It solves Stokes equation:

nAu, + Vp,, =0, in Q (55)
V. .u,=0, in Q, (56)
Uos = Usq(0ty, X)T 0N 0Py, 57
Uy, Pos periodic in IT. (58)

Anticipating that u = u., + @, from (57) and (25), we have
it=0on aP,. (59)

To continue, for an appropriately large constant M > 0, we introduce a truncated potential Fu>0as
follows:

https://doi.org/10.1017/50956792523000177 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000177

236 L. Berlyand et al.

FQ), for |Q| <M
Fu@=1 oF X oF : (60)
u(@ M 0| + .7:‘ _M M) for|Q|>M
loI=M o= loI=m
or, more explicitly,
c a
) Z101 = S10r, for |Q] < M
Fu@ = 2 .
M(cM? — a)(|1Q| — M) + ZM4 — EMZ’ for |Q| > M
The functional derivative of £y, is given by
) 8@, 1gi=M, o7
Hy(Q)=—-VoFu= 0 where y,, = 300 ) (61)
VM@’ 101 > M, 1Q1=M
We have the following bound on I:IM(Q):
(@) < Tw,  where Ty = max{| Al 0p» Yur}- (62)

We now define the function Q,,, corresponding to the Galerkin approximation H,, as the solution to
the following system:

KAQ, +H,(Q,)=H,, in Q
KaVQm = W(Qpref - Qm) on 87Dst’ (63)
Q,, periodic in I1

Below, we will need a priori estimates for the solution to the problem (63), formulated in the following
lemma. Its proof is given in Appendix A.

Lemma 4.2. Let H,, € L*(Q2). Then there exists a solution Q,, for (63). Moreover, there exists a constant
C > 0 such that

VKIVQ,li@ + 12,120 + VWIQ, I 2or.)

= C(IHu e + VWL, lzapy +1) (64)
19, 2@ < C(Vl 1 | r2) + )/2||Qprgf||cl + V3FM) > (65)
where
W+ K W+ K
VI=Vs= and y,= X

We define Galerkin approximations (u,,, H,,) as solutions of the two equations below for each
k=1,.., m:

n/Vﬁm:V\Ilkdx—l-nfVuOS:V\Ifkdx—i—pf(um-V)umJIJkdx
Q

Q Q

- f(KVQm oVve, —a,0,, Hm)) VW, dx=0, (66)

Q
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r / H,: ®, dx— / (W, -VQ,, —S(Vu,,0,)) : b dx
Q Q

+ / Foun: @ dx=0. 67)
Q
Here, F. is defined as a continuous function such that:
Fext’ |FE!XI| SM’
Feun = Fou (68)
M ) |Fexl| > M
|Fexl|

Next, we will prove the existence and a priori estimates for (u,,, H,,).

4.3. Energy estimate for Galerkin approximations

Lemma 4.3. There is a constant Cy > 0 independent of K, W, Q]m,f, 0. 1, p, uy, I', oy such that if

1
n > 2Cop|lugll 1o and T' > zco(ﬁ llttsq Ml ooy + ||qu||w',x(sz)> , then

”Vﬁm”?j(g) + ”Hm”iZ(Q) < C (69)

Proof. Using test function @,, and H,, instead of W, and ®, in (66)—(67) and taking the sum of two
equalities, we obtain the following energy equality:

n/|wm|2dx+r/|ﬂm|zdx
Q Q

=—-p / (um . v)um : ﬁm dx — n / Vuos . Vﬁm dx
Q

Q

_ / (0u(Q,. H,): Vit + S(Vit,. 0,): H,) dx

Q

+K / (VQ, ©VQ, : Vit, + (@, - V)Q, : AQ,) dx

Q

+K / (e - V)0, : AQ, dx + / - V)0, : H(Q,) dx

- / S(Vucs’ Qm) . Hmdx - / Fexl,M : Hm d-x (70)
Q

Q

Next, we estimate each integral. Below, C denotes a generic constant independent of
K, W, Qpre[, N, P, Uy, I'ym which may change from line to line, whereas C* is a generic constant
which is independent of m only and may also change from line to line.

1. We use the representation u,, = u,, + i,, to write

-p f (um : V)um : ﬁm dx = —pP / (um : V)ﬁm . ﬁm dx — 1Y / (um . V)uos : ﬁm dx. (71)
Q Q Q
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Next, using integration by parts, the non-penetration condition #,, - v = 0 on 8P, and the divergence-free
condition V - u,, =0, we get

1
/(um Vi iy de= / - Vi dx =0, (72)
Q

Q

To estimate the second integral in the right-hand side of (71), we integrate by parts and use the non-
penetration condition again on 9P to get:

—p / (um : V)uos : ﬁm dx = P / (um : V)ﬁm s Uos dx. (73)
Q Q

Finally, we use the Poincaré estimate for &,, (one can also use (199) with #,, instead of Q) as well as that
the offset function u,, is a smooth function with bounded derivatives:

_p/(um'V)um'ﬁmdxzp/(ﬁm'v)ﬁm'uosdx—i_p/.(uos'v)ﬁm'uosdx

Q Q Q

<p f (Vi (il 11| + 110 dx
Q

< Collualia | [ 19 ar) +C (74)
Q
2. Here, we bound the second integral in the right-hand side of (70) by the Cauchy-Schwarz
inequality:
—n/VuOS:Vﬁmdxsg/|Vﬁm|2dx+ c. 5)
Q Q

3. We have the equality o,(A, B) : D 4+ S(D, A) : B =0 which holds for all matrices A, B and D such that
A and B are symmetric:

/ (04(Q,. H,): Viiy + S(Vity, 0,) : H,) dx=0. (76)

Q

4. Note that the integral in the 4th line of (70) vanishes. Indeed, using integration by parts, V - &,, = 0
and (59), we get

/ vQ, ©VQ, : Vi, dx

Q

:—%f(ﬁm~V)|VQ,,z|2dx—/(fcm~V)Qm:Adex+ /[(VQmQVQ,,,) v]-a, ds,

Pyt

1 1
=3 / (ﬁm~v>|VQ,,l|2de+5/<V~am)|vgm|2dx—/<am-V>Qm:AQ,,,dx
Q Q

9 Pst

=— f (@, -V)Q, :AQ, dx. (o))
Q
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5. We use the Cauchy—Schwarz inequality, (59), and the a priori bound (64) to estimate the 5th line
of (70):

K / (o V)Q, : AQ, di + f Wy - V)Q, Ay (Q,) dx
Q Q

= / (uos : V)Qm : Hm dx + / (iim : V)J:-M(Qm) dx
Q Q

1 . A
= Cllta s VRIVE, I+ M )+ [ (1) 7@, 85
3Pyt
1
= C”uos”LO"(Q)(\/I—(”VQm”iZ(Q) + ﬁ ”Hm”[z‘Z(Q))
<< #0412 [ Hon 1 2 ) + C* (78)
—=|[Uos || > m .
— \/E L>®(Q) L2(Q)
6. We use again the a priori bound (64) and the Cauchy—Schwarz inequality to estimate the first term in

the 6th line of (70):
/ S(Vu(,s, Qm) : Hmdx < C”uos”W“X)(Q)(”Qm”iz(g) + ||H»l||i2(9))
Q

< Clltog @ IHull 720, + C. (79)

7. Finally, the last term in (70) is estimated as follows:
r
/ Foun *Hydx < [ H g, + C (80)
Q

Collect (74)—(80) and substitute them in (70):

3n A
<T - CIO”uos”L"“(Q)) ”um”il(g)

3sr ¢ . )
+ T - 7{ ||uos||L°“(Q) - C”uos”W‘v“(Q) ||Hm||L2(Q) =< c.

Under the restrictions (42), the inequality (69) holds proving the lemma. O

4.4. Existence of Galerkin approximations
We will use the following result [58, Lemma IX.3.1, p. 597]:
Theorem 4.1. Let P : R? — R? be a continuous mapping such that for some R > 0:
PE)-E>0 forall & e R’ with |E| =R. (81)
Then there exists &, € R? with |&,| < R such that P(&,) =0.

Next, we introduce the mapping P for problem (66)—(67) with unknowns #@,, = Y w,, Vs and H,, =
k=1

> Iy @, defined in (53). Given m > 1, let

k=1
g = (ulm7 e Uy hlms LK ’hmm) € RZW!

and the kth component mapping P : R*" — R>" (p = 2m) is the left-hand side of (66) for 1 <k < m and
the left-hand side of (67) for m 4+ 1 < k < 2m. We obtain that

https://doi.org/10.1017/50956792523000177 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000177

240 L. Berlyand et al.

P(E) : E = 77||Vﬁm||i2(g) + F”Hm”iZ(Q) - 7?'(uma Hm)s
where R(u,,, H,,) is the right-hand side of (70). In the proof of Lemma 4.3, we showed that

n N
(Rt B)| = (5 + Coltnllines ) lin e

r C .
+ (Z + ﬁ”um”Lm(Q) + C”uosnwlvo"(ﬂ)) ”Hm”iZ(Q) + c.
Therefore, using this inequality we obtain the following:

Lemma 4.4. Assume 1 > 2Cyp ||tsl 00 and T' > 2C, LKHMJZIHLOO(Q) + ||uxq||W1.oo(Q)) , with C, from
Lemma 4.3. Then there exists constants C,, C, > 0 independent of m such that
PE)-& = C(I Vil + Hallzg) = Co
The condition (81) is satisfied for large R > 0 and thus we have the following existence result for our
Galerkin approximations:
Theorem 4.2. Assume n > 2Cp||us, || 1o and I' > 2C0<% 254 || Lo () + ”qu”pvl‘oqg)) , with Cy from

Lemma 4.3. Then there exists a solution (u,,, H,,) of (66)—(67). Moreover, if Q,, is defined via (63), then
the solution satisfies

”ﬁm”[z-]l(g) + ”Qm”i]l(g) + ﬁM(Qm) + ||Qpref - Qm”il(g'pﬂ) + ”Hm”iZ(Q) < C (82)

4.5. Passing to limit m — oo

From (82), we get that there is a sub-sequence of { @, H,,,)} such that

o, — i in H'(Q) (83)
H, —Hin L*(Q) (84)
0,— Qin H(Q). (85)

Next, we will use the following auxiliary lemma [59, Lemma 1.3]:

Lemma 4.5. Let O be a bounded domain. Let p,,(x) and p(x) be such functions from L1(O), 1 < g < oo,
such that

Pl ooy < C and p,, — p a.e. in O. (86)
Then p,, — p in L1(O).
From (82) and Lemma 4.5, we get
Hy(Q,) — Hy(Q) in LX(Q). ®7)

Using (84), (85) and (87) as well as the trace theorem, we can pass to the limits m — oo in the weak
formulation of (63):

K/VQ~Vde+W/ (th__Q):GdSX+/ﬁM(Q):de=/H:de (88)
Q 0Pyt Q Q

for all smooth test functions G.
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Next, we pass to the limit in (66)—(67) using (83), (85), H*(R2) <> H'(2) < L*(R2), and the prop-
erty that product of strongly and weakly converging sequences weakly converges to the product of
corresponding limits. We get (u = u,, + @1):

r;/Vﬁ:VWkdx+anu()s:Vwkdx+p/(u-V)u~\IJkdx
Q

Q Q

+/Ua(Q,H):V\IlkdszfVQQVQ:VlIJkdx. (89)

Q Q
F/H:@kdx—/((u-V)Q—S(Vu,Q)) :q>kdx+/cht,M:c1>kdx=0. (90)
Q
Q Q

Finally, we can drop subscript M in ﬁM(Q) and F, (0, Q,.) due to the L*-a-priori bound on solution
of (23)—(28) in Lemma 4.1.

5. Well-posedness of time-dependent problem — Proof of theorem 3.2

In this section, we prove the local-in-time existence of the unique solution with additional regularity
by using Banach fixed point theorem. In Section 5.1, we will write the time-dependent problem in the
operator form. In Sections 5.2 and 5.3, we will address the Lipschitz properties of the nonlinear part and
the solvability of the linear part of PDE system. In Section 5.3, we will prove the local-in-time existence
and uniqueness by Banach fixed point theorem.

5.1. Operators and function spaces

We first define the projection operator P, : H'(2) — H'(2) onto the space of divergence-free func-
tions so that if we apply P, to (1), the pressure p is eliminated. Specifically, the equation (1) becomes

Dk PV @ @) + T~ o0 (A = p PV 0@ o1)
Now we consider the problem consisting of (91), (2)—(6) with force and torque balances (14), (43).

The tuple of unknowns is U = (u, Q, @, V)'. We rewrite the problem as
LU=NU), (92)

where we define linear operator £ and nonlinear operator N as
u p~'nP,(Au)

_s 0 B 'KAQ ©3)
@
\%4

0
0

and

y av

1% PG(V ° (Ucla(Q) —pu ® u)) - E

—u- vQ + Fﬁ(Q) + S(Vu’ Q) + Fexl(Q’ Qoo) . (94)
L pxxov+4LdS,

L [, ovdS,

< & Q =
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To handle the nonlinear and inhomogeneous boundary conditions, we represent unknown functions
u and Q as

u=uh+uos andQZQh+Qos'

The offset function u, is given by

—NAuy+ Vpo,, =01in Q 95)
Uos = Usg(0t(1), X)T + @(t) x x on P 96)
u,, periodic in I1 o7

The offset function @, is defined such that
KaVQ(:s = W(Qpref - Qos) on ap (98)
0, periodic in I1 99)

Specifically, we define
x

Qos(x) - Qpref<m) 1rlf(|x|)7 RIS H \ 7) (100)

Here, ¥(|x|)> 0 is a smooth function such that v(|x|)=1 for x €(3P + B,.(0)) N1\ P with r, =
dist(0I1, aP)/4, and ¥ (]x|) =0 when |x| > 2r,. Boundary condition (98) is satisfied since 9,0, =
0x Qo =0 and @, |,., = @, The offset function @, can be extended periodically so it satisfies (99)
since Q=0 on dI1. We point out that @ is the solution of the Poisson problem with boundary

conditions (98)—-(99) and the PDE —AQ_ =f with f = —A(QPref a ) 1//(|x|)). Note that the offset

x
function u,, depends on unknown orientation angle e(#) and angula|r l/elocity (1), whereas 0 does
not. Therefore, u,, changes in time ¢ while @ is independent of time .

With the above, the functions u;, and Q, satisfy homogeneous boundary conditions. Their equations in
2 are similar to the original (91) and (4). More precisely, these equations with force and torque balances
in the form of (92) look as follows:

u, u U, + Uy U

1 + [N 0s
Aol e vlere] |2 on

® ® ® 0

| % Vv Vv 0

To describe the domains of the operator £, we introduce the following Banach spaces:

u=0o0nodP,
X,=1u € H*0,T; L:(Q) NH'(0, T; H; (X)) (102)
' u periodic in IT
0,0 =—WQ on JP,
Xo=10Q€H*O,T;H(Q)NH'0,T; H (X)) (103)
Q periodic in IT

with corresponding norms

1

2 2 2 2 2
llullx, :<||u||H2<o,T;L§(Q)> + ”””HWO,T:H&U(Q)) + ””|1=0”H3'0<m + ”afuL:o”H[‘w(Q))
1
2 2 2 2 2

”Q”XQ :(”Q”Hz((),’[‘;[-]](g)) + ”Q”Hl((),r;[-ﬂ(g)) + ||Q|,=O||H3(Q) + ||atQ|1=0||H2(Q)) : .
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Introduce also
Y, =H'0.T:[2(Q)), Yo=H'0,T:H' Q).

Then X =X, x Xp x H¥0,T) x H*(0,T) and Y =Y, x Y5 x H'(0,T) x H'(0, T) are the domain and
the range of the operator £. The corresponding norms are

1
@, @, , V)llx = (lully, + 1215, + @207 + 1V 5201

@, @, ., V)lly = (lully, +1QII5, + @l + VI 0r)? -

5.2. Lipschitz property of the nonlinear part

In this section, we show the Lipschitz property of the nonlinear operator 7 with respect to the norms of
the spaces X and Y. Below, we will use short notations for spaces of functions depending on both 7 and x.
Namely, let V and W stand by either of L, L*, L2, W"* and H* for s > 0. We will denote V(0, T; W(£2))
by V,W, and the corresponding norm by || - ||y,w, . For example, H*(0, T; L*(2)) will be denoted by H>L?
and the norm by || - ||2;2. We start with the following estimates with constants vanishing as 7 — 0.

Proposition 5.1. There exists a constant C(T) such that C(T) — 0 as T — 0 and each of inequalities
(i)-(iv) below holds for all f and g as long as the left-hand side of the inequality is finite:

O Wl < COOWFllgrz- (104)
@) Wl < COUf gz +IF llzsz - (105)

i)y Welnr < COW e 1 iz ) - gl +8 2z . (106)
@) Wl < COW N +1 sz ) - 18l (107)

Proof. In the proof, below C is independent from 7 unless the dependence is indicated via the fol-
lowing notation C(T). All constants C(T') vanish as T — 0. We will use the following inequalities in the

proof:
!l o) < Cllflln2) (General Sobolev Inequality, [60]) (108)
I llon < CUF Nl b0 N0 7, (Agmon’s inequality in 1D) (109)
Nl < CIF N o If g, (Agmon’s inequality in 2D and 3D) (110)
WFllzor < TV Il (111
1 ll0) < Cf i ory (112)
Wfglla e < C(”f“H‘(Q)”g||L°"(Q) + |V‘||L°0(Q)”g”Hl(Q)) (113)
gl < C(|lf||L2(Q)||g||W1»°°<sz> + |lf||Wl»°C<Q>||g||L2(Q)) (114)
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Proof of (i):
Fllpore <Wfllpperz  (use (108)
1 1
<IN o Ny e Cuse (109))
1 1

< CTMf1 e Iy (use (111))

< CT"If gz (use (112).
Proof of (ii):

“f”H,‘LgO = C(”f“L,ZL;c +||azf||L3L;°)
< CTPNf Nl e +10S1yo - 19117%,, ) (use (108), (111), and (110))

1213 L}H}

< CT PN llgem + TVOS N, - 191170, ) (use (111))

L1} L2H?

< CT"*f gz + TVN0L N0 - 18115, ) (use (112))

H'LZ L?H}?

< CTf gz + TN - IR

HL} H'H}

< CDYAF 2+ W22 )-
Proof of (iii):

”fg”H}H} = |V||H}L;C”g||L§>°H} + ||g||H,1L;°”f||L§>°H}

+ e 18 llperge + N8l ey IV Nl zorge (use (113))
Next, estimate each term in the right-hand side of (117):

Wl e 18 ey < CCOYU Nz + 1 22 ) - 1€l (use (116) and (112))
gl g W gy < CCDNGNgrpz +18N 222 ) - I ey (use (116) and (112))
”f”H}H} ||g||L,°°L§° = C(T)Hf”H}H,} ||g||H,1H,% (use (115))

gl m W llzerge < CCDONG i 1 gz (use (115)).
Combining (117)—-(121), we obtain (106).
Proof of (iv):

Wg”H}H} = ”f”H)W;m”g”L;’CL,% + ”f”H,‘L;O”g”L?CH}

+ 1 oo I8 sz + W llgorge 181y (use (114)).
Next, estimate each term in the right-hand side of (122):

W lwroe gllzerz < CCOUS g W M2y ) - 1811212 (use (116) and (112))
W N ege N8l ey < CCOUS N gz + W 222 ) - 18112y (use (116) and (112))
W llewp 18l < CCOWF iz - 181122 (use (115))

||f||L,°°L§°||g||H}H,} =< C(T)Hf”H}H,% : ||g||H}H,} (use (115)).
Combining (122)—(126), we obtain (107).
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Remark 5.1. It is useful to rewrite (107) with the norm of space X:
/gl my < CCADf Nx, 81 1 - (127)

Lemma 5.1. For all R > 0, there exists a time T > 0 such that for all (u;f), D 0@ V) e By (0, R) =
{(u/n Qh’ w, V) € X| ”(ufn Qh? w, V)”X S R}r = 17 2) then

||j(u<1) (l) w(l) V(l)) J(u(z) (2) w(Z) V(Z))”
<C(T,R)|@), 0", 0", V") — @?, 0%, ®, V®)||. (128)
Moreover, the constant coefficient C(T,R) — 0 when T — 0.

Proof.

STEP 1. We first establish the Lipschitz continuity of u,, the solution of (95),(96),(97), with respect to
« and . For given () and 0”(¢), i = 1, 2, such that «”(0) = «'®(0), one has

_ r;A( M _ @)) + V( M _ (2>) 0in Q

ul) —ul? =(ug (@ (1), x) — uy (1), x)) T + (@ (1) — @P(1)) x x 0n OP,

u'’, u? periodic in IT.
Due to the stability of the Stokes operator (similar to [58, Theorem IV.6.1])

”uos”Hz(Q) 5 Cﬂ_l(Hqu”LZ(aP) + |(x)(f)|) (129)
and smooth dependence of u, in (?), we have
gy — ez + gy — w Nz

< C777l(||05(1> —a®|zon + 0" — w(z)”hﬂ(o,n) . (130)

lul) —ullm < Cn ' (le” — a®[lmon + 0 — 0 |lmon) - (131)
T

Since a® () = a(0) + fO’ 0(7) x a”(t)dz (see (17)) and |« ()| =1,i=1,2 as well as [ |h(1)|* dr <
0

T
T* [ |h,(0,T)|* dt for all h € H'(0, T), one gets
0

le” — &l < Tlo" — 0 [0, (132)
0" = &l < CD0” = 0 20 (133)
Then (130) and (131) become
||uf,]s) (2)||H,L2 + ||u(|) uf,ZS)IIHgH; = Cn"(l + T)”w“) - w(Z)”HZ(O,T)s (134)
) — w2z < TN~ @0 — @2 0. (135)

Applying (129) to 8'u® with k =0, 1, 2 and using the definition of time-independent @ (100), there
is a C > 0 depending on €2 and ¢, such that

w2 + Nl < Cn~ (@ N2y + 1), i=1,2. (136)

Qo2 + Qs = C. 137)

(Though @, is independent of time, here we use its H>H! and H!H? norms for the clarity of arguments
below.) We will also need the following inequality:

“Q(i)”H,‘H} + ||Q([)||H,2H§ <C+R, i=12. (138)
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Indeed,

19 Il + 19 iz < 107 = Ol + 107 = Qo

+||Qos||H,‘H§ + ||Qos||H,2Hx1
= ||Q§;)||X + ||Qos||H,'H§ + ||Qos||H,2H,‘
0
<C+R

STEP 2. Here, we establish the following inequality:

07 P,V - [0ud(@") = 00 @] Iz, < CDIQ,” — Q) llx,- (139)

To this end, we first note that since P,V - : HY(Q) — Lﬁ(Q) is a bounded operator [60, Lemma
I1.2.5.2], the inequality (139) follows from

[06:(Q") — 0( @)y < CDIG — B3 llx,- (140)
We decompose oy, into five parts o, = ox + 0, + 0! + 02 + 0}, where
ox=—-KVQOVQ
o, =K(QAQ — AQQ)
28

1
=——H
% d

0! = ~€[HQ + OH] + = TrQH)
0} =2£[QTr(QH)].

Here, 0/, 02, 0 are the linear, bilinear and trilinear part of o, := o0 + 02 + o, respectively.
Part 1: ox(Q).

ok (@) = ox( @)y = I(KVQY © VOV — KVQ? © VO) | 111
<CK(IVQ" o V@ — O)lym + 1V@Q" = 0% 0 VO )
=CK(IVQ" 0 V(@) = @) lwm + V@ — @) © VO | i) - (141)
Using (106), (137) and that (), @%, @, V) € B(0, R), we get
CK(IVQV 0 V@ = @)l + IV@ — @) © VO 1)
< CDK(IV@, = Oz + V(@ — @)le12)

[(”VQ(I)”H)Hf + ||VQ(1)||H,2L§) +(||VQ(2>||H,‘H} + ||VQ(2)||H,2L§)]
<C(KR+DIQ" — 0P llx,

< DG, — Y llxy- (142)

We note that the generic constant C(7) may change from line to line and may depend on, for example, K,
R, C from (137) and T (but recall that notation C(T') also means that C(T) — 0 as T — 0). We sometimes
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do not merge a parameter, for example, K in the second line of the above chain of inequalities, to indicate
what we used to obtain a bound.

Part 2: 0,(Q).
l6.(Q") = 6. (@)l i1

<KIQVAQY — QP AQ I yyuy + KIAQVQ" — AQVQ 11y (143)
Applying (107) for the first term in the right-hand side of (143), one can get

10V AQ" — QP AQ™ 11y
<@y — OVAQ + Q) + Q7 + Q. )AQ — Ol yus
<CDIQS — O llxp - 1A@S + Q)
+ DG + Qillx, 1A — QD)
< C(DR+ DG — O x,- (144)

Applying same arguments for the second term in the right-hand side of (143), one can obtain
10,(Q") = 0.( @)1y < KC(T, RN, — Q) l1x,-
Part 3: 61(Q).
) 1O 2 ) @
o (@) — o, (@ lujmy = 7 IH(Q™) — H(Q ™)l )

§ 28 |al

26K
= TIIAQ(” — A0l + TIIQ(” S

+¥ 1QTH(@") — QP Tr (@) - (145)

The first two terms in the right-hand side of (145) are bounded as follows:

26K 2£|al
TIIAQ(” — AQ? |y + TIIQ(” — 0% < ClIQY — 0PIy,

Next, we bound the third (cubic) term in the right-hand side of (145). Note
1V Tr(@)) — Q2T (@) s < 1Q" — Q)@ Q) 11y
+ 10°Tr (@ — 0Ol g1 1y

+10° T @?( Q" — QPN (146)

We show how to bound the first term in the right-hand side of (146). Other terms are bounded in the
same way. Apply (127) twice to obtain

Q" — Q)T Q" Q™) 11y
<GS — O lx, 112110 1
<CDIGS — 0 lx, (15" 1xp + 1Q0clli262) (195 g1 + 1Qs i)
<CDR+ 170" — 0 x,- (147)
Thus, we have

Q™) — H@) 4 < C(T.R)Q)" — 0 lIxp (148)
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which, in view of (145), implies
10,(Q) = 0} (@)l < CT,RIQ, — 0 llx,-
Part 4: 0 2(Q). In this part, we will need the following bound:
IH@ Iy < C(T,R), i=1,2.
which can be obtained by applying same arguments as in (145)—(147) fori=1,2
@)1 < CUAAQ Ny + 107 I + 1@ TH(Q ™) )
< D19} Ilx, + 1197 1ly, + 1) < C(T. R).
Now, we can estimate,
o2(Q") = 2@y < §11QVHQY) — QVHQ@) 411y
+&IHQMQ" — HQ)Q® ||y

+ % ITr(@VHQ") — QHQ )l 1y

< ClIQ"HQ") — QHQ®) |y -
Next, we use the triangle inequality, (127), (148) and (150):

10V H@") — Q“HW@™) |y
< CDIQ;" — 0 llxg Q™)1 1y
+ CDIQY + Qoyllxe IHQ™) — HQ@) [ 114
<C(T,RIQ," — 0 llx,-

Therefore,

l62(Q@") = 02 @)y < C(T, RIQ) — @ lx, -
Part 5: 6}(Q).

l62@") — 02 @)y < 26 1@V Tr(@H(Q™)) — QP Tr(QVH(Q™)) |11
<@ — @) Tr( @ HWQ") 112
+ ClI1Q°Tr(Q" — QHYHQ") it

+ CIQYTH( Q@ H(Q™) — H@D) iy

Next, applying the same arguments as in (147) with bounds (148) and (150) we get

157@") = 5@l < C(T, RIIQ, — 7 llx, -
STEP 3. Here, we establish the following inequality:
I5*(Va”, ") — S*(Vu®, Q)| g1y

1 2 (1) 2)
=19 — 0P lIx, + luy” —uw?llx, + |0 — @ llm20m) -

To this end, similar to how we treated o, in STEP 2, we split S(Vu, Q) into three parts:

S(Vu,Q) =(ED +A)<Q + g) + (Q + g) ED—-A)—-2¢ <Q + g) tr(QVu)

=5'+5+5,
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where
28
S'(Vu)= =D
(Vu) 7

2
$(Vu,0) =D +0D) + (AQ ~ 04) — =+ w(QVu)

§*(Vu, Q) = —25 Qt(QVu)

249

are correspondingly the linear, bilinear and trilinear part of S. First note that using (134), (135) and

(136), one gets

1 2 (D 2) 1 2
O —u )”H}H,%HH}LZ <llw,” —uy llx, + ||u((,s) —u )”H}H}mH%L,%

X os

[l
<lu’ —ully, + Cn~' (1 + D0 — @120,
and
e rzamzez < 03 llx, + 10 rzempe2

= Iquf)llx,, + Cn_l(”w(i)”HZ(O,T) +1), i=1,2.

Part I: $'(Vu, Q).
Since D(u) = %(Vu + (Vu)"), using (135) one gets

ID@™) — D@ )l < 4 — 6|12
< Ny = w3 N + ) — g
= ||u§,l) - uf)”X,, + C(Mn e — &0
Then
IS (Va®, Q) = S'(Vu®, Q) |y
<105 = O llxp + e, — w2 llx, + 0" — 02 [l20) -
Part 2: S*(Vu, Q).
15*(Va”, @) — S*(Vu®, Q) sy < CIVUL QY — Vu® Q||
< CI(Vu® = Vu)QV |y + ClIVU Q" = Q)i
Apply (107), (138) and (157) to obtain
(V' — V)@V 4111
< DIV = Va1 (10 Nz + 107 1)
< CDu® = u® 2 (10 1wz + 1@V 21
< C(DR+ DIl —u”llx, + 10" = &P ll20m) -
Applying the similar arguments to the second term in the right-hand side of (161), we obtain
I15*(Va®, Q) = S2(Vu®, )|y

1 2 QY] 2)
=< C(T)(”Q;,) - Q;‘;)”XQ + ey, — w5, + ||w(]) - w(2)||H2(O,T)) .
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Part 3: $*(Vu, Q).
15°(Va™, Q1) — S*(Vu®, Q)i
<2¢)10"u(Vu Q") — QP (Vu®Q?) [l
<2£01(Q" — Q%) r(Vu" Q") ll s
+2£10%w(V (@ —u®) Q") lln

+2&(1QPu(Vu? (@Y — Q7)) llnny- (163)

Using same arguments as in (147) and taking into account (136) and (138), we obtain
1(@" = Q%) u(Vu"Q®) lly
< DI = Ol onzn 1@ w1 VU gy
< (DR +DIQ, — 0 llx,-
Applying similar arguments for the other two terms in the right-hand side of (163), we obtain
15 (Va®, 0) — SV, @)l
< CT.R(1Q) — O llxg + llu;” —ullx, + 10" — 0@ l20) - (164)

STEP 4. Finally, we show the Lipschitz properties of all the remaining terms in 7.

Part 1: P,(V - (u @ u)).
We again use the fact that P,V - :H'(Q) — Lf,(Q) is a bounded operator:

1P (V- @ @u")) = P, (V- (u? @u?))ly 2,
< “u(l) ® u(l) _ u(Z) ® u(Z)”H,‘H;
=@’ —u®)@u® —u® @ u" — ua))HH,lel- (165)

We apply the same arguments in Part I of STEP 2, that is, apply (106), along with (157) and (158),
to get:

2V @ @ —u®)[|y + 1@ — u®) @ u®| 4y
<C)([u® = u®lle + e — u®|,212)
X [(”u(l)”H,‘H,% + ||u(1>||H%L,%) +(”u(2)”H,‘H3 + ||u(2)||H,2L,%)]
< (luy” — ullx, + C(ll0” — 02 [l1201)))
x[(lley 1, + CUl@ 200 + D) +(l2 [1x, + CU@ r20m + 1)]
<R+ (@, )", 0", V) — @, 0, 0>, VO)|x) .

Thus, we obtained

1P, (V- @ @u") = Py (V- @® @u))|pyz,

1 1 1 2) 2 2 2
< (T, R (I, 0P, 0", V") — @, 07, 0, V)lx) .
Part2:u -VQ.
1 1 2 2
[u® -V —u® - VO,

<@ —u®) - VOl + [u? - V@Y — QD). (166)
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Apply the same arguments as in Part I of STEP 2, that is, apply (106):
- V(@Y — @)y + @ = u?) - VOV |y
< CM)(1u g + 18 1202) (IVQS = VO iz + 11IVQ, — VO ll5212)
+ ) (Il = u® g + 1Y = u?15202) IVQ? Nz + 1VQ? i212)
< CT)(lu Mz + N1 ll1222) 105" — O llx,
+ (Il = u® s + 11 = 4@ lzi2) (1€ g + 107 ) - (167)
Using (157), (158) and (138) one gets
C (11 N2 + 10Vl 2i2) 195" — O I,
+ O (Il = u® g1z + 10 =12 1222) 102 i3 + 107 W21
< C(D)(llw; 1, + CUl@" 200 + D) (125 — O llx,)
+ C(T)(lluwy” = u;” Iy, + C(Il0” = @ 20m)) (1% 3 + 1@ 1)
< COR+ DI@. 0. 0. V) — @), @7, 0, V). (168)
Thus, we obtained
Ju? - VO —u® - VO
<C(T.R@", 0", 0", V") — @?, 0%, 0@, V?)|ix.
Part 3: ﬁ(Q). Here, we need to show
IHQ") = H@) iy < CT. RN, Q). 0V, V) — @, 07, 2, V)x.
This bound follows directly from the proof on Part 3 of STEP 2.

dv
Part4: —.
dt

dv(l) dv(Z)
1 2
”T 4 —lmon <IVY = V@weon

< l@,’, 0", V¥, 0™ — @y, 02, V?, 0?)l). (169)
Part 5: Fo(Q, Q..). We first note that for both definitions (11) and (12), F..(Q,Q.) is a quadratic

function of Q:

d
Fexl(Q? Qoo) = B(Q7 Q) - Z bklanlemm

k,lm,n=1

where coefficients by, depend on @ . Then use of the triangle inequality and (127):
IFe( @7, Q) = Fe( @, @) iy < 1BW@QY — @2, @)1y
+1B@%. 0" = @)ln
<MD" — Q%I ey + 1O g1y
< CT.RIQ) = Q) x,-
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Part 6: § [, x x ov 4 £dS,.
Since o = Oyygro + Ocla We use (140) and (159)

||G(Vu('), Q(l)) _ U(Vu“), Q(l))”H}H}
< C(T, R)(Il(u“) QE,I) VO, M) — (u<2> (z) V2, 0.

Using trace theorem, we get

< Cllo@") = @) llnn

H(0,T)

1

1 1
- / x x o(QM)vdS, — - / x x o(QP)vdS,
aP I Jip

< CT.RI@”, 0, V. 6") — @, 0. V. &?)lx.  (170)

To estimate the term with £, recall its simplified form (19):

f 0@")ds, - / (@)ds,| <l — 0 lmoraom
0P P HY(0,T)
< CIQ," = Q2 lun
< CDIQ, — @ llzny
< D@, 0. V", 0") — @, 0.V, &?)|x. (171)
Part7: 1 [ ovdS,. The same argument for Part 6 also works for * [ ovdS,.

Part 8: d,u,,. Using (135), we have
||8ru(l) au<2)||H 2 <C(MD)o" — w<2)||H2(O,T)~ (172)

ox —

Now, collecting all bounds from STEPS 2-4, we have (128) and thus Lemma 5.1 is proved. O

5.3. Proof of Theorem 3.2 (local-in-time existence)

In this section, we prove the well-posedness of the time-dependent problem. The equation (101) can be
rewritten as KUy, = U, where K := L' 7 : X — X and U, = (u;, Q,,, @, V). The inverse linear operator
L~" is bounded, as stated in the following proposition.

Proposition 5.2. For all (f,.fy.f,.fv) € Y, and time T € (0, 1], linear system

‘c(uh’ Qh’ @, V) = (fu9fQ’fw’fV) (173)
has a unique solution such that u,|,—o =0, Q,|,—=0 =0, ®|,— = V|0 =0 and
@, @, @, V)lix < CI (s Sos S s S s (174)

where the constant C is independent of time T and choice of (f,, fo.f - J)-

To prove this proposition, one can follow [47]. Specifically, for the first two components, u;, and Q,,
of system (173), we adapt the proof from [47, Proposition 4.2]. For the last two components, which
are not present in [47], the statement naturally follows from the classical ordinary differential equation
theory.

Next, according to Propositions 5.1 and 5.2, we have that

”’C(u(l) (1> ol V(l>) IC(u(Z) (2) o? V<2))||X
< C(T)”(u(l) (1) w(l) V(l)) (u(z) (2) w(Z) V(Z))” (175)
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Recall that C(T') depends on T in such a way that C(T) — 0 when 7' — 0. Choose T such that C(T) < 1.
Then using Banach’s fixed point theorem, we obtain that there exists a unique fixed point (u;, Q,, ®, V)
of operator K. Next, define u,, via (95)-(97). Finally, the tuple (u, + u., Q, + Q,,, ®, V) is a solution
to the original system (91), (2)—(6) with force and torque balances (14), (43) for 0 <t <T. Theorem 3.2
is proved.

6. Homogenisation: two-scale expansion

In this section, we will perform formal two-scale expansion for (44)—(47). To this end, we introduce fast
variable y = ¢'x and represent the unknowns as

u(x;e) = ulkx,y)=u%Cx,y)+eu(x,y)+---
pxse) = plx,y)=p2x,y)+epPx,y)+--- (176)
Okx:e) = 0xy)=0"xy) +e0Vx,y)+---

We will frequently use following identities for f(x, £) = f(x, y) withy = ¢ ~'x:

Vf=V,f+e'V,f, (177)

Af = Af 427"V, - Vof +e72Af. (178)
The derivation of the homogenised limit consists of the following steps.

STEP 1. Show that u® = 0. Substitute two-scale representations (176) for u, Q, and p into (46) and
V -u=0. We get that at level £7!:

—iAu® +V,p®=0and V, - u® =0,
with the boundary condition #® = 0 on dP,. Thus, we can conclude that u® = 0.

STEP 2. Find an equation for Q. In this step, we expand equations (44) and (45) in €. To this end, we
write the weak formulation of these two equations for arbitrary test function ® € H'(L2,; R**%):

—ys/VQ~V©dx+8W/(Qpref—Q):QDdS,

Qe 3Pe

+ /[aQ — 2QTH(Q))] : P dx + / S(Vii, Q) : ® dx

Qe Qe

—/(ﬁ'V)Q:<I>dx+f/f7cxt:d>dx=/G:<Ddx. (179)
Qe Qe Qe

Introduce 2, =¢7'Q, and P, =¢'"P,. We now consider two-scale representation for the test
function &:

D(x;e) = Dx,y) = PVx,y) + DV, y) +- - .

Rewrite the first integral in (179) in domain €2;:

https://doi.org/10.1017/50956792523000177 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000177

254 L. Berlyand et al.

—ye/VQ~VCI>dx=—y£'+“’/VQ(sy)-V(D(ey)dy

Qe Q)

=—ye't / [V.O(ey.y) + 'V, 0(ey, p)] - [ViP(ey.y) + &'V, D(ey,y)] dy

Q)

=—-TKe'"{e™? / v,0” - v, dy +

Q)

+e! / [V.0" +V,0"] - VOO + vQ? . [V,0” + V,dV]dy + - - - . (180)
S
Expanding analogously other terms in (179) and using that u© = 0, we get at level ¢
/ v,0” - v, dy =0,
Qi
which implies, together with periodicity in y, that Q”(x, y) = Q”(x).

At level &, accounting for V,Q” = 0, we have

—y f [V.0Y +Vv,0"] - v, @ dy + W Qs — Q) : @y dS,
Q) 0Py

+ f [0 + cQTr((Q”))] : @ dy

Q)

+/ SV, Q%) - 0 dy + / Fol@”,0.): @ dy
Q)

Q)
:/G(x):(b“” dy. (181)
Q)
Note that the above integral relation is the weak formulation for the following boundary-value
problem:
—yAQ0" =f,, yin I1,,
o 1 (182)
y(V,07)-v,=g,, yondP,.
Here,

£ =v0,0% -0 +2Q°Tr(QV)) + S(V,u”, Q) + L Fot (@7, Q) — G(x),

g1 =—yVeQ" v, + W(Qy — 07,
and A, h =V, - V. h for arbitrary h.
Next, we have the solvability condition for (182) given as:

/gldSy:/fldJ’~ (183)
P Q
To evaluate the right-hand side, we use the fact that Q' is independent of y and

/ Vyudy = / " dS,. (184)

Q P
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Hence, we have

[ £ =121(-a0 + Q" TH@" ) + EF(@”. 0.~ Gw)
Q

+S / u,Tv' ds,, 0|, (185)
9P
/ gl dSy = W / Qpref dSy - W|8Pl |Q(0)~ (186)
Py Py

Substituting (185) and (186) into (183), we get the equation for Q:
- W|8P
B [“ “ Tl } Q" +2Q"Tr( Q"))

W
— 0 (187)

+ Fo(@”,0.) + 5(Gy, 0) = G(x) — o

Here, we denote Gy, = [ u,Tv" dS, and me =/ Qs dS,. The function QY is the limit of Q as
aP Py

& — 0; thus, the algebraic equation (187) determines Q" = Q.

STEP 3. Find an equation for u”. At level £° in the expansion of (46), accounting for that u® =0, Q"
is independent of y, and

higher
ekV-(VQ O VO + QAQ — AQQ) = &%V, - (Q”A,0" — A,0"0”) + | order
terms
we get
—Au” + V. p@ + V,pV =V, - (QVA,07 — A,0V07) + F(x), y in 2, (188)
u =u, T, yondP,. (189)

Next, we aim to remove Q" from the right-hand side of (188). To this end, we notice that due to
(182) we have that —y A,Q" =f, and

AQ0% =0and 0¥, QVTr(Q"), CF(0°,0.). G(x) are independent of y.
Thus, we can rewrite (188) as
—iAu" 4 V,p© + V,p"
=—ky 'V, - (QVSV,u, Q%) — S(V,u", Q@) + F(x). (190)
The above can be rewritten in component-wise form as
Z Numittoy + 3,0 + 8,p" = Fux), k=1,...d, (191)

ml=1
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where

2..(1)
o °u,

myl =

ay;0y:

K&
and nklmj = n8k1n jl + Z Q(O)Q,(gzsjl - QE,?:,Q(O)a Q;S)Q(O)akm]
K&
+E[ 8 = OB — 05 8un] + [Q“” Ol — 00|

K
- > [0 008 — 00008 + 0081 ] - (192)
n=1

Next, rewrite (191) in a vectorial form:
—n(Q")V;u"" +V,p =F(x) — Vip. (193)

Taking into account the boundary condition u"(x, y) = it,,7 on P, we obtain the following representa-
tion for u:

u" = A, g0,0)[F(x) — Vop©] + . (194)

where A, ,0,(y) is a y-dependent d x d matrix such that u(y) = A, 0, (y)e; (e; is the ith basis vector) is
the solution of the following cell problem:

—n(Q@")\Vu+V,p=e;, inQ,
V-u=0,
u= O, on Pl,

u is 2-periodic.

(195)

The term u,, is defined as the solution of
n(Q(O))Vzusq + Vyp O in Ql >
V-u, =0,
_ ~ (196)
Uy =il T, On Py,
u,, is 2-periodic.

Finally, we define the homogenised function u® by averaging u" and using the fact that Q" = Q":
u® = Bn(Qw)[F(x) — pr] + — / U dy, (197)
1€2:] Jg,

where B, = ‘QIT fﬂl A,(y) dy and the pressure p can be found from the divergence-free condition V - u =
0.

To conclude, we have derived a system of homogenised equations in the form of (187), an algebraic
equation for Q and (197) for u in the form of Darcy’s law.

7. Concluding remarks

In this work, we initiated the theoretical justification of the active microswimmer model, also known as
a squirmer, in a liquid crystal. This model has been recently developed to explore a non-trivial response
of the microswimmer to surrounding environment possessing a liquid crystalline structure. As com-
putational studies [48, 49] clearly show that the squirmer eventually converges to an equilibrium, both
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time-dependent solutions and steady states are important and were in the focus of our work. In investi-
gating well-posedness of the corresponding equations, we started with combining techniques from the
two fields, the squirmer in Newtonian fluids and the Beris—Edwards model of liquid crystal. However,
such a combination is not straightforward. As explained in Remark 2.2, one of the main difficulties,
besides that our model is complex and highly nonlinear, is that it is not dissipative: there is a permanent
energy input (not necessarily constant) coming from the activity of the squirmer. It makes application
of a priori energy bounds established for the Beris—Edwards model not possible here. Therefore, the
considered model requires novel approaches for its analysis. For the steady-state problem, using suit-
able offset functions, we first proved the existence of a steady state for a truncated system via Galerkin
approximations and careful energy bounds using specific properties of the Beris—Edwards system (see,
e.g., (76)) and then extended the well-posedness from the truncated system to the original one using the
L™ result formulated in Lemma 4.1. For the time-dependent problem, in order to exploit the contrac-
tion mapping principle, we considered higher regularity solutions (instead of weak ones) which allowed
us to obtain all the necessary bounds including the one for integrals where activity of squirmer enters
as well as the force and torque balances for the squirmer (see, e.g., (170)(171)). Periodic settings, in
which we considered our model, allowed us to pose a question of homogenisation limit which would
be a model describing a colony of synchronously moving squirmers. We found a scaling which, on the
one hand, is consistent with experimental data (see Appendix C) and, on the other hand, allows for a
non-trivial two-scale expansions so that the homogenised limit takes the form of Darcy’s law perturbed
by an algebraic expression for the liquid crystal order parameter (see equations (187) and (197)).
Natural extensions of our work are:

(i) Stability analysis of steady states. Namely, we would like to find conditions on parameters when
a steady state corresponding to swimming either parallel or perpendicular to the liquid crystal is
stable. This analytical result will be compared with the main observation from [49] on bifurca-
tions with respect to anchoring strength parameter. It would be also important to show that there
is no steady state other than corresponding to swimming parallel or perpendicular to the liquid
crystal.

(ii) Force—velocity relation for steady swimming. Though in the squirmer’s frame and periodic con-
ditions, squirmer’s velocity is not well-defined, we can consider the so-called superficial velocity
[61] V= —ﬁ /., u dx, which can be understood as the velocity of the squirmer with respect to
the surrounding flow, and show how it depends on propulsion force entering the problem via u,.
Specifically, given the profile of the active slip velocity uy, (with all other physical parameters
fixed), what is the resulting velocity V'? This question is related to the evaluation of the squirmer
efficiency in Stokes fluid as a function of u,, [38, 42].

(iii) Rigorous justification of the homogenisation limit. We plan to justify the two-scale limit formally
derived in Section 6 and in more general stochastic settings based on techniques developed for
Newtonian fluids [52-56].

(iv) Extension to more general boundary conditions. It is also reasonable, from the physical point of
view, to describe self-propulsion by a prescribed tangential force, ov x v =f , on the squirmer’s
surface, like it was implemented in [62, 63], as an alternative to the prescribed tangential velocity
as in the classical squirmer’s model [35]. We plan to extend our results to the case when we allow
prescribed tangential stress on a part of surface and tangential slip (or no slip) on the remaining
part.
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Appendix
A. Proof of Lemma 4.2

Proposition A.1 (A Poincaré-type estimate). There exists cp > O such that

K w
||Q||i2(Q) = CP(E “VQ“iZ(Q) + ? ”Q”[zﬂ(apﬂ)) . (198)

forallQ e H' (Q).

per

Proof. Here, we first show that there exists ¢, > 0 such that for arbitrary Q € H;er(Q) the following
inequality holds:

191170y < Er(IVQI20) + 121122 5,)- (199)

By contradiction, we assume that there exists a sequence {Q,}

o .
n=1"

1
||Qn||i2(Q) = 1 and ||VQ11||22(Q) + ”QnHiZ(‘pbl) S ; (200)

From boundedness of Q, in L*(2), it follows that the sequence {Q,}°°, possesses a weakly converging

sub-sequence in L*(€2). Consider any such weakly converging sub-sequence 9,12, 0, —~0Q and a
function ¥ € H,.(Q):

/ Q,0.,¥ dx= / Q,¢¥vidS, — [ 3,0, ¥ydx—0, 1<i<d.

Q

9Pt Q

The convergence to 0 follows from strong convergences of @, in L*(0Py) and Vg, in L*(2) which in
turn follow from (200). Then

/ Q9. ¥ dx=0 V¢ cH ().
Q

Using integration by parts, we get

/ Q" Y, dS, - f 8,0°¥ dx=0 Yy € H\ ().

3Pyt Q

By taking first ¥ € C°(L2), we get 9,,0™ = 0 so the second integral in the equality above vanishes. Next,
we get that the first integral is zero as well by taking ¢ with various non-zero traces. We conclude
0" =0. Moreover, since for any weakly converging sub-sequence the limit is 0, then entire sequence
{Q,}:2, weakly converges to 0.

Note that H;CT(Q) C H'(2) and thus H;CF(Q) is compactly embedded in L*(€2). Hence, Q, is strongly
converging in L*(R2) and since the weak limit is 0, we conclude @, — 0 strongly in L*(€2). However,
it contradicts to (200) since it implies that if @, — Q" strongly in L*(2), then ||Q*||§2(Q) =1. Thus,
inequality (199) is shown.

, 2¢p

Finally, to prove (198) take cp = min(K, W)’ O

Next we turn to the proof of Lemma 4.2. We note that an equivalent way to define Q,, from (63) is
via minimisation of the following energy functional:

K ~ w
£Q) = / SIVOP + Fy@dvt 5 / 10, — QI dS, + / H,:Qdr (201)
Q 3Pt Q

among functions @ € H! (£2). The minimiser Q of the energy functional £(Q) exists.

per
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1
From (198), the Cauchy inequality, and [|Q — Q,.I* = §||Q||2 — Q,sll> We obtain that £(Q) is
bounded from below:

(0]

v

K w 1 c
5 ”VQ”iZ(Q) + E ”Qpref - Q”iz(a'pﬂ) - 2_Cp ||Q||i2(Q) - EP ”Hm”iZ(Q)

v

Cp 2
> _?||Qprcf||L2(37’st) - E”Hm”LZ(m'

Thus, there exists a minimising sequence Q" weakly converging in H;er(Q). Then using the lim inf
property of a weakly converging sequences, we get the existence of minimiser 0 =0Q,,.
From £(Q,,) < £(Q..) and (198), we get that there exists C > 0 such that

§||VQm||iz<g> + % 1901120 + Z—VHQPM = Qullpy < 3¢rlHllf g, + C. (202)
This shows (64). Next, due to the elliptic regularity result (see Appendix B)
AQ=K"'(H, —Hy(Q,)) in 2,
{ 0,0lsp, = WK?I(Qpref -0)

we have

(W+K)

~ W+ K
1,10y < c( I, = Q) g, + Tngmfuél) : (203)

Next, using (62) we get (65) and it completes the proof of Lemma 4.2.

B. Elliptic regularity for the squirmer boundary conditions
Here, we consider the following auxiliary elliptic problem:

Ag=Fin 2,
dqlop, = By (x) — q), (204)
q is I1-periodic.
Here, F = F(x), y = y(x) and B > 0 are given. We aim to prove the elliptic regularity for (204):
Theorem B.1. Let g be the solution of (204). Then
1+p7
132

for some constant C independent of B and y .

191120, < c( IF |20 + (1 + ﬂ)llyllil) (205)

This result is well known from PDE textbooks [64], Theorem 8.12] and [65], Theorem 4 in Section
6.3.2] for the Dirichlet boundary conditions. However, we need to re-visit this result due to our specific
boundary conditions for which the afore-mentioned results are not applicable. For the sake of clarity,
the proof below is written for two-dimensional case, d = 2.

Proof. We first address a priori estimates for regions near the boundary 9P, of the squirmer. Choose
any point x, on 3P,. Suppose its vicinity on the boundary can be described by equation x, = ¢(x,) so
the domain x, > @(x,) is the interior of domain €2. Then introduce change of variables

yl =X,
y=ox)& (206)
Y2 =X — @(x)).
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In variable y, the problem (204) has the form:
V, - (LVyg)=F, >0
Ly)Vyg- vy =BT+ @)V (y —q), »=0,

1 —¢’ 0
L= , V= .
Lw U+Wﬁ} [J

We note that L is a positive definite symmetric matrix with the smallest eigenvalue

1
An) =5 (24 (0 = 2+ (@22 —4) = 1. (207)

Thus, L is uniformly positive definite:

(LO)u -u) > |u)? for all y, u € R%. (208)

where

Lemma B.1. Let g be the solution of
{Vy@®%@=ﬁ y €RL={(.y2) 132> 0}
LO)dyg-v =BG —q). ¥ =0,
for some f € L, (R%), y =p(y) € H'(R) and B = Bo > 0 and matrix L(y) satisfying uniform posi-

loc

tivity condition (208). Denote also U = B,(0) N{y, > 0} and V = B, ,(0) N{y, > O}.
Then we have the following bound:

1010, < C(ME I + a0, + Il + BV ) 210)
Here Uy={y,=0}NU.

(209)

Proof. We adapt arguments from [65]. All gradients V in the proof of this lemma are taken with
respect to variable y. First, we write the weak formulation of (209) for all v € H'(U):

/LVq«Vvdy— / ,BA(ﬁ—q)vdsz—/ﬁvdy. (211)
I {y2=0}N11 I
Here, I is the image of IT\ P under transformation (206). Next, we introduce ¢ (y) such that ¢ € C*

and ¢ =1in V and ¢ =0 outside of W = B;4(0) N{y, > 0}. Take test function v = D;"(¢2D"q), where
D' is the difference quotient operator:

_ g +h,y:) — g, y2)

Dyg - (212)
Integration by parts for the difference quotient allows us to rewrite the first integral in (211) as
follows:
/LVwVw@=—]}J@MGmyMGm»@—zfcm«anMGw»@
m U U
—/CZ([D’I’L] (Vo) - D(Vg) dy—2/ ¢DYq(V¢ - [DIL] (V) dy
U U
1 2 /i 2 12 2
=—5 [ ¢IDVQIdy+C [ IDigldy+C [ [Vl dy. (213)
U w U

Here, to obtain the estimate we used (208), uniform boundedness of V¢ and [D’fL] and Cauchy—Schwarz
inequality.
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Similarly, we rewrite the second integral in (211):

/ B — gvds, = / B — 9D (D) dy,

{2=0)nM1

/Dh(ﬁy Bg) (Dig)¢* dy,

/ &[] Dig i - / *q(DB)D}g dy, — / pe*Diql* dy,

R R R

IA

_%/gle?q|2dyl+C/gzqzdyﬁc/EZID?(J?ﬁ)Izdyl. (214)
R 5 J

Finally, we estimate the third integral in (211) using [65], Theorem 3 from Section 5.8.2] as
follows:

172

_ / Fvdy <cC / Ry / V(D) dy
U U

n
712 1 2 yh
SC/IFI dy+§/|V<ch>| dy
U U
<cf|F| dy+ /; VDL dy+ - /IV(O DlqP dy
<c[|F| dy + ~ /; VD'P dy+C/|D1q| dy. 215)

Combining (211) with estimates (213), (214) and (215), we get

/ DNV dy + B / 1D gl dy,
<c f|F| dy+f|Dq| dy+/|Vq| dy

+ [ eqan+ [epiohra,
R R
Using [65, Theorem 3(i) from Section 5.8.2] we get

/|Dh(Vq)| dy+— f IDigl* dy,

<c /|F|2dy+f|Vq|2dy+/;2q2dy1+/c2|8y1(93)|2dy1
R R

U U
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Then [65, Theorem 3(ii) from Section 5.8.2] implies

/|avl<w>| dy+— / 19, 41" dy,

<c / VP dy + / Val* dy+ / O dy, + / &1, (7 B dy,
R R

U U

Now write 3,, (7 8) = ﬂ( J%y + VTF @ 0 + 700 )) Thus,

/ 10, PRI dyy < CB Iy I
R

Analogous estimate is valid for Bqu since

2

02q=— F—93]q+2¢'8 ,q—¢"d,q+2¢'¢" yzq]

1
e
and then
02a = C(1F1+10,(Va)| +174l)

and thus (210) is proved.

Next from (210) and interior regularity [64], Theorem 8.8] we have for Q cc Q that:

lgllmee < C(||F||L2(Q) + ||q||L2(Q)) .

To obtain a bound on ||¢||2q), we will use that g from (204) minimises the energy functional

1
So(q)zifIVqlzderg/IV—qIQde+qudx'
Q Q

Q

From &y(gq) < &,(0), we get for all § > 0

/ IVgl* dx+ B / lgI* dS. < CBIYIIE + CE7MIF 720, + 811911 72q-
Q Q
Next, we use Poincaré estimate (199):

1
Take § ! 14 AN d t
ake 0 1= — — an € gc
2c\' "B wee

1 2
1901220 < CB + Dy I1% + c<1 + E) 1F 1

Finally, we conclude that

1 2
1401220 < C(B + DIV I + C<l + B) 1F 122 q-
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Table B.1. Values of physical parameters, taken from [21, 49]

Physical parameter Value Unit Representation in §’s
K 107# N 107% &

n 1 N-s/m? 107 8,8;/87
w 10-° N/m 1078 8:/6,
r 1 m?/(N - s) 10* 87 /8:8r
a 0.4 N/m? 4 x 1075,/82
c 0.8 N/m? 8 x 10738;/6%
1) 1.0 g/mL 1075 &:82/8;
4 2.0 57! 26!
Vorop 107° m/s 107* 8,./8;
L 10-¢ m 1075,

C. Rescaling

In this Appendix, we present non-dimensionalisation of the steady-state problem, showing how the scal-
ings in (44)—(47) arise. We will assume that all quantities are in their physical dimensions. Representative
values of physical parameters can be found in Table B.1.
Introduce characteristic length §, = 107> m, time §; = 1 s and force §; = 1 N. Non-dimensional flow
velocity and pressure are
1 8
u=i *andp=p-2. (219)
5r 87
Note that tensor order parameter Q is non-dimensional and does not require a non-dimensionalisation.
We also represent the external alignment field F.,, as

Fext = é-Fext’

where I:"exl is non-dimensional.
Using V, = §;'V;, PDEs (23) and (26) reduce to

6r'K

S AQ+8TaQ — 8T QTHQ") + S(Vit, Q) =it VO + ;¢ Fuy =0, (220)
L
o8 o mé . . K
L@ V)i — L Aii+ Vp=—V-(VQ O VQ+0QAQ — AQQ). 221)
825, 876, 5

Here and below in this section, all spatial derivatives are taken with respect to x.
Boundary condition (25) and (28) becomes
W(SL

8
= —"vupul7 and 9,0 =—"(Q, — Q) (222)
8. K

Here, we represented iy, = Vpopttt) Where u” is the profile of the propulsion such that max u®?’ =1 and
Vorop 18 the propulsion strength. Introduce rescaled parameters:

L 5;TK i ~
=i y=p a=&Ta i=sTe D=8,
L L
- 08 - né? K§? - W . 5
p= 2L , n= L , K = B L , W — —K’ Vprop = _Tvprop‘ (223)
L1825, L1875, 25, 5 L

Specific values of these parameters can be found in Table C.1.
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Table C.1. Values of non-dimensional
parameters introduced in (223) corre-
sponding to values of physical parame-
ters from Table 1

Rescaled parameter Value
& 10~
y 1

a 04
¢ 0.8
z 2.0
0 0.1
] 1.0
K 1.0
W 1.0
Vorop 1.0

Then PDEs (220) and (221) become
eyAQ+aQ—QTr(Q”) + S(Vit,Q) —it - VQ+ ¢ Foy =0in Q,
ep(i - V)it — efAiL + Vp=e’kV-(VQ O VQ + 0AQ — AQQ) in L.,
with boundary conditions
it = eity, T and 8,0 = W(Q,,., — Q) in 3P,
u and Q are 2¢ — periodic.

~ ~ -1 —1
Here, it = Viropttl), 2. =8, 'Q2 and P, =6, 'P.
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