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DIMENSION OF NULL SPACES WITH
APPLICATIONS TO GROUP RINGS

DAVID PROMISLOW

1. Introduction. In this paper we investigate methods for estimating the
dimension of the null space of operators in a finite W* algebra, the dimension
being measured by the trace 7. For the most part we are concerned with opera-
tors A which are a finite linear combination of orthogonal unitaries. We give
various results which show how certain information about the unitaries and the
coefficients can be utilized to derive an upper bound for 7(N,), where N4 is
the null space of 4.

This problem was motivated by and has application to the well known zero
divisor problem for group rings. Suppose that G is a discrete group and let
Ao (G) be the algebraic group ring over the complex numbers C. That is o (G)
consists of all functions from G to C with finite support where the multiplication
is by convolution. Then Ao(G) acts by convolution on the Hilbert space /5 (G)
and its closure in the weak operator topology is a finite IW*-algebra with trace 7
defined by 7(4) = (Ade, ¢). (Here (,) is the inner product in [,(G) and e is
the group identity. We follow the convention throughout of identifying a group
element with its characteristic function.) We denote this W*-algebra by A(G).

The zero divisor conjecture is that if G is torsion free then ,(G) has no
proper zero divisors. See [6, Section 26] or [7, Section III] for more details.
In fact this conjecture is stated for the case of an arbitrary field F, but the same
argument as in [7, Theorem 22.7] shows that it would be sufficient to prove
the result for F = C in order to establish it for all fields of characteristic 0.

Now A(G), being a W*-algebra, has several zero divisors. So, if the conjecture
is true one feels that there should be some operator theoretic condition on the
elements of Ay (G) which would render this so. One possibility is that the null
space of such an element is suitably restricted. For example, suppose we could
show for a given torsion free group G that 7(N4) < % for all non-zero 4 in
Ao(G). This implies immediately that Ao(G) has no proper zero divisors. If
AB = 0 for some non-zero A and B in A¢(G) we would have that Ry C N,
(R denoting the closed range) and hence that 7(1 — Nzx) < 7(N,4), which
is impossible.

Of course the condition that 7(N4) < % is stronger than the non-existence
of zero divisors. On the other hand we feel that it is plausible that all non-zero
elements of ,(G) for a torsion free group G have in fact zero null space. At
any rate it is a problem of interest to determine those groups for which this is so.
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This condition is equivalent to showing that all non-zero self-adjoint elements
of Ap(G) with zero trace have no eigenvalues, since if Ax = 0, then
[A*4 — 7(A*4)]x = 7(4*4)x. In § 4 we investigate the question of existence
of eigenvalues of such elements. This leads to a consideration of certain opera-
tor equations involving weighted shifts.

The results of § 4 also have significance towards an auxilliary problem, that
of computing or estimating operator norms. In the group ring case this question
has been studied extensively by Akemann and Ostrand [7]. We discuss this
in § 5.

It is easy to see that when G is the infinite cyclic group then all non-zero
elements of Ao(G) have zero null space. For example this is immediate from
the proof of Corollary 6.5 below. Gardner [4] has shown that this property is
in fact true for all torsion free abelian groups. We have, however, been unable
to find any non-commutative examples. The natural case to consider next
would be free non-abelian groups. It is of course well known that in this case
Ao (G) has no proper zero divisors, see [7]. We give some results, [Example 3.3]
and [Theorem 4.5], which indicate the role of freeness in reducing the size of
null spaces.

2. Notation and terminology. In the rest of this paper A will denote a
W*-algebra and 7 will be a finite faithful normal trace on %[, normalized so that
7(1) = 1. Then 7 induces a positive bilinear form on ¥, (4, B) = 7(B*A4),
and hence a norm, ||4]], = 7(4*4)Y2. This is to be distinguished from the
operator norm which we denote by ||4]||. Two elements 4 and B of U are
orthogonal if T(B¥A4) = 0.

If H is the Hilbert space completion of ¥ with respect to || ||» then 2 acts
in a natural way on H, the so called standard representation, with the identity 1
of A as a cyclic and separating vector. (The action of A(G) on [2(G) is such
an example). We can therefore identify elements of U as vectors in H, and we
will follow this notation in § 4. See [3, Chapitre 1, §§ 4, 5, 6] for more details
concerning the above.

For two projections E and F in A we have [3, p. 226, Exercise 2(b)],

2.1) 7(E)+r(F) =7+(EUF) —r(ENF).

Forany 4 € 9, N, will denote the null space of 4 considered as a projection

in 9.

3. A formula for 7(N,). In this section we derive a general formula for
7(N4) and give some applications.

THEOREM 3.1. Suppose that A is an element of A with 7(A) % 0. Let I be
the weakly closed left ideal generated by A and let N = {B € S : r(B) = 0}.
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Then
- _i\A*)I_) ’
(B1) 7V, =1 (d(A,./V)
where d is the metric associated with the norm || ||

Proof. Let F =1 — N4.Then f = {B € A : BF = B},sothat F ¢ # and
is orthogonal to the hyperplane. 4 in I. Hence for all B in .#, d(B,. /) is just

the length of the projection of B onto the one dimensional subspace spanned
by F. That is,

: B rB)
YO =T

and taking B = 4 yields (3.1).

We apply Theorem 3.1 to conclude that in a certain extreme case, finite
linear combinations of unitaries always have a null space of dimension less
than 3.

Tueorem 3.2. Let (Uy, U, ..., U,) be unitaries in U such that for any two
distinct ordered pairs (1,7) and (k,p) the unitaries U *¥U; and U* U, are orthog-
onal, except of course when © = jand k = p. Then if A = 3 io1 a;U;, where
ai . ..ay,are non-zero scalars, we have r(N ,) < 3.

Proof. Let B = A*4. Then

n

B = Z Iailz + Z di(ljUj*Uj.

=1 =
Now using the orthogonality condition,
n 2
* =
T(B°B) = 1B = X fadllasf" < ( > |a]-12) = B,
>=] =
so that
_l@
1B

Now from Theorem 3.1 applied to B we have (since of course 0 € .4) that
PN = 7(Np) <},

1

< %

In specific examples we can make more refined use of Theorem 3.1. Consider
any A with 7(4) = 1 and let 4’ = 4*4 — ||A4]|:*4. Then 4’ is an element
of /. We define 7(4) = A — cA’ where ¢ = 7(A4*A4") ||A]|s2if A’ # 0 and
¢ = 0if 4’ = 0. It is easily seen that 4" = 0 if and only if 4 = 7(E)"'E, for
some non-zero projection E. The coefficient ¢ is of course chosen in the usual
way to minimize the distance to.#". Now 7'(4) is an element in .# of trace 1
and [|7(4)]]22 = [|A4]l2® — [¢]?||4’]]2%. So T" is a mapping from the set of all
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elements of trace 1 to itself which strictly reduces the norm except for scalar
multiples of projections which it leaves fixed. From Theorem 3.1 we can con-
clude that

1
(3.2) 7(Na) =1 - N

for all positive integers # and A4 such that 7(4) = 1.
The problem in using this result is the difficulty in computing or estimating
[|T7(4)|]22. We give one simple example.

Example 3.3. Let Uy, U, ..., U, be unitaries in I and consider the self
adjoint element

k

We will estimate 7(N,) under a certain freedom condition on the given

unitaries.
We first need some notation. Let ¥ denote the set of all finite sequences of
integers, vy = y(1), y(2), ..., y(rk), with length a multiple of %k, and which

do not contain any string of & — 1 consecutive zeros except possibly for the
first # — 1 or last & — 1 entries. (Note that the sequence consisting of k zeros
isin V). Let w be the mapping from Y to A defined by

w(y) = UpPOULD |, UFO e gkt o ok,
For each non-negative integer # define an element of A

A, = 3 wly), with ||y} =n

Y

where, as usual ||y||; denotes 372, |y(7)|. Note that 4o = 1. Let p = 2k — 1.
By a straightforward calculation, the number of terms in the sum defining
Ay n 21, is (p + 1)p" 1, (of course the summands are not necessarily
distinct), and

(33) A12 = (p + 1)142, AlAn = A,,Al = j)A,,ﬁl + A,,+1 forn > 1.

From (3.3) we can write 4,4,, as a linear combination of 4 ;’s for all » and m.
For example,

(34) A= A1(4:14,) — (p+DAs=pp+ 1)+ (p — )42 + A

Let us now make the following assumption: For any distinct y; and y, in ¥V
with both [|yi]|1 and [|y2||; £ 4 the unitaries w(y;) and w(y,) are orthogonal.

For example, if x1, x2, . . ., x; are elements of a group G which do not satisfy
any non-trivial relation of length = 4 then this assumption will hold for the
unitaries of Ao(G), U; = ax; where a; is any scalar of absolute value 1.
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We now have that for all # and m < 4, 4, and 4,, are orthogonal and
(3.5) 4all2> = (p 4+ 1)pt ifnz 1.
The operator 4 is just 1 + A4; and using (3.3) — (3.5) we calculate, 4’ =
A — (p + 2)4 = —pA: + A, so that [|4']|s* = (p + 1) and then
7(AA4") = —p(p + 1). This gives T(A) = 1 + (p + 1)~[4; + A4.). Then

T(A)Y = T(A) — 2T(4) = ———3 [2pA:1 + pAs + 245 + A4,

(+1)

ne_ 2074+ p) . PP +2)
1Tl = 25T and wATWATA)] = 55,

so that

[LA)TAN] _ 3p" + 16p + 12
T 20+ DE+p)

7)) =2 -+
From 3.2 we conclude that

I o B
W) = 5 6 + 12

which for odd p is easily seen to be = 11/31, (the value at p = 1).

Of course, if in our assumption we replace the number 4 by a higher power of
2 we will obtain a lower upper bound, but the calculations get progressively
more difficult. In the case that w(y,) and w(y.) are orthogonal for all distinct
v, and y.; we will show later that the null space is trivial [Theorem 4.5].

4. Non-existence of eigenvalues. Let A be a self-adjoint element in A
with 7(4) = 0. We consider the question of determining whether or not 4 has
eigenvalues. Since the eigenvalues are algebraic invariants of 4, determined by
the W*-subalgebra of A generated by A and 1, we may first replace A by this
subalgebra. Then, by considering the standard representation as outlined in
§ 2 we can assume that H is the closed linear span of the elements {4" : n =
0,1,2,...}.

We now apply the Gram-Schmidt procedure to obtain vectors.

n—1

fn=An_“ Z (Anyei)ei
(4.1) T =0
& or e, =0iff, =0

~ 1ll:

where we begin with ¢, = 1. So {e,; ¢, # 0} is an orthonormal basis of K such
that {e, : » < k} spans the subspace consisting of polynomials in 4 of degree
< k. It follows that (4e;, e;) = 0 for 7 = k& + 2 and by self-adjointness this
holds as well for j < k — 2. Now let

4.2) a, = (4e,, €,01) and B, = (4de,, €,).
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Each B, is of course real and 8, = 0 by the assumption that 7(4) = 0. More-
over, each a, is = 0. In fact

(Afm en+l> = (An+1v en+1) = (fn+lv erH—l)

so that

(43) o = Wl ig 20
[ fall2
We have now that for n = 1, de, = ap_16,—1 + 0p€r1 + Brén.

The effect of this reduction then is that we are led to consider operators of
the form V + V* + D where V is a unilateral weighted shift with non-
negative weights (a,) and D is a self-adjoint diagonal operator with diagonal
(8,), Bo = 0, with respect to an orthonormal basis {e, : n = 0, 1, 2, ...}.
(Of course, the space may be finite dimensional but the above still holds with
the appropriate interpretations.)

The problem is then to characterize those pairs of sequences (a,) and (8,)
for which this operator has no eigenvalues. We first investigate conditions on
(an) and (B,) which will ensure a zero null space for V 4 V* 4 D. Of course, a
complete solution to this latter problem would yield a complete solution to the
former. The problem in general appears to be quite difficult and we give here
only a few partial results.

For convenience in notation we use —D in place of D.

THEOREM 4.1. Let (o) be a sequence of non-zero real numbers converging to 1
and let (B,) be a sequence of real numbers converging to B8, |8 < 2. Suppose
moreover that both of the series

i l—gﬁ—ﬁ; and i
n=0 Oy ) n=0

Then V 4 V* — D has zero null space, where V is the unilateral shift with weights
(an) and D has diagonal (8,).

.
—"—~1| are < 0.
Qp+1

Proof. Suppose that x = ;1 \e, is a non-zero vector in the null space. By
a direct calculation we must have

(44) M\ = Boho and A1 = Budn — Cntdm forn = 1.
(7)) e

If Ao = 0 we would have that x = 0. We can therefore assume that Ay = 1 and
hence that A\, is real for all #. Note also that if A\, # 0 and \,;; = 0 then
Aut2 # 0, which shows that the sequence (\,) cannot have two consecutive
Zeros.

Let w be a complex number of absolute value 1 such that Re (w) = 38 and
let r = }{Im(w)|. By assumption 7 # 0. Let

Wap\,

and 68, = (& — ﬂ) +w(1 — —%‘—) .
Olpt1 Oy, Ont1

On = Apt1 —
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[}

Since w + @ = Band w®@ = 1 we see from (4.4) that
(45) Opy1 = Woy, + 6n+1)‘n+1-

Choose a positive integer N such that Y 5.y [6,] < 7 and |a,/au| = 3 for
n = N. Let B 2 N be such that |\ = |\,| for n = N. Since ()\,) is an I,
sequence such a k exists and by our preliminary remarks A, # 0. By recursion

on (4.5)

n
7 n—1
Onyr = Wop + 21 W Opt it -
=

Now |w"oy| = |Imo,| = 27 |\| and the absolute value of the second term is
< [M] X0 8644 = 7 |N]. Hence o, = 7 [\ for all # = 0. This shows
that (o,) does not converge to 0 and so neither does ()\,), a contradiction.

In the case where the sequences (a,) and (8,) are eventually constant the
above proof obviously works for |8] = 2. However in general if |8] = 2 or if
the convergence to f is not as rapid as indicated then the conclusion of Theorem
4.1 may fail to hold as shown by the following examples.

Example 4.2. For each of the following sequences (8,) there is a non-zero
vector Y a0 Mg, in the null space of V 4+ V* — D where (a,) = 1 for all #n.
The verifications are straightforward.

(a) For any 8 > 2, choose X such that 0 < A < 1 and A + A = 8. Let
Bo = Nand 8, = B for n > 0. Then let A\, = \".

(b) Let Bo =3, B, =[1 + (n2 4+ 2n)~!] for n > 0. So (8, — 2) is an [;
sequence. Let A, = (n + 1)~

(c) Let By = %, 8, = (—1)*1 2n + 2)/(n* 4+ 2n). So (B,) is a [» sequence.
Let N\, = &= (n 4+ 1)~! where the sign is positive if # = 0 or 1 mod 4 and
negative if # = 2 or 3 mod 4.

THEOREM 4.3. Suppose that a® < |Bo| and for all n 2 1, |a,| £ 1 and |B,] = 2-
Then V 4+ V* — D has zero null space.

Proof. Using notation as above suppose that x is a non-zero vector in the null
space and let 7, = M, y1/\,. So 7, is defined for those » with N\, # 0 and for such
n we have from (4.4) that

1 l:,B an_1:|
Tngl = 1
n+ ey n+ n

showing that |7,| = 1 implies that |r,41] = 1. Now 7y = Bo/ao so that

_1 _gof]
7’1-“1[61 Bod "

Hence |71] = 1 so that |r,| = 1 for all # = 1 contradicting the fact that (),)
is an I, sequence.
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It would be pleasant if we could reduce our question to one involving the
case where (a,) = 1forall #,i.e. Vis the usual unilateral shift which we denote
by S. The conditions on (a,) in both Theorems 4.1 and 4.3 are of course triv-
ially satisfied in this case. This can often be done for questions involving 17
itself since under some fairly simple conditions V7 is similar via an invertible
diagonal operator to ¢S for some constant ¢ [5, Problem 76]. Unfortunately
however, (V' + V*) is not similar to ¢(S + S*) via a diagonal operator unless
(exn) 1s constant to begin with. This can be seen by a simple calculation. None-
theless, we may in some cases reduce to considering S + S*. For a given non-
zero sequence (a,) define a sequence k, by kg = 1, and %k, = a,—1 &, ! for
n = 1. We have then

- A1z . . o C9p—1

kon ) k2n+1 =
Qo . . . Oop_9 A3 . Oop—1

Ao . . . A2y

forn = 1.

THEOREM 4.4. Suppose that (8,) is an I, sequence and |k,| is bounded away from 0
and 0. Then V 4+ V* — D has zero null space.

Proof. Suppose that x = 3 59 \, ¢, is any vector in the null space. Let \,/ =
ko Moy B = k,7% B,. After a routine calculation we see from (4.4) that

)‘n+l/ = ﬁn, )‘n/ - )\n—ll

Therefore ' = 370 \,/ e, is in the null space of S + S — D’, where D has
diagonal (8,'). Now (8,') is also an [, sequence so Theorem 4.1 shows that each
N\.” and hence each \, = 0.

Note that the conditions on (k,) will be satisfied whenever |a,| converges
monotonically to 1. For example if «, increases to 1 and |ay| = %, then for
2n > N wehavel £ |ky,| < |ag|tand |ag| = ko] = 1.

For a particular application of Theorems 4.1 and 4.3 let Uy, Us... Uy,
k = 2, be a set of unitaries in A such that in the notation of Example 3.3,
w(y:) and w(y:) are orthogonal for any distinct y, and vy, in V. Let 7" =
Z’Ll Ui. We can consider two self adjoint operators of trace 0, 7° + 7™* and
T*T — k.

THEOREM 4.5. Both (a) T + T* and (b) T*T — k have no eigenvalues.

Proof. (a) T 4 T* is just the operator 4; of Example 3.3. From (3.4) and
the fact that now 4, and 4,, are orthogonal for any n  m it is easy to check
that f, = 4, (see 4.1) and 8, = 0 (see 4.2) for all #. From (3.4) and (4.3) we
see that the sequences («,) and (8,) associated with (26 — 1)~V2 (T" + T%*)
are given by ag = \/2k/2k — 1, @, = 1 for n = 1 and B, = 0 for all #n. Then
for |u| < 2, pis not an eigenvalue by Theorem 4.1 and for |u] = 2, u is not an
eigenvalue by Theorem 4.3.

(b) T*T — k is again the operator 4; of Example 3.3 but now based on the
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unitaries {U;'U;: 1 £ 1 < j < n}. Let us relabel these as {V,, Va... 1V,
and our notation will now refer to the ¥’s rather than the original U’s. Then
A4,’s no longer satisfy the orthogonality conditions but we replace these by
operators B, defined as follows. For each unitary W in the group generated by
the Vs, let

Hw) = min {n : W = w(y) for some y in ¥ with ||y:|]| = n}

and let B, = >, W with I(W) = #n. Then B, and B,, are orthogonal for n % m.
Note that By = 1 and B, = T*T — k.

Now consider a product Vi<W, ¢ = &1, where [(WW) = n. Let y be the
element in ¥ with ||y|l; = n such that w(y) = W. and suppose that y(m) is
the first non-zero entry in y. Suppose that V¢ = U;~'U;and V,,} = U;,~'U,
where § is 1 or —1 respectively if y(m) is positive or negative respectively.
Then (VW) will be; n + 1 if j=k,nifj=k t#p,andn — 1if j = &k,
1 = p. From these remarks we can deduce recursively that

Bi* = By+ (k= 2)B: + k(k — 1)
and forn = 1

BB, = Byy1 + (k - Z)Bn + (k - 1)2Bn—1
[|Ballo? = k(k — 1)1

It follows that vectors f, are just B, and the sequences associated with (¢ — 1)!
[T*T — k] are given by ay = V'k/k — 1, 8 = 0 while forn =2 1, @, = 1 and
B, = (B — 1)~'(k — 2). Then Theorem 4.1 rules out eigenvalues u such that
lu+ (B — 1)"1(k — 2)] < 2 while if |p+ (B — 1)"1(k — 2)| = 2 we must
have |u| = (B — 1)~k and this is ruled out by Theorem 4.3.

Remark. Note that for part (a) of Theorem 4.5 we can include the case k = 1.
In part (b) we can weaken the condition on the U,’s to hold only for elements y
of ¥ with |[y||1 = 1 thus enabling us to include cases where one of the U,’s = 1.

In both parts of Theorem 4.5 the sequences (a,) and (8,) were constant for
n = 1. We can use Theorems 4.1 and 4.3 to eliminate some eigenvalues in other
cases, but it seems difficult to find more general conditions which will guarantee
their absence completely. For example consider the case where o, = 1 for all #,
Bo=1, B =1/6, B2 = .3 and B, = .55 for n = 3. Theorem 4.1 rules out
eigenvalues in the interval [ —2.05, 1.45] and Theorem 4.3 rules out those which
are £ —2.05 or = 11/6. But 1.5 is an eigenvalue of V + V* — D with the
eigenvector given by the sequence \o = 1, \y = 1.5 and ), = (1.2).8"3 for
n = 3.

Note that whenever 4 is such that r(4"*) = 0 for all odd #, (as in Theorem
4.5(a)), we do indeed get 8, = O for all n. From the definitions (4.1) it follows
inductively that e, is an even or odd polynomial in 4 respectively when # is
even or odd respectively so that 8, is the trace of an odd polynomial.
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5. Operator norms. The remarks at the beginning of § 4 can also be applied
to show that the operator norm of a self-adjoint element in ( of trace 0 is equal
to the norm of the operator V 4 1* — D acting on the subspace spanned by

{4”:m = 0,1, 2,...}. In the group ring case this is a smaller subspace that
used in [1, Theorem I1B], so it is possible that this may lead to some simplifi-
cations.

Forany 7 in ¥ let B = T*T — ||T]|,2 and consider the sequences (e,) and
(8,) associated with B by (4.2). Let @ = sup (a,), 8 = sup (|8.]).

S [2a + 8 + (T2

Proof. We have that ||T||* = |[|7*T]|| which, from the positivity of T*7, is
equal to ||B|| 4 [|7]2* The result now follows from the fact that the weighted
shift with weights (a,) has norm « [5, Problem 77] and the operator D with
diagonal (8,) has norm 8.

TuEOREM 5.1. || 1]

Example 5.2. Consider the T" of Theorem 4.5 We have ||7[:> = k, and from
the proof of part (D), a = Vk(k —1) £k and 8 = k — 2. We see from
Theorem 5.1 that

Tl = 2vEk — 3 = 2|

Since 7" is a free operator in the sense of [1], the exact answer as computed in
[1, Theorem IV K] is ||T]] = 24/k — 1. Note that our estimate provides a
fairly simple way of deriving the fact that for such operators, ||T|| < ¢||7|: for
some constant ¢, which is the important result for many applications such as
in [2].

Actually it should be possible to obtain this exact answer from our data.
It would be immediate if a, were = k& — 1 for all # but the presence of the
larger initial weight seems to cause difficulties.

T

2«

6. Complete orthogonality. Motivated by the group ring situation we
define two unitaries U and 1, in % to be completely orthogonal if r[ (V¥U)"] = 0
for all positive integers »n. If GG is a torsion free group then every element of
Ao (G) is a finite linear combination of pairwise completely orthogonal unitaries.

Tueorewm 6.1. Let U be a unitary in A such that Re 7(U") = d for all positive
integers n. Then

T[NU_1] é d

Proof. Let E denote the null space of U — 1 and let r = 7(E). Then if
W = U — E,wehave U* = E + W"and hence that

(6.1) Rer(W")y=d—7r and Rer(W*) £d —r

for all positive integers #. Norecover, W is a partial isometry with both initial
and range projections equal to 1 — E. Ilence for all positive integers # and
k = n, the product W*(IW*)?—* is equal to a power of either W or W* unless
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k = n in which case it equals 1 — E. Now (W + W*)?" is a positive operator
and from (6.1)

05 Rerl¥ + 1) 5 (= )(2) + @ - 2% - (*)].
Dividing by 23" we obtain

(6.3) 0= [—7+ 5]+ d[l— s,

where
8
n
Sn = Ty -
Now
9%k —1 2m—1{92%—3 _2m—1 {5 2% —2
= = <
o ,LII ok on ,1_122k—2: on ikt 9%k —1

om— 1 "2k-—1)("2k—2) om — 1
2 < =
v =Ty (,Q ok kr__122k—1 an’

Hence s, converges to 0 and from (6.2) we have that » < d.

COROLLARY 6.2. Let U be a unitary which is completely orthogonal to 1 (i.e.
7(U") = 0 for all positive integers n). Then U has no eigenvalues.

Proof. For any complex N with [\| = 1, the unitary AU is also completely
orthogonal to 1, so it is sufficient to show that 1 is not an eigenvalue. This is
immediate from Theorem 6.1.

We also could prove this from Theorem 4.5. If Ux = x for some non-zero
vector x then (U* + U)x = 2x. But this contradicts part (a) of this theorem
taking k = 1, (see the remark following the theorem), and U; = U.

CoroLLARY 6.3. Let (Uy, Us, ..., U,) be unitaries in N such that for some
indices j and k, U, and U, are completely orthogonal. Then for any non-zero
scalars (ag, ayy . . ., ay) with 221 |ai| < |aol, the operator A = ¥ty a,U; has
zero null space.

Proof. Multiplying by @ *U* we can assume that Uy, = 1, and @y = 1.
If 371 ]as] < 1 the conclusion is immediate as 4 is easily seen to be invertible.
So suppose that the sum is equal to 1. Then for any unit vector x in N, we
would have

n

Z aiUix

i=1

; lleUxl| = 1 = ||=x]| =

From the strict convexity of Hilbert space it follows that Ux = —x for all 4
so that x is an eigenvector for U;* Uy, contradicting Theorem 6.2.

Note in particular that if U and V" are completely orthogonal then Corollary
6.3 shows that ¢ U + bV has zero null space for any non-zero scalars ¢ and b.
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COROLLARY 6.4. Let A € Y. Suppose that there 1is a unitary U in A and a trace
preserving automorphism & of A such that ®(4 — U) = A — U, while ®(U) s
completely orthogonalto U. Thent(N4) = 3.

Proof. Let E denote N, and suppose that 7(E) > 3. Then 7(®(E)) > 3

and ®(E) is the null space of ®(4). By (2.2) there is a non-zero vector ¥ in
EN ®(E).So0 =[4 — ®(4)]x = [U — ®(U)]x which contradicts Corollary

6.3.
For a particular example of the use of this corollary let 4 = iy a; U, for
some unitaries Uy, ... U, and non-zero scalars a; . .. a,. Suppose there is a

unitary V which commutes with U, for ¢ < n while 1"*U,V is completely
orthogonal to U,. Apply Corollary 6.4, taking U = U, and ®(B) = V*B1" to
conclude that 7(N4) =< 1.

CoROLLARY 6.5. Let U be a unttary in A which is completely orthogonal to 1
and let p and q be two polynomials such that for some complex z of absolute value 1,
ip(z)| # |q(z)|. Then for any unitary V in A which commutes with U, the oper-
ator A = p(U) + V q(U) has zero null spare.

Proof. Let E be the null space of 4. Then
6.3) p(U)E = =V q(U)E.

Since U commutes with 4 it commutes with E. Multiplying both sides of (6.3)
by their adjoints we see that

[p(U)* p(U) — a(U)* ¢(D)IE = 0

That is, f(U)E = 0 where f is the function defined on |z| = 1 by f(z) = [p(3)|?
— |g(2)|* which has the form ¥ s__; a, 2" for some positive integer k and scalars
a,. By assumption, f is not the zero function so f(U) factors as cU (¢ # 0)
times a product of linear factors each of which have zero null space by Corollary
6.2. It follows that £ = 0.

Note that in Corollaries 6.3-6.5 the only use made of complete orthogonality
is the absence of eigenvalues so they are obviously true under more general

conditions.
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