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Abstract

Let {X,,n > 1} be independent identically distributed random variables with a common non-degenerate
distribution function F. For each n > 1, denote M, = max{X,, ..., X,}. Under certain conditions on

F, there exist constants a, > 0 and b, € R such that (M,, — b,)/a, 4 G. In this paper, we shall show
that {(M, — b,)/a,} exhibits ergodic behaviour under additional conditions on F.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 60F05.
Keywords and phrases: ergodic behaviour, extreme values, logarithmic means, almost sure convergence.
1. Introduction

Let {X,, n > 1} be a sequence of independent identically distributed random variables
with EX; =Oand EX? = 1. Foreachn > 1,set S, =) ; , X;. Thenforx € R

. 1 .1 Sk ) 1 /x )
lim -1 —=<x)=— e "?dt almost surely.
n—oo logn ;k (JE - V27 J oo d

This is known as the almost sure central limit theorem, and was proved first by
Brosamler [1] and Schatte [8]. Recently, the related problems have attracted much
attention (see Lacey and Philipp [6], Schatte [9-11]).

It was shown in Cheng et al. [2] that the above phenomenon holds also for extreme
values (see Lemma 2 in Section 2). In this paper we consider the general problem
related to maxima (see below).

We assume throughout that {X,, n > 1} are a sequence of independent identically
distributed random variables with a common non-degenerate distribution function F.
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[2] Ergodic behaviour of extreme values 171
For each n > 1, denote
M, = max{X,, LX)
Suppose there exist constants a, > 0 and b, € R such that
(8)) (M, — b))/a, > G

where G is a non-degenerate distribution function. Then we say G is an extreme value
distribution and F is in the domain of attraction of G (notation: F € D(G)).
It is well known that G must be one of the following three types:

G(x) = by (x) = {e"P{‘x_“} ifx 20,

ifx <0
if 0,
Gr) = Vo) = | hr=
exp{—(—x)*} ifx <O0;
G(x) = A(x) = exp{—e™*} forx € R,

where & > 0 (see [7, Proposition 0.3]). Furthermore a, and b, can be chosen as

U(n) if G(x) = P (x),
(1.2) a, = {xr— Un) if G(x) = W, (x),
U(ne) — U(n) if G(x) = A(x),
and
0 if G(x) = D, (x),
(1.3) b, = xr if G(x) = ¥, (x),

U(n) if G(x) = A(x),

where xr ;= sup{x : F(x) < 1} and U(x) :=inf{y : 1/(1 — F(y)) > x}.

It is important to have necessary and sufficient conditions for a distribution to belong
to the domain of attraction of an extreme value distribution. Some characterisation
theorems can be found in {7, Chapter 1]. For example, F € D(®,) if and only if

t
im ) =x"" forallx >0
imoo U(Z)

(notation: U € R V).
Assume that (1.1) holds. If there exists a positive sequence {r,,n > 1} with
3 re, re = 0o such that

lim 1 irkf (Mk — bk) = ff(x)G(dx) almost surely
1 D

n
n—>o0 Zk-_-l Ty k= ag
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(with D := {x : 0 < G(x) < 1}) holds for a class of functions f, then we may say
that the sequence {(M, — b,)/a,} has ergodic behaviour. It is natural to consider the
case where r, = n7¥ with 0 < y < 1. Unfortunately, for y € (0, 1), the above
equation is not true even for the indicator function (see Cheng et al. [2]). Hence we
only consider the case ¥ = 1, that is the logarithmic means. In the present paper, the
following results are obtained (proofs are given in Section 2).

THEOREM 1. Suppose (1.1) holds for G = ®,, F(0—-) = 0, and a, and b, are
defined by (1.2) and (1.3). Assume f is an almost everywhere continuous function
which is defined on (0, 00). If there are constants B > 0, B € (0,a) and t > 0 such

that

(1.4) If @) < B(x? +x77) forallx >0,

then

(1.5) lim — ZN: lf (M" — b") = /cof(x)d>,,(dx) almost surely.
N~ logN £ n a, 0

REMARK 1. Condition (1.4) ensures that | f0°° f (x)®,(dx)| < oo. Indeed, (1.5)
still holds if we replace (1.4) by assuming that there are constants 8 € (0, o) and
7 € (0, 1/@) such that

If ®)| < B(x? +¢) forall x >0.

REMARK 2. Assume (1.1) holds for G = ®,, and f is an almost sure continuous
function f which is defined on (—o0, 00). If there are constants B > Oand 8 € (0, @)
such that

If )] < B(jx| + 1) forx e R,

then (1.5) holds.
Note that since

/mx%a(dx) —I'(1 - BJa),
0

we have

1 LM
(1.6) Jim oz N ; “ =T(1 —B/a) almost surely.

n
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THEOREM 2. Suppose (1.1) holds for G = WV,,, and a, and b, are defined by (1.2)
and (1.3). Assume g is an almost everywhere continuous function which is defined on
(—00,0). If there are constants B > 0, B € (0, «) and t > 0 such that

(L.7) lg()| < B(Ix|™® + |x|") forall x <0,
then
N 1 0
(1.8) ll_{rgo logN X;; ( py ) = /:oog(x)\lla(dx) almost surely.

REMARK 3. Assume (1.1) holds for G = W,, and g is an almost everywhere
continuous function which is defined on (—o0, 00). If there are constants B > 0 and
B > 0 such that

lg(x)| < B(|x| + 1)? forx € R,

then (1.8) holds.
Note that since for any positive integer £

0
f xPW,(dx) = (=1)’T(1 + B/a),

00

we have

1 &M, —xp)f
19 ‘L“;mgzvz( t 2 = (~1Y'T(1+B/e)  almost surely.

THEOREM 3. Suppose (1.1) holds for G = A, and a, and b, are defined by (1.2)
and (1.3). Assume h is an almost everywhere continuous function which is defined on
(—00, 00). If there are constants B > 0 and > 0 such that

(1.10) |h(x)| < B(Ix| + 1)? forx e R,

then

(1.11) hm

N
1 oo
ogN Zl - ( - ) = /:oo h(x)A(dx) almost surely.

REMARK 4. Under the conditions of Theorem 3, if 8 is a positive integer, then

. 1 Al (Mn_bn)ﬁ B (B)
(1.12) r«lg’lologzv; — = (=1)’T®(1) almost surely,

where ') (1) denotes the B-th derivative of the gamma function at x = 1.
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REMARK 5. According to [7, Proposition 2.1], if (1.1) holds, then under additional
conditions on the left tail of F, we have

s [TA—B if G(x) = @ (x),
(1.13) nlirg E ( "a ) =1 (-1 T + B/a) if G(x) = W, (x),
" (-DPT®(1) if G(x) = A(x),

where a, and b, are defined by (1.2) and (1.3), and in the last two equations, 8 should
be positive integer. Thus by (1.6), (1.9) and (1.12) we have

N

. 1 (Mn - bn)ﬂ _
)Jl_r)rolo log N Z TEM — by 1 almost surely.

n=1

REMARK 6. It is obvious that (1.1) holds for constants a, and b which satisfy

a,/a, - 1

0, —by)/a, —> 0

as n — 00, where a, and b, are defined by (1.2) and (1.3) (see [7, Proposition 0.2]).
Moreover, Remark 2, Remark 3 and Theorem 3 hold for above constants a, and b],.

2. Proofs

For every measurable function [ let
S(l) = {x : l is continuous at x}.

The proofs of our theorems are mainly based on the following lemmas. The proof of
Lemma 1 below is very standard and we omit it.

LEMMA 1. Assume {Z, Z,, n > 1} is a sequence of random variables with distri-
bution functions {G, G,,n > 1}. Assume {Z,} converges in distribution to Z, that
is

2.n lim G,(x) = G(x), forx e S(G).

If L is a real-valued almost everywhere continuous function with respect to G, that is
Pr(Z € S(1)) = 1 and {{(Z), I(Z,), n = 1} is uniformly integrable (for definition of
uniformly integrable, see 3, page 93)), then

2.2) lim EI(Z,) = EI(Z).

n—>00
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=0]=1

where 1(A) denotes the indicator function of set A, and a, and b, are defined by (1.2)
and (1.3).

LEMMA 2. Assume (1.1) holds. Then

1 1. /M, —b
Z—l( k k_<_x)—G(x)
lognk=1k a

k

D

(2.3) Pr [ lim sup
n—00

PROOF. See Cheng et al. [2]. O

=0},

Next we are going to prove our theorems. Set

1 A1 M, —b
1 ox T )-G
logNZ ( ’]< a ) )

n=1 n n

24) Q= [w: lim sup

N> cep

From Lemma 2 we know
(2.5) Pr(2,) = 1.

Assume {W;, j > 1} is a sequence of independent random variables with common
distribution function ®,. It is easily seen that {U(1/(1 — ®,(W;))),j > 1} is
a sequence of independent random variables which have the same distributions as
{X;,j > 1}. For the sake of simplicity, we assume that X; = U (1/(1 — ®,(W;))),
for j > 1. Using the well-known inequalities for regular variation and IT-variation (see
Geluk and de Haan [4, Proposition 1.7.5 and Proposition 1.19.4]), we may concentrate
on dealing with {W,, j > 1} (see (2.9) and (2.13) below).

For 1 < m < n, set W(n,m) = max,_mt+1<j<n W;. Obviously, W, ,/m has
distribution function &, and M, = U(1/(1 — ®(W(n, n)))) forn > 1. We also have

2.6) W(n,n) > oo almost surely as n — 00.

PROOF (of Theorem 1). Put§ = (8/a +1)/2 and d®> = (a + B)/(28). Thend > 1
and § € (0, 1). Throughout the proof we use C to denote a positive constant, and we

let O(1) refer to almost surely.
We write
M|
an

|

1
Q= i -
2= 2 P log N 2.5

n=1

First we show that

2.7 Pr($%;) = 1.

https://doi.org/10.1017/51446788700001932 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001932

176 S. Cheng, L. Peng and Y. Qi 7]

Write Sy = (log N)™! Z"_l n~!|f (M,/a,)|°. Then (1.4) implies
1 N 1 —dt 1 N 1 Mn dﬂ
Sw (o NZ;( ,,) +logN"2=1:;(a,,)

i

ZN: 1 (U(l/(l - & (W(n, n)))))“‘
n U(n)

XN:l (U(l/(l - I(W<n,n)))))‘”‘
logN — n U(n)

n=

= C(Sy + S,‘vz)).

Since U € RV, Potter-bound inequality (see Geluk and de Haan [4, Proposi-
tion 1.7.5]) implies that there exists 7, > O such that

U(tx) < oyl
e —

forall ¢t > f and x > 1. Since U(x) is non-decreasing, we have

ua/a - e (Wn,m))) _ 1 2
Un) B (n(1 = ®(W(n, n))))*

for all n > ,. Hence

N

1 1 A8
(2.8) Sy = 0(1)+c@;;(n(1 — & (W(n, n))))
~0 1)+c—1—ZN31( (1= &, (W(n, m))~
= O( log N v 1n " ! n, )
0(1) Win,n)\’

since 1 — ®,(W(n, n)) ~ (W(n, n))~! holds almost surely from (2.6).
Note that for each N > 2, there exists m > 2 such that 2" < N < 2™ and

N 1 /W, n) s
logNZ:Z( )

1 21 (W, n)\’
S(m—l)lothg;( n )

mn o Z W(n, n)
(m— l)logZZ Z ( >

J=1 n=2-

(2.9)
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m W, 2\
Sm——IJZ:l:( 2 )
2.

J
— (Z(W(z'; 270+ (w(, 1))5)

1A

i=1

= i i—1\8 P L
Il (;(W(2,2 ) HW(LD));Z”

28 1 m W2i,2i‘l 8
e T p— (Z(_('TT‘)') +(W(1,1))5).

i=1

Since {(W(2},2"12!-1)¢ i > 1} is a sequence of identical and independent random
variables with finite means E W?, by the strong law of large numbers we have

m (WL 27D\
(2.10) ! 0 Z( (2_’ ; )) — EW?  almost surely.
m— i-

i=1

Therefore, by (2.8), (2.9) and (2.10) we have $? = 0(1). In order to prove (2.7), we
only need to show that

(2.11) sV = 0Q1).
Using Potter-bound inequality, for some t;, > Oand C > 0

U(tx) —

(2.12) vo 2

holds forall t > ¢, tx > t;, and x < 1. From (2.6), 1 — ®,(W(n, n)) — 0 almost
surely. Hence,

1
Pr (1 —®o,(W(n,n)) > = infinitely often) =0.
1

It is easy to check from (2.12) that

1 &1 U/ =D (Wn,m)))\ ™" 1
n __ 2
S = logNZn( T ) 1(1—¢1(W(n,n)) 5")

n=1
1 &1 /U0(1/(0 =& (W, D))\ " 1
+logN ;;( U(n) ) l(l—q)l(W(n,'l)) >t1>
N
= 0(1) + 1_1‘ l(n(l — @ (W(n, n))* /=
ogN “=n
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0( ) n d*t/a
"O(IHWZ (wom)

For N > 2,2""! < N < 2™, it may easily be proved that

1 N oq n d*t/a C m j-1 d*t/a
2.13 - < — —_— s
( ) logNnZ;n<W(n,n)) _m—IZ<W(21,2J“))

Jj=1

which is bounded almost surely by the strong law of large numbers since
{(n/ W(n, n))"z’/"} is a sequence of identical and independent random variables with
finite means lE(Wl)“’Z’/". Thus, (2.11) is proved. This completes the proof of (2.7).

SetQ = Q,N,. From (2.5) and (2.7) we have Pr(2) = 1. PutK(N) = Z:’:x 1/n.
Fix w € Q and write

1 K M,
FN(.X') K(N) 1( 00‘]<a ), x € R.

Then { Fy} is a sequence of distribution functions. Let Zy have distribution Fy and Z
has distribution ®,. Since K(N)/logN — 1as N — 00, we have

A!im sup | Fy(x) — ®,(x)| =0.

Note that

K(N)

/ fx)dFy = I——Ef(ZN)

M,\ _K®N)
) " logN

a,

1 XN: 1f
log N “—~'n

By the definition of  we know that {f (Z), f (Zy), N > 1} is uniformly integrable.
lim

Thus by Lemma 1

This proves (1.5). O

PROOF (of Theorem 2). Put ¥; = 1/(xf — X;) for j > 1. Then max,.;, ¥; =
1/(xp — M,) and
maXi<j<n ¥j a4

- &,.

-1
a,

Put f (x) = g(—x7") for x > 0. Then (1.4) is satisfied because of (1.7). Using
Theorem 1 we have (1.8). 0
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PROOF (of Theorem 3). Note that (1.1) implies

Utx) = U@

lim Ut — 00 logx forallx >0

(see de Haan [5, Theorem 2.4.1]), using the known inequality for IT-function (see
Geluk and de Haan [4, Proposition 1.19.4]), for every € > 0, there exist C > 0 and
t; > 0 such that

Uix)y—U@® _
< C € €
| Uae) - Uy | = ¢ )
for all t > t, and tx > 1,. Following the lines of proof of Theorem 1, we have
(1.11). O
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