
J. Appl. Prob. 52, 149–166 (2015)
Printed in England

© Applied Probability Trust 2015

THE EULER SCHEME FOR A STOCHASTIC
DIFFERENTIAL EQUATION DRIVEN BY
PURE JUMP SEMIMARTINGALES

HANCHAO WANG,∗ Zhejiang University

Abstract

In this paper we propose the asymptotic error distributions of the Euler scheme for a
stochastic differential equation driven by Itô semimartingales. Jacod (2004) studied
this problem for stochastic differential equations driven by pure jump Lévy processes
and obtained quite sharp results. We extend his results to a more general pure jump
Itô semimartingale.
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1. Introduction

We consider the following stochastic differential equation (SDE):

Xt = x0 +
∫ t

0
f (Xs−) dYs, (1)

where f denotes a continuous function and Y is the Itô semimartingale.
According to the equation

Xn
0 = x0, Xn

i/n = Xn
(i−1)/n + f (Xn

(i−1)/n)(Yi/n − Y(i−1)/n), (2)

the approximated solution of (1) is defined at the time i/n by induction on the integer i. This
scheme is called a Euler scheme. To find an approximation of the law of the path, we need to
study the weak convergence of

unU
n
t = un(X

n[nt]/n − X[nt]/n). (3)

This problem has attracted the attention of a number of authors. The main gap in this problem is
to find a sharp rate, un. Furthermore, this problem is the central topic in the asymptotic analysis
of discretization of stochastic processes. In their monograph, Jacod and Protter [4] collected
the recent developments of this field. It is worth noting that Jacod and Protter [3] provided
some fundamental results on the asymptotic error distributions of SDEs, and studied the SDEs
driven by continuous semimartingales and Lévy processes in detail. They gave the sharp rate
as un = √

n when the continuous martingale part was present in Lévy processes. When the
continuous martingale is not present then the results are quite different. Jacod [2] studied the
SDEs driven by pure jump Lévy processes. He gave the rates in terms of the concentration of
the Lévy measure.
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In this paper we aim to extend the results in Jacod [2] to more general Itô semimartingales.
Jacod employed the independent and stationary properties of increments of Lévy processes
to obtain the results. However, when we study the same problem for a more general Itô
semimartingale, it is difficult to obtain similar results following the same approach. Recently,
Diop et al. [1] studied the weak convergence of approximate quadrate variations toward the true
quadratic variations of pure jump Itô semimartingales. This topic is very popular, especially in
the study of mathematical finance. We draw support from the method in Diop et al. [1], and
overcome the gap in the extension.

This paper is organized as follows. In Section 2 we express the main result. Some technical
lemmas are presented in Section 3. We give the proof of the main result in Section 4.

2. Main result

A semimartingale M is an Itô semimartingale on some filtered space (�, F , (Ft )t≥0, P)

if its characteristics (BM, CM, νM) are absolutely continuous with respect to the Lebesgue
measure. In other words, the characteristics of M have the form

BM
t =

∫ t

0
bM
s ds, CM

t =
∫ t

0
cM
s ds, νM(dt, dx) = dtFM

t (dx). (4)

Here, bM and cM are optional processes, with cM ≥ 0, and FM is an optional random measure
on R. The triple (bM

t , cM
t , FM

t ) constitutes the spot characteristics of M . The details of these
concepts and notions can be found in Jacod and Shiryaev [5].

In this section we look at the common feature of our setting which is that the second
characteristic of Y vanishes identically. It means that the continuous local martingale part
is not present in Y .

Assumption 1. We have

Yt =
∫ t

0
σs− dZs,

where

(a) Z is a nonhomogeneous Lévy process with (nonrandom) spot characteristics (bZ
t , 0, Gt ),

b′Z
t = bZ

t − ∫
{|x|≤1} xGt(dx) and constant α ∈ (0, 2), and two functions θ+

t , θ−
t ≥ 0 on R+

such that,
lim
x↓0

sup
0≤t≤1

|xαG
±
t (x) − θ±

t | = 0,

where G
+
t (x) = Gt((x, ∞)), G

−
t (x) = Gt((−∞, −x)), bZ

t is locally bounded, and θ+
t , θ−

t

are Riemann integrable over each finite interval.

(b) The process σ is an Itô semimartingale with spot characteristics (bσ
t , cσ

t , F σ
t ), such that

the processes bσ
t , cσ

t and
∫
(x2 ∧ 1)F σ

t (dx) are locally bounded.

Assumption 2. We have Assumption 1, and

sup
0≤t≤1

∫ 1

0
|G+

t (x) − G
−
t (x)| dx < ∞.

Assumption 3. We have that f is a C3 (three times differentiable) function. Set Gt(x) =
G

+
t (x) + G

−
t (x), θ = θ+ + θ−, θ ′ = θ+ − θ−.
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Theorem 1. Under Assumption 3 and in the following cases, the sequence (Y
n
, unU

n)

converges in law to (Y, U), where U is the unique solution of the linear equation

Ut =
∫ t

0
f ′(Xs−)Us− dYs − Wt, (5)

and where W can be described as follows.
Case I. Under Assumption 1 with α > 1, then un = (n/ log n)1/α and

Wt =
∫ t

0
f (Xs−)f ′(Xs−)σ 2

s− dVs, (6)

where V is another Lévy process, independent of Z, with spot characteristics (bV
t , 0, GV

t )

given by

bV
t = −α(θ ′

t )
2

2(α − 1)
, (7)

GV
t (dx) = α

2
[((θ+

t )2 + (θ−
t )2) 1{x>0} +2θ+

t θ−
t 1{x<0}] 1

|x|1+α
dx. (8)

Case II. Under Assumption 1 with α = 1, then un = n/(log n)2 and

Wt = −1

4

∫ t

0
f (Xs−)f ′(Xs−)σ 2

s−θ ′2
s ds. (9)

Case III. Under Assumptions 1 and 2, α < 1 with b′Z
t = 0, or α = 1 then un = (n/ log n)1/α ,

and

Wt =
∫ t

0
f (Xs−)f ′(Xs−)σ 2

s− dVs, (10)

where V is another Lévy process, independent of Z, with spot characteristics (bV
t , 0, GV

t )

given by

bV
t = 0, GV

t (dx) = θ2
t α

4|x|1+α
dx.

Note that,

(11)Un
t =

[nt]∑
i=1

∫ i/n

(i−1)/n

(f (Xn
(i−1)/n) − f (X(i−1)/n)) dYs

−
[nt]∑
i=1

∫ i/n

(i−1)/n

(f (Xs−) − f (X(i−1)/n)) dYs, (12)

and set Y
n

t = Y[nt]/n, X
n

t = X[nt]/n, and

Wn
t =

[nt]∑
i=1

∫ i/n

(i−1)/n

(f (Xs−) − f (X(i−1)/n)) dYs.

We obtain

Un
t =

∫ t

0
(f (X

n

s− + Un
s−) − f (X

n

s−)) dY
n

s − Wn
t . (13)

Based on (13), and Theorem 2.2 of Jacod [2], it is enough to prove

(Y
n
, unW

n) �⇒ (Y, W) (14)

to obtain Theorem 1.
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Remark 1. Theorem 2.2 of Jacod [2] can be obtained directly from Theorem 3.2 of Jacod
and Protter [3], which itself is based upon Kurtz and Protter [6]. Theorem 3.2 of Jacod and
Protter [3] concerns the general semimartingale, so it can also work for Y in this paper.

In the following, we will focus on proving (14) under the conditions of Theorem 1.

3. Technical lemmas

In this section we present technical lemmas in order to prove (14).

3.1. Localization

Our task in this subsection is to avoid a lot of technical problems. We will reduce the problem
to a situation where f and Y satisfy some strengthened version of our assumptions, which are
as follows.
Assumption S1. We have Assumption 1, and, moreover,

(a) |�Zt | and |σt | are bounded for all t ∈ [0, 1];
(b) we have supx>0,t≥0 xαGt(x) < ∞.

(c) the processes |bσ
t |, cσ

t , and
∫

x2Fσ
t (dx) are bounded.

(d) limz→0 φ(z) = limz→0 supt≥0(|zαG
+
t (z) − θ+

t | + |zαG
−
t (z) − θ−

t |) = 0.

Assumption S2. We have Assumptions 2 and S1 with α = 1.

Assumption S3. We have that f is a C3 (three times differentiable) function with
compact support.

Lemma 1. In Theorem 1, one can replace Assumption 1, 2, or 3 with Assumption S1, S2, or S3.

Proof. We suppose Theorem 1 holds under Assumptions S1, S2, and S3. We need to prove
that Theorem 1 still holds under Assumptions 1, 2, and 3.

Consider the new Lévy process Z(p)t = Zt − ∑
s≤t �Zs 1{|�Zs |≥p}, where 1 is the indicator

function and a C3 function fp with compact support, satisfying fp(x) = f (x) for |x| ≤ p2.
Similar to Jacod [2], associate with Z(p) and fp the same term with Z and f , writing X(p),
Y (p)n, U(p)n instead of X, Y

n
, Un

By hypothesis, we have a sequence of stopping times (τp)p≥1, and a sequence of nonrandom
times (tp)p≥1, with τp ≤ tp, and τp ↑ ∞ as p → ∞ such that

sup
x∈(0,1]

xαGt(x) ≤ p, |bZ
t | ≤ p,

∫ 1

0
|G+

t (x) − G
−
t (x)| dx ≤ p

when t ≤ tp,

|bσ
t | ≤ p, cσ

t ≤ p, |σt | ≤ p,

∫
(x2 ∧ 1)F σ

t (dx) ≤ p, |�Z| ≤ p

when t ≤ τp. Set σ(p)t = σt∧τp , Y (p)t = ∫ t

0 σ(p)s− dZ(p)s , and θ±
t (p) = θ±

t 1{t≤tp}.
We easily conclude that

t ≤ τp �⇒ σ(p)t = σ, Z(p)t = Z, Y (p) = Y.
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Our hypothesis now implies that (Y
n
(p), unU

n(p)) converges in law to (Y (p), U(p)) with
θ±(p) instead of θ±, fp instead of f , and σ(p) instead of σ . We see that the restriction of U

to [0, τp) is a version of the restriction of U(p) to [0, τp).
For any continuous bounded function 
t on the Skorokhod space D(R+, R

2), which depends
on the sample path only up to time t , we have

|E(
t (Y
n
, unU

n)) − E(
t (Y
n
(p), unU

n(p)))| ≤ 2‖
t‖P(τp ≤ t),

|E(
t (Y, U)) − E(
t (Y (p), U(p)))| ≤ 2‖
t‖P(τp ≤ t).

Since P(τp ≤ t) → 0 and

E(
t (Y
n
(p), unU

n(p))) → E(
t (Y (p), U(p)))

for every t as p → ∞, we obtain this lemma.

3.2. Estimates of nonhomogeneous Lévy processes

Now we split the processes Z, Y , and H = f (X). We recall that μZ is the jump measure
of Z and νZ(ds, dx) = Gs(dx) ds is its predictable compensator.

Let 0 < υ < 1, set
Z = Aυ + Mυ + Nυ,

where Aυ = bZ − x 1{υ≤|x|≤1} ∗νZ , Mυ = x 1{|x|≤υ} ∗(μZ − νZ), and Nυ = x 1{|x|>υ} ∗μZ ,
and

Y = Ãυ + M̃υ + Ñυ,

where Ãυ
t = ∫ t

0 σs− dAυ
s , M̃υ

t = ∫ t

0 σs− dMυ
s , and Ñυ

t = ∫ t

0 σs− dNυ
s .

Let g be ff ′, there is the decomposition

G(x, y) := f (x + yf (x)) − f (x) = yg(x) + y2k(x, y),

and, furthermore, we have decompositions of the semimartingale H = f (X),

H = Ã′υ + M̃ ′υ + Ñ ′υ,

where
Ã′υ = g(Xt−)Ãυ + k(Xt−, σt−x)(σt−x)2 1{|x|≤υ} ∗νZ,

M̃ ′υ = G(Xt−, σt−x) 1{|x|≤υ} ∗(μZ − νZ),

and
Ñ ′υ = G(Xt−, σt−x) 1{|x|>υ} ∗μZ.

Furthermore, set

Zυ = Aυ + Mυ, Yυ = Ãυ + M̃υ, Hυ = Ã′υ + M̃ ′υ.

To prove (14), we need to introduce a sequence υn → 0, from the idea of Jacod [2].

Case I: υn = log n

n1/(2α)
, Case II: υn = log n

n
, Case III: υn =

(
log n

n

)1/α

.

For any stochastic process Qt , we define Q
n,i
t = Q

υn
t −Q

υn

(i−1)/n for t ≥ (i −1)/n such that

V n
t (i) = G(X(i−1)/n, σ(i−1)/nx) 1{|x|≥υn} 1((i−1)/n,∞)(s) ∗ μZ

T (n,i)1∧t .
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Denote the successive jump times of Z, after (i − 1)/n and of size larger than or equal to υn,
by T (n, i)p. Let K(n, i) be the integer such that T (n, i)K(n,i) ≤ i/n < T (n, i)K(n,i)+1.

• The times T (n, i) forms a nonhomogeneous Poisson process with intensity Gt(υn), and
set αn

s,t = exp(− ∫ t

s
Gr(υn) dr).

• Conditionally on Hυn

0 and T (n, i)p < ∞, (�ZT (n,i)j )1≤j≤p are independent, with
respective laws (1/GT (n,i)j (υn))GT (n,i)j (dx) 1{|x|≥υn}.

Denote

ct (υ) =
∫

{|x|≤υ}
x2Gt(dx), d+

t (υ) =
∫

{x>υ}
|x|Gt(dx),

d−
t (υ) =

∫
{x<−υ}

|x|Gt(dx), ρ+
t (υ) =

∫
{x>υ}

|x|αGt (dx),

ρ−
t (υ) =

∫
{x<−υ}

|x|αGt (dx), d ′
t (υ) = d+

t (υ) − d−
t (υ),

b′
t = bZ

t +
∫

{|x|>1}
xGt(dx), δt (υ) = d+

t (υ) + d−
t (υ),

dt (υ) = b′
t − d ′

t (υ).

Lemma 2. If 1 ≤ α < p ≤ 2 or α < p ≤ 1,

E

(
sup
s≤t

∣∣∣ ∫ T +s

T

Hr dMυ
r |p|Gυ

T

)
≤ Kυp−α

E

(∫ T +s

T

|Hr |p dr
∣∣ Gυ

T

)
.

Lemma 3. Under the Assumptions 1–3, with α ∈ (0, 2), let Jr be a random variable satisfying
that Jr , K(n, i), and �ZT (n,i)r are independent conditionally on F(i−1)/n, and
|Jr | ≤ K

∑r−1
j=1 |�ZT (n,i)j |, where r ≥ 2. Let J ′

r = Jr�ZT (n,i)r for all r ′ ≥ r ≥ 2 and y > 0,
we have

P(|unJ
′
r | > y, K(n, i) = r ′ | F(i−1)/n) ≤ K

(υα
n )r

′−2nr ′
(r − 1)α+1uα

n

yα

(
1 + log

1

υn

)
, (15)

E(|unJr |α 1{K(n,i)=r ′} | F(i−1)/n) ≤ Kuα
nr2(1 + log(1/υn))

(υα
n )r

′−1nr ′ ,

E(|unJ
′
r |2 1{|unJ ′

r |≤y|,K(n,i)=r ′} | F(i−1)/n) ≤ Ky2−αuα
nr2(1 + log(1/υn))

(υα
n )r

′−2nr ′ ,

E(|unJ
′
r | 1{|K(n,i)=r ′} | F(i−1)/n) ≤ Kr

(log n)2

(υα
n )r

′−1nr ′ , (16)

α > 1 �⇒ E(|unJ
′
r | 1{|unJ ′

r |>y|,K(n,i)=r ′} | F(i−1)/n) ≤ Kuα
nr2(1 + log(1/υn))

yα−1(υα
n )r

′−2nr ′ ,

α < 1 �⇒ E(|unJ
′
r | 1{|unJ ′

r |≤y|,K(n,i)=r ′} | F(i−1)/n) ≤ Ky1−αuα
nr2(1 + log(1/υn))

2

(υα
n )r

′−2nr ′ .

(17)
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Proof. We use the idea of Diop et al. [1] in the proof of this lemma. In fact, we need
to associate the two filtrations (Gυ

t ) and (Hυ
t ), which are the smallest ones containing (Ft ),

such that

• Nυ
t is Gυ

0 −measurable for all t ;

• ∑
s≤t 1{|�Zs |>υ} is Hυ

0 −measurable for all t .

It is necessary to use these two filtrations in the argument, but, for simplicity, we do not
present them in the following (see [1] for more details).

The left-hand side of (15) is less than or equal to∫
{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

Gsl (υn)P(|unJ
′
r | > y | F(i−1)/n) ds1 ds2 · · · dsr ′

≤
∫

{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

r ′∏
l=1, l �=r

Gsl (υn)

×
∫

{|x|>υn}
P

(r−1∑
j=1

|�ZT (n,i)j | >
y

unKx

∣∣∣ F(i−1)/n

)
Gsr (dx) ds1 ds2 · · · dsr ′

≤
r−1∑
j=1

∫
{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

r ′∏
l=1, l �=r

Gsl (υn)

×
∫

{|x|>υn}
P

(
|�ZT (n,i)j | >

y

(r − 1)unKx

∣∣∣ F(i−1)/n

)
Gsr (dx) ds1 ds2 · · · dsr ′

≤
r−1∑
j=1

∫
{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

r ′∏
l=1, l �=r, l �=j

Gsl (υn)

×
∫

{|x|>υn}
E

(∫
1{|z|>y/(r−1)unKx} Gsj (dz) | F(i−1)/n

)
Gsr (dx) ds1 ds2 · · · dsr ′

≤
r−1∑
j=1

K

(υα
n )r

′−2nr ′
(r − 1)αuα

n

yα

(
1 + log

1

υn

)

≤ K

(υα
n )r

′−2nr ′
(r − 1)α+1uα

n

yα

(
1 + log

1

υn

)
.

Second,

E(|Jr |α 1{K(n,i)=r ′} | F(i−1)/n)

≤
∫

{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

Gsl (υn)E

(∣∣∣∣
r−1∑
j=1

�ZT (n,i)j

∣∣∣∣α ∣∣∣ F(i−1)/n

)
ds1 ds2 · · · dsr ′

≤ (r − 1)

r−1∑
j=1

∫
{s0<s1<···<sr′<i/n}

×
r ′∏

l=1

αn
sl−1,sl

Gsl (υn)E(|ZT (n,i)j |α | F(i−1)/n) ds1 ds2 · · · dsr ′
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≤ (r − 1)

r−1∑
j=1

∫
{s0<s1<···<sr′<i/n}

r ′∏
l=1

αn
sl−1,sl

r ′∏
l=1, l �=j

Gsl (υn)

×
∫

{|x|≥υn}
|x|αGsj (dx) ds1 ds2 · · · dsr ′

≤ (r − 1)

r−1∑
j=1

K(1 + log(1/υn))

(υα
n )r

′−1nr ′

≤ Kr2(1 + log(1/υn))

(υα
n )r

′−1nr ′ .

Third,

E(|unJ
′
r |2 1{|unJ ′

r |≤y|,K(n,i)=r ′} | F(i−1)/n)

= E(|unJr |2|�ZT (n,i)r |2 1{|�ZT (n,i)r |≤y/|unJr ||,K(n,i)=r ′} | F(i−1)/n)

≤ E(|unJr |2 1{K(n,i)=r ′}
∫ i/n

(i−1)/n

∫
{|x|≤y/|unJr |}

1

Gsr (υn)
x2Gsr (dx) dsr | F(i−1)/n)

≤ Ky2−αυα
n E(|unJr |α 1{K(n,i)=r ′} | F(i−1)/n)

≤ Ky2−αuα
nr2(1 + log(1/υn))

(υα
n )r

′−2nr ′ ,

and

E(|unJ
′
r | 1{|K(n,i)=r ′} | F(i−1)/n) ≤

r−1∑
j=1

E(|un�ZT (n,i)j �ZT (n,i)r | 1{|K(n,i)=r ′} | F(i−1)/n)

≤ Kr
(log n)2

(υα
n )r

′−1nr ′ .

Finally, when α > 1,

E(|unJ
′
r | 1{|unJ ′

r |>y|, K(n,i)=r ′} | F(i−1)/n)

= E(|unJr ||�ZT (n,i)r | 1{|�ZT (n,i)r |>y/|unJr ||, K(n,i)=r ′} | F(i−1)/n)

≤ E(|unJr | 1{K(n,i)=r ′}
∫ i/n

(i−1)/n

∫
{|x|>y/|unJr |}

1

Gsr (υn)
|x|Gsr (dx) dsr | F(i−1)/n)

≤ Kυα
n

yα−1 E(|unJr |α 1{K(n,i)=r ′} | F(i−1)/n)

≤ Kuα
nr2(1 + log(1/υn))

yα−1(υα
n )r

′−2nr ′ ,

and when α < 1,

E(|unJ
′
r | 1{|unJ ′

r |≤y|,K(n,i)=r ′} | F(i−1)/n)

= E(|unJr ||�ZT (n,i)r | 1{|�ZT (n,i)r |≤y/|unJr ||,K(n,i)=r ′} | F(i−1)/n)

≤ E

(
|unJr ||�ZT (n,i)r |α

y1−α

|unJr |1−α

∣∣∣ F(i−1)/n

)
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≤ Ky1−αυα
n

n

(
1 + log

(
1

υn

))
E(|unJr |α 1{K(n,i)=r ′} | F(i−1)/n)

≤ Ky1−αuα
nr2(1 + log(1/υn))

2

(υα
n )r

′−2nr ′ .

3.3. Some key lemmas

We will need the following lemmas to prove (14).

Lemma 4. For each n > 0, every ξn
i are Fi/n-measurable random variables, and an, a

′
n, a

′′
n,y

are finite constants. Furthermore,

lim
n→∞ an = 0, lim

n→∞ a′
n = 0, lim

n→∞ a′′
n,y = 0 for all y > 1.

If one of the following conditions hold:

(i)

E[|ξn
i | | F(i−1)/n] ≤ an

n
,

(ii)

|E[ξn
i | F(i−1)/n]| ≤ an

n
, E[|ξn

i |2 | F(i−1)/n] ≤ a′
n

n
,

|E[ξn
i 1{|ξn

i |≤1} | F(i−1)/n]| ≤ an

n
,

(iii)

E[|ξn
i |2 1{|ξn

i |≤1} | F(i−1)/n] ≤ a′
n

n
, P[|ξn

i | > y | F(i−1)/n] ≤ a′′
n,y

n
for all y > 1,

then

sup
s≤t

∣∣∣∣
[ns]∑
i=1

ξn
i

∣∣∣∣ P−→ 0.

In the following, for the stochastic process � = (�t )t≥0, we denote sups≤t |�s | P−→ 0 by

�
u.c.p.−−−→ 0, where ‘u.c.p.’ denotes uniform convergence in probability,

�n(j)t =
[nt]∑
i=1

ξn
i (j),

ξn
i (1) = un

∫
I (n,i)

(H
n,i
s− − g(X(i−1)/n)Y

n,i
s− ) dYs,

ξn
i (2) = ung(X(i−1)/n)

(∫
I (n,i)

Y
n,i
s− dM̃υn

s +
∫

I (n,i)

M̃
n,i
s− dÃυn

s

)
,

ξn
i (3) = un

∫
I (n,i)

(Ñ ′n,i

s− − V n
s−(i)) dYυn

s ,

ξn
i (4) = un

∫
[T (n,i)3,i/n]

Ñ ′n,i

s− dÑυn
s 1{K(n,i)≥3},
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ξn
i (5) = un(g(XT (n,i)1−) − g(X(i−1)/n))�YT (n,i)1�YT (n,i)2 1{K(n,i)≥2},

ξn
i (6) = unk(XT (n,i)1− , �YT (n,i)1)�Y 2

T (n,i)1
�YT (n,i)2 1{K(n,i)≥2},

ξn
i (7) = ung(X(i−1)/n)

(∫
I (n,i)

Y
n,i
s− dNυn

s − �YT (n,i)1YT (n,i)1 1{K(n,i)≥1}
)

,

ξn
i (8) = unk(X(i−1)/n, �YT (n,i)1)(�YT (n,i)1)

2(M̃
n,i
i/n − M̃

n,i
T (n,i)1

),

ξn
i (9) = unk(X(i−1)/n, �YT (n,i)1)(�YT (n,i)1)

2(Ãi/n − ÃT (n,i)1) 1{K(n,i)≥1},
ξn
i (10) = ung(X(i−1)/n)�YT (n,i)1M̃

n,i
i/n 1{K(n,i)≥1},

ξn
i (11) = ung(X(i−1)/n)

∫
I (n,i)

(Ã
n,i
s− + �YT (n,i)1 1{K(n,i)≥1}) dÃυn

s ,

ξn
i (12) = ung(X(i−1)/n)�YT (n,i)1�YT (n,i)2 1{K(n,i)≥2},

where ξ̃ n
i (j) is defined in the same way, upon substituting Y with Z.

Lemma 5. Assuming that Case I, II, or III applies, then we have �n(j)t
u.c.p.−−−→ 0 if j =

1, 2, . . . , 9.

Proof. In the j = 1 case, since

H
n,i
s− − g(X(i−1)/n)Y

n,i
s− =

∫ s

(i−1)/n

g(Xr−) − g(X(i−1)/n)(dÃυn
r + dM̃υn

r )

+
∫ s

(i−1)/n

∫
R

k(Xt−, σr−x)(σr−x)2 1{x≤υn} μZ(dr, dx)

and g is bounded with a bounded derivative, k is bounded over R × [−a, a].
Firstly,

E

(
sup

s∈I (n,i)

(∫ s

(i−1)/n

g(Xr−) − g(X(i−1)/n)σr− dAυn
r

)2 ∣∣∣∣ F(i−1)/n

)

≤ K

n2 E

(
sup

s∈I (n,i)

(g(Xs−) − g(X(i−1)/n))
2

∣∣∣∣ F(i−1)/n

)

≤ K

n3 E

(
sup

s∈I (n,i)

(∫ s

(i−1)/n

g(Xr−) − g(X(i−1)/n)σr− dMυn
r

)2 ∣∣∣∣ F(i−1)/n

)

≤ 8υ2−α
n

n
E

(
sup

s∈I (n,i)

(g(Xs−) − g(X(i−1)/n))
2F(i−1)/n

)

≤ 8υ2−α
n

n2 E

(
sup

s∈I (n,i)

(∫ s

(i−1)/n

×
∫

R

k(Xr−, σr−x)(σr−x)2 1{x≤υn} μY (ds, dx)

)2 ∣∣∣∣ F(i−1)/n

)

≤ υ4−α
n

n
+ υ4−α

n

n2 .
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For the j = 2 case, we firstly consider

E

(∫
I (n,i)

Y
n,i
s− dM̃υn

s

∣∣∣∣ F(i−1)/n

)
= 0,

E

((∫
I (n,i)

Y
n,i
s− dM̃υn

s

)2 ∣∣∣∣ F(i−1)/n

)
≤ Kυ2−α

n E

(∫
I (n,i)

(Y
n,i
s− σs−)2 ds

∣∣∣∣ F(i−1)/n

)

≤ K
υ2−α

n

n
E

((
sup

s∈I (n,i)

|Yn,i
s− |

)2 ∣∣∣ F(i−1)/n

)

≤ K
υ2−α

n

n

(
υ2−α

n

n
+ 1

n2υ2α−2
n

)
,

and, finally,

E

((∫
I (n,i)

M̃υn
s dÃυn

s

)2 ∣∣∣∣ F(i−1)/n

)
≤ υ4−3α

n

n3 .

We obtain �n(2)t
u.c.p.−−−→ 0.

The j = 3 case is similar to Jacod [2]. We have Ñ ′n,i

s− − V n
s−(i) = Un,i ∗ μZ , where

Un,i(s, x)

= (g(Xs−) 1{s>T (n,i)1} +(g(Xs−) − g(X(i−1)/n)) 1{(i−1)/n<s≤T (n,i)1})σs−x 1{|x|>υn}
+ (k(Xs−, σs−x) 1{s>T (n,i)1} +(k(Xs−, σs−x)

− k(X(i−1)/n, σs−x)) 1{(i−1)/n<s≤T (n,i)1})(σs−x)2 1{|x|>υn} .

We have ∣∣∣∣
∫

R

Un,i(t, x)Gt (dx)

∣∣∣∣ ≤ C
(

sup
t∈I (n,i)

d ′
t (υn) + 1

)
(1{K(n,i)≥1} +X̃n

i ),

∫
R

Un,i(t, x)2Gt(dx) ≤ C(1{K(n,i)≥1} +(X̃n
i )2).

Then

sup
s∈I (n,i)

|E(Ñ ′n,i

s− − V n
s−(i) | F(i−1)/n)| ≤ C

1

n

(
1 + sup

t∈I (n,i)

d ′
t (υn)

)(
1

nυα
n

+ 1√
n

)
,

E

(
sup

s∈I (n,i)

|Ñ ′n,i

s− − V n
s−(i)|2 | F(i−1)/n

)
≤ C

1

n

(
1 + (supt∈I (n,i) d ′

t (υn))
2

n

)(
1

nυα
n

+ 1

n

)
.

The j = 4 case is similar to Jacod [2]. Set Jr = (�HT (n,i)1 + �HT (n,i)2 + · · · +
�HT (n,i)r−1)σT (n,i)r− , J ′

r = Jr�ZT (n,i)r , and J ′′
k = un

∑k
r=3 J ′

r . Then

ξn
i (4) = J ′′

K(n,i) 1{K(n,i)≥3} .

We need to prove that

P(|ξn
i (4)| > y | F(i−1)/n) ≤ a′′

n,y

n
, where a′′

n,y → 0; (18)

E(|ξn
i (4)|2 1{|̃ξn

i (4)|≤1} | F(i−1)/n) ≤ a′
n

n
, where a′

n → 0; (19)

|E(ξn
i (4) 1{|̃ξn

i (4)|≤1} | F(i−1)/n)| ≤ an

n
, where an → 0.

https://doi.org/10.1239/jap/1429282612 Published online by Cambridge University Press

https://doi.org/10.1239/jap/1429282612


160 H. WANG

In view of (18), for y > 0, k ≥ 3, we have

P(|ξn
i (4)| > y | F(i−1)/n) =

∞∑
k=3

P(|J ′′
k | > y, K(n, i) = k | F(i−1)/n)

≤
∞∑

k=3

k∑
r=3

P

(
|unJ

′
r | >

y

k − 2
, K(n, i) = k

∣∣∣∣ F(i−1)/n

)

≤ C

∞∑
k=3

k∑
r=3

(r − 1)α+1uα
n(k − 2)α log(1/υn)

(υn)α(k−2)nkyα

= o

(
1

n

)
.

In view of (19), for k ≥ 3, we have

E(|ξn
i (4)|2 1{|ξn

i (4)|≤1} | F(i−1)/n)

=
∞∑

k=3

E(|J ′′
k |2 1{|J ′′

k |≤1,K(n,i)=k} | F(i−1)/n)

≤
∞∑

k=3

k−1∑
r=3

2k−r
P(|J ′′

r | > 1, K(n, i) = k | F(i−1)/n)

+
∞∑

k=3

k∑
r=3

2k+1−r
E((unJ

′
r )

2 1{|unJ ′
r |≤2,K(n,i)=k} | F(i−1)/n)

≤ C

∞∑
k=3

(
2kk2α+3uα

n log(1/υn)

nk(υn)α(k−2)
+ 2kk4uα

n log(1/υn)

nk(υn)α(k−2)

)

= o

(
1

n

)
.

We have

|E(ξn
i (4) 1{|ξn

i (4)|≤1} | F(i−1)/n)| =
∞∑

k=3

|E(J ′′
k 1{|J ′′

k |≤1,K(n,i)=k} | F(i−1)/n)|,

and

|E(J ′′
k 1{|J ′′

k |≤1,K(n,i)=k} | F(i−1)/n)|
≤ |E(J ′′

k−1 1{|J ′′
k−1|≤1/2,K(n,i)=k} | F(i−1)/n)|

+ |E(unJ
′
k 1{|unJ ′

k |≤1/2,|J ′′
k |≤1,K(n,i)=k} | F(i−1)/n)|

+ E(|J ′′
k 1{|J ′′

k |≤1,|J ′′
k−1|≥1/2} −J ′′

k−1 1{|J ′′
k−1|≤1/2,|J ′′

k |≥1} | 1{K(n,i)=k} | F(i−1)/n).

When α ≥ 1, by (16), we have

|E(unJ
′
k 1{|unJ ′

k |≤1/2,|J ′′
k |≤1,K(n,i)=k} | F(i−1)/n)| ≤ E(|unJ

′
k| 1{K(n,i)=k} | F(i−1)/n)

≤ Kk
(log n)2

(υα
n )k−1nk

.
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When α < 1, by (17), we have

|E(unJ
′
k 1{|unJ ′

k |≤1/2,|J ′′
k |≤1,K(n,i)=k} | F(i−1)/n)|

≤ E(|unJ
′
k| 1{|unJ ′

k |≤1/2,K(n,i)=k} | F(i−1)/n)

≤ Kuα
nk2(1 + log(1/υn))

2

(υα
n )k−2nk

.

Obviously,

E(|J ′′
k 1{|J ′′

k |≤1,|J ′′
k−1|≥1/2} −J ′′

k−1 1{|J ′′
k−1|≤1/2,|J ′′

k |≥1} | 1{K(n,i)=k} | F(i−1)/n)

≤
k∑

r=3

(r − 1)α+1uα
n(k − 2)α log(1/υn)

(υn)α(k−2)nk

≤ (k − 1)2α+2uα
n log(1/υn)

(υn)α(k−2)nk
.

Furthermore,

|E(J ′′
k 1{|J ′′

k |≤1,K(n,i)=k} | F(i−1)/n)| ≤ |E(J ′′
k−1 1{|J ′′

k−1|≤1/2,K(n,i)=k} | F(i−1)/n)|

+ K
(k)2α+2uα

n(log(1/υn) + (log n)2)

(υn)α(k−2)nk
.

Recalling that J ′′
2 = 0, then

|E(J ′′
k 1{|J ′′

k |≤1,K(n,i)=k} | F(i−1)/n)| ≤ K
k2α+3uα

n(log(1/υn) + (log n)2)

(υn)α(k−2)nk

and

|E(J ′′
k 1{|J ′′

k |≤1,K(n,i)≥3} | F(i−1)/n)| ≤ K

∞∑
k=3

k2α+3uα
n(log(1/υn) + (log n)2)

(υn)α(k−2)nk

≤ Kuα
n(log(1/υn) + (log n)2)

n2 .

In the j = 5 case,

|ξn
i (5)| ≤ unZ̃

′n
T (n,i)1

|�YT (n,i)1�YT (n,i)2 | 1{K(n,i)≥2},

where Z̃′n
T (n,i)1

= sups∈[(i−1)/n,T (n,i)1] |Zυn
s− − Z

υn

(i−1)/n|.
Since σ is bounded, we need to prove that

unZ̃
′n
T (n,i)1

|�ZT (n,i)1�ZT (n,i)2 | 1{K(n,i)≥2}
u.c.p.−−−→ 0. (20)

Since

E[(Z̃′n
T (n,i)1

)2 | F(i−1)/n] ≤
(

supt∈I (n,i) ct (υn)

n
+ (supt∈I (n,i) dt (υn))

2

n2

)
,
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and using Equation (6.35) of [1], we have, when 0 < α < 1,

E[|unZ̃
′n
T (n,i)1

|�ZT (n,i)1�ZT (n,i)2 | 1{K(n,i)≥2} | | F(i−1)/n]

≤ un

(supt∈I (n,i) ct (υn)/n + (supt∈I (n,i) dt (υn))
2/n2)1/2

n2

= o

(
1

n

)
,

when α = 1,

E[|unZ̃
′n
T (n,i)1

|�ZT (n,i)1�ZT (n,i)2 | 1{K(n,i)≥2} | | F(i−1)/n]

≤ un

(supt∈I (n,i) ct (υn)/n + (supt∈I (n,i) dt (υn))
2/n2)1/2(log n)2

n2

= o

(
1

n

)
,

when α > 1,

E[|unZ̃
′n
T (n,i)1

|�ZT (n,i)1�ZT (n,i)2 | 1{K(n,i)≥2} | | F(i−1)/n]

≤ un

(supt∈I (n,i) ct (υn)/n + (supt∈I (n,i) dt (υn))
2/n2)1/2

(υα−1
n n)2

= o

(
1

n

)
,

and

E[|unZ̃
′n
T (n,i)1

|�ZT (n,i)1�ZT (n,i)2 | 1{K(n,i)≥2} |2 | F(i−1)/n]

≤ u2
n

(supt∈I (n,i) ct (υn)/n + (supt∈I (n,i) dt (υn))
2/n2)

n2

= o

(
1

n

)
.

By Lemma 4, we obtain (20).
In the j = 6 case, set Sn

i = un�Z2
T (n,i)1

|�ZT (n,i)2 | 1{K(n,i)≥2}, we have

P(Sn
i > y | F(i−1)/n)

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

Gsl (υn)P(un�Z2
T (n,i)1

|�ZT (n,i)2 | > y | F(i−1)/n) ds1 ds2

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

∫
{|x|>υn}

∫
{|x′|>y/unx2}

Gs1(dx)Gs2(dx′) ds1 ds2

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

∫
uα

n |x|2α

yα
Gs1(dx) ds1 ds2

< C
uα

n

n2yα
,
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and

E(Sn
i 1{Sn

i ≤1} | F(i−1)/n)

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

Gsl (υn)

× E(un�Z2
T (n,i)1

|�ZT (n,i)2 | 1{un�Z2
T (n,i)1

|�ZT (n,i)2 |≤1} | F(i−1)/n) ds1 ds2

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

∫
{|x′|>υn}

|x′|
∫

{|x|≤1/
√

un|x′|}
x2Gs1(dx)Gs2(dx′) ds1 ds2

≤
∫

{s0<s1<s2<i/n}

2∏
l=1

αn
sl−1,sl

∫
{|x′|>υn}

u
α/2
n |x′|α/2Gs2(dx′) ds1 ds2

< C
u

α/2
n

n2υ
α/2
n

.

Since k(x, y) and σ are bounded, we have |ξn
i (6)| ≤ CSn

i , and if |Sn
i | ≤ 1,

(Sn
i )2 ≤ |Sn

i | ≤ Sn
i 1{Sn

i ≤1} +1{Sn
i >1}.

Then
�n(6)t

u.c.p.−−−→ 0

by Lemma 4.
In the j = 7 case, it is obvious that

|ξn
i (7)| ≤ C

K∑
k=2

Hk, where Hk = unZ
n,i
T (n,k)∧i/n�ZT (n,k).

We have

E

[( K∑
k=2

Hk

)2 ∣∣∣ F(i−1)/n

]
≤ u2

nE

[
K

K∑
k=2

(Z
n,i
T (n,k)∧i/n�ZT (n,k))

2 | F(i−1)/n

]

≤ u2
nϑn

∞∑
r=2

r

r∑
k=2

∫
{s0<s1<···<sr<i/n}

r∏
l=1

αn
sl−1,sl

×
r∏

l=1,l �=k

Gsl (υn)

∫
{|x|≥υn}

|x|2Gsk (dx) ds1 ds2 · · · dsr

≤ u2
nϑn

∞∑
r=2

Cr(r − 1)

(υn)α−1nr

= o

(
1

n

)
,

where

ϑn = supt∈I (n,i) ct (υn)

n
+ (supt∈I (n,i) dt (υn))

2

n2 ,
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and∣∣∣∣E
[ K∑

k=2

Hk | F(i−1)/n

]∣∣∣∣ ≤ Cun| supt∈I (n,i) dt (υn)|
n

E

[ K∑
k=2

|�ZT (n,k)| | F(i−1)/n

]

≤ Cun| supt∈I (n,i) dt (υn)|
n

∞∑
r=2

r∑
k=2

∫
{s0<s1<···<sr<i/n}

r∏
l=1

αn
sl−1,sl

×
r∏

l=1,l �=k

Gsl (υn)

∫
{|x|≥υn}

|x|Gsk (dx) ds1 ds2 · · · dsr

≤ Cun| supt∈I (n,i) dt (υn)|
n

∞∑
r=2

C(r − 1) supt∈I (n,i) δt (υn)

(υn)α−1nr

= o

(
1

n

)
.

Then
�n(7)t

u.c.p.−−−→ 0

by Lemma 4.
In the j = 8 case, from the previous discussion, it suffices to prove that

[nt]∑
i=1

ζ n
i :=

[nt]∑
i=1

un(�ZT (n,i)1)
2(M

n,i
i/n − M

n,i
T (n,i)1

)
u.c.p.−−−→ 0.

Set

φn,i(u) = E[exp(iuζ n
i )],

zn
i (x, u, t) =

∫ i/n

t

ds

∫
{|y|≤υn}

(exp(iuunx
2y) − 1 − iuunx

2y)Gs(y),

we see that

φn,i(u) = αn
(i−1)/n,i/n

∫
I (n,i)

dt

∫
{|x|>υn|}

(exp(zn
i (x, u, t) − 1))Gt (dx) + 1.

In fact, ∫ i/n

t

ds

∫
{|y|≤υn}

(exp(iuunx
2y) − 1 − iuunx

2y)Gs(y)

≤
∫ i/n

t

ds

∫
{|y|≤υn}

(|uunx
2y| ∧ |uunx

2y|2)Gs(y)

≤ uunx
2
∫ i/n

t

ds

∫
{|y|>1/uunx2}

(|y|)Gs(y)

+ (uunx
2)2

∫ i/n

t

ds

∫
{|y|≤1/uunx2}

(y2)Gs(y)

≤ C

n
|uunx

2|α.
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Thus, zn
i is uniformly bounded, then

|φn,i(u) − 1| ≤ C|uun|α
n2 .

Furthermore,

E[|ζ n
i |2 ∧ 1 | F(i−1)/n] ≤ C

∫
{|u|≤1}

|1 − E[exp(iuζ n
i ) | F(i−1)/n]| du ≤ C|un|α

n2 ,

|E[ζ n
i 1{|ζ n

i |≤1} | F(i−1)/n]| ≤ C|1 − E[exp(iζ n
i ) | F(i−1)/n]| + E[|ζ n

i |2 ∧ 1 | F(i−1)/n].
Then

�n(8)t
u.c.p.−−−→ 0

by Lemma 4.
For the j = 9 case,

|ξn
i (9)| ≤ Cun| supt∈I (n,i) dt (υn)|

n
|�ZT (n,i)1 |2 1{K(n,i)≥1}

and

E[|�ZT (n,i)1 |2 1{K(n,i)≥1} | F(i−1)/n]
≤

∫
{s0<s1<i/n}

αn
s0,s1

Gsl (υn)E(|�ZT (n,i)1 |2 | F(i−1)/n) ds1

≤
∫

{s0<s1<i/n}
αn

s0,s1

∫
{|x|>υn}

|x|2Gs1(dx) ds1

≤ C

n
.

Thus,

E[ξn
i (9) | F(i−1)/n] ≤ Cun| supt∈I (n,i) dt (υn)|

n2 .

Then
�n(9)t

u.c.p.−−−→ 0

by Lemma 4.

4. The proof of Theorem 1

To prove Theorem 1, we need to study the asymptotics of
∑[nt]

i=1 ξn
i (10),

∑[nt]
i=1 ξn

i (11), and∑[nt]
i=1 ξn

i (12). Set

ξ̃ n
i (10) = un�YT (n,i)1M̃

n,i
i/n 1{K(n,i)≥1},

ξ̃ n
i (11) = un

∫
I (n,i)

(Ã
n,i
s− + �YT (n,i)1 1{K(n,i)≥1}) dÃυn

s ,

ξ̃ n
i (12) = un�YT (n,i)1�YT (n,i)2 1{K(n,i)≥2} .
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From Proposition 7.3 and Lemma 7.5 of [1], the following arguments can be obtained.
In case I,

[nt]∑
i=1

ξ̃ n
i (11)

u.c.p.−−−→ 0,

[nt]∑
i=1

ξ̃ n
i (12)

u.c.p.−−−→ 0,

[n·]∑
i=1

ξ̃ n
i (10) �⇒ V,

where V is another Lévy process, independent of Z, with spot characteristics (bV
t , 0, GV

t )

given by

bV
t = −α(θ ′

t )
2

2(α − 1)
,

GV
t (dx) = α

2
[((θ+

t )2 + (θ−
t )2) 1{x>0} +2θ+

t θ−
t 1{x<0}] 1

|x|1+α
dx.

In case II,

[nt]∑
i=1

ξ̃ n
i (10)

u.c.p.−−−→ 0,

[n·]∑
i=1

ξ̃ n
i (11) +

[n·]∑
i=1

ξ̃ n
i (12)

u.c.p.−−−→ −1

4

∫ ·

0
θ ′2
s ds;

In case III,

[nt]∑
i=1

ξ̃ n
i (10)

u.c.p.−−−→ 0,

[nt]∑
i=1

ξ̃ n
i (11)

u.c.p.−−−→ 0,

[n·]∑
i=1

ξ̃ n
i (12) �⇒ V,

where V is another Lévy process, independent of Z, with spot characteristics (bV
t , 0, GV

t )

given by

bV
t = 0, GV

t (dx) = θ2
t α

4|x|1+α
dx.

Finally, we obtain the results by means of Theorem 3.2 of [3].
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