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COVERING LINKAGE INVARIANTS
RICHARD HARTLEY AND KUNIO MURASUGI

Let K be a knot in a manifold M. Corresponding to a representation of
71 (M — K) into a transitive group of permutations there is a branched cover-
ing space M of M. K is covered by K which may be a link of several com-
ponents. The set of linking numbers between the various components of A
has long been recognised as a useful knot invariant. Bankwitz and Schumann
used this invariant in considering dihedral coverings of Viergeflechte. In this
case M is simply connected and the linking numbers can be computed without
great difficulty [1]. More recently, Perko used this linking invariant in com-
pleting the list of amphicheiral knots in Reidemeister’s table [13]. Ile used a
geometrical method which is generally applicable, but requires considerable
geometric intuition [12, p. 141]. There was an obvious need for a purely
algebraic method of computing this “covering linkage” invariant, although
Perko refers to the ‘‘apparent intractability” of the algebraic problem. The
need was further highlighted by Riley’s complaint that he did not know how
to compute linking numbers [16, p. 613]. Furthermore, the work of Cappell
and Shaneson indicates that these invariants may perhaps be applied to obtain
a negative resolution of the Poincaré conjecture [4].

In this paper, a completely general and purely algebraic method is given for
computing the “‘covering linkage’’ invariants corresponding to a given branched
covering. The method is relatively simple and eminently suitable for computer
calculations. Important in this method is the Reidemeister-Schreier algorithm
for finding a presentation of a subgroup. Section 2 of this paper gives a new
formalisation of this algorithm designed for easy application in the calculation
of covering linkage invariants. For a different formulation of the Reidemeister-
Schreier algorithm, the reader is referred to [10, § 2.3]. For theoretical study of
covering linkage invariants the closely related concept of a linking function is
introduced in § 4 and its use is demonstrated by the basic Theorem 4.1.

Sections 5 and 7 complete the formalism necessary to calculate covering
linkage invariants, Section 5 proving the existence of linking functions, and
Section 7 showing how the method is applied by performing an explicit
calculation.

The value of covering linkage invariants has been demonstrated previously
by their power in distinguishing different knot-types. As a result of our basic
method, however, we demonstrate that they bear a close relationship to many
invariants previously considered in the literature of knot theory, and hence
they are of considerable theoretical importance also. In Section 6 an invariant
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of Burde is considered, which stems from his consideration of representations
of knot group in the group of motions of the plane [3]. The precise relationship
of his invariant to covering linkage invariants is given in Theorem 6.3. It will
be seen that Burde's invariant can be calculated immediately from the covering
linkage invariants. Riley [16] initiated a study of representations of knot
groups onto the groups PSL (2, p), which are particularly useful in studying
knots with trivial Alexander polynomial. In Section 8 a simple formula is given
for the linking number in an important class of such coverings. As a result,
certain knots are shown to have property P.

In Section 9 an invariant is defined which is often simpler to use than cover-
ing linkage invariants, and which seems to be just as effective in distinguishing
knot types. It has the added advantage of being defined in all cases, whereas
the covering linkage invariants sometimes fail to be defined. Actually, these
invariants are a generalisation of an invariant studied by Reyner [15], and
can be interpreted as the homology groups of certain topological spaces ob-
tained by performing surgery on the covering space branched over a knot. In
the final section of this paper, it is shown that these generalised Reyner’s
invariants bear a close relation to covering linkage invariants when these are
defined, and in fact can often be calculated directly from a knowledge of the
linking numbers in the corresponding covering space.

We begin in Section 1 by defining the linking number and deriving an im-
po tant preliminary proposition.

1. Linking number in a manifold. The terminology used in this section
is largely borrowed from Schubert [18]. Let 1/ be a manifold and 7" a finite
cellulation of M, that is, M is a cell-complex. If ¢, is an (open) p-cell then ¢,
the closure of ¢, in M is called a closed p-cell. A generator ¢, of H,(e,, &, — ¢,) is
known as an oriented p-cell, and to fix a generator ¢, is known as fixing an
orientation for e,. If an orientation is fixed for every cell of M, then one obtains
a chain complex

S con0% om0 S

where C,(M; Q) is the free Q module generated by the oriented g¢-cells. Also
there is a co-chain complex

6’ p 6’ q_l 6'

— C'(M; Q) — C"(M; Q) «
where CY(M; Q) = Homg (C,(M; Q), Q). In future, the Q will be omitted
from the notation, and all chain complexes and homology groups will be
understood to have rational coefficients.

C,(M) is isomorphic to C?(M) by an isomorphism R such that (¢, R, ¢,/) =1
if ¢, = ¢/, and 0 otherwise. Here ¢, and ¢,/ are oriented g-cells, that is, free
generators of C,(M), and ( , ) is the map from C(M) X C,(M) to Q where
(u?, v,) is the value of the cochain #? at v,. One can then define a geometric
co-boundary operator § such that the following diagram commutes:
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E» C, ~6—) Con —
|2 R 2 R

& Ct Py CeH

— - —

Also, an inner product {, ) : C; X C,— Q is defined by (u,, v,) = (4, R, v,)".

Letu, = > ;7 and v, = > ;s.¢," be g-chains in C,(M) expressed in terms
of the generators {e¢,%}. Then (u,, v,) = >.; 7; $;, and the inner product is
symmetric. Other simple properties are

(L1)  wy = 24 (u, e,t)e,’ where the sum is over all generators of C,(M).

(1.2) (b, vg41) = (g, V4419).

This last formula follows from a similar property of (, )’, The inner product
(u,, ¢,) is called the degree of the chain u, over ¢, An m-manifold M with
cellulation 7" and boundary dM is said to be oriented if an orientation is fixed
for all the cells for T such that if {e,?} are all the oriented #n-cells, then >,
¢,'d is an # — 1 chain whose degree is zero over every oriented (n — 1)-cell
¢,—1 such that e,_; does not lie in the boundary of M. This is equivalent to
saying that for every oriented (# — 1)-cell not in the boundary of A, ¢,_,*6 =
e,) — e¢,* for some oriented n-cells ¢,” and ¢,*.

Now let 7=V be a triangulation of a closed 3-manifold M in which K is a
1-dimensional subcomplex and submanifold, not necessarily connected. Let T°
be the first barycentric subdivision of 7=V, Consider M and K as cell com-
plexes, let M and K be oriented. Let 7* be the dual cellulation of M, and let &
be the map which takes a g-simplex to its dual (3 — ¢)-cell. That is, if 7" is
the barycentric subdivision of 7, and e, is a ¢-simplex in 7', then e, is the
union of all open simplexes of 7 whose closure have non-zero intersection
with the barycentre of e,. The cells in the dual cellulation can be oriented and
the map % extended to a map from C,(M) to C3_,* (M), the Q-module generated
by the oriented (3 — ¢)-cells of 7* in such a way that e,z is the oriented
(3 — ¢)-cell whose carrier is ek, and such that the following diagram com-
mutes

S c, S Cua (M) J

e a2

*Cr, M) ¥ Crn (M) O

— — —

and hence % induces an isomorphism of H(M) onto H;_,(M). Let {, )* and
6* be the inner product and geometric co-boundary operator associated with
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the cellulation T*. Ifv, = > ;r; e, and u, = X s, ¢,% thenvh = 3 1y (¢,°h)
and uh = 3 ;5,(e,'h) and it follows that

(L.3) ek, ugh)* = 2irise = (v ty).
If v, € C,(M), then (%, e, B)* = (uih, eor® RO** = (0,h, eper? OB)* =

(v, @ h, e,_1® h)*. Since this is true for all e,_;* &, that is for all generators of
Cs_g1® (M), we obtain from (1.1)

(1.4)  he* = oh.

Now, since T is a second barycentric subdivision of 7V, a simplicial neigh-
bourhood of K in T™ is a regular neighbourhood. But, if {e;’} and {e,?} are
the simplices of K in the triangulation 7', then \U ;e 2\U U ; e1’ h is a simplicial
neighbourhood NV (K) of K in the triangulation 7V, and hence a regular open
neighbourhood. Then M — N(K) is a cellular complex, a subcomplex of M in
the cellulation 7%, and M — N(K) is a deformation retract of M — K, hence
M — K and M — N(K) have the same homology groups. We can define
CX(M - NK)),Z}(M — N(K)), B¥(M— N(K)) and H*(M — N(K)) to
be the chains, cycles, boundary cycles and homology of this complex. Similarly,
define H* (M) = Z*(M)/B* (M), which is of course isomorphic to H,(M) =
Z(M)/B,(M). It is easily seen that

(1.5)  (ugh, v *)* = 0 if u, € C,(K) and v;_* € Cs_*(M — N(K)).

Definition 1.1. The intersection number Int : Co(M) X Cy*(M) — Q is defined
by Int (u2, v1*) = (ush, vi*)*.

We show that Int induces a map also called Int from H,(M, K) X H* (M —
N(K)) to Q. Let 29, 35’ be in Zo(M, K) and 439 = 30 — 32" + u» where uy €
Cy(K). Then Int (us, 2:*) = (ush, z:*)* = 0 by (1.5). Also Int (139, z:*) =
(U3 h, 21*)* = (ushd*, 2:%)* = (ush, z,* 0*)* = 0. Thus Int (22, 5:*) = Int
(29, z:*). Similarly, let z;* and 2z,/* be in Z*(M — N(K)), and us* 9* =
2% — z/* with u* in Co*(M — N(K)). Then Int (zo, us* 0%) = (22h, u* 0*)*
= (2h 6%, us*)* = (220h, us*)* = 0, by (1.5) since 2.9 € C,(K).

ProrosiTioN 1.1. Let A : H*(M — N(K)) — Q be a homomorphism. Then
there exists a € Hy(M, K) such that for any 8 € H*(M — N(K)), A = Int
(e, B)-

Proof. Given A, there exists a homomorphism A’ from Z*(M — N(K)) to Q
such that z;*A” = [z,*]A. Since C*(M — N(K)) is a free Q module, Z*(M —
N(K)) is a direct summand and so A’ can be extended to a homomorphism A"
from C*(M — N(K)) to Q. However, the map (, )* from C;*(M — N(K)) X
C*(M — N(K)) to Q is a non-degenerate bilinear form, and so there exists
u* in C/*(M — N(K)), and hence u» in Co(M) such that u.h = u,*, and
(sh, 2% ) = z*A” = [z:*] A for all z;* in Z,;*(M — N(K)).

We calculate #.9. For e;" in Ci(M), (129, 1) = (u20h, e1’h)* = (ush &%,

https://doi.org/10.4153/CJM-1977-132-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1977-132-2

1316 R. HARTLEY AND K. MURASUGI

ety = (uoh, ¢'hd*)* = [e1'hd*] A. So 129 = Y ejicoran [e1PhI*] A e by (1.1).
However, if e;? ( K, then ei'h € Cy*(M — N(K)), so [e;*hd*] = 0. Thus

(16) uga = Z [eliha*] A 611

e11€C1(K)

Sous € Zy(M, K). Putting o = |us] € Hy(M, K) we obtain the desired result.

If K is a knot of r components Ki, ..., K, and e;" is a 1-cell of K, then
¢1‘h 8* is homologous to zero in N(K;) but not on dN(K;), the boundary of
N(K;), since e;'h does not separate N(K;) into two pieces. If e1%;¢ =1,...,
m are the oriented 1-cells of K, and ¢y’ is an oriented 0-cell, then, since K is
oriented, we have ¢,%6 = ¢;! — ¢;*"' + u; for some suitable numbering, where
iy is a 1-chain with degree zero over the 1-cells of K;. Then 0 = ¢’hd*d* =
¢00ho* = ¢1'hd* — ¢, ho* + who* and |ush| is contained in dN(K;). Thus
¢1°hd* ~ ¢1"ho* on the boundary of N(K). Let m; = ¢,’hd*. m, is a meridian
of K;. Then evaluating (1.6) we get

(L7)  u90 = ZT mA - [Ky]

where [K] is the sum of those oriented 1-simplexes in K;. In future we will
write simply K; instead of [K,].
Now consider the exact sequences:

Ho(M, K 2%, 1, (8) 2% 1,00

H*O, M — N(K)) — H*(M — NK)) 25 124 )

where jg is induced by the inclusion map. Define L(K) = ker (i) and
L(M — K) = ker (Jy).

Definition 1.2. The linking number link: L(K) X L(M — K) — Q is defined
by link («, 8) = Int (#s, v1*) where [#29] = @ and [v,*] = 3 where u; €
Zy(M, K) and v,* € Z,*(M — N(K)).

It is necessary to show that the definition does not depend on the particular
choice of us, but only on usd. Since 8 € L(M — K), v* can be written as
vo* 8*. Then Int (us, v1*) = (ush, v2*¥ 0*)* = (u20h, v2*)* in fact depends only
on ,9.

We collect together the results which will be required in the rest of the paper.
We write H;(M — K) instead of H*(M — N(K)).

ProrositioN 1.2. Let K be an oriented link of r components K1, . .., K, in M,
an ortented 3-manifold, and let m ; be « meridian of K;. Let A : Hy(M — K) — Q
be a homomorphism and a = > 5o1 (mA) K, Then a € L(K) and for any
B8 € L(M — K), link («, B) = BA.

The following formulae will also be used.
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ProrposiTiON 1.3.

dim L(K) = dim H,(M — K) — dim H,(}M).
dim H,(M — K) = dim H,(K).

The dimensions referred to are the dimensions as vector spaces over Q and
are equal to the Betti numbers of the corresponding integral homology groups.

Proof. Let k4 be the homomorphism of H*(M — N(K)) into H*(M)
induced by inclusion. The kernel of k4 is generated by the meridians {m;}.
Define a homomorphism A from Hom (H*(M — N(K)), Q) onto L(K) by
AN = > iy (mA) K, The kernel of \ consists of all X\ such that m,A = 0
for all 7, that is exactly those homomorphisms of H*(M — N(K)) which
factor through H*(M) via ks. It follows that ker (\) >~ Hom (H,*(M), Q),
and Im (\) = L(K). Therefore

dim Hom (H.* (M), Q) + dim L(K) = dim Hom (H*(M—N(K)), Q)

which immediately yields the first formula.

Since L(K) is the kernel of the homomorphism 74 : H;(K) — H, (M), we
obtain dim H,(K) = dim L(K) + dim H,(M) from which the second formula
follows.

2. The Reidemeister-Schreier method. Let J be a set. Except in the
present section J will be assumed to be finite and we will write J, to denote
a set of n elements.

Denote by S(J) the group of all permutations of the set J. ¢ will denote a
transitive representation of some group G into the group S(J), that is, a homo-
morphism onto a transitive subgroup of S(J). For g € G, the permutation g¢
will usually be written ¢,. However if ¢ occurs as a subscript, this notation will
be avoided.

If 7 € J, the stabilizer of 7 under ¢, denoted St,(z) is the subgroup {g € G:
i¢, = i} of G.

Group presentations will be used extensively. We will write
G = (X4;7)er.en

to mean that there exists a homomorphism x from the free group (x;:);c; onto
G the kernel of which is the normal closure of the set {r;; j € H}. We will
frequently consider the natural homomorphism explicitly.

Although the elements x; are not really in the group G, it is customary to
pretend they are, and use the symbol x; when x;x is meant. We will follow
this practice whenever possible, that is, when the context allows only one inter-
pretation. In particular we make statements such as ‘‘xyx, has order 3" really
meaning x;x:x has order 3. Similarly if ¢ is a homomorphism of G = (x4; )
we will write x;¢ when we mean x,x¢.

Let G = {(x:; 7)1 1,5ex and let ¢ be a transitive permutation representation
of G into S(J).
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One defines, for each & € J, a map £,%, written simply &, from the {ree
group (x;: ) to the free group (X u:)icrres by

) w9y = uDy - vDrweyy foru,v € {(x;:)

It is easily verified that 12, = 1, and that x;,7'9, = (X su:-16))~" and hence
that the &, are uniquely defined inductively. The &, will be called rewriting
functions corresponding to ¢.

Definition 2.1. A Schreier tree T for ¢ is a connected, simply connected
oriented graph with |J| vertices v;; kB € J, and edges E,; [ € L labelled with
elements of (x;:), the label of the edge E, being v, such that the following
condition is satisfied: If E; is an edge with initial vertex v,¢; and terminal
vertex v.¢y and label y,, then «(I) ¢, = 7(I). The element y,Z ., of (X,;:)
will be called the tree relator corresponding to the edge E,.

Let G*¢, written usually G*, be the group

(2.2)  G* = (Xu:7,Dw, 1D «(v)ic1.ver.jer 16 1

Since each map Z; takes relators of G into relators of G*, &, induces a map
Dy from G into G* such that the following diagram commutes:

(x; 1) - D (X0
X | x|
G Di—s G+

LemMA 2.1. If Ry; k € J are maps from (x;:) lo some group H satisfying
woRy, = uly - vRy g then there is a homomorphism 8 from (X ;;:) to H such that
forallk, Ry, = 9,8.

The proof is simple enough and consists in defining 6 by X ;0 = xR,
Details are omitted.

THEOREM 2.2 (The Reidemeister-Schreier method). The restriction of the
map Dy to Sty (k) 1is an isomor phism onto G*.

Proof. The restriction will also be called D;. From (2.1) one sees that for x
and y in Sty(k), xyD; = xDyD, and so D, is a homomorphism on St (k).
To prove it is an isomorphism we will construct an inverse homomorphism.
Define £, ! from (X ,;:) to {x;:) as follows. For each j € J, let a;; be the path
through the Schreier tree from vertex v, to v;. Let the consecutive edges of
ag; be £, ¢t ... E» where ¢; = 1 and a negative exponent means that the
edge is traversed in the direction opposite to its orientation. Let w,; be the
element v, ¢t ...y, of {x;:), where y,, is the label on the edge E,,. Then it
can be seen from definition (2.1) and formula (2.2) that

(23) k(wk](ﬁ) = j, and 'wkjgkx' = 1.
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Define maps &, from (x;:) to {x;) by uy; = wpu wue ! Then, putting
R, = &, we see that the maps R; satisfy the conditions of Lemma 2.1. Thus
there is a homomorphism which we shall call £,~! from (X;:) to {x,:) such
that

(2.4) u.@jgk—l = Wy U W jeupy ™

Now the relators of G* are of two types. Firstly for relators of the form r,2;
we see that 7,9 ,2, = w7 7w, Thus £, takes 7,2, onto a conjugate
of a relator of G. Secondly, there are relators of the form v, ., and
ViZ 0D = WY W owinT = WY WernTt = Wie(oWern! = L
Therefore £2,~! induces a homomorphism D,~! of G* into G such that the
following diagram commutes.

(x; 2) “_ﬂ“ (X o)
1x X
¢ o @

If ux € Sty(k), then
uxDyDy™' = uDix' D" = u2, D" 'x = (wuu Wikws) )X = UX,

since wy; = 1.
And
XX Dyt Dy, = Xijgk_lgkxl = (wijiwkj(xiqb)—l)@kxl

= (w;Ds - xfgj' (we; D) X = xtr@jxl = XX

where we have used (2.3). This completes the proof.

From (2.4) we have

(2.5) If u € Sty(j), then uD ;D! = v, ,u v,;,~! where v, is an element of
G such that k(vx;0) = J.

The definition of the rewriting functions is easily remembered if one notes the
similarity to the definition of Fox’s free derivative. The exact relationship is
as follows. Let J be the set of integers and ¢ a representation of G as a cyclic
group, ({:), of permutations of Z = J generated by the permutation ¢: 11—
2+ 1forall? € Z. Thatis, for all x € G, ¢, = t* for some & € Z. Let ¢ also
represent the induced homomorphism of ZG into the integral group ring
Z{t:), and extend x also to a homomorphism of Z{x;:) to ZG. Let v; be a
homomorphism of (X,;:) into the group ring Z{¢:) given by X v = dut’,
and UVy, = Uy, + Vi for all U and V. Then

(2.6) ( 2 )” = (D) £
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Then || (dr;/0x;)x#|| is just the Alexander matrix of the group G corresponding
to the homomorphism ¢, so formula (2.6) gives an alternative description of
this important matrix. It is recommended that the reader compute an example
to see why (2.6) holds. The following, however, is a formal proof.

Proof of (2.6). Putting uF; = (du/dx;)*¢, a mapping from (x;:) to Z({t:)
we see that x;F; = 6,x¢ = 8 € Z(t:), and wvF; = uF; 4+ vF;ue and it is
well known that (du/dx;)*¢ is the unique mapping satisfying these two con-
ditions [5]. Now one easily verifies that

(xic@k’)’j)t_k = Xyt = 84, and
ltvgk’y]'.t_k = (lt@k‘v.@k(ud,) )’th_k = u@k’y]‘.t_k + v@k(qu)’y]'.t_k
= uDy it + vD v eyt

3. The covering space. This section is mainly notation. Let K be an
oriented knot of one component in the oriented triangulated 3-manifold 1.
Let J, be a set of n elements and ¢ a transitive representation of G =
71 (M — K, b) into the group S(J,). Corresponding to ¢ is a branched covering
space M of M with covering projection p. The base point b in M is covered by
n points in M. These points can be numbered b,, . . . , b, in such a way that if
X is a path from b, to b;, then ¥ projects to a loop x € G such that i¢, = j.
Thus p induces isomorphisms p* of m (M — K, b;) onto St,(j) where K =
Kp~L.

Two permutation representations ¢ and ¢’ will be called equivalent if they
differ by a renumbering of J,. That is, if there exists a permutation ¢ in S(J,)
such that ¢, = ¢,/ ¢! for all x. The corresponding covering spaces M and M’
are homeomorphic by a homeomorphism which takes b; to b,,".

Let H be a group and let /' be a subgroup of finite index, #. One obtains a
representation ¢ of H into S(J,) as follows. Let { F;},7 € J, be the right cosets
of I"in H indexed by the set J,. Then for x in H one defines i¢, = jif FFx = F.
This representation will be called a representation corresponding to the sub-
group F. If F = F;, then we see that I = St,(7). The representation thus
obtained depends on the particular numbering of the cosets, but any two such
representations are equivalent.

The symbol K will be used to represent both a knot and its homology class
in H,(M). The words meridian and parallel of a knot K will have several
meanings. Firstly they will mean elements of the homology group of M/ — K
represented by paths lying in the boundary of a regular neighbourhood N (K)
of K. A meridian is a path null-homologous in N(X) but not on its boundary,
and a parallel is a path homologous to K in N(K). Secondly, as elements of
the homotopy group =1 (M — K, b), a meridian is a path ama™!, and a parallel
a path ala=! where « is a path joining b to dN(K), and m and [ are paths in
dN (K) representing meridian and parallel respectively. Thus a meridian-
parallel pair commute in 7 (M — K, b). The symbols m and [ will be used
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to denote meridians and parallels in both the homotopy and homology sense.
If M is S?, the word longitude will be used to describe a parallel of K which is
null-homologous in M — K. If K is a link of # components K, . .., K,, then
#i, represents a meridian of K.

Let N be a regular neighbourhood of K and suppose b lies on dN. Let N, be
the connected component of Np—! containing K, and let O, be the set
{i € J, b, € 9N,}. Now m and [ lie on dN. Therefore if 7 € O,, so are i¢,, and
i¢;. Conversely, if 7 and k are in O,, then k& = i¢, where x = m#*. Hence the
sets O; are simply the orbits of J, under the action of ¢, and ¢,, and so the
number of components of K is equal to the number of orbits.

We define the branching index of K ;, denoted by br (K ;) to be the length of
any cycle of ¢,, contained in O;. The covering index of K; = ind (K;) is the
degree of the covering of K by K; and is equal to |0,|/br (K;) where |0} is
the number of elements in O;.

We single out the following result which has apparently been shown pre-
viously by Montesinos [11, Theorem 111, 3.2].

ProposITION 3.1. The number of components of the covering link K in a
covering space M corresponding to a representation ¢ . G — S(J,) s the number
of orbits of J, under the action of ¢, and ¢,.

Forj € J,, we define u(7) and A(j) to be respectively the lengths of the cycles
of ¢, and ¢, containing j. Thus, if 7 € O,, then u(j) = br (K;). The isomor-
phism p* maps 71 (M — K,b;) onto Sty (). If £ € O, then p;* maps a meridian
of K, to an element w,m*®w ;~' where w; is an element of G = (M, b)
such that j(w;eé) = k. Any two such elements w;,m*®w ;=1 and v,m*®y ;1
are conjugate in St,(4). It follows that = (M, b,) is isomorphic to St,(j)/N
where N is the normal closure in Sty (j) of the set {w;m*®w,;~'; k ¢ J,}. This
set is plainly larger than necessary, and we could instead use the set
{wym*®w,—1: k € T} where T is a set containing one element from each orbit
0.

Now the map D, is an isomorphism of Sts(j) onto G*. If we choose the ele-
ments wj such that w;D; = 1 (see the proof of Theorem 2.2, in particular
(2.3)) then we see that (w,m¢®w,~1)D,; = m*® D,. It follows that = (3, b))
>~ G*/(m*®D,; k € T) where T is a set containing at least one element from
each orbit O;. The relation m*® D, = 1 will be called a branch relation.

4. Linking functions. According to Proposition 1.2, linking numbers in
M could be calculated from homomorphisms of H;(M — K) into Q. For
theoretical applications it is convenient to introduce the closely related con-
cept of a linking function, which is easier to handle. We will define # functions
P i€ J,from G = m(M — K, b) into Q. The interpretation of these func-
tions is as follows. Let x be an element of G and &, its lifting to a path in M
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starting at the point b, and terminating at b,¢s. For each 2-chain u, in M
with boundary in K, and each j € J, we define the functions P; where xP; is
the intersection number Int (us, &;). Now, if xy € G, then xy lifts to a path
%7 iwe)- Thus we obtain a formula xyP; = xP; 4+ yP;us which will serve in
the definition of linking functions. The 2-chain #, has boundary u:0 =2 i,
q:K ; which will be called the boundary of {P,}. It follows that if x € St, (1),
so that &, is a closed path in M, and if &; € L(M — K) so that linking numbers
with &; are defined, then xP; = link (#.9, ¥;). This is the geometric basis for
our theory and it should be borne in mind during the formal treatment to
follow.

Denote by Q" an n-dimensional vector space over Q with basis {e;; 1 € J,}.
If r € S(J,) then 7 can be extended to a map from Q" to Q" by setting

(Zié]u gie)T = ZiEJtheir-

Definition 4.1. If ¢ is a transitive representation of G into S(J,), then a
map P? from G to Q" will be called a linking function for ¢ if

(4.1)  xyP¢ = xP¢ + yP?¢ - ¢, L.

In most cases we will write simply P. Let P; be the jth component of P¢,
that is the map defined by xP* = 3 ,c;, xPje;. We obtain the defining formula:

(4.2) xyP; = xP; + yPuy

The following useful formula is easily shown: If Cis the cycle of ¢, containing j,
and |C| is its length, then:

(43) xlCIPj = Zi‘EC xPi.

Definition 4.2. The boundary, Bd (P) of a linking function P is the element
> ie1 ¢iK, of Hi(K) such that ¢; = m*@ P where j is any element of O,.

Justification that ¢, does not depend on the particular j chosen will be
found in the proof of the following theorem.

TuEOREM 4.1. Let P be a linking function for . Then Bd (P) is in L(K).
Let x be in Sty (j), &, its lifting to a loop based atb; and suppose ;] s in L (M —
K). Then xP; = link (Bd (P), [&,]).

Proof. The map P; restricted to Sty (j) is a homomorphism of St,(j) into Q.
Indeed, if x, vy € Sts(j), then xyP; = xP; + yP;usy = xP; + yP;. Therefore,
the map p*P; is a homomorphism of = (M — K, b;) to Q. Since Q is abelian,
this map in turn induces a map A; from H,(M — K) to Q. We show A; = A,
for all 7 and j. Consider an element [¥] of H,(M — K), for convenience repre-
sented by a loop y based at b,. Such elements generate H,(M — K) as a Q
module. Let ¥ be an arc from b, to b;. Then [§] = [¥75~!]. Therefore |¥]A; =
[BF3YA, = (T Hp*P,; = xyx—'P, where ¥p,;* = y € Sty(j) and ¢, = j,
x being the projection of ¥. Thus [J]A; = (xyx)P; = xP; + yPiw +
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X P ey = xPy + yP; + x7'P iy = (xx7)Py + yP; = yP; = [J]A;. Since
A does not depend on j it will be denoted by A.

Proposition 1.2 now gives that a = Y.i_;(/;A)K; is in L(K) and link
(a, 8) = BAforany B € L(M — K). To complete the proof we must show that
a = Bd (P). That is, m;A = m*® P, where k € O;. Let i, be the meridian
passing through &,. Then A = #i,p,*P, = mr® Py,

We are mainly interested in linking numbers between components of the
covering link. Let [ be a parallel curve of K as defined in Section 3 and let A (k)
be the length of the cycle of ¢, containing k. If 3/ is S?, then /is assumed to be
a longitude. Let 2 € O,. Then P® ¢ St,(k) and P® lifts to a closed curve
based at ;. Call this curve /. Clearly, the definition of /; does not depend on
the choice of & in O; in that any two such curves defined for different & in O;
are free homotopic in M — K. If M is S?* then [, is well defined. Otherwise it
depends on the particular parallel curve, I, chosen. In any case, /; is homologous
to a multiple of K, In fact /; ~ \(k) -ind (K;)~!- K,. Therefore, if 1 # 7,
and k € O,

(4.4) link (K, K;) = ind (K;) - N(k)~' - link (K, [,)
and for completeness we define

(4.5) link (K;, K,) = ind (K;) - N(k)~! - link (K, ).
As a corollary of Theorem 4.1 we obtain:

COROLLARY 4.2. Let K ;and K ; be in L(K) where i 5 j. Suppose P is 1 linking
function with boundary K ;. Letk € O;. Then

link (K, K,) = P®P, -ind (K;) - N(k)~L
In most cases studied in the literature the representation ¢ sends / to the
identity. Thus we single out that particular case:

CoROLLARY 4.3. Let M = S* and suppose ¢ : mi(M — K) — S(J,) sends a
longitude 1 to the identity. If K;, K, ¢ L(K) and if P is a linking function wilh
boundary K, then link (K,, K;) = 1Py where k € O,

We finish this section by exhibiting a linking function which can always be
defined in the case where M = S Put xP; = link (K, x) for all 7. It is easily
verified that this is a linking function and the boundary is >.7_; br (K,) - K,.
We obtain:

PrOPOSITION 4.4, Let « = Y iy br (K,) - K. Then o € L(K). Suppose that
K, ¢ L(K), thenlink (a,1,) = 0, and

— br (Kj) link (Kj, K]) = link (Zi#i br (K{) . Kiv Kj).

COROLLARY 4.5. Let By_g and By be the Betti numbers of the first integral
homology groups of M — K and M. Then B_g Z rand 1 < Bj_z — Bj < r
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and Biz_z — By = rif all linking numbers exist. (r 1is the number of components

of K).

The corollary is a direct consequence of Proposition 1.3. This proves the
parts concerning the Betti numbers of conjectures A, B and C of Riley (16, p.
614]. For instance, in the case of conjecture A, ¢,, is a permutation (12 ... p)
(p + 1) and so the number of covering knots is 2.

5. Existence of linking functions. Theorem 4.1 gives a general method
of calculating linking numbers if such things as linking functions actually exist.
The following theorem shows that indeed linking functions do exist with all
possible boundaries.

THEOREM 5.1. Let o be in H,(K). Then there exists a linking function with
boundary a if and only if« € L(K).

Proof. The only if part of this theorem was proved in Theorem 4.1.

Suppose that @ € L(K). Then there is a homomorphism A : H,(M — K) —
Q given by BA = Int (us, B8) where u; is a 2-chain with bounadry a. Select a
Schreier tree and recall the definition of the group G* and maps Dy, D,~! defined
in Section 2. We then have maps

Dy

—1 ®*—1
¢ L5 o Py s,y 2wt — £, 5) L mar — &) A .

All the maps shown are homomorphisms except D;. Furthermore, D,~'p,*~'[ ]
is equal to D,/ ~'p*1[ ] for all & and j as is easily verified. Define P, =
DDy 'pi*~1[  JA. Then this defines a linking function P.

Now Bd (P) = X7, ¢:K; where g; = m*?P; and j € O, But m*? ¢
Sty (§). So mrDO P, = [mrDp *=1A = [4i,]A, and Bd (P) = Yi_i [JA- K, =
U0 = «.

The maps Dy and D;~! depend on the choice of Schreier tree, and so there are
in fact many different linking functions with the same boundary. The proof of
the following theorem uses linking functions for which there exists no Schreier
tree 1" with the property that Py, = D.D,~'p*~'[ ]A, where D, is the map
associated with 7"

LEMMA 5.2. Let 1" be « Schreier tree and let a1 = 1,...,n — 1 be arbitrary
rational numbers in one-to-one correspondence with the edges E; of T. Then there
exists o linking function with boundary sero such that v, P,y = as;fori =1,...,
n — 1 where E;1s an edge of T with label y; and initial vertex v ;.

First we observe a lemma, the proof of which is easy and so omitted.

LeEmMmA 5.3. If P and P* are linking functions with linkage o and o, aund g s a
rational number, then qP + P*, defined by x(gP + P*) = qxP + xP* is «
linking function with boundary ga + o*.
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Proof of Lemma 5.2. We define a linking function P® which corresponds
geometrically to a small sphere u, enclosing b,. Put xP,® = 6,, — 6. 1t is
easily seen that P® is a linking function with boundary zero. Hence P =
2kes, P is a linking function with boundary zero. If P is the required
linking function, then for each edge E; of T we have an equation y; P,y = a..
This gives

ae= e, @Yl n® = 2ies, ¢Brv — dkiwuie) = quo — et

We obtain # — 1 such equations in the variables ¢;; 7 € J,. Since 1 is a tree,
there exists a solution to these equations.

ProrositioN 5.4. Let T be a Schreier tree and let a;; 1 =1, ..., n — 1 be
arbitrary rational numbers in one-to-one correspondence with the edges E; of 1.
Suppose P’ is a inking function with linkage a. Then there exists a linking func-
tion P with linkage o such that for i =1, ..., n — 1, y,P.y = a;, where E, 1s
an edge of T with label vy, and tnitial vertex v, ;.

This follows straight from Lemmas 5.2 and 5.3.

6. Dihedral covering spaces and an invariant of Burde. Covering
linkage has been studied in any depth only in the case of dihedral covering
spaces. This is because most knot groups have a representation onto some
dihedral group, and this representation is quite easily found.

ProrositioN 6.1 (Fox [7]). 4 knot group G = m,(S* — K) has « representa-
tion onto D,, the dihedral group of order 2n if and only if n divides the highest
torsion coefficient of the 2-fold branched covering space of K.

In particular, » must be odd.

For notational convenience, the set J, will be taken to be the set {0, ...,
n — 1} when we are dealing with dihedral coverings. We assume that J, is
provided with an addition operation assigning to a pair of elements their sum
modulo 7. The symbol ||k||iskif0 <k < (n—1)/2andn — kif (n + 1)/2
sk=n-—1.

We shall be concerned here with irregular dihedral representations ¢. This
shall always mean a representation of G into S(J,) where ¢,, is the permutation
0 »—1)Q2 n—2)...((n—1)/2 (n+1)/2) and any other Wirtinger
generator is mapped to a conjugate, o¢,,0~" where ¢ is a power of the permuta-
tion (012...#n — 1).

M will be S? and ! will mean a longitude of K. Since / is in the second com-
mutator subgroup, and the second commutator subgroup of D, is trivial,
¢, = id. Therefore there are just (# 4+ 1)/2 components of the covering link
which will be labelled K, . . ., K1 ,2. O is the orbit {0} and O, is {1, n — 1}.
Thus ¢ € Oy if and only if |[¢]| = j.

The main goal of this section is to establish a connection between covering
linkage and a certain invariant of Burde. Burde defined [3] a representation
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¢* of G into the group of motions of the complex plane C. Thus ¢,* : z —
(z + xU)¢, where ¢,/ is an isometric linear transformation of C, and U is a
map from G into the complex numbers. In the particular case studied by Burde,
xU € Q(n) where 7 is a primitive nth root of unity, and ¢, is such that z¢,” =
zn? or Zn’ for some j. Also, for some Wirtinger generator m, z¢,* = z + 1.
Since [ and m commute, z¢ * = z + S for some real number S. This number
is Burde’s invariant.
Calculation shows that z¢,,* = (z + xU + yU¢._')¢.,/, whence:

(6.1) xyU =xU + yUd,-1'.

This is similar to the definition of a linking function (4.1). An irregular di-
hedral representation of G can be defined by 1¢, = j if pi¢, = n’. ¢* is said
to extend the representation ¢. To identify U as a disguised linking function,
we need to define functions U, : G — Q associated with U.

Now mU is of the form 325 g’ with Y426 ¢* = 1. It is a simple matter of
conjugation to show that x U can be written in the same form for any Wirtinger
generator x. It follows that if v is an element of G, then yU can be written in
the form

n—1 n—1
6.2) U= Z q:n' such that Z g; = link (K, »)

Henceforth we will assume that # is prime and write p instead of #n. In these
circumstances, the numbers ¢; in (6.2) are uniquely determined, as follows
from the following standard result of number theory.

LeEMMA 6.2. If p is prime, q¢; € Q, 0= qgm' = 0 and S7%Zs q: = 0, then
g: = 0foralli.

Now, let xU = Y525 gm® be in the form (6.2). Define xU; = ¢,. Then

xU = S5 xUpt. So
p—1 ) p—1
xyU = ZO xUpm' + }:ﬂ yUm' ¢2-1 by (6.1)

i== i=
p—1 .

— Z xUm’ + yUmi(x“ @)
i=0
p—1

= ;} U, + in(m))ﬂi

Whence xyU; = xU; + yU;ug and the U; define a linking function for ¢.
We can now state

THEOREM 6.3. Let p be an odd prime and ¢* « Burde representation of G =
m (S — K) extending the trregular dihedral (D,) representation ¢ of G into
S(J,), and such that ¢,* :z— 2 + 1. Let M be the branched covering space
corresponding to ¢, and let K, be the component of index 1. Write z¢,* = z +
s qmiwhere SZ0qs = 0. Theng, = link (R, Ko) foralli,1 <1< (p — 1)/2.
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Proof. We have shown that U is a linking function for ¢, and it is easily
verified that its boundary is K. Thus the theorem follows straight from corol-
lary 4.3 as long as link (K ;, Ky) is defined. That is, as long as K; ¢ L(K). This
last condition will be verified below.

Assume that ¢ is an irregular dihedral representation and suppose that P’
is a linking function for ¢. Define P by xP; = xPj_, + xP’;, for some fixed
t = (n—1)/2. Then

xyP; = xyPi .+ xyPh = xPi + yPlmnee + 2P
+ ¥PGr o = P + ¥P e

The last equality holds since j¢, = 4j + s for some s, and so (j + t)¢, =
jés £ t. So P is a linking function for ¢.

Now suppose that mP; = 8y, and so Bd(P') = K,. Then mP; = mP’;_, +
mPy, = 6,, + 6,_,. So P has boundary K, ,;;, + K| _;;, = 2K,. This shows
thatif K, € L(K), sois K, for any j.

From the equation IP; = [P, + [P, where [ is a longitude of K we
obtain the following formula due to Perko [14].

(6.3) 2link (K, K;) = link (Ko, K{|,—() + link (Ko, K{}4411)

This useful formula permits the calculation of all linking numbers between
the knots K ; from a knowledge of the linking numbers with the knot of index 1,
K,.

7. Calculation of covering linkage. The notion of a linking function is
closely related to the Reidemeister-Schreier algorithm. Let G = 7 (M — K, b)
have presentation (x;; 7,) and let ¢ : G — S(J,)) be a transitive representation.
Let 9,; k € J, be rewriting functions associated with the representation ¢.

ProrositioN 7.1. If P is a linking function for ¢, then there exists « homo-
morphism 0 from (X ;;:) to Q such that for all kin J,, 20 = x I where x is the
natural homomorphism of (x;:) onto G. Conversely, if 6 is « homomor phism from
(X i;:) to Q such that ;2,0 = 0 for all j and k, then there is « linking function P
such that 2,0 = xP,.

Proof. The maps xP; satisfy the conditions imposed on the maps R; of
Lemma 2.1. Thus 6 exists. The converse is obvious.

Thus, the concept of a linking function is virutally the same as a homo-
morphism 8 : (X ,;;:) — Q satisfying 7,2,8 = 0 for all j and k. We will refer to
such a homomorphism as a linking homomor phism.

The following theorem is to be used when covering linkage is to be calculated
from a group presentation. It is just a translation of the results of Section 4, and
so has already been proved.

THEOREM 7.2. Let (x;; r;) be a presentation for G = =, (M — K) in which
Xo = mis a meridian of K, for some generator xy. Let 0 be « linking homomor phism
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for ¢. That 1s, a homomorphism of (X ;;:) into Q such that r, 26 = 0 for all j
and k. Let « € H\(K) be equal to > ;-1 q,K,; where q; = Y. icc Xoib where C is
any cycle of m contained in O;. Let L be an element of (x;) such that Lx =1
is « parallel of K. Suppose K; ¢ L(K). Ifk € O;then
ind K, \k)™' - (LM0D,0) = link (a, K,).
Alternatively stated:
ZkEOi Lgke = br Ki - link (O(, Kl)
Once again we single out the case where ¢, = identity.
COROLLARY 7.3. Under the conditions of Theorem 7.2, if ¢, = id, then a =
Yie1 @K ; where g; = Y ico; Xob, and LD 0 = link (a, K,) for any k € O,

Since the elements 7,2, can be calculated explicitly, the problem of finding
linking functions with a given boundary becomes the task of solving a system
of linear equations. According to Proposition 5.4, in making calculations we
may also assume that y,2 ,»0 = Ofor7z = 1,...,n — 1, where T is a Schreier
tree for ¢ and edge E; has label y; and initial vertex ¢(z). Thus, in effect one
seeks a homomorphism of G* into Q, with G* defined as in Section 2. Since Q is
abelian this induces a homomorphism of G*/G* which is isomorphic to
H,(M — K). The advantage of linking functions in theoretical applications
is that one need not assume that v,2 ,(»0 is zero and in fact they can be chosen
arbitrarily.

Example. The group of knot 944
Xo

X2

B

X1
has generators xg, X1, X2 and relators

710 %1 (X9%1X2X100X 102 X1 X9%0) = (X2X 1828 1X021X2% 182X )2 and

7o 1 (XeXoX1X2)X1 = X (X2X0X1X2)
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where a bar represents the inverse. Consider the representation xo¢ = (12),
19 = x2¢ = (02), and set Oy = {0} and O, = {1, 2}. Writing R,; for the
relation 7,2 ; = 1 we obtain

X1X2X]X2X1XOX1X2X1X2X()—XZXIXZXIXUXIXQXIXQXOX‘Z
Rip: 02002211111 02200022000
Ri::1 1111120022 1111120022 1*
Rip: 20220002200 20022111112

and

X2X0X1X2X1 :XUXQX()XlXQ
Ry: 01 111 001 1 1%**

Roy: 1220 2 12002

Ryp: 20020 2122090

We use shorthand notation here. In full, R;s would read X 10 Xoa X190 Xo0. . ..
A Schreier tree is

V1 & Vo 92) Vo,
whence we can set X = X¢ = 1. It is convenient to select a Schreier tree
in such a way as to be able to set X,; = 1 for all j except one from each cycle
of ¢,,. From the starred relations we obtain, after abelianisation, X¢= X;; =
Xo1. Then a relation matrix for G*/G* is

XO() X02 XQ() Xl[) X12

Rw: -2 1 -2 2 —1
1€12Z 2 —1 1 —1 2
]enl -2 0 —1 2 —1

The row corresponding to R is the same as Rjs.

Now, branch relations for =1 (M) are of the form x*®Z, with one such
relator for each cycle of ¢,. With the Schreier tree chosen in the manner sug-
gested above, the result of the branch relationsis to set all the remaining X,;
equal to 1. Thus, the right part of the matrix is a relation matrix for H, (M),
and the whole matrix is a relation matrix for Hy(M — K). This remark is
irrelevant to the calculation of covering linkage, but it will be discussed in
more detail later.

Then it is easily found, setting X0 = 0 and X = 1 that

Xo(,0= 1 X200=0 X100=2/3
X010=0 X210= 1 X110= 1
X020=0 X220=O X120= —2/3
is a homomorphism from (X ;;:) into Q factoring through G*, and that the

linking function defined by xP; = 2 ,0 has boundary K,, the knot of index 1.
An expression for L is

xlx:)_xlﬂz‘w()ox’w?oxwzl3?10.’)629619329?197)096196292’13752361922.’)2‘130092'232‘03605.
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As before, we calculate LY ;:

XngXlXAg)(n)?QX()XQX] X0X2X1X2X1X04Y1X2X1X21Y1X2X1X0X2X0
111 110000 002200022000 2211
11-1-100-10—-2-10—-%20-%2—-120%2 020 %20 —10
XXX,
2 1 2
0 0 0
The sum of the third line is L2216, and shows that link (K,, K;) = —10/3.

(Ctf. [5, p. 200]).

8. Representations on PSL (2, Z). Let L, be the group PSL(2, p) with
p a prime. Thus L, is the group of 2 X 2 integral matrices with determinant 1
in which a matrix is identified with its negative. Let F be the subgroup of L,
consisting of upper triangular matrices. Now L, has order 3p(p?> — 1) if p > 2
and 6 if p = 2, whereas F has order 3p(p — 1) if p > 2and 2if p = 2. Thus I
has index p 4+ 1 in L,. Corresponding to the subgroup F is a representation ¢
of L, into S(J,41). Direct calculation shows that ¢ is faithful. For p > 3 this
is also clear because L, is simple. Let H = PSL(2, Z), sometimes called the
unimodular group, and let mod, be the homomorphism of H onto L, which
reduces each matrix to its residue mod p. Then ¢ = mod, { is a permutation
representation of H. The group H has a presentation (S, 7" : (5§13, 1?) where
S = [éi] and 1" = [(1) B (1):| .LetJpp1 = {0,1,. .., p}. The following lemma

gives the information we require about y.

LEMMA 8.1. Let § be a transitive representution of H into S(Jpi1) such that ¢ s
has order p. Then after suitable renumbering ¢ satisfies s = (01 ...p — 1) (p)
(L%(iOy[/T = p, l‘//T = P — 1.

Proof. By a suitable numbering one may assume s = (01 ... p — 1) (p).
Since ¢ is transitive, pyr # p. Thus one may assume pyr = 0. Then one
calculates that (p — 1)¥%, = 1y . Since S7" has order 3 in H, 1y, = p — 1.

We now state the main theorem of this section.

THEOREM 8.2. Let y be a representation of G = m,(S* — K) onto H such that

1 1 . . N .
N = |:() 1] , und let  be a tramsitive representation of H into S(Jp41) such that
W s has order p. Let ¢ = ny and M be the covering space corresponding to ¢. Then K
has two components, Ky of index 1 and K, of index p. Also, n, 1is of the form

l:(l) ;jl where | is « longitude and link (K., K,) exist and equals —s/(p + 1).

This result was conjectured by Riley for the case p = 2[16].

Proof. n, must be of the given form since it commutes with 7,,.
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By Lemma 8.1, we may assume that ¢ s = (01 ... p — 1) (p) and Oy =9,
Iy = p — 1,¢% = id. Then corresponding to a Schreier tree
rLo313058 . S,
one can calculate a presentation for H*¥, Write S&; = S;and 1’9 ; = 1', then

the only relators of H* in which S, and S,—1 occur are S¢1'1S,—170S,15;
Sp—1105, 1,807, and S,7,S¢71S,—1T, and one sees that there exists a homo-

morphism 6 of H* into Q such that 5,6 = 1 and S,—1§ = —1. Define a linking
function for ¢ by P; = nD#. Now ¢,, = (01...p — 1) (p). Let Oy = {p} and
O, =1{0,1, ..., p — 1}. The boundary of P is then ¢,K, + ¢:K;, where
go = mP, = myD,0 = S,0 = 1,and ¢, = S homP; = > 5358 = —1. There-

fore Ky — K; € L(K). On the other hand, by Proposition 4.4, K, + pK, ¢
L(K), so both K, and K, are in L(K). Then link (K, — Ky, ly) = IP, =
InD,8 = S, = s, and from Proposition 4.4, link (K, 4+ pKi, [y) = 0. We de-
duce that (p + 1) link (K;, o) = —s from which the theorem follows.

As a consequence of this theorem, we can prove that some knots have
property P. A knot K in S? is said to have property P il mi(S? — K)/(ml?) # 1
for all ¢ % 0. It is easy to see that if K has property P then a counter example
to the Poincaré conjecture cannot be constructed by removing a solid torus with
core K from S? and sewing it back differently. It has been conjectured that
every non-trivial knot in S* has property P but there are quite a few general
results on this conjecture [2; 8; 9; 17; 19]. Now we will prove the following.

ProrosiTioN 8.3. Suppose that the knot group G = 7.(S? — K) has a repre-

sentation n onto PSL(2, Z) such that n,, = I:(l) }] . Let Ky, K; be the covering
link of K in the irregular dih-dral (Ds) covering space M induced from n. Then,
iflink (Ko, K;) # 0, K has property P.
Proof. Let 9, = [(1} f:] . Then by Theorem 8.2, v = link (Ko, K1) = —s/3.
Since v ¥ 0 and s = 0 (mod 6) [17], it follows that |s| = 6. Now 7,0 =
1 ¢gs+1
0 1
gs + 1 =0 (mod p), and hence the group =, (S* — K)/(ml?) has a represen-
tation on PSL(2, p).

:| . Therefore, for any ¢, there is a prime integer p such that

It is known that if K is a 2-bridge knot, then link (K, K;) = 2 (mod 4)
in an irregular D; covering space. Therefore, we obtain from Proposition 8.3
the following

CoROLLARY 8.4. If the group of a 2-bridged knot K has a representation on

PSL(2, Z) such that 4,, = l:] 1

3
0 IJ , then K has property P.
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The condition that such a representation exist is quite restrictive but the
following classes of 2-bridge knots have such a representation onto PSL(2, Z).

(18ab — 3a 4 3b,6a £ 1), a,b = 1and ¢ + b =1 (mod 2),
(54ab + 3a — 12b,18a + 1), a,b = 1 and b = 1 (mod 2).

9. A generalisation of an invariant of Reyner. So far we have not really
considered the use of linking numbers as knot invariants. In order to obtain
an invariant from linking numbers one must consider the covering linkage
invariants for all the covering spaces of a given type. The reader is referred to
Perko [13] for examples of the use of such invariants.

One of the most troublesome aspects of covering linkage invariants is that
they do not always exist. Furthermore, the calculation is a nuisance if ¢, is not
the identity. In this section, certain invariants will be defined which have most
of the advantages of covering linkage invariants (for instance, they are
extremely effective in detecting non-amphicheiral knots) while avoiding the
disadvantages of covering linkage invariants.

It should be clear from the preceding sections of this paper that linking
numbers, since they may be computed without reference to the topological
aspects, may be defined for arbitrary groups. That is, given a group G, two
elements x and v in G taking the place of meridian and longitude, and a
transitive permutation representation of G, one may define some sort of
pseudo-linking numbers. This approach is not emphasised, since the real
interest is in the topological interpretation. However, the invariants to be
defined below will be described purely algebraically. First, we make some
remarks applicable also to covering linkage.

Let G be a group, x, y two elements in G and ¢ a transitive representation of
G into S(J,). Let F be some function assigning to a quadruple (G, x, y, ¢)
some object in some category. We will suppose that F/ has the following
properties:

1) F(G,x,y,¢) = F(G,x,y,¢') if ¢isequivalent to ¢’.
ii) If r: G — G’ isan isomorphism, then F(G, x, y, ¢) = F(G', x7, yr, 771¢).

We say that two representations ¢: (G, x, y) — S(J,) and ¢': (G', &/, y') —
S(J,) are of the same type if ¢’ is equivalent to a representation ¢”/ such that
G'¢" = G¢, x'¢" = x¢ and ¥'¢"" = yé.

One defines a function F* by
]'ﬂ*(Gr X, 3’) = {]"(Gy X, yv d’l)v d)i E A };

where 4 is a set containing one representation from each equivalence class of
representations of a given type. Then, IF*(G, x, v) = F*(Gr, xr, y7), so I' is
an isomorphism invariant of the triple (G, x, ¥).

Given a knot K with knot group G and a meridian longitude pair, m, [ we
can define a function /’ by F'(K) = F*(G, m, ). This is independent of the
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particular meridian longitude pair chosen, since any two pairs are related by
an inner automorphism of the knot group.

If K and K’ are (ambient)-isotopic, then there is an isomorphism taking
(G,m, 1) to (G',m',I"). Thus, F'(K) = F*(G,m, ) = F*(G',m',I') = F'(K')
and so F’ is an invariant of ambient isotopy type for knots.

If K is amphicheiral, then there exists 7 taking m to m—' and / to /. Therefore

F*(G, m, 1) = F*(G, m=, ).

If K is invertible then 7 takes m to m~—! and [/ to [='. Thus F*(G, m, l) =
F*(G, m~1, [7'). The particular functions F to be considered are particularly
effective in distinguishing non-amphicheiral knots, but unfortunately we al-
ways have F(G, m, 1, ¢) = F(G, m=1, 7!, ¢) so that they are (not surprisingly)
useless for proving knots non-invertible. We now proceed with the definitions.

Let G be any group, not necessarily a knot group, and let x be some particu-
lar element of G. Let ¢: G — S(J,) be a transitive representation and let S =
Sty (¢) where ¢ is some element of J,. Define elements {x;: 7 € J,} of S as
follows. Let v4; be some element of G such that @ (v4:0) = 7. Then x; is the
element v,:x°Yy,,~! where o(7) is the smallest positive integer such that
x°D € Sty(7). Of course, x; depends on the choice of elements v,; but the
conjugacy class of x; in S is independent of this choice. Define the group
(G, ¢, x) to be S/{{x;; © € J,})% and H(G, ¢, x) to be the commutator
quotient group of 7(G, ¢, x). Here {{x;; ¢ € J,})® means the normal closure
in S of the set {x;;7 € J,}.

The normal subgroup ({x;; ¢ € J,})S can be the normal closure of subset
of the x;. In fact, if ¥ € C(x), the centraliser of x in G, and 7¢, = j then x; is
conjugate to x; as is easily verified. Thus if 4 is a subset of J, containing one
element from each orbit of J, under the action of C(x)¢, then ({x;;7 € J,})% =
({xii€ A))5.

Now if G* is the group defined in Section 2 and D; are rewriting functions
corresponding to ¢, then D, is an isomorphism of St,(¢) onto G*. Then

xiDa = (vaixa(i)vai_l)Da = vaiDa : xa(i)Di : (vaiDa)_l
which is conjugate to x*PD;. Thus we have
(G, ¢, x) = G*/{({x" P D0 € A})*

whence one can easily find a presentation for (G, ¢, x), and H(G, ¢, x) is
easily calculated.

In the case where G is the group of a knot K in S? one may consider such
groups as (G, ¢, m®l’) where m and [ are meridian and longitude. Since we
have maps

,* N
(T — R, 5) 25, ¢ Pi, o

in which p;*D; is an isomorphism, we will identify =, (M — K) with G* and
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H,(M — K) with G*/G*. Thus in particular, it will be convenient to use
geometric language and talk of m#*?D; as being a meridian of the component
K, of K where j € O,. Thus one sees that =(G, ¢, m) is just the fundamental
group of the branched covering space corresponding to ¢. Similarly, 7 (G, ¢, id)
= 7 (M — K). The special case of 7 (G, ¢, I) was considered by Reyner [15]
for the case where ¢; = id in his Ph.D. thesis. He calculated many examples
where ¢ is a dihedral representation and collected the results in tables.

In general, if ¢ and b are coprime then 7 (G, ¢, m®l®) can be interprcted as
the fundamental group of a manifold obtained from M — N(K) by sewing
N(K) back in “wrongly”’. To be precise, let M be obtained from S* by re-
moving a tubular neighbourhood of K and sewing it back so that a meridian
corresponds to m?°. Then we obtain a knot K in M, and $* — K~ M — K.
(We use here the same symbol K for the knots in M and S?). Thus correspond-
ing to ¢: m(S* — K) — S(J,) there is a homomorphism of = (M — K) into
S(J,). If M*(a,b) is the covering space of M branched over K, then =, (M*(a, b))
is isomorphic to 7 (G, ¢, m°?).

In the next section we will be considering the group H(G, ¢, m®l®). We will
not need the above geometrical interpretation of this group, nor the assump-
tion that a and b are coprime. However it will be convenient to use geometrical
language and refer to the above group as Hy (M*(a, b)) or more simply, H, (M*).
If s =m% and j € O, then we will write #i;, [, and 3, instead of m*®D,,
POD,; and sPD; respectively. In general, if x € Sty(j), then xD; can be
considered as the lifting to the base point d;in M — K of the path x.

Since we are dealing with an abelian group, additive notation will be used.

10. The connection with covering linkage invariants. In this section,
the connection between the group H,(M*) and the linking numbers in the
covering space M corresponding to ¢ will be considered. We therefore make
the assumption that linking numbers are defined between all components of
the link K in M. All homology groups will be integral homology groups unless
otherwise stated.

It is necessary to define torsion coefficients and the Betti number of a matrix
of rational numbers. Let Q be considered as a module over Z. It is easily seen
that a finitely generated submodule of Q is generated by a single element.
Define the greatest common divisor of a finite set of rational numbers to be
the generator of the submodule they generate.

Let V' be anm X # matrix of rational numbers. Defineforz = 0,...,n — 1,
the 2th elementary ideal, £; of V' to be the Z-submodule of Q generated by the
(mn — 1) X (m — 1) subdeterminants of V if # — ¢ < m, and the zero sub-
module if # — ¢ > m. The Betti number of 1, B(17), is the number of zero
ideals and the sequence of torsion coefficients of 17 is the generators of the
non-zero ideals, which will be numbered so that 7(1) is the generator of the
first non-zero ideal.
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If 4 is an abelian group then one defines the Betti number and torsion
coefficients of 4 to be the Betti number and torsion coefficients of a relation
matrix for A. (These will be integers.) Then 7';(4) is the order of the torsion
subgroup of 4. We will also write B(M), B(M*), T,(M) and T;(M*) to mean
the Betti number and torsion coefficients of Hl(ﬂg and H,(M*) respectively.

Now, we may choose a set of generators for H;(M — K) of the form #@;, . . .,
fip, My, . .., #i, where the #i; are meridians of the components of K. Then a
relation matrix for H;(M¥*) is of the form:

Uy ... Wy oWy ... W,

(10.1) _F

ot

Sr L J

where 4 is a relation matrix for H,(M), and (4|B), is a relation matrix for
Hy(M — K). The horizontal and vertical lines will be referred to as the
horizontal and vertical lines. A matrix F divided into blocks in this way will be
called a partitioned matrix. Consider the following types of row operations on
partitioned matrices.

R1: Add an integral multiple of a row above the (horizontal) line to a
different row above the line.

R2: Add an integral multiple of a row below the line to a different row
below the line.

R3: Add a rational multiple of a row above the line to a row below the line.

R4: Add or eliminate a row of zeros.

Similarly define column operations C1, C2, C3, analogously to the row opera-
tions with the word column replacing the word row, vertical line replacing
horizontal line, left replacing above and right replacing below. By a rational
row or column operation will be meant an operation of this sort, and an in-
tegral row (column) operation will mean an operation of this type in which
addition only of integral multiples of rows (columns) to other rows (columns)
is allowed. Clearly the Betti number of a matrix is invariant under rational row
and column operations.

Let 7 € O; and define §; = (m®)*PD,. For geometrical reasons 3; ought to
be expressible in terms of 72, and /.. In fact

> m'"D; =Y. (m"'D;+I'D,)

€0q 7€04
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Whence

So= g o(§)/u()+ L b o ()/NG).

Furthermore, if all linking number are defined, then as elements of H,(M — K,
Q) we have [; = Y i_y ity where ¢y = N(j) - ind (K,;)=!- vy by (4.4). Here,
v = link (K4, K.

Consequently, remembering that u(j) = br (K;);j € O; we obtain

S = U(j) ' Z i[04, - t’l/br (K‘L) + v b/ind (Kz)]
k=1
Let = be the matrix defined by:

(10.2) w = o(f)[6u - a/br (Kz) + vy - b/ind (Kz)]

When it is necessary for clarity, this matrix will be denoted by Z(«, ).
We have shown that by rational row operations, the relation matrix I =

[A g:l can be transformed to I:A B]. Furthermore, by Corollary 4.5,

11

C 0l =
rank (4) = rank (4|B). Therefore by rational column operations, we can

. [A
obtain

0 ,::l . The following theorem is immediate.

THEOREM 10.1. B(M*) = B(M) + B(E).

This gives a more general answer to a question of Reyner [16] who asked:
“If the linking number of the two branch curves |in a D; covering space] is 0,
does H,(M*) contain a free abelian group of rank two?”’ He was considering
the case where m®[® = [, and ¢, = id, in which case = is just the matrix of
linking numbers, assumed to be a 2 X 2 zero matrix.

In order to study the torsion coefficients of H;(M*), we include a further
column operation:

(C4: Add or eliminate a column of zeros.

We will call two partitioned matrices P-equivalent if one can be obtained
from the other by a sequence of row and column operations of type R1 to R4
and C1 to C4. If only integral row and column operations are used then the
matrices will be said to be integral-P-equivalent. The torsion co-efficients of a
matrix are invariant under integral-P-equivalence. Now in the matrix I given

in (10.1),
A
rank (4|B) = rank (4) and rank c)= rank (4).
Therefore we may assume that 4 is a non-singular diagonal matrix. We obtain
immediately

TuEOREM 10.2. If H, (M) is free abelian then the torsion coefficients of H,(M*)
are just the torsion coefficients of =.
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The proof of the following lemma is straightforward.
‘ 4 07, ., A4 0 o
LEmMa 10.3. If [: 0 D’] 15 P-equivalent to [0 D] then T;(A4) = 1,(A")
and T (D) = T(D") for all 1.
Lemma 10.3 is used in the proof of the following

LemMa 10.4. If F 1s integral-P-equivalent to a mnon-singular matrix, then
Ty(M*) = T(M) - T (F).

. . p B’ Y -
Proof. F is P-equivalent to I:Sl 2] . Suppose that F' = [2, D,:l , I is

non-singular and F is integral-P-equivalent to F’. Since 4 is non-singular, [”" is
64 g,,] of the same size such that det (F’) =
det(E) = det(4) - det(D"”). Then T1(4) - TW(E) = T1(4) - T1(D") =
det (4) - det (D) = det (F') = T1(F). The first equality is a consequence of
Lemma 10.3.

P-equivalent to a matrix E = [

Clearly, if det (£) # 0 then Fitself is non-singular. This gives immediately:

THEOREM 10.5. If E is non-singular, then Ty(M*) = Ty (M) - det (Z).

—

Example 1. 1f ¢, = id, then the matrix Z(0, 1) is just the matrix of linking
numbers, ||v;,||. If ¢ is a D; representation and M is a Z-homology sphere, (this
occurs if the knot group G is generated by two Wirtinger elements) then a
relation matrix for H;(M*(0, 1)) is of the form [—Zia Eaa:| where 2o =
link (K, K,). Thus H,(M*(©, 1)) = Z 4+ Z,. So, H;(M*) is completely
determined by the covering linkage.

Example 2. Let ¢ be a D representation, then Z(2, 1) is the matrix
—da + 2 2a where 2o = link (K, K;). Then, det (2(2,1)) = 2 —
2a —a +1

da =2 2a which has deter-
2a —a — 1

minant 6« + 2. [t follows that H,(M*(2, 1)) #= H,(M*(—2,1)) unlessa = 0.
The non-amphicheirality is thus clearly shown.

6. On the other hand, (-2, 1) = I:—

When the invariant H,(M*(0, 1)) is to be considered, Theorem 10.5 is not
applicable, since the matrix Z(0, 1) is never non-singular, because of PProposi-
tion 4.4. In the following, we will assume for convenience that ¢, = id so that
Z(0, 1) is simply the matrix of linking numbers. The row of the matrix F
shown in (10.1) corresponding to /; will be denoted as (/;) and the column
corresponding to 7i; will be denoted by (m;).

LemmA 10.6. If >0y ay(ly) 2s a rational (regp. integral) linear combination of
rows above the line, then Y i_y a;(m;) is a rational (resp. integral) linear combina-
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tion of columns to the left of the vertical line.

Proof. 1f >7_1 a(l;) is a rational linear combination, thenc¢ = > i_a, K; ~
0 in H,(M — K; Q). This means that there is a rational 2-chain V, with
120 = ¢. Then there is defined a homomorphism A from H,(M — K) to Q
given by aA = Int (5, a). Furthermore, #iA = a; and ;A = 0. It follows
that > i1 A - (my) + D5-1 %A - (u;) = 0 where (u;) represents the column
corresponding to the generator ;.

If > %—1 a:(l;) is an integral linear combination of the rows above the line,
then Vs, is an integral 2-chain, and so #A is an integer.

We give two cases in which Lemma 10.4 is satisfied.

THEOREM 10.7. Let = = Z(0, 1) and M* = M*(0, 1). Suppose ¢, = id.
If either

i) Hi(M — K; Z) is free abelian, or

ii) B(E) = 1 and the greatest common divisor of the lengths of the cycles of
bm s 1, then

Ty(M*) = Ty(M) - T1(E).

Proof. First observe that it is possible by integral row operations on a
matrix to replace a row 7; by > a7;; a; € Z, if and only if «¢; # 0 and g.c.d.
(a;) = 1.

i) Consider F = [2{ g] where we assume that 4 is non-singular. The

rows above the line are linearly independent. Thus if F is singular, then
there exist integers a; with g.c.d. (a¢;) = 1 such that > i_; «;(/;) is a linear
combination of rows above the line. That means that > i_1a; ~ 0in H, (M —
K; Q). Therefore 3.7y a;; ~0 in H{(M — K; Z) since H\(M — K; Z) is
free abelian. That is, >.i—; a;(/;) is an integral linear combination of the rows
above the line. By Lemma 10.6, this means that > j_; ¢;(m;) is an integral
linear combination of the columns to the left. Thus, we may eliminate a row
and a column by integral row and column operations and continue in this way
until a non-singular matrix is obtained.

ii) Since I ~ 0 in H.(S* — K; Z) it follows that > 7_; br(K)K;~0 in
H,(M — K; Z) by lifting a surface spanning / to the covering space (This is
the idea behind Proposition 4.4). The greatest common divisor of br (K;) is
one by the assumption on the lengths of the cycles of ¢,. So, one can replace
one of the rows below the line by Y.%_; br (K;) (/;) and then eliminate it by
integral row operations. Similarly, one column can be eliminated by Lemma
10.6.

The assumptions B(Z) = 1 and g.c.d. {br (K;)} = 1 are natural enough.
In particular, in the case of dihedral covering spaces, the second condition is
always met, and it seems probable that unless all the linking numbers vanish,
that the first condition is met. Thus in most cases, the covering linkage in-
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variants if they exist determine the Betti number and the product of the tor-
sion coefficients of H;(MM*) for dihedral coverings.
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