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Abstract. For smooth random dynamical systems we consider the quenched linear and
higher-order response of equivariant physical measures to perturbations of the random
dynamics. We show that the spectral perturbation theory of Gouézel, Keller and Liverani
[28, 33], which has been applied to deterministic systems with great success, may be
adapted to study random systems that possess good mixing properties. As a consequence,
we obtain general linear and higher-order response results, as well as the differentiability
of the variance in quenched central limit theorems (CLTs), for random dynamical
systems (RDSs) that we then apply to random Anosov diffeomorphisms and random
U(1) extensions of expanding maps. We emphasize that our results apply to random
dynamical systems over a general ergodic base map, and are obtained without resorting
to infinite-dimensional multiplicative ergodic theory.
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1. Introduction

In this paper, we study quenched response theory for random dynamical systems (RDSs).
The set-up is as follows. Take M to be a C*° Riemannian manifold with m being
the measure induced by the associated volume form, take (€2, F, IP) to be a Lebesgue
space and, for some r > 1 and each € € (—1, 1), let ¢ : Q@ — C’*l(M, M) denote a
one-parameter family of random maps with a ‘measurable’ dependence on w. After fixing
an invertible, P-ergodic map o : Q — Q from each 7¢, we obtain RDSs (7¢, o) whose
trajectories are random variables of the form
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where 7;(2)) is short for the composition 7, ;n-1, 0 -0 Tc . A family of probability
measures {(leq}lweq On M is said to be equivariant for (T¢, o) if pleq 0 7;:01 = Ueow
for P-almost every w (see §2.1 for a precise definition). When 7¢ possesses some
(partial) hyperbolicity and good mixing properties, one hopes to find a unique physical
equivariant family of probability measures (a 7 -equivariant family of measure {(,}weq is
physical with respect to m if n™! Z;:l 8T i (x) = Ho for x in a (possibly w-dependent)
positive m-measure set with P-probability l),was such objects describe the m-almost every
realized statistical behavior of the given RDS. Quenched response theory is concerned
with questions of the regularity of the map € — {¢n}oece and, in particular, how
this regularity is inherited from that of € — 7¢. The one-parameter family of random
maps € — 7T¢ is said to exhibit quenched linear response if the measures {ite o}weq
vary differentiably with € in an appropriate topology, with quenched higher-order (e.g.
quadratic) responses being defined analogously.

Linear and higher-order response theory for deterministic (that is, non-random) systems
is an established area of research, and there is a plethora of methods available for treating
various systems (see [6] for a good review). Response theory has been developed for
expanding maps in one and many dimensions [6, 7, 43], intermittent systems [2, 10, 34],
Anosov diffeomorphisms [28, 41, 42], partially hyperbolic systems [16] and piecewise
expanding interval maps [5, 9]. The tools and techniques one may apply to deduce response
results are likewise numerous: there are arguments based on structural stability [41],
standard pairs [16], the implicit function theorem [43] and on the spectral perturbation
theory of Gouézel, Keller and Liverani [28, 33] (and variants thereof, e.g., [24]).

On the other hand, the literature on quenched response theory for RDSs is relatively
small and has only recently become an active research topic. With a few notable exceptions,
most results for random systems have focused on the continuity of the equivariant random
measure [3, 8, 22, 26, 37], although some more generally apply to the continuity of the
Oseledets splitting and Lyapunov exponents associated to the Perron—Frobenius operator
cocycle of the RDS [11, 14]. Quenched linear and higher-order response results are,
to the best of our knowledge, limited to [44], where quenched linear and higher-order
response is proved for general RDSs of C* uniformly expanding maps, and to [20], wherein
quenched linear response is proved for RDSs of Anosov maps near a fixed Anosov map.
The relatively fewer results for response theory in the random case has been largely
attributed to the difficulty in finding appropriate generalizations of the tools, techniques
and constructions that have succeeded in the deterministic case. While the authors believe
this sentiment is generally well founded, in this paper, we find that, for quenched linear
and higher-order response problems, it is possible to directly generalize an approach from
the deterministic case to the random case with surprisingly little trouble. In particular, by
building on [37], we show that the application of Gouézel-Keller—Liverani (GKL) spectral
perturbation theory to response problems can be ‘lifted’ to the random case, which allows
one to deduce corresponding quenched response from deterministic response ‘for free’.

In the deterministic setting, the application of GKL perturbation theory to response
problems is part of the more general ‘functional analytic’ approach to studying dynamical
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systems, which recasts the investigation of invariant measures and statistical properties
of dynamical systems in functional analytic and operator theoretic terms. The key
tool of this approach is the Perron—Frobenius operator, which, for a non-singular map
T eCtY (M, M) (a map T : M — M is non-singular with respect to m if m(A) =0
implies that m (T~ (A)) = 0), is denoted by £7 and defined for f € L!(m) by

S

LrfHx) = ) Gt Dy T

T(y)=x
The key observation is that the statistical properties of T are often encoded in the spectral
data of L7 provided that one considers the operator on an appropriate Banach space [4,
7, 23, 36]. Specifically, one desires a Banach space for which L7 is bounded and has a
spectral gap (in addition to some other benign conditions), since then a unique physical
invariant measure 7 for 7 is often obtained as a fixed point of L7. One may then attempt
to answer response theory questions by studying the regularity of the map 7 +— L7 with
a view towards deducing the regularity of T +— p7 via some spectral argument. The main
obstruction to carrying out such a strategy is that T + L is usually not continuous in
the relevant operator norm, and so standard spectral perturbation theory (e.g. Kato [32])
cannot be applied. Instead, however, one often has that 7' +— L7 is continuous (or Ck)
in some weaker topology, and by applying GKL spectral perturbation theory it is then
possible to deduce regularity results for T +— ur.

The main contribution of this paper is to show that the strategy detailed in the
previous paragraph may still be applied in the random case to deduce quenched linear and
higher-order response results. More precisely, with {(7¢, 0)}ee(—1,1) denoting the RDSs
from earlier, the main (psuedo) theorem of this paper is the following (see Theorem 3.6 for
a precise statement and §4 for our application to RDSs).

THEOREM A. Suppose that (To, o) exhibits w-uniform exponential mixing on M and that,
for P-almost every w, the hypotheses of GKL perturbation theory are ‘uniformly’ satisfied
for the one-parameter families € > T, as in the deterministic case. Then, whichever
linear and higher-order response results that hold P-almost every at € = O for the physical
invariant probability measures of the one-parameter families € — e, also hold in the
quenched sense for the equivariant physical probability measures of the one-parameter
Sfamily € — {(T¢, 0)}ee(—1,1) of RDSs.

We note that, despite the mixing requirement placed on (7, o) in Theorem A, we
do not require that o exhibit any mixing behaviour, other than being ergodic. The
general strategy behind the proof of Theorem A is to consider for each € € (—1,1) a
‘lifted’ operator obtained from the Perron—Frobenius operators {ﬁﬁ’w}weg associated to
{Te.0}weq- Then, using the fact that the hypotheses of the GKL theorem (theorem 2.1)
are satisfied ‘uniformly’ for the Perron-Frobenius operators € — L7, and ® in some
P-full set, we deduce that the GKL theorem may be applied to the lifted operator. By
construction, the fixed points of these lifted operators are exactly the equivariant physical
probability measures of the corresponding RDS, and so we obtain the claimed linear and
higher-order response via the conclusion of the GKL theorem. Using Theorem A, we easily
obtain new quenched linear and higher-order response results for random Anosov maps
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(Theorem 4.8) and for random U(1) extensions of expanding maps (Theorem 4.10). We
note that our examples consist of random maps that are uniformly close to a fixed system.
However, this is not a strict requirement for the application of our theory and one could
also consider ‘non-local’ examples, e.g., it is clear that the arguments in §4 are applicable
to random systems consisting of arbitrary C* expanding maps.

The structure of the paper is as follows. In §2, we introduce conventions that are
used throughout the paper and review preliminary material related to RDSs and the GKL
theorem. In §3, we consider random operator cocycles and their ‘lifts’ and then prove our
main abstract result, Theorem 3.6, which is a version of the GKL theorem for the ‘lifts’
of certain operator cocycles. In §4, we discuss how Theorem 3.6 may be applied to study
the quenched linear and higher-order response of general random C"*! dynamical systems
and then consider in detail the cases of random Anosov maps and random U(1) extensions
of expanding maps.

In §5, as another application of Theorem 3.6, we show the differentiability of the
variances in quenched CLTs for certain class of RDSs (including random Anosov maps
and random U(1) extensions of expanding maps).

Lastly, Appendix A contains the proof of a technical lemma from §4.

2. Preliminaries

We adopt the following notational conventions.

(1) The symbol ‘C” will, unless otherwise stated, be indiscriminately used to refer to
many constants, which are uniform (or almost surely uniform) and whose value
may change between usages. If we wish to emphasize that C depends on parameters
ai, ..., ay, then we may write C, .. 4, instead.

(2) If X and Y are topological vector spaces such that X is continuously included into Y,
then we will write X — Y.

(3) If X and Y are Banach spaces, then we denote the set of bounded, linear operators
from X to Y by L(X, Y). When X =Y, we simply write L(X).

(4) When X is a metric space, we denote the Borel o -algebra on X by By.

(5) If A e L(X), then we denote the spectrum of A by 0 (A) and the spectral radius
by p(A). We will frequently consider operators acting on a number of spaces
simultaneously and, in such a situation, we may denote o (A) and p(A) by o (A|X)
and p(A|X), respectively, for clarity.

2.1. RDSs. Let (2, F,P) be a probability space and let o : 2 — €2 be a measurably
invertible, measure-preserving map. For a measurable space (X, G), we say that a
measurable map @ : Ng x Q@ x ¥ — ¥ is an RDS on X over the driving system o if

oD =idy and g = gl 0 gl
foreachn, m € Ny and w € 2, with the notation (pg’) = ®(n, w,-) and ow = o (w), where

Np = {0} U N. A standard reference for RDSs is the monograph by Arnold [1]. It is easy
to check that

(pc(on) = @on—lgy © Pgn=24 0 " 0 Po (D
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with the notation ¢, = ®(1, w, -). Conversely, for each measurable map ¢ : © x ¥ —
Y (w, x) > @4 (x), the measurable map (n, w, x) — (pé)")(x) given by (1) is an RDS.
We call it an RDS induced by ¢ over o and simply denote it by (¢, o).

It is easy to see that if we define a skew-product map ® : Q2 x ¥ — Q2 x ¥ by
O(w, x) = (ow, Y, (x)) for each (w, x) € Q2 x X, then

0" (w, x) = (" w, ! (x)) forall n € No.

Rather than work with a single ®-invariant measure on the product space 2 x X, we
prefer to work with a family of equivariant measures supported on X fibers, the definition
and existence of which we now recall from [1, §1.4]. A measure w on (2 x X, F x G)
is said to have marginal P on (2, F) if no 7151 =P, where 7 : 2 x ¥ — Q is the
projection onto the first coordinate. A probability measure p on (2 x X, F X G) is
®-invariant and has marginal P on (€2, F) if and only if there is a measurable family of
probability measures (a family of probability measures {1t }weq On (X, G) is measurable
if the map w +— u,(A) is (F, Br)-measurable for each A € G) {uw}weq such that
n(A) = [ [5 1a(®, x) 1o (dx)P(dw) for each A € F x G and so that we have

e © (pa_)l = o for almost every w € Q. 2)

Hence, a measurable family of probability measures {u.,}weq is said to be equivariant for
(p, o) if it satisfies (2).

2.2. The GKL theorem. We recall the statement of the GKL theorem from [7] (although
we note that the result first appeared in full generality in [28, 29] and in less generality

in [33]). Fix an integer N > 1 and let E;, j € {0,..., N}, be Banach spaces with
Ej— Ej;_ for each j € {1,..., N}. For a family of linear operators {A¢}cc[—1,17 OR
these spaces, we consider the following conditions.
(GKL1) Foralli e{l,...,N}and|e| <1,

lAcllLey < C.

(GKL2) There exists M > O such that ||AZ | (g,) < CM" forall |e] < 1andn € N.
(GKL3) There exists @ < M such that, forevery || < 1, f € E{andn € N,

1AL flle, < Ca"|l fllg, + CM"| £ E,-
(GKL4) Forevery |e| <1,
lAe — AollLEy.Ex_) < Clel.

If N > 2, we have the following additional requirement.

(GKL5) There exist linear operators Q1,..., Qy—1 such that, for all j e {l,...,
N —1}andi €{j,..., N},wehave Q;(E;) € E;_; and
1QjllLE.E_;) <C, 3)
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and so that, forall [e] < land j € {2,..., N},

j—1
HAE—AO—Ze"Qk < Clel. “4)
k=1

L(EN,EN—j)

THEOREM 2.1. (The GKL theorem, [7, Theorem A.4]) Fix an integer N > 1 and let
Ej, j€{0,...,N}, be Banach spaces with Ej — E;_1 for each je€{l,..., N}
Suppose that {Ac}ec(—1,1] satisfies (GKLI)~(GKLA) and if N > 2, then also (GKLS). For
7 ¢ 0 (Ao|EN), set Ry(z) = (z — Ao)~! and define

N—-1 k
SM@=Ro@+ Y > Y Ro@)QLRo@) - Ro(2)QRo(z).  (5)
k=1 j=11L+-+=k

li>1

In addition, for any a > «, let

_ log(a/a)
"7 Jog(M/a)’
and, for § > 0, set
Vsa(Ag) ={z€C: |zl >a and dist(z,0(Ao|E;)) =8 forallje{l,... N}}.

There exists €9 > 0 so that Vs ,(Ag) No (Ac|E1) = 0 for every |€| < €y and so that, for
each z € Vs 4(Ay),

Iz — A M) < C
and

Iz —A) ™" = SM @)Ly By < CleV 1.

Remark 2.2. While the GKL theorem as stated in Theorem 2.1 is true, there is an error in
the proof of the result in both [7, 28]. We refer the reader to [29] for details of the error
and to the proof of [27, Theorem 3.3] for a corrected argument.

Remark 2.3. We emphasize that the inclusion E; < E;_; need not be compact in
Theorem 2.1. In applications, one often needs good information on the spectrum of Ay
(such as quasi-compactness of Ag : E1 — Ej, which is often shown by (GKL2), (GKL3)
and the compactness of E; < Eg). However, this freedom is essential in our application
in §4 because L*°(2, E) — L°°(L, F) is not necessarily compact even if E < F is
compact.

3. A spectral approach to stability theory for operator cocycles

Let X be a Banach space and let Sz(x) denote the o-algebra generated by the strong
operator topology on L(X).If A : Q — L(X) is (F, Sp(x))-measurable, then we say that
it is strongly measurable. For an overview of the properties of strong measurable maps, we
refer the reader to [25, Appendix A]. The following lemma records the main properties of
strongly measurable maps that we shall use.
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LEMMA 3.1. [25, Lemmas A.5 and A.6] Suppose that X is a separable Banach space and

that (2, F, P) is a Lebesgue space. Then:

(1)  the set of strongly measurable maps is closed under (operator) composition, i.e., if
A; 1 Q2 — L(X),1 € {1, 2}, are strongly measurable, then so is A2Ay : @ — L(X);

2) if A:Q — L(X) is strongly measurable and f : Q — X is (F, Bx)-measurable,
then w — Ay, fy, is (F, Bx)-measurable too; and

(3) ifA:Q — L(X)issuchthat w — A(w)f is (F, Bx)-measurable for every f € X,
then A is strongly measurable.

As a slight abuse of notation, for a given strongly measurable map A : 2 — L(X), we
denote an (F x By, Bx)-measurable map (w, f) — A(w) f by A. In light of the previous
lemma, we may now formally define the main objects of study for this section.

Definition 3.2. An RDS (A, o) on X induced by a map A : Q +— L(X) is called an
operator cocycle (or a linear RDS) if (2, F,P) is a Lebesgue space, o : Q2 — Q is an
invertible, ergodic, P-preserving map, X is a separable Banach space and A : Q — L(X)
is strongly measurable. We say that (A, o) is bounded if A € L*°(R2, L(X)).

Throughout the rest of this paper, we assume that (€2, 7, IP) is a Lebesgue space and
that o : Q — Q is an invertible, ergodic, P-preserving map. An operator cocycle (A, o) is
explicitly written as a measurable map

NoxQxX— X:(mo )~ ADwf, AP W) :=A0"'w)o- - o0Aw).
We denote by X* the dual space of X.

Definition 3.3. Let & € X* be non-zero. We say that A € L(X) is £&-Markov if §(Af) =
E(f) forevery f € X. We say that an operator cocycle (A, o) is £-Markov if A is almost
surely &-Markov.

Notice that our terminology in Definition 3.3 is non-standard: in the literature, a linear
operator A : X — X is called Markov if X = L!(S, 1) for a probability space (S, 1)
and A is positive (i.e., Af > 0 p-almost everywhere if f > 0 p-almost everywhere) and
&-Markov with £(f) = fsf du (cf. [35]). See also Definition 4.3 for a more general
definition of positivity. We do not add the positivity condition to Definition 3.3 to make
clear that the result in this section holds without it.

Definition 3.4. Suppose that (A, o) is a £€-Markov operator cocycle for some non-zero
& € X*. We say that (A, o) is £-mixing with rate p € [0, 1) if, for every n € N,

ess sup[A™ (@) lker ¢ | < Cp". ©)

we2
Fix a non-zero £ € X*. We define X' = X as

X ={f € L®(R, X) : £(f) is almost surely constant}.
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Since X is a closed subspace of L>°(£2, X), it is a Banach space with the usual norm. If
(A, o) is a bounded &-Markov operator cocycle, then we define A : X — X by

Af) (@) = Al Hw) flo™ (o). (7)

We say that A is the /ift of (A, o). That A € L(X) follows from Lemma 3.1 and the
boundedness of (A, o) (see [37] for a possible extension of the lift to the case when ¢ is not
invertible). The following proposition is a natural generalization of [37, Proposition 2.3].

PROPOSITION 3.5. Fix non-zero & € X*. If (A, o) is a bounded, &-Markov, &-mixing
operator cocycle with rate p € [0, 1), then 1 is a simple eigenvalue of A and o (A|X) \
{1} c{zeC:lz] = p}.

Proof. Foreach c € C, let
Xe ={f € X :&£(f) = c almost surely}. (8

We note that X, is non-empty since £ is assumed to be non-zero. Since (A, o) is a
&-Markov operator cocycle, the lift A preserves X,. For any f, g € A, one has f — g €
Xy (.e., f — g € ker & almost surely), and so, as (A, o) is £-mixing with rate p, we have,
for every n € N and almost every w € €2, that

IA™ £)(@) — (A" ) (@)l = A (07" (@) (fr-1(w) — Zo-1 ()l

) ©)
= C,O ”fa*"(w) - ga*"(w)”-

Upon taking the essential supremum, we see that A" is a contraction mapping on A for
large enough n. Since X, is complete, it follows that A has a unique fixed point v, in X,.
Obviously, v, = cvy, and thus 1 is an eigenvalue of A on X'. Furthermore, X = span{v;} &
Xy (indeed, for every f € X, we can write f = f; + fo, where f1 = &(f)v; € span{v;}
and fy = f — f1 € A, and note that span{v;} and &) are closed subspaces).

Since A preserves both span{v;} and X,

o (A|X) = o (Al spanfv1}) U o (A]Xp),

where LI denotes a disjoint union. It is clear that o (A| span{v;}) consists of only a simple
eigenvalue 1, while p(A|Xp) < p since (A, o) is £-mixing with rate p. Thus, o (A|X) \
{1} =0 (AlX) S {z € C:|z] < p}. O

3.1. Mainresult. Given a bounded, £-Markov, £-mixing operator cocycle (A, o), we are

interested in the question of stability (and differentiability) of the £-normalized fixed point

v of A. To this end, we formulate a number of conditions on operator cocycles that are

reminiscent of the conditions of the GKL theorem.

Fix an integer N >1 and let E;, je€{0,...,N}, be Banach spaces. Let

{(A¢, 0)}ee[—1,17 be a family of operator cocycles on these spaces.

(QRO) (a) The Banach spaces {Ej}jc(o,.,N) satisfy E; — E; 1 for each
J €{l,..., N}. Moreover, Ey is separable and ||-||g;-dense in E; for
each j € {0, ..., N} (in particular, E is separable).
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(b) There exists a non-zero functional & € E(’)" such that (A¢, o) is £-Markov

on E;j foreach |e|] <1, j € {0, ..., N} and so that (A, o) is £-mixing on
Ejfor j € {1, N}.
(QR1) Foralli € {1,..., N}and |e|] < 1, we have ess sup,, || Ac (@) |lL(g;) < C.
(QR2) There exists M > 0 such that ess supw||A£")(w)||L(EO) < CM"forall |[e|] < 1and
neN.

(QR3) There exists « < M such that, for every f € E1, || < landn € N,
ess supl| AL (@) flle, = Ca" | fllzy + CM" £ 115y
(QR4) Forevery |e| <1,
esswsup||A€(a)) — Ao @) lL(Ey.Ex_1) = Clel.

If N > 2, we have the following additional requirement.

(QR5) There exists linear operators Q1(w), . .., On—1(w) for each w such that, for all
je{l,...,N—1}andi € {j,..., N},

ess sup||Qj(@)llL(e;,E_j) =C
w

and such that, forall || < land j € {2,..., N},

j—1
ess supl| A (@) — Ao(@) — Y " Qu(@)llLiy £y < Clel.
@ k=1
We need not assume that Q1, ..., Qy—1 are measurable (recall that the essential supre-

mum of a (not necessarily measurable) complex-valued function f on €2 is the infimum of
SUp,eq, |f(w)| over all P-full measure sets €2p), which will make our application in §4
simpler.

Our main theorem for this section is the following.

THEOREM 3.6. Fix an integer N > 1. Let E;, j € {0, ..., N}, be Banach spaces and
let {(A¢, 0)}ee[—1,1] be a family of operator cocycles on these spaces. Suppose that
{(A¢, 0)}ee[—1,17 satisfies (QRO)-(QR4) and, if N > 2, then also (OR5). Then there
exists €g € (0, 1] such that (A¢, o) is &-mixing whenever |€| < €g. Moreover, for each
€ € (—e€q, €0), there is a unique ve € L®°(RQ, Ey) such that A¢(w)ve(w) = ve(ow) and
E(ve(w)) = 1 almost everywhere and so that

sup ess supllve(w)|lg, < o0.
lel<ep ]

Lastly, there exists {v(()k) },1(\:11 C L*®(R, Ey) such that & (v(()k)) = 0 almost surely for each k
and so that, for every n € (0, log(1/a)/log(M/w)),

N—-1
ve=vo+ Y ekuf? + 0, (NI, (10)
k=1
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where O, (N =14 is to be understood as an essentially bounded term in Eg that possibly
depends on n.

Remark 3.7. One is free to take Eg = E; = - - - = Ex in Theorem 3.6, in which case the
conditions (QR0)—(QR3) collapse into a single bound and (QR4)—(QRS5) become standard
operator norm inequalities. Hence, in this simple case, one recovers an expected Banach
space perturbation result.

Remark 3.8. We note that Theorem 3.6 has been proved before for the cases where N = 1
and N = 2 in [20, 22], respectively.

Remark 3.9. The claim that ‘there exists €9 € (0, 1] such that (A¢, o) is £-mixing
whenever |€| < €’ is exactly the content of [20, Proposition 6] (as well as being an easy
corollary of [14, Proposition 3.11]).

In fact, [20, Proposition 6] and [14, Proposition 3.11] tell us that the claim follows from
(b) of (QRO), (QR3) and (QR4) with N = 1. Furthermore, upon examining these proofs,
it is clear that something slightly stronger is true: in the setting of Theorem 3.6, for every
k € (p, 1), there exists €, > 0 such that, for all € € (—¢,, €),

sup k" ess Sup||AZ lker¢llL(E)) < C. (11)
neN w

3.2. The proof of Theorem 3.6. Before detailing the proof of Theorem 3.6, we introduce
some basic constructs. For each j € {0, ..., N}, let

Ej={f € L™, Ej) : £(f) is almost surely constant}.

Since & € E;‘ for each j € {0,..., N} we observe that each &; is a closed subspace
of L*®(R, E;) and, therefore, is a Banach space. Moreover, we have £; — &;_; for
Jjef{l,...,N}. Foreach j € {I,..., N}, we may consider the lift A, ; of the operator

cocycle (A¢, o) on Ej, although we omit the subscript j and just write A, which will be
of no consequence.

The beginning of the proof of Theorem 3.6 is straightforward. First, we note that (QR1)
implies that (Ap, o) is bounded on E for j € {1, N} and so Proposition 3.5 may be applied
to characterize the spectrum of Ay on & and Ey. Let p be the rate of £-mixing in (QRO):
that is, (Ao, o) is £-mixing on E; with rate p for each j € {I, N}. Then it follows from
(QRO) and Proposition 3.5 that 1 is a simple eigenvalue of Ay, when considered on either
space, and we have

o(AoglEHN\{1} S {zeC:z| < p} (12)

for j € {1, N}. For each j € {1,..., N}, one may use basic functional analysis and the
fact that &y < &; < & to deduce that 1 is a simple eigenvalue of Ag: £; — &; and
that (12) holds. As a consequence, we find a §-normalized vy € Ey that is the unique
&-normalized fixed point of Ag : £; — & foreach j € {1,..., N}.

We now turn to constructing the &-normalized fixed points of A, : & — &;. By
Remark 3.9, we may find some « € (p, 1) and €¢p > O such that (A, o) is £-mixing on
E with rate « for every € € (—¢p, €9). We note that each (A, o) is bounded on E; due to
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(QR1) and so, by Proposition 3.5, we find that 1 is a simple eigenvalue of A, : & — &1 and
that o (A¢|E1) \ {1} S {z € C: |z] < k}. Thus, A¢ : & — &) has a unique &-normalized
fixed point ve € £ for each € € (—¢p, €9), by Proposition 3.5. Moreover, by virtue of
the uniform bound (11), we may strengthen the conclusion of Proposition 3.5: for all n
sufficiently large, the family of maps {A”}|¢|<¢, uniformly contract the set X from (8).
Hence, we deduce the bound

sup ess supllve(w)||g, < 00, (13)
lel<eq 0]

as required for Theorem 3.6.

Thus, to complete the proof of Theorem 3.6, it suffices to prove (10). It may be
easily seen from the proof of Proposition 3.5 that the eigenprojection 1. € L(E;) of
A¢ : &1 — &) onto the eigenspace for 1 is defined for f € £ and € € (—¢, €p) by

He(f) :%—(f)ve

Since each v¢ is £-normalized, we consequently have

ve = vo + (ITe — Tp)vo. (14)
Ifé§€ (0,1 —«k),thenDs ={z€C:|z—1] =8} CC\ o(A|&) forevery € € (—eg, €).
Thus,

Me= | z—A) "dz. (15)

Ds
Applying (15) to (14) yields
ve=w+ [ (2—A)™" = (z—Ag) Do dz. (16)
Ds

The idea is to apply the GKL theorem to the lifts {Ac}ec(—1,1) With Banach spaces
{€;}o<j<n and then develop a Taylor expansion in (16). The hypothesis that (QR1)—(QR4)
hold for {(A¢, 0)}ec[—1,1] With constants almost surely independent of @ readily implies
that the lifts {A¢}ee[—1,17 satisfy (GKL1)-(GKL4) for the spaces {£;}o<j<n. Hence, in the
case where N = 1, we may apply Theorem 2.1 to the lifts {A¢}ee[—1,13-

However, the case where N > 2 is more delicate because the measurability of Q; is
not required in Theorem 3.6. Thus, we introduce the following functional space instead
of L*(Q, E;), where the objects are defined up to almost everywhere equality but we
loosen the measurability requirement. For each j € {0, ..., N}, let B(2, E;) denote the
set of (not necessarily measurable) bounded E j-valued functions on €2 equipped with the
uniform norm ||| p(g,£;) that is defined by

I fllB.E) = supll f(@)lg;, f € B(K, Ej),
we

and let

N ={f € B(Q, Ej) : f =0 almost surely}.
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Then /\f] is a closed subspace of B(£2, E ) and, thus, we can form a quotient space
I1%°(L2, Ej) = B(2, E])/Nj

Since B(£2, E;) is a Banach space, 1°°(£2, E) is also a Banach space with respect to the

quotient norm

00 y = inf —h s € I®(Q, E)),
I fllr(,E)) he/\/_,-”g IB.E). S (€2, Ej)

where g is a representative of f. As for L°°(, E;), under the identification of each element
of I°°(L, E;) with its representative, we have

I fllroo(,E;) = esssup || f(w)lE;-
w

Thus, under the identification, we have || f||z(.£;) = | fll1~(q,E;) for each f € L>®(Q,
E;). In particular, L*° (2, E;) isometrically injects into 7°°(£2, E ). Finally, let

5/. ={f € I*(Q, E;) : £(f) is almost surely constant}. a7

We simply write || f|| g for || fllr.E) if f € éN’] Repeating the previous argument, one
can show (GKL1)-(GKL4) for the lifts {A }eer—1,17 With respect to the spaces {SN'J- Jo<j<N-
We now deduce (GKLY) for the lifted systems.

PROPOSITION 3.10. Assume the setting of Theorem 3.6 with N > 2. Then (GKLS5) holds
with operators Q; defined by

Qj M) = Q0™ ®) fy-1,

whereje{l,...,N—l},ie{j,...,N}andfegi.

Proof. 1t is straightforward to verify the required inequalities in (GKLS5) from those in
(QR5). Hence, it only remains to show that Q; (gi) - g;_j foreach j e {l,...,N — 1}
andi € {j,...,N}).Letje{l,...,N}Lie{j,...,N—1}andfix f € g}.Thatij €
E;_; almost everywhere follows immediately from (3), and so, to complete the proof, it is
sufficient to show that £(Q; f) is almost surely constant. Since Ey is ||-|| g;-dense in Ej for
almost every @ and eachn > 0, we may finda g, ., € Ey suchthat || f,-1,, — gnwllE; <.
By (QRS5), we have, for almost every w, that

1EQ; @) = 1E(Q (0 w) f,1,)
< 1E(Qj(0 W) g + 1E(Qj (0 W) (fy10 — gno)l-

By (QRS5) and as & € E, we have lim,,_>0|E(Qj(a_1w)(f071w — 8n0))| = 0 for almost
every w. On the other hand, since g, ., € En by (QRS), again we have

(18)

£(Qj(0 W) gyw)

j—1
= lim & (ef' (Ac(0™'w) — Ao ™' @) g — Y € Qk(Ulw)gn,w>- (19)

k=1
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Therefore, using the fact that (A¢, o) is &-Markov for every € € [—1, 1], we have
.§(Q1(0_1w)g,7,w) = 0 almost surely. By a simple induction on (19), we find that
§(Q; (J_la))g,,,a,) = 0 almost surely too. Thus, in (18),

1£@Q; f)(@)| < lim S(l)lplé(Qj(G_lw)gn,w)l +1E(Qj (0 ) (fy-1 — gnw)| =0, (20)

n—
which completes the proof. O

By Proposition 3.10, we have (GKLS5) for the lifts {Ac¢}ee[—1,1] with the spaces
{gj}OS j<n in the setting of Theorem 3.6 whenever N > 2, and so we can apply Theorem
2.1 in this case. As a consequence, we may now finish the proof of Theorem 3.6. Let
n € (0, log(1/a)/log(M/a)) and fix a € («, 1) so that n = log(a/«)/log(M /). Recall
8 from (15) and notice that we may take § to be as small as we like. Henceforth, we fix
8 € (0, 1 — a) and choose some §y € (0, min{§, 1 — a — §}). Upon recalling the statement
of Theorem 2.1 and our earlier characterization of O'(A()|gj) for j e {1,..., N} (see the
paragraph following (12)),

Ds C{zeC:|z| =sand |z — 1] = 8o} € Vs,.a(Ao).

We now apply Theorem 2.1 to the lifts {Ac}eei—1,17 with Banach spaces & i
J €10, ..., N}, to deduce the existence of €, € (0, €y) such that, for every € € (—¢,, €;),
we have Vs, ,(A9) N o (A¢|€1) = ¥ and, for each z € Vs, 4 (Ap), that

Iz =A™ =SV @)l g, &) < ClelV 7, 1)

where SQN) (z) is defined as in (5). With (21) in hand, we may proceed with obtaining (10)
via (16). In particular, for z € Ds,

N—-1 k m
(=A™ =G —Ap o =) Y > (H(Z—AO)_IQI,-)(Z—AO)_lvo
k=1 m=1l1+-+lp=k " i=1

i>1

+ (2 =A™ = SNy (22)
Foreachk € {1,..., N — 1}, we now define v(()k) S go by

o /
D,

Furthermore, by the proof of Proposition 3.10, we have & (v(()k)) = 0 almost everywhere for
all k. By integrating (22) over D;s and recalling (16), we get

<H(Z —Ao)~'Qy )(Z — Ag)~vo dz.

Sm= 111+ +l =k

ve = v + Z ol + [ (= a0 =5 dz 23)
Ds
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in 6~’o. Moreover, since Ds C Vs, 4 (Ap), it follows from (21) that

I (G=Ad™" =S dzllg < sup =A™ =SM @Iz, 2, vz,

Ds z EVSO,s (Ao)
< Cllwolig, le]V "7, (24)
Finally, we show that v(()k) lies in &y C L*°(L2, Ep) foreachk =1,..., N — 1. Recall

that ve € & for every € € (—eq, €p). Thus, e (ve — vg) belongs to &. Therefore, since
& isometrically injects into 8~0 (recall the argument above (17)), it follows from the Taylor
expansion (23) and (24) that {e_l (Ve — v0)}je|<¢, 1S @ Cauchy sequence in &. Denote its
limit by v, so that e ' (ve — vp) — v, lies in & and lle ™ (ve — V) — vllg, = Oase — 0.
Then, by using again the fact that & isometrically injects into &, we deduce that v; equals

the limit of {¢ ! (ve — V0) }je|<e 1N go. Hence, v(’) = v(()l) by (23) and (24), which concludes

];.;{ ejv(()])) instead of €~ (ve — vy),

that v(()l) lies in &. By considering € *(ve —vg — >
we can show via induction that v(()k) also lies in &y for each k =2,..., N — 1. This

completes the proof of Theorem 3.6 because (23) and (24) hold with £; in place of 5 i

4. Applications to smooth RDSs

In this section, we shall apply Theorem 3.6 to smooth RDSs in order to obtain stability and
differentiability results for their random equivariant probability measures. In particular,
we will treat random Anosov maps and random U(1) extensions of expanding maps. The
treatments of these settings have much in common, so we discuss some general, abstract
details in earlier sections.

4.1. Equivariant family of measures. Let M be a compact connected C* Riemannian
manifold and let m denote the associated Riemannian probability measure on M. Fix a
Lebesgue space (€2, F, P) and an invertible, ergodic, P-preserving map o : 2 — . For
somer > 1,let 7 : Q — C"F'(M, M) denote a (F, Ber+1 (. ary)-measurable map. Recall
from §2.1 that the RDS (7, o) induced by T over o is explicitly written as a measurable
map

Nox Q2x X350, o, x)—~ 7;)(")(x), 7;)(") = Ton-1,0---07Tg,

and, since o is invertible, the equivariance of a measurable family of probability measures
{ltow}weq Tor (T, o) is given as

e © 7;,_1 = g for almost every w € Q.

We aim to study the regularity of the dependence of {iy,}weq on the map T as T
is fiber-wise varied in a uniformly cN way for some N < r. To do this, we shall realize
equivariant families of probability measures as fixed points of (the lifts of) certain operator
cocycles (linear RDSs) and then apply Theorem 3.6. In particular, we shall consider the
Perron—Frobenius operator cocycle associated to the RDS (7, o) on an appropriate Banach
space. Recall that the Perron—Frobenius operator Lt associated to a non-singular (recall
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that a measurable map 7 : M — M is said to be non-singular (with respect to m) if
m(A) = 0 implies that m(T~1(A)) = 0) measurable map T : M — M is given by

d[(fm)oT]
dm

where fm is a finite signed measure given by (fm)(A) = fAf dm for A € By and
du/dm is the Radon-Nikodym derivative of an absolutely continuous finite signed
measure . Note that, for each M-valued random variable v whose distribution is fm
for some density f € LY (M, m), T () has the distribution (L7 f)m (and, thus, L7 is also
called the transfer operator associated with T). It is routine to verify that

Lrf = for f € L' (M, m), (25)

/(ﬁrf)~gdm=/ f-(goT)dm for feL'(M,m) and ge L®(M,m)
M M
(26)

and that £7 is an m-Markov operator, where, in an abuse of notation, we let m denote the
linear functional f € L'(M, m) + [ f dm. In addition, L7 is positive: if f € L (M, m)
satisfies f > 0 almost everywhere, then L7 f > 0 almost everywhere.

Let N7 +t1(M, M) denote the set of T € C"T!(M, M) satisfying det D, T # 0 for all
x € M. Notice thatif T e N"+! (M, M), then T is automatically non-singular with respect
to m and so L7 is a well-defined operator on L (M, m). Additionally, for such T, we have
L1 € L(C"(M)) with

f)

forall f € C"(M).
decp, 7] oAt/ ec @D

Lr )= )

T(y)=x

Hence, from a measurable map 7 : Q@ — N’ *t1(M, M), we obtainamap L7 : w — LT -
Q — L(C"(M)), which is measurable by virtue of the following proposition (we postpone
its proof until Appendix A because it is mundane but technical).

PROPOSITION 4.1. The map T + Ly is continuous on N"T1(M, M) with respect to the
strong operator topology on L(C"(M)).

Thus, if we demand that 7 € N+ (M, M) almost surely, then (L7, o) is an m-Markov
operator cocycle on C" (M), which we shall call the Perron—Frobenius operator cocycle
(on C"(M)) associated to 7. In order to apply the theory of §3, we require that the
Perron—Frobenius operator cocycle is bounded and m-mixing. This later condition will
entail some mixing hypotheses on our random systems. However, as in the deterministic
case, in order to realize the mixing of the RDS in operator theoretic terms, we may be
forced to consider the Perron—Frobenius operator cocycle on an alternative Banach space.
Specifically, we shall seek Banach spaces (X, ||-||x) satisfying the following conditions.
(S1) C"(M)isdensein X withC"(M) — X.

(S2) The embedding C"(M) <— (C*°(M))* given by the map h eC' (M)

(g € C®°(M)+— [gh dm) continuously extends to an embedding X < (C*°(M))*.
It is clear that any X satisfying (S1) must be separable. Moreover, we note that the
functional ¢ € (C*°(M))* — @(1y) is continuous on (C*°(M))* and yields m when
pulled back via the embedding C" (M) < (C*°(M))* that is described in (S2). Hence, if
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(S2) holds so that we have an embedding X < (C°°(M))* that continuously extends the
C" (M) — (C*°(M))*, then m induces a continuous linear functional on X. In particular,
we may speak of m-Markov operators in L (X). The following proposition gives a sufficient
condition for an m-Markov operator in L(C" (M)) to be extended to an m-Markov operator
in L(X).

PROPOSITION 4.2. Let (A, o) be a bounded, m-Markov operator cocycle on C" (M) and
let X be a Banach space satisfying (S1) and (S2). Suppose that

esssup sup [|A(w)fllx < oo. 27)
o feC'(M)
I fllx=1

Then A almost surely extends to a unique, bounded operator on X such that
o Alw) : Q — L(X) is strongly measurable. Consequently, (A, o) is a bounded,
m-Markov operator cocycle on X such that

ess sup|lA(w)|lLx) < o0. (28)
w

Proof. 1tis clear that A almost surely extends to a unique, bounded operator on X and that

ess supllA(w)llLx)y =esssup sup |[A(w)fllx < oo.
@ @ feC (M)
I fllx=1

That A is almost surely m-Markov in L(X) follows straightforwardly from the fact that A is
almost surely m-Markov in L(C"(M)) and that m uniquely extends to a continuous linear
functional on X. Hence, it only remains to show that w — A(w) is strongly measurable
in L(X). Suppose that f € X. Then there exists a sequence { f;,},eny C C" (M) with limit
fin X. For each n, the map w — A(w) f, is (F, Ber(u))-measurable and so it must be
(F, Bx) measurable too due to (S1). Moreover, for almost every w,

Jim 14(@) f = A@)fl1x =0,

which is to say that w = A(w)f is the almost everywhere pointwise limit (in X)
of (F, Bx)-measurable functions. Hence, w — A(w)f is (F, Bx)-measurable since
(2, F, P) is a Lebesgue space (in particular, complete). That w +— A(w) is strongly mea-
surable in L(X) then follows from Lemma 3.1 and the fact that f € X was arbitrary. [

Hence, by Propositions 4.1 and 4.2, if T : Q — N’“(M, M) is measurable and X
satisfies (S1) and (S2), then the Perron—Frobenius operator cocycle (L7, o) on C" (M)
can be extended to a bounded, m-Markov operator cocycle on X. Compare also (28) with
(QRD).

The following proposition will help us to describe the relationship between the
equivariant family of probability measures for (7, o) and the fixed point of the lift of
a bounded, m-mixing Perron—Frobenius operator cocycle (L7, ).
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Definition 4.3. Assume that X satisfies (S1). A € L(X) is called positive if A(X4+) C X4,
where X is the completion of { f € C"(M) : f > 0} in ||-||x. An operator cocycle (A, o)
is called positive if A is almost surely positive. Furthermore, a distribution f € (C*°(M))*
is called positive if f(g) > 0 for every g € C°°(M) such that g > 0.

PROPOSITION 4.4. Let X be a Banach space satisfying (SI1) and (S2) and let (A, o)
be a bounded, m-Markov operator cocycle on X. Suppose that (A, o) is positive and
m-mixing and that h is the unique m-normalized fixed point of the lift A : X — X on
X C L*®°(2, X) (recall (7) for its definition). Then there exists a measurable family of
Radon probability measures {jLy}weq such that h(w)(g) = fg du, for every g € C*°(M)
and almost every w.

Proof. Notice that the set
D={feL®R X):m(f)=1and f € X4 almost surely}

is almost surely invariant under A(w) since (A, o) is bounded, positive and m-Markov.
Hence, we may carry out the construction of 4 in Proposition 3.5 with D in place of &)
to conclude that 1 € X almost surely. Thus, there exists { fi}xen S L*°(R2, C"(M)) such
that fx(w) > 0 and f Jfi(w) dm = 1 for every k and so that limy_, » fx(®w) = h(w) in X for
almost every w. As X — (C*°(M))*, it follows that limy_, o, fx(®) = h(w) in the sense
of distributions as well. Thus, for any positive g € C*°(M),

h)(@) = lim fiw)(@) = lim_ [ fitw)- g am (29)

(recall the embedding of C" (M) in (S2)). As fx(w) and g are positive, it follows from (29)
that 2 (w)(g) > O for every such g. Hence, h(w) is a positive distribution for almost every
. On the other hand, as is well known, for any positive f € (C*°(M))*, one can find a
positive Radon measure 1 ¢ such that f(g) = [g duy for every g € C*°(M). We denote
by 1, the positive Radon measure corresponding to i (w).

To see that p, is a probability measure for almost every w, we note that, by (29) and as
[ fi(@) dm =1 for every k,

Ho(M) = h(@)(1y) = lim /fk(w) dm = 1.

Finally, {t»}weq is a measurable family on the complete probability space (€2, F, P)
because for, any A € By, by using (29) again,

Ho(A) = h(@)(14) = lim /Afk(w) dm

for almost every w, while, for every k, > fi(w): Q2 — C"(M) is measurable and
f— fAf dm :C"(M) — C is continuous, so that w fAfk(a)) dm is measurable
too. O]

Hence, if X satisfies (S1) and (S2) and if the Perron—Frobenius operator cocycle (L7, o)
on X is m-mixing, then we obtain a measurable family of Radon probability measures
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{owlweq such that h : w — (g — fg due) is in L°°(L2, X). Furthermore, {{ty}weq 1S
equivariant because it follows from (29) that, for any A € By and almost every w,

o 15 A0) = @)1y 1) = fim [ fi@) - 140 T, am.

Due to (26), the continuity of L7, : X — X and the fact that 4 is the fixed point of the lift
of (L, o), this coincides with

lim //Jwak(a)) -1adm
k— 00

= lim L, fi(@)(14) = L1,h(w)(14) = h(cw)(14) = pow(A).

4.2. The conditions (QR4) and (QRS5). In this section, we discuss a sufficient condition
for a family of Perron—-Frobenius operator cocycles {(LT;, 0)}ee[-1.1] to satisfy (QR4)
and (QRS5). We emphasize that these conditions hold rather independently of how the
underlying random dynamics (7, o) behave (see Proposition 4.5 for a precise statement),
so we treat (QR4) and (QRS) here as a final preparation before specializing to our
applications. For simplicity, throughout this section, we assume that M is a d-dimensional
torus T¢. One may straightforwardly remove this assumption by considering a partition of
unity. (Refer to, e.g., [7, 28]; see also Appendix A).

Notice that (QR4) and (QRS) are conditions for a single iteration Lz, (not for
Lr, o---0Lr,,n €N),and so clear observations may be found in the non-random

o=lg
setting. Fix r > 1 and 1 <s <r, and consider T € CN([—1, 1], C"*1(T?, T9)). Let
1 < N <sbeanintegerandlet E;, j € {0, ..., N}, be Banach spaces with E; — E;_;
foreach j € {1, ..., N} satisfying the following conditions.

(P1) The condition (S1) holds with E; in place of X for each j € {0, ..., N}.
(P2)  The condition (S2) holds with E; in place of X for each j € {0, ..., N}.
(P3) There are constants C > 0 and 0 < p < r — N such that

luflle; < Cllullcors || fle; foreachu, f € C"(T?) and j€{0,..., N}

(P4) There is a constant C > 0 such that
‘ 0

ax/
Observe that all conditions (P1)—(P4) are not for the operators Lr., € € [—1, 1], with
T. := T (e), but for the spaces E;, j € {0, ..., N}, so the following proposition is quite
useful in our applications. Note that if

E/'_]
=ClfllE; foreachfeCr(']I‘d),le{1,...,d} and je{l,...,N}.

1Lz, fllg; < Cellfllg; foreach f e C'(T4), j €{0,..., N} and || <1, (30)

then it follows from Proposition 4.2 that L7, is a bounded operator on E; for each
je{0,...,N}and |e| < 1.
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PROPOSITION 4.5. Let N be a positive integer, let T € CN(-1, 1], CrH(’]I‘d, Td)) and

let Ej, j €{0,..., N}, be Banach spaces with E; — E; | for each j € {1,..., N}
satisfying (P1)—(P4). Suppose that T, € NTHL(T4, Td)for each € € [—1, 1] and that (30)
holds. Then € — Lr, f is in ci(-1,1], E;_;)foreach je{l,...,N},ie{j,...,N}
and f € E;.

Before starting the proof of Proposition 4.5, we discuss a consequence of
Proposition 4.5 with respect to the conditions (QR4) and (QRS). Let {(7¢, 0)}ee[—1,1]
be a family of RDSs such that, for almost every w, the map € > T 4 := Te(w) is in
CN([—1, 11, C"t1(T?, T?)). Let E;, j € {0, . . ., N}, be Banach spaces with E; < E;_,
foreach j € {1, ..., N} satisfying (P1)—(P4). We suppose the following.

(P5) TeypeNT +1(T9, T9) for each € € [—1, 1] and almost every w. Furthermore, (27)
holds with E; and Lz, , in place of X and A(w) for every j € {0,..., N} and
le] < 1.

Then it follows, from Proposition 4.2, that the Perron—Frobenius operator cocyles (L7;, o),

€ € [—1, 1], can be extended to bounded operator cocycles on each E; and that (QR1)

holds for these operator cocycles by virtue of (28).

For each je€{0,...,N}, i €{j,..., N} and almost every o, it follows from
Proposition 4.5 that we can define Q j(w) : E; — E;_j by

1

Qjlw) f = I

dJ
<E£Te,wf)€:0 for f e E;.

By the definition, it is straightforward to see that, foralle € [—-1,1]and2 < j < N,
esssupl|lLr,,, — L1y, ILEy.Ey_y) = Clé]
w

and

j-1
. .
esssup|Lr,, — L1, — E € k(@) LEy.Ex_;) < Clel.
w
k=1

To summarize the above argument, we conclude the following corollary.

COROLLARY 4.6. Suppose that (P1)—(P5) hold for the family of Perron—Frobenius
operator cocyles {(L7., 0)}ee[—1,1] on Banach spaces Ej, j € {0,..., N}. Then (QRI),
(OR4) and (QRS) hold.

We now return to the proof of Proposition 4.5.

Proof of Proposition 4.5. Fix 1<o <N, 1<p<r, feCo(-1,1],C°(T%)),
g €CP(T?) and 1 < < d for the time being (notice that this f is different from f in the
statement of Proposition 4.5 in the sense that this f depends on € € [—1, 1]). We simply
denote d*/de® f € C°~*([—1, 1], C*(T9)) by f@ for each integer a € [0, o]. We also
simply denote by 0;g the partial derivative of g with respect to the /th coordinate and let
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3% =9;" -+ 9 and |a| = a1 + - - - + g for each multi-index & = (a1, . . ., ag) € Ng.
Then, foreache € [—1, 1] and x € T4,

H(F)(x) = 8:9 (e, x) = 3dc f (e, x),

where f:[—1,1] x T¢ — T¢ is given by f(e, x) = fo(x). (Since fP e CO(—1, 1],
cl(T9y), it is straightforward to see that the first equality holds and that (e, x) —
o ( fe(l))(x) is continuous. The second equality also immediately follows from these
observations together with the Schwarz—Clairaut theorem on equality of mixed partials.)
In particular,

fO = (e d:.f(e,)) inCoN([~1, 1], C°(T?)). (31)

Furthermore, it is also straightforward to see that the map € — 9; f¢ is in C° ([—1, 1],
cr1 (Td)), which we denote by 0; f as a slight abuse of notation, and that

@ HY =a(fD) incol(—1, 11, P~ H(TYY), (32)

(det DT)V =det DTV inCVN1([=1, 11, "1 (T9)). (33)

Moreover, we denote by T € N (-1, 1], "t (T?)) the map € > (x — Ty.e(x)),
where T ¢ (x) is the Ith coordinate of T, (x) € T (under the identification of T¢ with
Rd). Finally, we defineamap L f : [—1, 1] — Cp(Td) by

(Lf)é = ﬁTéfG forf € [_ls 1]9

which is well defined by virtue of (30). The following is the key lemma for the proof of
Proposition 4.5.

LEMMA 4.7. For each f € C°([—1, 1], C°(T%)) witho € [1, Nl and p € [1, r], (L )1V
exists in C°~1([—1, 11, C*~1(T?)) and is of the form

@ =L< D Joa 0 f+ ) i a“f“)), (34)
Jor|<1 loe|<1

where Ji o is in CN=I([—1, 11, C"~Y(T9)) is a polynomial function of 9# Twy, RL: T(([;) (1<

I <d, |B| <2)and (det DT)~" for each k = 0, 1 and multi-index o with |a| < 1.

Proof. Observe that det D, T, > 0 for all |¢] <1 and x € T or det D, T, < 0 for all
le] < 1andx € T because T, € N"T1(T¢, T?) for each || < 1 and € — T, is continu-
ous. We consider only the former case because the other case is similar. Also, we show (34)
only around € = 0 to keep our notation simple (the general case can be literally treated).
First, we note that there is g > 0, B € N, a finite covering {Uj },ca of T< and C"*! maps

(Te)):ll) U, — (TE)):Ilj(UA) for |e| <€y, A € A and b € {1, ..., B} such that, for each
le| <ep, A€ A,be{l,...,B}and g € C"(T%),
Te o (To);,(x) =x on Uy (35)
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and
B
Mie, 9)x) = Y g =) go(T;,(x) onl (36)
Te(y)=x b=1

(because Ty € N"H1(T9, T¢) and T? is compact; see Appendix A for details). Note also
that if we define M> : [—1, 1] x C"(T¢) — C"(T9) by

My(e, g) = fore e [-1,1],g € C7(T%),

det DT,
then, for each f € C?([—1, 1], C’(T9)) and |e| < e,
(Lf)e = Mi(e, Ma(e, fe)).

Notice that both M and M are linear with respect to g € C” (T%). Hence, it follows from
the chain rule for (Fréchet) derivatives that

LAHD =9 M (e, Male, fo)) + Mi(e, deMale, fo) + Male, fD) (37

if the derivatives exist, where d. = d/0d¢.
Now we calculate 9. M and 9. M. First, we show that

d : (1)
—1@dj(DT))ix - T
2 k=1 € (k),e>, (38)

d
de Mi(e, g) = M (e, - ag-
— det DT

where adj(A) is the adjugate matrix (i.e., the transpose of the cofactor matrix) of a
matrix A. By (31) (with € — M (e, g) in place of f), (36) and the chain rule for
derivatives,

o]
QU

deMi(e, 8)(x) = e Mig(e, x) =D Y " d1g 0 (T, (X) - (T, Dy(x),  x € Uy,
b=1 I=1
(39)

where ((TE);’)]\)(I) (x) is the Ith coordinate of (Te);,i(x) and ﬂl,g(e, x) = Mi(e, g)(x).

On the other hand, by differentiating the /th coordinate of (35) for 1 </ < d, we get

d
T )+ D hT0.e(0) - e (T Dy (1) =0,y = (T, 1 (x). x € U.
k=1

In the matrix form (under the identification of T¢ with R?), this can be written as
TV () 4 DyTe[0e(Te),, ()] =0,y = (To), 1 (x), x € U,

where we see Te(l)(y) and BG(TG);’)IL (x) as column vectors. Thus, since A~ = (det A)~!
adj(A) for any invertible matrix A,

3e(To), (x) = —(det DyT) 'adi(Dy THITV ()], y = (To)5(x), x € Up.  (40)
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Equation (38) immediately follows from (39) and (40). Furthermore, by the quotient rule
for derivatives and (33),

g -det DTV

0c Mg, g) = 41
Male, 9) = == s @)
and
08 g - 0;(det DT,)
o (Ma (e, = - 42
M€, ) = 3 p T T @etDTL)? (42)
The conclusion immediately follows from (37), (38), (41) and (42). ]

Now we complete the proof of Proposition 4.5. We first consider the case when
f € C"(T?). We will show by induction that, for each 1 < k < j, (Lf)® exists and is
of the form

@LH® = L( Y Jia a“f>, (43)
lor|<k
where ./]7(,“ isin CNK([—1, 11, " *(T?)) is a polynomial function of 37 T(Y;/) (1<l<d,
0<k <k, |Bl <k+1)and (det DT)~! for each multi-index o with || < k. Equation
(43) for k = 1 is an immediate consequence of Lemma 4.7 (notice that f in Lemma 4.7
depended on € while f here does not). Suppose that k > 2 and (43) holds with k — 1
instead of k. Then, by Lemma 4.7,

(Lf)(k) = L( Z Jou - 8“( Z .7;_1’/3 . 8ﬂf>

le]<1 |Bl<k—1
+ X (X0, 0r)).
lee] <1 |Bl<k—1

Therefore, (43) immediately follows from (32) and (33). Furthermore, € — d’ /de’ L1, f =
(Lf)éj) exists as an element of CO([—1, 1], E;_;) by (P3) and the fact that s — j > 0.

Next, we consider the general case, i.e., the case when f € E;. By (P1), one can find
{fuln=1 C C”(T?) such that || f — fulle; = 0 as n — oco. By the result in the previous
paragraph, (L f,,)(k) exists as an element of a Banach space CO([—l, 1], E;_y) for all
1 <k < j. On the other hand, it follows from (P3), (P4), (30) and (43) that

sup [LA)P = Wf) Pl <C D sup N Teaellerll fo = fulle, = 0

ee[—1,1] lae|<k ee[—1,1]

as n,m — oo. In particular, lim,_ (L f,)) exists. In a similar manner, we can
show that L is a bounded operator from C°([—1, 1], E;) to C/([—1, 1], E;_}), so that
limy 0o (L f)Y) = (L)Y in CO([—1, 1], E;—;). In conclusion, Lf : € — L7, f is in
C/l(-1,11, Eij). O

4.3. Random Anosov maps. Let M be a compact, connected C*° Riemannian manifold

with dimension d. In this section, we consider RDSs consisting of Anosov maps
lying in a small C"*!(M, M)-neighborhood of a fixed, topologically transitive Anosov
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diffeomorphism T € C"+! (M, M) for some r > 1. The setting we consider is very similar
to that of [20, §4]; however, we obtain more general conclusions than those of [20]. For
the remainder of this section, we fix a topologically transitive Anosov diffeomorphism
T e C"tY (M, M). Recall that (2, F,P) is a Lebesgue space and that 0 : 2 — Q is a
measurably invertible, ergodic, measure-preserving map. For every n > 0, we define

O,(T) ={S € C"TN (M, M) : dpr1 (S, T) < n).

Recall that if 7 is sufficiently small, then O, (T) C N’ "+1(M, M) and every S € Oy(T) is
an Anosov diffeomorphism. A map 7 : @ — C"t1(M, M) will be said to be measurable
if itis (F, Ber+i oy pr))-measurable.

We consider RDSs induced by measurable maps 7 : @ — O,(T) for some small,
fixed n, over o. Our main result for this section concerns the stability properties of the
equivariant family of probability measures associated to such systems. We will formulate
our result in the setting developed by Gouézel and Liverani in [28]. In particular, in
[28] it is shown that, when a topologically transitive Anosov map is smoothly perturbed,
the Sinai-Ruelle-Bowen measure varies with similar regularity in certain anisotropic
Banach spaces.

A small technical comment is required before proceeding: in [28] the usual metric on M
is replaced by an adapted metric for 7 (which will also be adapted for S € O, (T') provided
that n is sufficiently small); we shall do the same here. We denote by m the Riemannian
probability measure induced by the adapted metric on M. For each ¢ > 0, p € Ny with
p < r, one obtains a space B, (T') by taking the completion of C" (M) with respect to
anisotropic norms ||-|| ., as defined in [28, §3] (actually, the norms in [28, §3] are defined
on the real Banach space C" (M, R). Here, we consider the complexification, which is of
no consequence). Since the map T is fixed, we will just write B, in place of B 4(T).
Our main result for this section is the following theorem.

THEOREM 4.8. Let N, p € Nand g > 0 satisfying that p + q < r — N. Then there exists
no > 0 such that every measurable T : Q@ — O, (T) has an equivariant measurable
family of Radon probability measures {,uz;}weg and hT € L (R, Bpyng) such that
hr(w)(g) = [g d/LZ: for each g € C*°(M) and almost every w. In addition, if {7 :
Q — Oy(T)}eer—1,17 is a family of measurable maps such that there is a bounded
subset K of CN([—1,1],C"TV(M, M)) (recall that C"t'(M, M) is a C"*! Banach
manifold and so, for k < r + 1, we may talk of C* curves taking values in C"t' (M, M))
satisfying that € — Te(w) lies in K for almost every w, then the map € — h (w) is in
cN=I(—-1, 11, By 4+nN) for almost every w.

We will use Theorem 3.6 to prove Theorem 4.8, with the help of Propositions 4.2 and
4.4 and of Corollary 4.6. Therefore, we should check (P1)-(P5) and (QR0)—(QR3) for
appropriate Banach spaces. We start with the basic properties of the B), ; spaces from [28].
(1) By the definition of || - ||, 4, it is straightforward to see that [0, f || p.g < Il fll p+1,4—1

foreach f € C"(M) and 1 <[ < d. Furthermore, B, 141 < B 4.
(2) [28, Lemma 2.1] If p + ¢ < r, then the unit ball in B, 41 is relatively compact
in By ,.
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(3) [28, Lemma 3.2] |lufllpqg < Clullcr+all fllpq for each u € CPT9(M) and f €

C"(M). In particular, if p + g < r, thenC" (M) < B, 4 (see also [28, Remark 4.3]).

(4) [28, Proposition 4.1] We have B, < (C9(M))*. Specifically, for each h € C" (M),

one obtains a distribution & € (C4(M))* defined by ﬁ(g) = f hg dm. The map

h> h continuously extends from C" (M) to B, , and yields the required inclusion.

We also remark that there exist injections B, , — B,_14 and B,, — B, forq’ > ¢

due to [28, Remark 4.2]. By the fourth item of the above list, the functional & — f hdm

on C" (M) extends to a continuous functional on B, ,, which we shall also denote by m.

The following result summarizes some facts from [13, 28] pertaining to the boundedness

and mixing of the Perron—Frobenius operator associated to maps in O, (T') for small . We

refer the reader to [28, Lemma 2.2] and the discussion at the beginning of [28, §7] for the
first and second items and to [13, Proposition 2.10] for the third item (see also [19, §3]).

PROPOSITION 4.9. There exists 0 < ng < n such that, for any p € Ny and g > 0 with
p +q < r, we have the following.

(1)  For every sequence {T;};en € Oyy(T) andn € N,
£, 00 LrpllL,, < Cpg-

(2) There exists apg €[0,1) such that, for every {Ti}ien € Oy (T), n €N and
f € Bp+],qr

I(Lr, 00 L1) Fllptig < Cra@ ol 1By, + Cogll Fllz, -

(3)  There exists a constant A, 4 € [0, 1) such that, for every sequence {T;}iez, S Oy, (T)
andn € N,

I, 0 -0 Lylv, LB,y = Cpghiyy

where V), , = ker(m|p,,) = {h € Bp4 | m(h) = 0}.

Fixg>0and peNwith p+g <r—N.Let E; =Bpyjgin—j, J €{0,...,N}.
Then the conditions (P1)—-(P4) on these Banach spaces immediately follow from the above
list (recall that each E; is the completion of C" (M) with respect to || - || E;)- Furthermore,
fix a bounded subset K of CN ([—1, 1], C"T'(M, M)) and let {Tc : Q@ — Oy (T)}ee[-1.1]
be a family of measurable maps such that € — 7¢(w) lies in IC for almost every w.
Then, by virtue of Proposition 4.2, the first part of Proposition 4.9 and the above
list, Perron—-Frobenius operator cocycles {(L7., 0)}ee[1,1] associated with the random
dynamics {(7¢, 0)}eer—1,17 are precisely defined on these Banach spaces and they satisfy
(P5) and (QRO) with & = m (see the remark following (S2)) except the m-mixing property.
In fact, (QR2), (QR3) and the mixing of {(L7;, 0)}ee[—1,1] on E; for j € {1, N} are
consequences of each item of Proposition 4.9, respectively. By Corollary 4.6, (QR1),
(QR4) and (QRS) also hold for {(L7;, 0)}ee[-1,1] on E; (see also [28, Lemma 7.1] and
[28, §9)).

By Proposition 4.4 (and the remark following it), for each € € [—1, 1], T has
an equivariant measurable family of Radon probability measures {uzf}weg and
hy € L¥(Q, Ey) = L®(Q, Bysn_14) such that hy(0)(g) = gduls for each g €
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C%°(M) and almost every w. Furthermore, we apply Theorem 3.6 to deduce the claim
that € = h7(w) is in CN7I([—1, 11, Eg) = CN=Y([—1, 1], Bp_1,44n) for almost every
w, which completes the proof of Theorem 3.6.

4.4. Random U(1l) extensions of expanding maps. In this section, we will apply
Theorem 3.6 to quenched linear response problems for random U(l) extensions of
expanding maps. Let U/ be the set of C* endomorphisms 7 : T2 — T2 on the torus

T? = R?/Z? of the form
e E(x)
T (s) ~ (s + 7(x) mod 1) ’ @4

where E : S! — S!is a C* orientation-preserving endomorphism on the circle S! = R/Z
and 7:S! — R is a C*® function (T is called the U(I) extension of E over 7). U(1)
extensions of expanding maps can be seen as toy models of (piecewise) hyperbolic flows
such as geodesic flows on manifolds with negative curvature or dispersive billiard flows
(via suspension flows of hyperbolic maps; see [31, 40]), and have been intensively studied
by several authors (see, e.g., [15, 21, 38, 39]). When we want to emphasize the dependence
of E and 7 in (44) on T, we write them as E7 and tr. Fix T € U and assume that E is an
expanding map on S! in the sense that min, g1 E’(x) > 1. Let r be a positive integer. For
every n > 0, we define

O,(T) = (S €U | dgr+1(S, T) < n}.

Note that 2/  N"+1(T2, T?) and that, if  is sufficiently small, then E is an expanding
map for every S € O,(T).

Recall that (€2, F,P) is a Lebesgue space and that o : 2 — € is a measurably
invertible, ergodic, P-preserving map on (2, F, P). When 77 (x) = « for any x € S! with
some constant «, then obviously 7 does not admit any mixing physical measure because the
rotation s — s + (1/27)a mod one has no mixing physical measure. However, it is known
that if T satisfies a generic condition, called the partial captivity condition, then 7" admits a
unique absolutely continuous invariant probability measure for which correlation functions
of T decay exponentially fast (in particular, T is mixing). The partial captivity condition
was first introduced by Faure [21] and was proved to be generic in [38]. Furthermore, it was
shown in [39, Theorem 1.6] that, if T satisfies the partial captivity condition, then there is
an 79 > 0 and an mg € N, only depending on T (see the comment above Proposition 4.11
for more a precise choice of ng and mg), such that, if r > mg, then, for any measurable
map 7 : Q — Oy, (T), the RDS (T, o) induced by 7 over o admits a unique equivariant
measurable family of absolutely continuous probability measures {/.LZ:}weQ such that the
Radon-Nikodym derivative of /,LZ; is in the usual Sobolev space H” (T?) of regularity r for
P-almost every w and that quenched correlation functions of (7, o) for {[;LZ:}wEQ decay
exponentially fast.

Assume that T satisfies the transversality condition, and fix such an ng > 0 and an
mo € N. Assume also that » > mg + 1. The main result in this section is the following
theorem.
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THEOREM 4.10. Let N be positive integers such that N <r —mq. If {Tc : Q —
Ono(T)}ee[-1,1] is a family of measurable maps such that there is a bounded subset K
of CN([—1, 11, C"*1(T?, T?)) satisfying that € — Te(w) lies in K for P-almost every
w € , then the map € +— ,uz); is in CN=V([—1, 11, H"=N(T?)) for P-almost every o € Q.

We recall the basic properties of the Sobolev spaces H” (T?) with regularity m € N.
Recall that || £[|3m = 3" j01<pm 1% F117 -

(1) By the definition of || - ||y, it is straightforward to see that ||0; f | gm < || f || gm+1
for each f € C"*t1(T2) and 1 <1 < d and that lufllgm < Cllullgm || f||gm for each
u, f € C"(T?).

(2) By Kondrachov’s embedding theorem, H™*!(T?) — H™(T?) and the unit ball in
H™t1(T?) is relatively compact in H™ (T?).

(3) C™(T?) is dense in H™(T?) for each m’ > m because C" (T%) ¢ H™(T?) C
C"™~1(T?) by Sobolev’s embedding theorem.

(4) By the Cauchy—Schwarz inequality, we have H" (T?) — (C%(T?))* by h — h given
by hi(g) = [hg dm for g € CO(T?).

Let X := (infSE(f)no min, g1 E’S(x))’l, which is less than one by taking ng
small, if necessary. Fix A € (A(l)/ 2, 1). Let mp be a sufficiently large integer given
in [39, Theorem 1.5]. Let N <r —mg be a positive integer. By taking no small,
if necessary, we assume that (infSG(gn0 min, g E/S(x))’1 < A. Fix a family of
measurable maps {7¢ : @ — Oy, (T)}ee[—1,17 such that there is a bounded subset IC of
CN([—1, 1], C"T1(T?, T?)) satisfying that € — T, (w) lies in K for P-almost every w € .
Let (L£7;, o) be the Perron—Probenius cocycle induced by (7¢, o). Then it follows from
[39, §4] that L7, almost surely extends to a unique, bounded operator on H ™ (T?) such
that w — L7 (0) : @ — L(H™(T?)) is strongly measurable for each € € [—1, 1]. The
following estimates were proved in [12, §§2.3 and 2.4].

PROPOSITION 4.11. There is a constant p € (0, 1) (which may depend on T and ng) such
that, for all €| < 1, the following hold.

(1) Foreachm > 0andn > 1,
ess sup L @) a2y < C.
(2) Foreachm >mo, n > 1and f € H"(T?),
ess sup L5 @) f g1 = C" | f ggmsr + CILfllm.
(3) Foreachm > mg,n>land f € Hm(Tz) with szf dm =0,
esswsup ||E%)(w)f||H"l <Co"l fllam.
We now prove Theorem 4.10. Letm =r — N.For j € {0, ..., N},setE; = H™ti (Tz).

Then, in the same manner as in the proof of Theorem 4.8, we can apply Theorem 3.6,
with the help of Propositions 4.2 and 4.4 and of Corollary 4.6, to deduce the claim that
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€ > uleisinCN=I([—1, 1], Eg) = CN=1([—1, 1], H"~N(T?)) for almost every o, which
completes the proof of Theorem 4.10.

5. Application to the differentiability of random dynamical variances

In this section, as another application of Theorem 3.6, we show the differentiability of the

variances in quenched CLTs for certain class of RDSs (including random Anosov maps

and random U(1) extensions of expanding maps). See, e.g., [45] and reference therein for
the background of this topic.

The quenched CL]T, stated precisely below, was first shown by Dragicevi€ et al. [18] for
random piecewise expanding maps and was later extended to random piecewise hyperbolic
maps by the same authors [19]. The argument in these results was extracted in an abstract
form in [12] and the quenched CLT for random (1) extensions of expanding maps was
established as its application. In this section, we employ a mixture of the settings of §§4.1
and 4.2 and [12]. Specifically, to apply Theorem 3.6, we assume the following.

e There are a real number r > 1, a positive integer N <r, a bounded subset
K of CN([—1,1],C" (M, M)) and a family of measurable maps {7 :Q —
N (M, M)}eer—1,17 such that € — T¢(w) lies in K for almost every w.

o {Ej}jeo,..ny is afamily of Banach spaces with E; < E; jforeachj € {1,..., N}
for which (P1)-(P5) of §4.2 holds for the family of the Perron—Frobenius operator
cocycles {(L7;, 0)}eer—1,1] (and so, by Corollary 4.6, it satisfies (QR1), (QR2), (QR4)
and (QRY)).

o {(L7.,0)}ee[—1,1] satisfies (QRO) and (QR3).

To apply the result in [12] we further assume the following.

e The inclusion E| < Ej is compact.

Then, with the help of (Q), for any € € [—1, 1], (P5), (P3), (QRO) (b) and (QR3) we

verify hypotheses (Al), (A2), (UG) and (LY) of [12, §2.1], respectively, for £, = L7,

M =Nt (M, M), 2=C*" (M), B=E|, &=CP(M) and B, = Ey with some

o <r (where (P1) and (P2) are used to ensure that £, is well defined in the manner

of [12]). Examples satisfying the above conditions include the random Anosov maps and

random U(1) extensions of expanding maps considered in §§4.3 and 4.4.

Therefore, under this setting, it follows from [12, Theorem 2.6] that a quenched CLT
holds for (7¢, o) for each € € [—1, 1], in the following sense. Let g € L*° (R, C"(M)).
Let {ite.w}weq be the equivariant measurable family of Radon probability measures such
that there exists he € L*°(S2, Ey) satisfying he(w)(u) = [ udpie , for each u € C*°(M)
and almost every w (refer to Proposition 4.4). Let g, be the centering of g with respect to
{He wloeq: that is,

8ew = 8w _/ godite o
Td

We define the variance (the drift coefficient) Ve of (Te¢, o, te, g¢) by

)
Ve i= / < /]I‘d gf,w ditew +2 Z /;I‘d 8ew " (8e.omw © 7;(,2))) dﬂe,w>P(dw)-
& n=1
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(The limit exists due to the exponential decay of correlations, which follows from
Remark 3.9 in a standard manner.) Suppose that V, > 0 (this is a generic condition for
random expanding maps; refer to [17]). Then, for P-almost every w € 2, (Syg¢)w//1
converges in distribution to a normal distribution with mean zero and variance V. as
n — oo: that is, for any a € R,

lim w ((SngE)w <a> = —1 fa e
n—o0 N/ V27Ve Jooo

where (S,8¢)0 = Z?;(l) 8coiw© e(,fo)-
We now show that the regularity of the variance V. is subjected to the regularity of the
dynamics 7. Recall that M > 0 and @« < M in (QR2) and (QR3).

*22/2V€dz’

THEOREM 5.1. V : € > V. is of class CN 7147 for every n € (0, log(1 /) /log(M /). In
particular, V is differentiable if N > 2.

Remark 5.2. As seen below, the proof of Theorem 5.1 uses only Theorem 3.6, not
any result in [12]. Hence, (Q) and the assumption V. > 0 are not necessary for the
CN=1Hn_regularity of V.

Proof. We use the idea that appeared in [28, Remark 2.10] for deterministic Anosov maps.
Recall the notation A, £; and \V; for j € {0, ..., N} given in §3.2 for Ac = L7.. Then
Ve can be written as

Ve = /;z[(ge -he)(a))(ge,w) +2 Z(AZ(& . hG))(a))(ge,w):I dP,

n=1

where g - he € gN is given by (g¢ - he)(w) (M) := fMge,w -u dpre o for each w € Q and
u € C*°(M). (Recall the duality (26) and the o -invariance of IP.) Notice also that

m(ge - he)(w) = (ge - he)(w)(1y) = / 8e.w dite v = 0 P-almost surely
M
by the definition of g, so that

AZ(ge che) = (A€|NN)n(ge ~he¢) and /O(AdNN) <1

for any sufficiently small € > O (recall Remark 3.9).
Now recall the Neumann series expansion Y o2, A" = (Id — A)~! for a bounded linear
operator A with p(A) < 1. Applyingitto A = Ay, , we get

VG = L[_(ge . he)(w)(gé,a)) + 2((Id — Ae |NN)7l(g€ . hG))(w)(ge,w)] dP. (45)

On the other hand, it follows from (18) and (19) that, for any ® € & ~, there exists ®® ¢ 5’0

withk =1,..., N — 1 such that
N-1
H 1d=A97'0 — (d— A9~ '® = 37 @M < ClDYg, eV,
k=1 &o
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This immediately implies the CN~!*"-regularity of the second term of the right-hand side
of (45). Moreover, Theorem 3.6 leads to the C¥~!*"-regularity of the first term of the
right-hand side of (45) via the CNV~!*"-regularities of k. because (g ~he)(0)(8ew) =
he(@)(g2) — he()(gw)?. This completes the proof. O
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A. Appendix. Proof of Proposition 4.1

Let T € N"*1(M, M). Then it follows from [30, Corollary 1] that T is a covering map.
Hence, by a basic property of covering spaces, there is a discrete topological space I'
such that, for every x € M, there is a neighborhood U, of x such that T-'{x)) is
homeomorphic to I" and 71U, is homeomorphic to U, x I'. In other words, T-Y(U,)
is a union of disjoint open sets {ﬁb,x}le such that T : ﬁb,x — Uy is a homeomorphism
foreachb =1, ..., B, where B is the cardinality of I". If B = oo, then, since |det DT | is
bounded uniformly away from zero due to the compactness of M,

m(T~'(Uy)) = B - inj& |det DT (y)| m(Ux) = o0
ye

which contradicts M having finite m-measure. Hence, B < oco. Furthermore, there is a
small neighborhood U/ of T in N +1 (M, M) such that, for each S € i/ and x € M, there
are disjoint open sets {(7175’ x}le such that S : (7bS .~ UsisaCr *+1 diffeomorphism for
each b and that, for each y € Uy,

dy((S1z5 )7 ) (T, )~ ) = 0 (A1)

as S — T in N"t1(M, M).

Since M is compact, there is a finite subfamily {U,}yca (with |A| < 00) of the
open covering {UX}XGM of M. As per the prev10us paragraph, for each A € A, there are
disjoint open sets {Ub k}b , such that T : U“ — Uy isaC't! diffeomorphism for each
b=1, , B. Notice that, for each A € A, x € U, and a complex-valued function f on
M, it holds that

B
S ro) =Y (fo(Tlg, ) H. (A2)

T(y)=x b=1

Let {K,}rca be a closed covering of M such that K; C U, and let {p;},ca be a partition
of unity of M subordinate to the covering {K} }yca (thatis, p; is a C* function on M with
values in [0, 1] C R such that the support of p, is contained in K, for each A € A and
Y sea Pr(x) = 1foreachx € M). Then, in view of (A.2), we get that, foreach f € C" (M)
andx € M,
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_ 0 vy f e
ETf(x)—ZPA(x)' me— ZZPA(M'(W—DNO(HUM) )(x)

rEA T(y)= rEA b=1

and, foreach S e U,

L7 f —Lsflicr
B
f 1 f 1
< ||/0A||C’”—0(T|N ) = = o(Slgs) .
% ; |det DT| Ubar |det DS| Ui ek
Therefore, since both |A| and B are finite and |/|det DT|~" — |det DS|~ - — O as
S — T in ./\/H‘I(M, M), it suffices to show that, for each A € A, b=1,..., B and
f el (M),

Ifo(Tlg, )" = fo (S|55A)*1||C,(KA) —0 asS— TinN" (M, M), (A3)

Fix Ae A,b=1,...,B and f € C"(M). By taking K, small, if necessary, we can
assume that K, is included in a local chart of M, so we assume that K, is a closed
subset of R?, where d = dim M. We use the notation 9; (-), 9% (-) and adj(-) given in the
proof of Proposition 4.5. Recall that T|,7M : ﬁb,A — U, is a C"*! diffeomorphism, so, by
the inverse function theorem and the fact that A~! = (det A)_ladj (A) for any invertible
matrix A,

D((T1,,)"") ) = DT (y) = (et DT () 'adj(DT(y))

with y = (T|l7“)_1(x) for any x € U,. Since each entry of adj(DT (y)) (the transpose of
the cofactor matrix of DT (y)) is a polynomial of 9; T (1 <i < d), by the chain rule for
derivatives, we conclude that, foreachi =1,...,d,

d
U(fo(Tlg, )™ =D Ui-af)o(Tlg,)"" onU,
=1
where J; is a polynomial function of 9;T; (1 < i, j < d) and (det DT)~'. Applying this
formula repeatedly, we get that, for each multi-index « with || < r,

3 (fo(Tlg,, )™ =Y Uap-3" o (Tlg, )" only,
[BI<la]
where Jy g = JO‘TJg is a polynomial function of 9¥T; (1 <j <d, |y|<|B|) and
(det DT)~!. Now (A.3) immediately follows from (A.1), and this completes the proof.
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