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Abstract. In this paper we construct an example of a homeomorphism of the circle
onto itself which is C°°, has no periodic points and no dense orbits. Moreover, the
homeomorphism will have no more than two points of zero derivative. We alter
this example to form a C°° map of an interval to itself which has homtervals.

Introduction
Let T denote the smooth manifold R/Z, the circle with unit circumference and,
for any p e U, let rp : J -* ¥ be the map given by

A theorem of Denjoy [2] says that if / : T -* J is a C1 diffeomorphism, / has irrational
rotation number p and the derivative of / has bounded variation, then / is conjugate
to rp, i.e. there exists a homeomorphism h : ¥-»¥ such f°h = h°rp. In fact, Denjoy
showed that if / satisfies the hypotheses above then / has a dense orbit and it
follows easily from this that / is conjugate to rp. Poincare showed that a homeo-
morphism / : ¥ - » ¥ has a periodic orbit if and only if it has a rational rotation
number. With the theorem of Denjoy this implies that every C1 diffeomorphism
/ : ¥ - » ¥ whose derivative has bounded variation either has a periodic orbit or every
orbit is dense, depending on whether the rotation number is rational or irrational
respectively. Denjoy [2] (see [3], [5]) constructed examples of C1 diffeomorphisms
/ : ¥ - » ¥ with arbitrary irrational rotation number which have no dense orbits.
Katok (see [4]) has constructed homeomorphisms / : ¥ - • ¥ with arbitrary irrational
rotation number which have no dense orbits and which are C°° diffeomorphisms
away from one point of ¥.

In this paper we show that there exist homeomorphisms / : ¥ -» ¥ with arbitrary
irrational rotation number which are C°° on all of ¥ and which have no dense
orbits. Moreover, the derivative of / will be zero at no more than two points of ¥.
Following the method of Coven & Nitecki [1], we show that such a map of ¥ may
be modified to form a C°° map of an interval to itself which has homtervals, partially
answering a question of Nitecki [6].

This problem was suggested to the author by Richard McGehee for whose
assistance throughout the author is most grateful. Also I wish to thank Michel
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262 G. R. Hall

Herman and the referee for correcting an error in lemma 7 and for suggestions
simplifying the presentation of this paper.

Notations and definitions
Let A denote Haar measure on T = R/Z. For any p e U the map rp : J -* T defined
by

will be called rigid rotation by p. Let 17: R-»Z be the natural covering map

Then any continuous map / : T -» T has a unique lift F: R -> R such that F(0) 6 [0,1)
and

TJ°F=/°TJ.

We shall always denote maps on T with small Latin letters and the corresponding
lift with the corresponding capital letter. Given / : T -» T, the lift F: R-» R will have
the same continuity and differentiability properties as /. The nth iterate of a map
/ : ¥ - • ¥ or F : U-*R will be denoted by / " or F" respectively, i.e.

/ »= /o / " - 1 and F"=FoFn~\

Definition. For F : R ^ R a /-times differentiate map we define

\\F\\c' = sup
x e R

+ SU

Definition. For / : T-»T continuous, we say that / is degree one if for all xeU,

Definition. A map / : T -» T will be called non-decreasing if, for all x, y e R,

x < y implies F(JC)<F(V) .

Some lemmas
The following lemmas will be needed.

LEMMA 1. / / / : T-» T is a continuous, non-decreasing, degree one map then

,. Fn(x)
hm
n-.oo n

exists for every i s H and is independent of x.

Remark. This limit is called the rotation number of / and will be denoted rot (/).
Recall that we require that F satisfy F(0) € [0,1). If we were to drop this condition
on the lift of / then only the fractional part of the rotation number would be
independent of the choice of the lift.

LEMMA 2. / / / „ : T-»T are continuous, non-decreasing, degree one maps for n =
0,1, 2 , . . . and if fn ->/0 uniformly then

rot (/„)-*rot (/„).
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C°° Denjoy counterexample 263

LEMMA 3. / / / , g: ¥ - » ¥ are continuous, non-decreasing, degree one maps and if
there exists e > 0 such that for all xeU

G(x)>F(x) + e

then rot (g) > rot (/). Moreover, if rot (/) or rot (g) is irrational then rot (g) > rot (/).

The proofs of these three lemmas are only slight modifications of results for
homeomorphisms of T which may be found in [3] (II 2.3, II 2.7 and III 4.1.1
respectively).

Main theorem
We can now state the main result of this paper.

THEOREM 1. For any irrational pe[0,1) there exists a homeomorphism f: ¥-»¥
such that rot (/) = p, / is C°° and f has no dense orbits.

More specifically, we prove the following theorem which clearly implies theorem 1.

THEOREM 2. For any irrational pe[0,1) there exists a homeomorphism / : ¥ - » ¥
such that rot (/) - p, f is C°°, / has no dense orbits and F: M-> U has at most two
points of zero derivative in [0,1).

We shall proceed by proving four easy but technical lemmas.

LEMMA 4. / / / : ¥ -» T is a continuous, non-decreasing, degree one map with irrational
rotation number p e [0,1) then the following are equivalent:

(i) / has no dense orbits;
(ii) there exists a non-empty interval I <= ¥ and BeJ such thatf" (0) <£ I for all n > 0;

(iii) there exists an interval / c j such that A (/) > 0 and A (/" (/)) -* 0 as n -* oo.

Proof. As we noted in the introduction, / will be conjugate to rigid rotation by its
irrational rotation number p if and only if / has a dense orbit. Hence / has one
dense orbit if and only if all its orbits are dense. So (i)«-*(iii) is clear.

One can easily show that there exists a continuous, non-decreasing map h : ¥ -* ¥
such that

h°f=rp°h,

i.e. / is semi-conjugate to rigid rotation by p (see [3], II 7.1). Then h is injective
if and only if / has dense orbits, while if h is not injective then there is a non-trivial
interval / c j such that h{I) is a singleton. It follows easily that {f(J)}n>0 is a
disjoint family of intervals. Hence we have (i)«-»(iii) and the proof of the lemma
is complete. •

LEMMA 5. Suppose f: ¥-> ¥ is a C°°, non-decreasing, degree one map with irrational
rotation number pe[0,1). Suppose there exist c, deU such that | < c < d < | and
dF(x)/dx =0 if and only if-q(x) s T/([C, d]). Then for an arbitrary positive integer n
and s >0 with s(d — c)>e, for any 8>0 there exists a C°°, non-decreasing, degree
one map g : ¥ -* ¥ depending on n, 8 and e which satisfies:

(i) ||G-F||c-<«;
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264 G. R. Hall

(ii) \dG(x)/dx-dF(x)/dx\<8dF(x)/dx for allx such that

r]{x)^r]{(c-\{d-c),d+\{d~c)));

(iii) rot (g) = p;
(iv) dG(x)/dx = 0 if and only if

Proof. To define a map g: T -* T we shall first define a map G: [0,1) -* U such that
fi

G > 0 and G(x)dx = l.
Jo

Next we extend G to a periodic map G:R-»IR with period one. For any a eU, if
we define

Ga{x)= f G(y)dy+a,
Jo

then Ga is the lift of a unique non-decreasing, degree one map ga: T -> T. Moreover,
if G: R-» R is C°° then so is ga.

Fix a positive integer n and real numbers e, S > 0. Without loss of generality we
may assume 8<\. Since

— (x )>0 for all x e [ 4 ^ ]

there exists £ > 0 such that

^f(x)>C for all ace [ 4 ^ ] .dx

Let <t>: U-* U be a C°° bump function with support in [- |e, |e] such that ||</>||C" <45,
<^(x)>0 for all x e ( - |e , |e) and <£(*) <5^ for all x e R. Let

for all x e [0,1). Note that G >0 and

J'1 f1 dF C1 f1

G{x)dx=\ —(x)dx+\ it>(x-(c+kd-c)))dx-\ 4>{x-k)dx
o Jo dx Jo Jo

= 1.
Moreover, since <j> (x - (c + \{d - c))) and <f> (x -1) are both zero in neighbourhoods
of zero and one it follows that, if we extend G to a periodic map G: IR -» U with
period one, then this map is C°° on U. For each a e IR define

Ga(x)=\ G(y)dy+F(0) + a.
Jo

For each a e U, Ga is the lift of a unique C°°, non-decreasing, degree one map
ga: T -» T. By lemma 2 we may fix a' such that the map g = ga' has rotation number
p. Noting that

If G(y)dy+F(0)-F(x) <2 f
I Jo J-e
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C°° Denjoy counterexample 265

we see by lemma 3 that |a'|<§5. Hence it is clear that g satisfies (i), (iii) and (iv).
Finally, since

dF,
sup

e[O, 1/4)

G(x)- —
dx < sup

we see that (ii) is also satisfied by g and the proof of the lemma is complete. •

LEMMA 6. Suppose g: T -» T is a C°°, non-decreasing, degree one map with irrational
rotation number p e [0, 1). Suppose that for some c, d, e e R with \<c^d<\ and
l{d-c)>e>0 we havedG(x)/dx=O if and only if

and suppose there exists a positive integer r such that

Then for arbitrary n eZ+ and <5 > 0 there exists a C°°, non-decreasing, degree one
map h: T -> T depending on n, S and e which satisfies

(i) \\H-G\\c»<8;
(ii) \dH(x)/dx - dG{x)/dx\< S dG{x)/dx for allxeU such that

(iii) rot (h) = p;
(iv) dH(x)/dx = 0 if and only if

1(x)€V([c,c+kd-c)-i2e]);

(v) hr(r,([c+kd-c) + 12e,d]))^-n((c,c+kd-c)-12s)).
Proof. We define h:T-*T by the same procedure as in the proof of lemma 5, i.e.
we define the derivative of its lift on [0,1). Fix a positive integer n and a real
number S > 0. Without loss of generality we may assume S < \. Let £ > 0 be such that

^ (x )><r for all xe [0,1].
dx

Let i/fiR^RbeaC00 bump function with support in [c + \{d - c), d + \e ] such that

UWc <\8, 0

and
forallxe

Then for each a, 0 < a < 1, define for all x € [0,1)

Ha(x) ^(x) +
dx

Since Ha >0, Jj Ha(x) <ix = 1 and both ijt(x) and il>(x-(c +\{d-c))) are C°° flat at
zero and one we may proceed as in the proof of lemma 5. First extend Ha to a
C°° periodic map Ha : U-*U with period one. Then for each a, 0<a < 1, we know
by lemma 2 that there exists A(a)eR such that the map /ia:T->T whose lift is
given by

Ha(x)= f Ha
Jo
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266 G. R. Hall

has rotation number p. As in lemma 5, ha will satisfy (i)-(iv) for each a, 0<a < 1.
Moreover, since

is a single point and A'->g'asa->0we may choose a', 0 < a' < 1, so small that

Hence ha' is the required map and the proof of the lemma is complete. •

Remark. If in lemma 6 we replace the condition

gr(r,(d))er,((c,c+kd-c)-h))
with

and the conclusions (iv) and (v) with
(iv') dH(x)/dx = 0 if and only if r/(x)e TJ([C + \(d-c) + \e, d]),
(v') h'(-n{[c,c+h(d-c)-he}))^-n{{c+\{d-c) + \e,d)),

then we obtain another lemma which we will call lemma 6'. The proof of lemma
6' is, of course, almost the same as the proof of lemma 6.

LEMMA 7. Suppose g: T -» T is a C°°, non-decreasing, degree one map with irrational
rotation number pe[0,1). Suppose for some c, d, E&U with 5 < c ^ d < f and
k(d-c)>e>0 we have that dG(x)/dx = 0 if and only if

r,(x)er,{[c, c +l(d -c)-h])v r,([c +k(d - c) + l2£, d]).

Finally, suppose that for all integers i > 0,

g'(7,(d))*v{(c,d)).

Then there exists a homeomorphism h: T -> T which is 0°°, has rotation number p
and for all i > 0,

Moreover, dH/dx = 0 if and only if rj(x) = TJ(C) or r)(x) = -q(d).

Proof. Let a = G(d) - G(c). Define

a\ exp(-\/(y-c)2-l/(y-df)dy

exp(-l/(y-c)2-l/(y-df)dy

for all x £ (c, d) and

Hr(c) = G(c) and H1(d) = G(d).
Then

i ( ) 0 (c)
dx ax ax ax

and

- ( x ) > 0 for all x e (c, d).

^(<i) = 0 = — ( d ) foralln>0
ax
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C°° Denjoy counterexample 267

Define H:U^U by

ifri(x)ev((c,d)),

where [•] denotes the greatest integer function. Then H:U-*M is a C°° map with
dH(x)/dx >0 for all x e K and dH{x)/dx = 0 if and only if TJ(X) = TJ(C) or -q(x) =
r){d). Also,

for all x 6 U, so / / is the lift of a unique homeomorphism h : T -» T which is

Since G and H differ only at points xeU such that 17(JC)6 17((c, rf)) and since

g'(ri(d))£ TJ((C, d)) for all / > 0

we see that

G'(d) = H'(d)
and hence

g'(r](d)) = h'(Tf(d)) for al l />0.

Hence

rot (/z) = rot (g) = p

and

h'(Ti(d))& ri((c,d)) for al l />0.

So h is the required map and the proof of the lemma is complete.. •

Remark. Again we note that if in lemma 7 we replace the condition

with

g'(Tj(c))*7j((c,rf)) for all i > 0

and the conclusion

with

h\ri(c))£Ti(c,d)) for all/>0

then we obtain another lemma whose proof is essentially the same as the proof
above. We shall call this version lemma T'.

Proof of theorem 2. Fix an irrational p € [0,1) to serve as rotation number. Let
/i,o: T -» T be a C°°, non-decreasing, degree one map such that

F,,o(0) = 0 and —M(x) = 0
dx

if and only if ri(x)e T/([|,|]). Then for each Ae[0,1) let /i,A:T-»T be the unique
map whose lift is Fit0(x) + A. Lemma 2 implies that there exists a A' 6 [0,1) such that

rot (/1>A0 = p.
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Let/i =/I,A' and let

Suppose we have constructed maps

/ i , - - - , /» :T-*T,
sequences

2 = cx = c2<c3 = c 4 < • • • cn, I = di>d2 = d3>d4=- • • dn

and integers

1 = mi < m2 < m3 < • • • < mn

such that for / = 1, 2 , . . . , n the following conditions are satisfied:
(1) /; is C00, non-decreasing and degree one;
(2) rot(/ ,)=p;
(3) dFi(x)/dx=Oif and only if v(x)e TJ([C,, rf,-]);
(4) 0 < ^ - c , 1

(5) HF.-^ill
(6) \dFi(x)/dx-dFi+x(x)/dx\<(l/2'+1) dFM/dx, whenever

, -kdi -ct), di+kdi-ct)));

(7) 0<A(/J(T/( |>, 6])))<l/2*"1, whenever mk-X^i<mk for /c = 1, 2 , . . . , i;
(8) fkvda, b]))nv([Ci, dt]) = 0 , whenever 0</<m, and

We shall attempt to perturb the map /„ to form fn+i: T-»T so that (l)-(8) above
are satisfied for / = 1, 2 , . . . , n + 1. First, we shall assume that n is odd; the construc-
tion for n even is very similar and will be mentioned later.

Fix e > 0 so that

fn"(v([a, b]))cv{(cn +\(dn -cn) + he, dn -\e)).

By lemma 5, for each 8>0 there exists a C°°, non-decreasing, degree one map
gs : T -> T such that

\\Gs-Fn\\c-<8l2n+\

dGs, x dFn<
T ( * ) 7dx dx 2 dx

whenever i)(x)<L Tj((cn-\{dn -cn), dn +i(dn-cn))),

rot (gs) = p,

and

dx

if and only if

Tj(x)e T/([C, cB +sWn -cn)-|e])ui7([cM +|(rfn - c j + k dj) .
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Since G^F^ as 5 -» 0 uniformly for / = 1, 2 , . . . , mn we may fix 8', 1 > 8' > 0, so
small that for g = gs'

and

A(g'(r,([a, b])))<l/2k-1 for mfc_! s / < m b k = 1, 2 , . . , n

c», </„])= 0 forO</<mn.

Now we must consider the following two cases:
Case A. There exists r>0 such that gr(r)(dn))er]((cn, dn)),
Case B. For all r>0, gr(V(dn))£ i/((c, dn)).

If g satisfies case A, then we shall be able to perturb it to form a suitable map
/„+!. If g satisfies case B then we shall be able to alter g to form the map required
to complete the proof of the theorem.
Case A. We may assume that r is the smallest positive integer such that

Noting that

and

f'n(v(dn))£r,([cn,dn]) for all ; > 0

uniformly for 0 < / < r, we may assume that

gr{-n(dn))€-n{{cn,cn+\{\(dn-cn)-h}))

by taking 8' in the definition of g above smaller if necessary.
By lemma 6 there exists for each a > 0 a C°°, non-decreasing, degree one map

^ : T -* T such that

rot = p,

dx dx
:^T4-^-(x) forallxeR
2 dx

such that

f
Ty(x)e v((cn -\{dn~cn), dn +k(dn-cn))),

= 0 if and only if rf(x)er1((cn, cn+\{dn-cn)-h))

and

+!(</» -cB) + ^ ] ) ) c TJ((C|1, cn +k(dn - c ) - i e ) ) .
Since AJ, -» g' as o- -»• 0 uniformly for i = 1,2,... ,mn+r and since g'(7j([a, ft])) is a
single point for / > mn, we may fix a', 0 < a' < 1, so small that if /i = / v then

hi(r1([a,b]))nr}([cn,cn+h(dn-cn)-y])=0 for0</<mn+r

and
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270 G. R. Hall

whenever mk-\ < / < mk for k = 1, 2 , . . . , n,

\(h'(V([a,b])))<l/2n

whenever mn<j<mn+ r.
We define

/n+i = /i, cn+i = cn, dn+\ = cn+\{dn-cn)-\e, and wn+i = m n +r

With these choices, f\,fi,... ,fn+i satisfy (l)-(8) above.

Case B. By lemma 7 there exists a homeomorphism h : T -» T which is C°°, has
rotation number p and which satisfies

h'{-n(dn))^V({cn,dn)) for all / > 0
a n d

dH
-j~(x) = 0 ^ a nd only if 17 (JC) = TJ(C) or 17 (x) = 17 (*/„).

So h satisfies condition (ii) of lemma 4 and hence h has no dense orbits.

Remark. If n is odd then we obtain two cases A' and B' depending on whether

{g'(Tj(c))}r=, n r,((<:„, rfj)
is empty or not, respectively. In case A' we may use lemma 6' to produce the map
/n + i . In case B' we may use lemma 7' to construct the map h which satisfies the
same conditions as the map h in case B above.

To conclude the proof of theorem 2 we note that the above procedure either
produces an infinite sequence of maps f\,fi, • • • which satisfy (l)-(8) for all n > 1,
or for some finite n > 1 we encounter case B (or B'). In the former situation, by
conditions 1, 2 and 5, the sequence /1, / 2 , . . . converges to some map / : T -» T which
is C°°, non-decreasing, degree one and has rotation number p. Moreover, if

c = lim cn = lim dn
n-*oo n-*oo

(the limits are equal by condition 4), then by conditions 3 and 6 we have

— (x) = 0 if and only if T\{X) = T\(C).
dx

Hence / is a homeomorphism of T onto itself. Finally, by conditions 7 and 8,

A(/i(ij([a,A])))-»0 as/-*-00

uniformly in n, so

k(f{-n{[a,bM^0 as/^00,
i.e. / satisfies condition (iii) of lemma 4. Hence / has no dense orbits and therefore
/ is the map whose existence is claimed by the theorem. Note that the lift of / has
exactly one point of zero derivative in [0,1).

We have already seen that if case B (or B') is encountered for some finite n > 1
then a homeomorphism h : T -» T which is C°°, has rotation number p and has no
dense orbits may be constructed. Recall that the lift of h has exactly two points of
zero derivative in [0, 1).

In either case the proof of theorem 2 is complete. •
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Application to maps of the interval
Let / c R b e a n interval and let F: I -» / be a continuous map.

Definition. An interval / <= / will be called non-degenerate if / is not empty and
not a singleton.

Definition. A homterval for F:I-*I is a closed, non-degenerate interval /<=/
which is not in the domain of attraction of any periodic orbit of F such that

is a collection of disjoint, non-degenerate, closed intervals and F"\j is a homeo-
morphism for every n > 0.

Coven & Nitecki [1] have shown that the example of Denjoy of a C1 diffeomorph-
ism g: T -» T with no periodic points and no dense orbits can be modified to form
a C1 map of an interval which has homtervals. Following their construction, we
can modify a C°° map g: T -»T which is a homeomorphism with irrational rotation
number and no dense orbits given by theorem 1 above to form a C°° map of an
interval with homtervals, partially answering a question of Nitecki [5]. The construc-
tion proceeds as follows.

Fix an irrational pe[0,1) and let h : T-*T be a homeomorphism with rotation
number p which is C°° and has no dense orbits. Let / c f b e a closed connected
interval with positive length satisfying

/ T ( / ) n / t m ( / ) = 0 for all n, meZ, n^m

(any interval in the complement of an orbit will do). We may assume that / = TJ(/)
for an interval / = [a, b] <= (0, 1). Let H: R-> U be the lift of h with H(0) € [0,1), let

and let Hi'.U^U be the lift of h with //i(0) 6 [-1, 0), so

H1(x)=H(x)-l for all* eR.

Note that H is strictly increasing, so H~1(P)e(a, b). Define

F^t/a-l./S]-* [0-1,0]

r / x (H(x) i
Fi(x) = \

Hi(x) otherwise.
the discontinuity

only on the interval / we can form a C°° map
Then Fi is a C°° map away from the discontinuity at //"'(/Jje (a, b). By modifying

Moreover, if an interval J\ is chosen so that

•n(Jl) = hn{J) for some n > 0

so that

TJ(0)^A'(TJ(/1)) for a l l />0

(which may be guaranteed by taking n sufficiently large) then
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272 G. R. Hall

is a collection of non-degenerate, closed intervals. Since for each i > 0 there exists
m, jeZ such that

F'(Jl) = Hj(J) -m,

it follows that / i is a homterval for the map F and the construction is complete.
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