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Introduction. Let R" be the n-dimensional Euclidean space with the usual norm
denoted by |-|. In what follows Q will denote an open bounded subset of R”, and Q its

closure. _ -
For a € (0, 1], C**(Q, R) is the space of all functions u: Q— R such that:

ha(u):=sup(lu(x) — u(y) |/lx — y|* 5,y €Q,x #y} <w.

C**(Q,R) is called the Hélder space with exponent a and is a Banach space when
endowed with the norm:

Netllo,o = lltllec + o),
where ||u||. is, as usual, defined by:
|4/l = sup{lu(x)l; x € Q}.

Let moreover f = f(x, ) be a real valued function defined on Q X R.

The aim of this paper is to find conditions on f ensuring some continuity and
differentiability properties of the so called Nemitskii operator induced by f; i.e. the
operator F defined by

F)x)=f(x,u(x)) (xeQ)

for real valued functions u defined on Q.
More precisely we show that:
(a) if f satisfies the assumption

(H) f e C*Y(Q x I, R) for any bounded interval / = R,

then F maps C**(Q, R) into itself;

(b) if f =f(x, ¢) is differentiable with respect to the real variable ¢ and its derivative

fi(x, t) satisfies (H), then F maps C**(Q, R) continuously into itself;

(c) finally, if f is twice differentiable with respect to ¢ and the second derivative f}

satisfies (H), then F is continuously differentiable.

The same results can be obtained if f is a real valued function defined on
Q x R™(m = 1); the corresponding statements are given in §3.

Continuity properties of the Nemitskii operator operator in Sobolev spaces rather
than in Ho6lder spaces are proved by Valent in [3]; he shows (Theorem 2) that if Q has the
cone property, if f € C"(Q X R) and mp >n, then F maps W™?(Q) continuously into
itself.

We end this note with an application of the results above in the degree-theoretical
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approach to non linear elliptic boundary value problems of the kind:

{f(x, u, Du, D’u)=0 (in Q)
u=0 (on 3Q).

1. Continuity. Let Q and f be as in the Introduction. In this section we state
conditions on f ensuring that the corresponding Nemitskii operator maps C>*(Q, R) into
itself and is continuous.

THEOREM 1.1. If f satisfies (H), then F maps C**(Q, R) into itself.

Proof. Let ue C**(Q,R) and M = ||uljo.; then |u(x)|SM Vx e Q. Let moreover
I=[-M, M] and k = k(I) be the Lipschitz constant of f relative to /. Then

If (x, uw(x)) = F O, uDI/x = p1* S k{(lx =yl + [u(x) —u()D/x =y1*}  (x,yeQ).
If d denotes (diam Q)'~%, one gets
ho(F(w)) = k{d + ho(w))}. (1.1)
Moreover, for any (x, t) in Q x /,
IF(x, DI =+ k{|x —xo| +t]},

where x, is an arbitrary point in Q and ¢ = |f(x,, 0)|.
Therefore, for all x € Q,

If e, w@)) = + k(e + ||ulls), (1.2)

where c, is the radius of a ball centered at x, and containing Q.
Finally, taking into account (1.1) and (1.2), we get

IF@)llo.«=c +k(cz+ llullo.s),

where ¢, =d + ¢;.

THEOREM 1.2. Let f, denote the partial derivative of f with respect to the real variable t
and assume that f, satisfies (H). Then:

(i) the Nemitskii operator G induced by f,; maps C**(Q, R) into itself
(it) the Nemitskii operator F induced by f is locally Lipschitzian and hence
COntnRUous.

Proof. (i) is a consequence of Theorem 1.1. (i) Fix ueC**(Q,R), let N=
lullo.« + 1, J=[—N, N] and let k be the Lipschitz constant of f; corresponding to J.
Then, arguing as in the proof of Theorem 1.1, we get

G+ Ev)llo.a = +k(ca + [lu+ Evl) (1.3)
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whenever £ € [0, 1] and v € C>*(Q, R) is such that ||v||,,=1. Now write

flx ux) +v(x)) = f(x, u(x)) =L fi(x, u(x) + Ev(x))v(x) d&

- [ 6w+ Bepe d
whence
1P +) = F@)I = | G + Ev)ul dE. (L5)
From (1.4) we also get
£, ) + v(x)) — £z, w(x)) = F (3, u(y) + V() + £, uGII/Ix = y1°
= [ 16 + 80)(:) ~ Glu+ )OWON—yIdE, (1)
which shows that
ho(F(u + v) — F(u)) = fo ' hA(Gu+ Evyw) dE (1.7)
Therefore, from (1.5) and (1.7),
£ +v) = F@lo. S | G u+ Byl dE.

One checks easily that ||wvlloo=m |[Wllo,sl|V(lo,, for some m =0 and all w,ve
C>*(Q, R); therefore we have

PG +0) = F@llo.a Sm [0l [ GG+ E)llo.0dE

whence, using (1.3), we finally get, if ||[v]|o . =1,
”F(u + 'U) - F(“)”o,a§ L ”UHO,M

where L = m|c + k(c, + N)]. This proves that F is Lipschitz continuous around u.

2. Differentiability

THEOREM 2.1. Let Q be as before, let f be twice differentiable with respect to the real
variable t, and assume that its second derivative f} satisfies (H). Then:
(i) the Nemitskii operator G induced by f, is continuous;
(ii) the Nemitskii operator F induced by f is continuously differentiable, with
derivative F'(u)[v] = G(u)v.

https://doi.org/10.1017/50017089500007023 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500007023

62 RITA NUGARI

Proof. (i) This is a consequence of Theorem 1.2. (ii) Set

w(u, v, x):=f(x, u(x) + v(x)) = f(x, u(x)) = f(x, u(x))v(x)

so that
wiw ) = [ 110 ue) + E) = £, uCe)loe) g
- [ G+ &) - Gy a,
whence
PG+ )= FG) = @l [ G+ 80) - Gl d&
Moreover,

Iw(u, v, x) — w(u, v, y)l/Ix = y|*
§f0 (G (u + &v) = G(u))(x)v(x) = (G(u + §v) = Gu)y)v )/ |x - y|* dE.

In other words,

ho[F(u +v) — F(u) — G(u)v] fo 1 o [(Gu + Ev) — G(u))v] dE.

We conclude that

IF(u +v) = F(u) = G(u)vllo,o S f (G (u + Ev) — G())vllo o dE

< m |[vllo.e j 1G @ + Ev) = G(w)lo. dE.

Now let €>0. By continuity of G (part (i)) there exists >0 such that

|G (u + Ev) — G(u)llo, o < € whenever ||ul| o< 8. Therefore,

I1F(u+v) = F(u) = G)vllo.a = € |0,
whenever ||vlly , <6, showing that F is differentiable at u with derivative F'(u)[v]=
G(u)v.

Finally, to show that F is continuously differentiable, let £ denote the Banach space
of all linear bounded mappings of C>**(Q, R) into itself, equipped with its usual norm
ITlle = sup{II T[v]llo.a 1V llo,e = 1}.

Since

IF'(u + w)v] = F'(u)[v]llo,« = 1G (4 + w)v = G(u)vllo,q
=m||Gu+w)=Gloellvlo,q
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we have
NF'(u+w)—F@lle=m||Gu+w)—Gu)llo,o

and the conclusion follows again from the continuity of G.

3. Vector-valued functions. If Q denotes, as before, an open bounded subset of
R", the same results given in Sections 1 and 2 can be stated when f=f(x,s)=
f(x, sy, ..., 5,) is a real-valued function defined on Q X R™(m =1).

We let here f;=(f;,,...,fs,) denote the gradient of f with respect to the variable
s € R™, while f{ will denote the m x m Hessian matrix (fi) (i, j=1,..., m) of f with
respect to the same variable.

Moreover, the symbol I will denote here a bounded interval in R™:

I={x=(0,...,x,)eR™:aq;<x;<b;,i=1,2,...,m}

(with a;, b; real numbers such that a;<b;, i=1,...,m) and I will denote the closure
of 1.
Finally, we choose for the space C**(Q, R™) the norm:

m
I[eello,o = Z e llo, o (u= (ur, ugy - . o, Up)).
i=1

THEOREM 3.1. Let Q be as before and let f : Q X R™— R be of class C*'(Q x I, R) for
any bounded interval I c R™; then the Nemitskii operator F induced by f, defined by
F(u)(x) =f(x, u(x)) for vector valued functions u:Q—R™, maps C>*(Q,R™) into
C*4Q, R).

THeOREM 3.2. With the same notations as before, assume moreover that f is
differentiable with respect to the R™ variable and that f, € C*(Q x I, R™) for any bounded
interval I cR™. Then:

(i) the Nemitskii operator G induced by f; maps C*>*(Q, R™) into itself ;

(ii) the Nemitskii operator F induced by f maps C**(Q,R™) into C**(Q,R) and is

locally Lipschitzian.

Tueorem 3.3. If f is twice differentiable with respect to the R™ variable and

fre C*Y(Q x I, R™) for any bounded interval I c R™, then:
(i) the Nemitskii operator G induced by f, maps continuously C**(Q, R™) into itself

(ii) the Nemitskii operator F induced by f maps C**(Q, R™) into C**(Q, R) and is

continuously differentiable with derivative

(F'Wv]=G'Ww)-v (4, veC"¥(Q,R™)),
where - denotes the scalar product in R™; explicitly,

(F'(@)[v])(x) = f5(x, u(x)) - v(x)
= ;f 5%, u(x))vi(x). (3.1)
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4. An application to nonlinear elliptic problems. Let C**(Q,R) be the space of
real functions defined on Q, with derivative up to the second order in C*(Q,R). We
equip C>*(Q, R) with the usual norm:

lullze= 2, 1D*ullo,a

|k|1=2

where k = (k, .. ., k,) is a multiindex, |k| =k, +...+k, and
a'*ly

Dfy=—"——
3 x, ... 0%x,

Let moreover f =f(x, t, p, q) be a real valued function defined on Q X R X R" X
R*=QXxR™ (m=1+n +n2) and consider the following nonlinear boundary value
problem:

{f(x, u, Du, Du)=0 (in Q), @.1)

u=0 (onaQ),

where Q has smooth boundary 8Q and Du, D*u are shorthand notations for the first
(resp. second) order derivatives-of u.

One seeks C>* solutions of (4.1).

One way of attacking (4.1) is to use degree theory for Fredholm mappings, as
suggested by K. D. Elworthy and A. J. Tromba in their paper [2]. To do this, one basic
requirement to fulfill is that the Nemitskii operator F induced by f be a smooth (e.g. C')
mapping between C>%(Q; R) and C**(Q, R); moreover, one needs the explicit expres-
sion of the derivative F'(u) in order to check that Fis a Fredholm mapping of index zero
(see e.g. Berger [1] for the definition). To this end we prove the following result.

THeoreM 4.1. Let f=f(x,t, p,q) be as above and assume that it satisfies the
assumptions of Theorem 3.3. Then the induced Nemitskii operator

F(u)(x) =f(x, u(x), Du(x), D’u(x))  (xeQ)
maps C**(Q, R) into C>*(Q, R) and is continuously differentiable, with derivative

(F WD) =£(x, u(x), Du(x), Du(x)v(x)
+ 3 f3c u(a), Due), Du(w)) 31 )

2

+ E fa (% u(x), Du(x), D’u(x)) =

l]—

(x) (4.2)

for any u,v e C>*(Q, R).
Proof. Let j be the isometry of C>*(Q, R) onto C**(Q, R™), defined by
ju = (u, Du, D*u),
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and let F be the Nemitskii operator induced by f on C*%(Q, R™); i.e.
Fw)(x)=f(x, v(x)), veC”(Q,R™).
We have
Fu)=F(u) (veC*¥(Q,R));
i.e. F=Foj Therefore, by Theorem (3.3), F maps continuously C>*(Q,R) into
C**(Q, R) and is continuously differentiable; moreover, by the chain rule,
F'(u)=F'(ju)°j
or
F)v]=F'(jw[jv] (4, veC*¥Q,R)).
Therefore, by the explicit formula (3.1),
(F'(@)[v](x) = f2(x, ju(x)) - ju(x)
=f!(x, u, Du(x), D*u(x)) - (v(x), Du(x), D*v(x)),
which is nothing but the shorthand version of (4.2).
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