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SERIES EXPANSIONS FOR DUAL
LAGUERRE TEMPERATURES

DEBORAH TEPPER HAIMO

1. Introduction. In a recent paper [2], the author, with F. M. Cholewinski,
derived criteria for the series expansions of solutions u(x, t) of the Laguerre
differential heat equation xu,, + (@ + 1 — x)u, = u, in terms of the Laguerre
heat polynomials and of their temperature transforms. Our present goal is the
characterization of those solutions which are representable in a Maclaurin
double series in xe~* and in 1 — e~% Some of the results are analogous to those
derived by D. V. Widder in [4] for the classical heat equation and by the author
in [1] for the generalized heat equation.

2. Definitions. The Laguerre differential heat equation is given by
(2.1) Vou(x, t) = (8/0t)u(x, t)

where
Vof(x) = xf " (x) + (@ + 1 — x)f " (x).

We denote by H the class of all C? solutions of (2.1) and refer to a member
of H as a dual Laguerre temperature.
The fundamental solution of (2.1) is the function

4

e atl t
(2.2) glx;t) = [e, — 1] eV > 0,

whose associate function is
12 a+1l i
_ et 2 z
(2.3) glx,y;t) = [—te—] g EIEt=D g [M] ,t> 0,
e —1 e —1
where

S (3) = 22T (a + 1)z, (3),

I.(z) being the ordinary Bessel function of imaginary argument.
The dual Laguerre temperature transform #%(x,¢) of a function

u(x,t) € H is given by
(2.4) uT(x, t) = gle; ulx/(e' — 1),In(1 —e7%)), £ > 0.
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A subclass H* of H basic to our needs consists of those dual Laguerre
temperatures for which

(2.5) u(x, t) = ng(x, yit — Nuly, d A (y),
1 o
d A (y)= TatD" y'dy,

for every t,t',a <t <t < b, with the integral converging absolutely. A
member of H* is said to have the Huygens property.

In addition, we need the class (p, v) which includes those entire functions
f(x) = Yoy ayx™ for which

(2.6) Frﬁf— la " < 7.

n—o

The Laguerre heat polynomials p, .(x, t) are given by

2.7 Pral, ) = kzz:o <Z> 1‘(11;(71_’]; j_": —ll—)l) (xe—l)n—k a- e—l)k.

They are the Cauchy solutions (x, ) of (2.1) satisfying the initial condition
u(x, 0) = x". Their dual Laguerre temperature transforms w, (x, t) may be
given in the form

(2.8) Wy a(x, t) = (! — 1) g (x; Dpualx, —t), 1> 0.
From the basic generating relationship

. oSy _ Llet1) '
(2.9) gl vt 1) = 2 e 1) e a0, 1)

derived in [3], we have, by a direct computation,

(2.10) g, y;¢4+1) =

© (xe—t)m oo (1 _ e—t k ,
,,;) mT(m + a + 1) ;) p Dt Dttna(, 1),

3. Region of convergence. We establish the region of convergence of the
double Maclaurin series involved in our development.

LemMma 3.1. If, for vy 2 0,

_ 1/n
(3.1) fim J%L =,

then the series

o

m (x6-l m © (1 . e—t)k
3.2) 2 T a2 R
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converges for t € 9., where

83) 9, = {t]ln

117<t<ooif0§'y§1and

1+ Itf7>‘1}.

Proof. For any 6, 0 < § < 1, we have, as a consequence of (3.1),

ﬁ n
o] <K <08)

for some constant K and #» sufficiently large. Hence

-3 (e " L—e
B 7;) m!T'(m + a + 1) Z_':') lamir| =

< @eh " & ['y(m + )™=
Km—zo m!I'(m + o + l)kz: el ] k!

_ © ll . e—tl [ } (xe—l)m—k
_K;o mzk (m—Fk)ITm —k+a+1)"
Now, if £ > 0,

I\

1
r=x mz—o < > m!I'(m + a + 1) Pma(x, 1),

and an appeal to (4.8) of [3] yields the dominating series

1 latd {m —t ]m 2mz /- 1)
< 2 4 —_— —
I Kg:"o( ) mT(m +a+1)" i

which converges for

(1 —e )/ < 1,
or, on taking 8 arbitrarily close to 1, for
y(1 —e ) < 1.

Hence, if 0 < v < 1, the series (3.2) converges for all ¢ > 0, whereas if
v = 1, the series converges for 0 < ¢ < In (v/(y — 1)).
On the other hand, if ¢ < 0,

IéK,,,;(ea) T+ ot 1) D Pre(=x0),

and an appeal to (4.6) of [3] yields the dominating series

1 atl |, m
I<Amz—:°(e"> m!F(m+a+1)’"+[;(e —1)]

which converges, since § may be taken arbitrarily close to 1, for
vt —=1) <1
that is, for y =2 0, for In (y/(1 + 7)) < ¢t < 0. The proof is thus complete.
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Note that if the series (3.2) were to converge at some point (xo, ), to € 95,
then, in particular, the simple series

© —to\k

g L)
=0 k!

must also converge, and it would follow that

e

= lim

koo

1

ST=om

a

k!

age

k

lim

k—>c0

contradicting hypothesis (3.1).

4. Series expansion. We now establish our principal result.

TBEOREM 4.1. A necessary and sufficient condition that a solution u(x,t) of
the Laguerre differential heat equation (2.1) have the double Maclaurin expansion

@ —i\m o 1 W
@n = 3 e o5, A5
with
(4.2) ar =Tk +a+ D[0/0x)* u(x, 0)]=o

fort € D, 1is that u(x, t) € H* for t € 9,.

Proof. To prove sufficiency, assume that u(x, t) € H* for ¢t € Z,. Then,
for ¢, # withln (v/(v + 1)) < ¥ <t <lIln(y/(y — 1)) < o, we have

(4.3) u(x, t) = J:og(x, yit+thuly, —t")d A (y)

with the integral converging absolutely. We choose ¢ > 0. On substituting
(2.10) in (4.3) and on interchanging integration with summation, we have

(4.4) u(x,t) = ZO m!p(,(,fil ¥ 1) ; . _k!e_ :

X T+ 1) [ ul, Ol 0 A )

That termwise integration is justified is a consequence of the fact that an
appeal to (4.14) of [3] yields, for § > 0,

) (xe—t)m =) Il _ e—l’k
2 !I‘(m+a+1)z k!

m=0 M k=0

X Dt 1) [ ul, —)llnnnG, ld A 0)

a (xe™ )™ 21— m4+b \"
A 2, m!T(m + a + 1) 2 k! (e(e““‘s — 1))

m=0 k=0

Xf DI (i d A (y).

0

lIA
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The rightmost integral converges by Lemma 7.4 of [3], and the series clearly
converges by an argument similar to that used in the proof of Lemma 3.1.
Now, setting

@5) @ =T+ 1) f " uly, — 1wy, 1)d A (3)

and noting, by Corollary 7.2 of [3], that the integral of (4.5) is independent
of ¢, we have, on substituting (4.5) in (4.4), u(x, t) given by the double series
as required. Further, since

fee) xm

u(x, 0) = Zo o T om +a+ 1)°

the determination of the coefficients a; by (4.2) is immediate.
Conversely, to prove the necessity of the condition, assume that u has the
series expansion (4.1) for ¢t € 2,. Now, for ¢, ¢, with

In(y/(y+ 1) <t <In(y/(y = 1)) £ ®
we have

fg(x, yit —uly, t)d A (y)

—t )k © am(ye—-t’)m~k

f glx,y;¢ —t)d A (y)Z (1 i mzk m —R)Tm—k +at+l)

[

S swrii—0a A 0) X e e paan )

@ m
= mz::o m!I'(m + a + 1) Pra(%, 1),

where we have used the fact that p, «(x, t) € H* for all {, and where termwise
integration can be justified by appeals to (4.4) and (4.8) of [3]. Hence, using
the definition of p, «(x, ) we have

[ a i = i, a A @)

3 am 3 m F<m+a+ 1) —i\m—k — Nk
=”;0m!1‘(m—|—a+1);,(k)r(m_k+a+1)(x6) 1—-e9

_ a - e_t) > Atk C
—kz_:_o mzo m! Tm+a+1)

= u(x, 1)
so that u(x, t) € H* as required, and the proof is complete.
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Theorem 8.1 of [3] provides the following restatement of the theorem.

COROLLARY 4.2, For t € Z,,

& (xe )™ & (1—eh"
(46) v ) = 2 i Fa ¥ D) & R
if and only if

o)

y

4.7) ulx,t) = n2=0 m )pnu(x t).
An example illustrating the theorem is given by

(4.8) u(x, t) = 0= F (2(xae")?),

a function belonging to H* for all £. We have, in this case,
-k o am+lc(xe~z)m

=~ mTim +a+1)

w(,t) = Tla + 1) g} a

which is (4.1) with
= I'(e + 1)a*
as predicted by (4.2).

5. Simple series expansions. We establish the fact that if the double
series (4.1) is summed by columns, a dual Laguerre temperature with the
Huygens property may be represented by a simple Maclaurin series in x.

THEOREM 5.1. If u(x, i) € H* for t € &, and if g(t) = u(0, t), then, for

te€ 9,
c- [(a+ 1) m) [\ .m
(5.1) ulx,t) = ”;O miTm -+ 1) g™ ()x™.

Proof. By Theorem 4.1, we have

(5.2) we ) = 2) n'r(éxjr_oz 1) A Z i —m(fi)j

so that

(53) g(®) = u(0,1)

(1—6 "
P(a—l—l)z

Hence, successive differentiation yields

(54) g(k) (t) am+lc (1 e t)m (e—l)k.

INE + 1) m Z
Substituting (5.4) in (5.2), we obtain (5.1) as required.

We note that the example of (4.8) illustrates the theorem since, in this case,
¢() = e
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so that
g(k) (If) = (ae—t)kea(l—e-t)_
We then have

a(l—e~t) —NEy - I‘(a + 1) —t\m_a(l—e=t) ™
e S (2(xae ))_mz::omIF(m—l-a—l—l) (ae )"

as expected.

COROLLARY 5.2. There exists a solution u(x, t) of the Laguerre difference heat
equation which s equal to its Maclaurin double series expansion in xe=' and
1 —etfort € Dyandu(0,1t) = g(t) if and only if g(t) is equal to its Maclaurin
expansion in (1 — e~) for t € 9,.

Proof. The necessity of the condition is a consequence of the theorem. To
establish sufficiency, set

(0 = 2 i e

n=0
and form the series
= T(a+ 1)
Zomllm +at 1)

Since the series defining g (¢) is assumed to converge for ¢t € &,, it follows that

(5.5) ™ (1)x™,

1/n
I = 7.
n! =

lim
N—0

But by Lemma 3.1 this inequality is sufficient for the convergence of the series
(5.2) for t € &, and for its being equal to the series (5.5) for ¢t € Z,.

An alternative simple series expansion may be derived if the double series
(4.1) is summed by rows as indicated in the following result.

THEOREM 5.3. Let u(x, t) € H* for t € ., and let f(x) = u(x,0). Then

(5.6) u(x, t) = ki A Jf (e )
where
(5.7) Afx) = xf " (x) + (@ + 1)f"(x)

and f belongs to class (1, v).

Proof. By the principal theorem, we have, for ¢ € &,, since u(x, t) € H*
there, that

©
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Hence

5.9) f(x) = u(x, 0)

)

-3 Amx™
=m!'m+a+1)°
Now, successive applications of the operator 4, to f(xe~*) yield

6.10) Ak = 35t t

so that on substituting (5.10) in (5.8), we obtain (5.6) as required. Further,
since f(x) is given by the series (5.9) which converges for ¢t € &,, the con-
ditions that f belong to class (1, v) are satisfied and the proof is complete.

COROLLARY 5.4. There exists a dual Laguerre temperature u(x,t) which is
equal to its Maclaurin double series for t € &, and which reduces to f(x) at
t = 0 if and only if f belongs to class (1, v).

Proof. The necessity of the condition follows from the theorem. To establish
sufficiency, we assume that f belongs to class (1, v) and is given by the series

©

ax"”
fl) = ; ATn+at 1)

Then
k N S am+k(xe_t)m
Ay = F 5 b

Now consider the series

(5.11) DGt RS

=0 k!

Since f belongs to class (1, v), we have that

1/n
—n |la e,
B b - B
,,l,r,ge nll'(n +a+ 1) },ernla"l =7
so that the series (5.11) converges for ¢t € &, and represents there the dual
Laguerre temperature «(x, ¢) sought. Clearly u(x, 0) = f(x).
As an example illustrating the corollary, consider, for ¢, > In 2, the function
fx) = g(x; to).
It clearly belongs to class (1, 1/(e‘® — 1)), and as predicted by the corollary,
there is a dual Laguerre temperature

u(x,t) = g(x;t + to)
o A= [(—1)”‘*"<e‘°>"“r<m +k+ot 1)]

— k! (eto _ 1)m+k+a+l

(e )"

mil'(m + o + 1)

X
for t € Z1,to_y such that u(x, 0) = f(x).
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