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1. Introduction
1.1. THE PROBLEM

Let B be a nonsingular, projective, complex curve and let S be a finite subset of points
of B. The theorem below was conjectured by Shafarevich and proved by Parshin
(assuming S = ¢J) and Arakelov (general case) in [P] and [A].

THEOREM P-A. Fix g = 2. There exist only finitely many nonisotrivial families of
smooth curves of genus g over B— S.

Some motivation for the Shafarevich conjecture was that, as Parshin shows in [P],
the Mordell conjecture for function fields (Theorem M below, which had already
been proved by Manin [Ma]) can be obtained as a corollary of the above Theorem
P-A. Moreover, the same implication holds true for the number field analog of
the conjectures of Shafarevich and Mordell.

THEOREM M. Let K be a function field and let X be a nonisotrivial curve of genus at
least 2 defined over K. Then X has finitely many K-rational points.

Denote by X(K) the set of K-rational points of X. Let V' be a smooth variety
over C and let T be a closed subset of V. Define Fy(V, T) as the set of equivalence
classes of nonisotrivial families of smooth curves of genus g =2 over V' — T (see
below).
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The problem studied in this paper is how |Fg(V, T)| and | X(K)| vary as V', T, X and
K vary. The case where V' = Bis a curve and K = C(B) is its function field is treated
first, to obtain uniform versions of Theorem P-A and Theorem M. More precisely, it
will be proved that |Fy(B, S)| and | X (K)| are uniformly bounded by a function of g,
the genus of B and the cardinality of S (Theorems 3.1 and 4.2).

The generalizations to higher-dimensional bases are obtained by specializing to
suitable curves in V. We obtain a uniformity result where the varieties V' are
quantified by their degree in some fixed projective space (3.5 and 4.4). From
this a more intrinsic uniformity statement is obtained for so-called ‘canonically
polarized varieties’, that is, smooth varieties V' with ample canonical bundle
Ky. A natural invariant quantifying canonically polarized varieties is the Hilbert
polynomial A(x) of the canonical polarization (i.e. (n) = y(K%") ). In such a case
the cardinalities of F,(V,T) and X(K) are bounded by a function of g, the
Hilbert polynomial /(x), and the canonical degree of T (see Theorems 3.4
and 4.3).

The proof of the Shafarevich conjecture is made of two parts, usually called
‘boundedness’ and ‘rigidity’. We proceed like in [P], giving essentially a relative
version of Parshin’s proof of the boundedness part. To obtain our uniform version,
we combine this with techniques from the modern theory of stable curves and their
moduli. This paper is about families of curves; for the analog of the Shafarevich
conjecture for families of higher-dimensional varieties, see [F] and the very recent
preprint [BV].

We prove the uniform version of Manin’s Theorem as a corollary of such a uni-
form version of the Theorem of Parshin and Arakelov. Another perspective on this
issue was taken by Miyaoka in [Mi], where he indicated how an effective version
of the Mordell conjecture could be obtained from the Sakai inequality. Our approach
here is completely different.

It is interesting to compare our results with analogous problems in the arithmetic
setting. The uniformity conjecture for rational points of curves over number fields
remains open, despite much work on the subject, in recent years.

UNIFORMITY CONJECTURE. Fix g = 2. There exists a number N(g) such that
for any number field F there exist at most finitely many curves of genus g, defined
over F, and having more than N(g) F-rational points.

This is often called the ‘strong’ Uniformity conjecture, to distinguish it from its
weaker variant, where the number field is fixed. At the moment, they are both
open (nor was anyone able to give evidence for their being false). Interest in
such types of problems was revived after it was proved in [CHM] that the
Uniformity conjectures are a consequence of the so-called Lang diophantine
conjectures (also open) about the distribution of rational points on varieties
of general type.
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1.2. PRELIMINARIES

We work over C. Throughout the paper g, ¢ and s will be nonnegative integers such
that g > 2; B will be a smooth, projective complex curve of genus ¢ and S C B
a subset of cardinality s (unless otherwise specified).

By a ‘stable’ (respectively ‘semistable’) curve we mean a curve which is stable
(respectively semistable) in the sense of Deligne and Mumford [DM]. If C is a
semistable curve, we denote by C* the stable model of C. M, (respectively M,)
denotes the coarse moduli space of smooth (resp. stable) curves of genus g. The
divisor of M, parametrizing singular curves is denoted by A. A nodal curve is said
to have genus g if its arithmetic genus is g.

If /: X— V is a morphism, we denote by X, the fiber of X overv € V;if¢p: X— Y
isa V-map, we denote by ¢,: X,—> Y, the restriction of ¢ to the fiber over v € V. By
a ‘family of curves’ we mean a projective, flat morphism X— V" of integral varieties
such that X, is a curve for every v € V/, smooth for v in some dense, open subset of V.
A family of curves is called ‘isotrivial’ if all of its smooth fibers are isomorphic. A
‘family of stable curves of genus g’ is a family of curves X— V" all of whose fibers
are stable curves of genus g.

Given two families of curves f: X— U and h: Y— U we say that they are
‘equivalent’ if there is an automorphism o of U and an isomorphism ¢: X— Y such
that hoe = oo f. This notion is really necessary only in the case dim U > 1, where
U would typically be V' — T (see the introduction).

A fibration is a proper morphism f: X— } such that X and V' are smooth
integral varieties and the fiber X, is smooth for v in some open dense subset
of V. A semistable fibration is a fibration all of whose fibers are semistable curves.
Given a semistable fibration f: X— I its stable model is the family Y—V of
stable curves such that for every ve V' Y, = X3'. Y is uniquely determined by
the mapping X —>P(ﬁﬁa)}’3")—>3 for n >3 (where w, is the relative dualizing
sheaf).

Given a polynomial p(x) we denote by Hilb”™[P'] the Hilbert scheme
parametrizing closed subschemes of P having Hilbert polynomial equal to p(x).
Given a scheme Z and a scheme Y —> Z quasi-projective and flat over Z, we denote
by Hilb,[ Y] the Hilbert scheme parametrizing closed, flat Z-subschemes of Y. Given
X—>Z projective and flat over Z, the functor Homz[X, Y] of Z-morphisms is
represented by a scheme Homy[X, Y] which is described as an open subscheme
of Hllbz[X Xz Y]

Let X be a curve of genus g, Ba curve of genus gand S C B a set of cardinality s; let
f(X, B, S) be a numerical function of X,B and S. It will be convenient to use the
following terminology.

DEFINITION. £ is ‘uniformly bounded’ if there exists a constant c(g, ¢, s) such that
for all X, B, S as above we have f(X, B, S) < c(g, ¢, s). We say that a (finite) set is
uniformly bounded if its cardinality is uniformly bounded.
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An example of a uniformly bounded set which is relevant to this paper is the
following. Let e(g) be some positive integer depending on g, let C(B, S, e(g)) be
the set of finite coverings of B having degree at most equal to e(g), and ramified
only over S. Then C(B, S, e(g)) is a uniformly bounded set (this would fail in positive
characteristic). The claim, of course, follows from Riemann’s theorem and from the
fact that an element in C(B, S, e(g)) is given by a group homomorphism from
the fundamental group of B\ S to the symmetric group on e(g) elements.

Let K be a field containing C, let C be a smooth, irreducible curve defined over K.
Define

Qx(C) :={(¢, D): D smooth curve of genus > 2 over K,
¢: C — D finite map}.

So that if g(C) < 1, then Qg(C) is empty. If instead g(C) = 2 then Qg(C) = Autg(C).
We recall a famous theorem about Q¢ (C):

THEOREM D. Q¢(C) is a finite set. More precisely, there exists a number Dc(g)
such that for every curve C € M,y we have |Qc(C)| < Dc(g).

The first assertion is the classical theorem of De Franchis ([D]). The second is a
modern refinement, which actually comes with an explicit bound for D (g). See [AP]
and [K] for current records and related references. We observe that a noneffective
proof of the existence of a uniform bound D¢(g) (which is all we need here), given
the theorem of De Franchis, is a simple application of the existence of Hilbert
schemes. We need a uniform version over function fields.

PROPOSITION 1.1. Fix g = 2. There exists a number D(g) such that for any function
field K and for any smooth curve X of genus g defined over K we have |Qg(X)| < D(g).

Remark. We shall see that D(g) = D¢(g).

Proof. Let (¢, Y') € Qg(X) be distinct elements, for i = 1, ..., N. By contradiction,
suppose that N > D¢(g). We need the following

CLAIM. Let B be an integral scheme, let X, Y' and Y? be families of stable curves of
genus at least 2 over B. Fori = 1,2, let ¢': X— Y be finite B-morphisms. Then there
exists an open subset U of B such that Vb € U, (]5,17 #* d),z)

If ¢! = ¢ we take U = @, hence we shall assume that the two morphisms are dis-
tinct. The Lemma is also clear if Y' and Y? are not fiberwise isomorphic. Suppose
then that Vb € B we have Yb1 =~ Ylf. This does not imply that the total spaces are
isomorphic. Suppose first that they are, so that Y' 2 Y2 > Y then ¢’ determines
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a map ®: B— Homp[X, Y] defined by ®'(b) = ¢}. Clearly ¢} = ¢ if and only if
®!(h) = ®*(b), since ®'(B) N D*(B) is closed we are done.

Now the general case. Given that Y! and Y? are fiberwise isomorphic, we can
construct a natural covering of B where they become isomorphic. This will be defined
by the scheme over B Isomp[Y', Y?]— B, representing the functor of
B-isomorphisms of the two families. It is well known that Isomp[Y!, Y?]— B is
a finite and unramified map (cf [DM]). Let B’ be a connected component dominating
Bandlet X', Z', Z” be the base changed families of X Y, and Y? respectively. Now
Z' =~ 72 over B. Let y': X'—> Z! for i = 1, 2 be the pull-back of ¢'. By the previous
discussion, there exists an open subset U’ C B’ where y' and y* have distinct
restrictions on the fibers. Since B’ is finite over B, the image of U’ in B is open,
and we are done.

Let then U;; be the open subset of B such that Vb € U;; we have (/)f7 + qbg Fori+#j
we have that U;; is not empty. Let U := ("), o;_; < y Ui, of course U is open and
non empty. Let b e U, then by construction we have N distinct elements
(¢}, Y}) in Qc(Xp). But N > Dc(g), while by the refinement of the theorem of
De Franchis over the complex numbers we know that |Q¢(X})| < Dc(g). We reached
a contradiction. ]

2. Boundedness Results for Stable Families

The following set up will be fixed throughout the section. Let f: X—B be a
nonisotrivial family of stable curves of genus g. The surface X needs not be smooth:
it will be normal with isolated singularities of type xy = ¢” at the nodes of the fibers.
We shall consider the relatively minimal desingularization r: Y— X of X, with
its natural map 4 = f or: Y—> B. Then h: Y—> B is a semistable fibration. We shall
denote by S C B the set parametrizing singular fibers (of both f and /), and we
denote s := |S].

A large part of the material of this section is adapted from [P] and [S]. Recall that,
by Arakelov’s Theorem, w; is an ample line bundle (since the family is not isotrivial).
It easily follows that w, is a big and nef line bundle on Y.

All the results of this section hold uniformly for any smooth complex curve B of
genus ¢ and for any stable, nonisotrivial family f: X— B of curves of genus g having
at most s singular fibers. We shall not repeat this in every statement.

LEMMA 2.1. Let g = 2, q, e be fixed integers. There exists a number n(g, q, €) such
that for any line bundle E € PicB with deg E = e and for any n = n(g, q, e):

6} wj‘?” ® f*E is ample;

(2) " ®h*E is nef and big.

Remark. The bound above does not depend on the number of singular fibers.

Proof. Clearly (2) follows from (1). To prove (1) we use the Nakai Moishezon
criterion (which holds for a normal surface). Denote L, = a)_f’” ® f*E; it is easy
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to see that if e 0 then L, is ample for all » > 1, hence we can assume that e < 0. We
have L? = n? w/ + 2ne(2g — 2) and, since wf 1, if n > —2e(2g — 2) we have that
L2 >0.

Let now C be an integral curve in X, then oy - C > 0 because wy is ample. If C is
contained in a fiber, L, - C = wf’" . C>0.

Suppose now that fjc: C— B is a finite map. We need the fact that there exists

n'(g, ¢, e) such that if m > 1n'(g, ¢, e), then L,, is effective.

Before proving this, let us see how it implies the Lemma. Let
L, = OO _rC;) ® O(V) such that V is an effective divisor supported on the fibers
of f, r; > 0 and C; are irreducible curves that cover B via f.

If C # Ci, then L, - C = 0, as sum of intersections of effective, irreducible divisors
with distinct supports; therefore L,,,;, - C > 0 for every i > 1

If C = C;, then deg{f|c: C—> B} < m(2g — 2), hence

Ly, - Cz=m(wy - C)+em(2g —2) > em(2g — 2).

Therefore if & > —em(2g — 2) we have that L, - C > 0. It remains to prove that
there is n'(g, ¢, ¢) such that L,, is effective for m > n'(g, ¢, e).
For n> 2, R'f,L, = 0 hence

n )
HLo) = 1(f:L) = (3)(122= 8) + 4= @n = D(=e+q = Dig — 1),
where we used the formula
n __ n 1
deg fiwp = (2)(12A o)+ /4 forn=2

proved in [Mu] (see [Mu] for the definition of A and ¢). Then, if ¢ # 0,

122 -6

2

AL > ”3(121—5>—n( +2(q—e+1><g—1))

(recall that we are assuming e < 0). We conclude thatifn > 1+4(g—e+ 1)(g—1)

and g > 1, we have y(L,) > 0; we leave it to the reader to find the bound if ¢ = 0.
It is easy to see that 4#2(X, L,) = 0 (see the proof of Corollary 2.3(c) below) and

hence H(X, L,) # 0 for such a choice of n. O

Let wy be the dualizing sheaf of X. We need a basic lemma:

LEMMA 2.2. Let f: X—> B be a family of stable curves. Let A € PicX be a relatively
very ample line bundle. Then A is very ample on X if, for any line bundle M € PicB
such that deg M = —1, =2, we have that A ® wy' ® f*M is nef and big.

Proof. 1t is well known that A4 is very ample 1f and only if for every pair of (not
necessarily distinct) points p and ¢ in X, we have that H'(X,A®1ZI,) =
H'(X, A4 ®ZI,81Zy) =0. Let F, and F, be the fibers of f passing through p and
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g respectively. We have exact sequences:
0—A4QZr,—ARL,—1,® Af,—0
and
0—ARIrIr,—ARI,®T,—1,L,® Ar,ur,—0.
Since A is relatively very ample, we have
H'(F), T, ® Ap,) = H'(F, UF,, T,7, ® Ajr,ur,) =0

for every p and ¢ in X. Therefore, to show that 4 is very ample, it is enough to prove
that

H' (X, A®Zp)=H (X, A®ZIp,®7IF)=0,

that is, it is enough to prove that for every line bundle M on B of degree equal to —1
or —2 we have H'(X, A® f*M) = 0.

By Serre’s duality, H'(X, A ® /*M) =~ H' (X, wy ® (4 ® f*M)~")"!. We conclude
by the Kawamata—Viehweg vanishing theorem, which can be applied to our surface
X (see [V] 2.35). According to this theorem, if L is nef and big, then
HY(X,L™")=0; we apply it to L = 03! ® 4 ® f*M, and conclude the proof. []

COROLLARY 2.3. Fix g = 2 and q. There exists an integer ny(g, q) such that for
n = ny(g, q),

(@) wy is very ample on X.
(b) Hl(X,a)j’}-)zHl(Y,wZ)z().
(0 H*X, wp) = H*(Y,o}) =0.

Remark. (a) is in [S] (Lemme 9). We include a proof as it only takes two further
lines added to what we have already proved. Observe also that from Matsusaka’s
big theorem one derives that there exists a constant k¢ depending on the Hilbert
polynomial 2(@f) such that wy is ample for n > ky. This is a weaker version of
(a) below, as ky depends on g, ¢ and s.

Proof. By Lemma 2.2, o is very ample if o} ™' ® f*(M ® Kj') is nef and big for
every M of degree —1 or —2 on B. Then we apply Lemma 2.1 and obtain (a).

(b) follows from Lemma 2.1 and the Kawamata—Viehweg vanishing theorem (see
above) applied to the line bundle w}™' ® f*K". Similarly for wj,.

It is enough to prove (c) for w;. By Serre duality

HY (X, o) = H'(X, 02" @ h*Kp)

now w?(l_") Q h*Kp - Xp < 0 for n = 2. Since sz = 0 we obtain that w,?(l_”) ® h*Kp
cannot possibly be effective. ]
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LEMMA 2.4. a)i and y(Oy) are uniformly bounded.

Proof. The first part of the statement is in [S], Théoréme 3, where, more precisely, it
is proven that wi < 8g(g — 1)(g — 1 + (s/2)). The uniform boundedness of y(Oy)
follows from [P] Proposition 1. O

COROLLARY 2.5. Fixnso that 2.3 holds. Then there exists a number ro = ro(g, q, 5)
such that i(X, o) < ro.

Proof. 1t is sufficient to show the statement for wj. We have by Riemann—-Roch
and by Corollary 2.3

Zw% —n(wy, - Ky)
2

n
(Y, o)) = x(w)) = 1(Oy) +
and
(wp - Ky) = 0 + - B Kp = o) + (2g — 2)(29 — 2) > (2g — 2)(29 — 2).

We conclude by using the previous result. O

The above analysis can be now applied to perform a useful construction. Fix
n = ny(g, q¢) so that Corollary 2.3 holds, and let d = n(2g — 2). Given f: X— B,
the line bundle w} determines an embedding ¢: X' — P =PH (X, w})"), where
r < ro(g, ¢q,s) as in Corollary 2.5 above. For every b € B, the fiber X; is mapped
isomorphically by ¢ to a curve spanning a linear subspace P* c P", where
k=d—g. In fact, H'(X, co? ®TIy,) =0, because we have chosen n so that
w; @Iy, is ample (see the proof of Corollary 2.3).

Let p(x) = dx — g + 1, fix P" as above and consider the Hilbert scheme Hilb?[P']
with its universal curve Y C Hilb"™[P"] x P"; we now introduce the following
subscheme of Hilb?™[P"]

J" = {h € HilbVY™[P']: Y}, is stable and spans a P*, of" = Op(1) ® Oy,},

where Y}, denotes the fiber over i € Hilb?™[P'] of the universal curve. We denote the
locus of singular curves by A" C J".

LEMMA 2.6. J" is a smooth, irreducible, quasi-projective variety of dimension
rtk+1)+k+3g—3. A" is a reduced divisor with normal crossings singularities.
Proof. If k=r we denote J" = H,; this is the subset of the Hilbert scheme
parametrizing stable curves embedded by the n-canonical linear series; since
r =d — g, these curves are not contained in any hyperplane. The geometry of
H, is well understood, in fact the geometric invariant theory quotient of H, by
the natural action of SL(r + 1) is identified with M,. Results of [G] give our state-
ment for r = k. If k < r there is a natural surjective morphism A: J"—> G¢(k, r) where
Gi(k, r) is the Grassmannian of k-dimensional linear subspaces in P". The map A
maps the point / to the linear span of the fiber Y} in P". Its fibers are all isomorphic
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to H,. To conclude just notice that G(k, r) is a smooth and irreducible projective
variety of dimension (k + 1)(r — k). O

The embedding ¢: X< P" defined above defines a morphism ®: B—>J". Fix a pro-
jective model B x J" C P° and let T be the graph of @, so that ' ¢ B x J" C P*.

LEMMA 2.7. There exists ey(g, q, s) such that degI' < ey(g, ¢, ).

This is essentially Lemma 5 in [P]. To adjust Parshin’s proof to our situation, one
needs to consider heights with respect to the polarization given by wy rather than
K. Effective versions of such a result are given in [EV], for example, or in the more
recent [T] where other relevant references are given.

3. Uniform Versions of the Theorem of Parshin and Arakelov

3.1. ONE-DIMENSIONAL BASE

Fix B a curve and S C B as usual.

DEFINITION. Let F,(B, S) to be the set of equivalence classes of nonisotrivial
fibrations f: X — B, with X a smooth, relatively minimal surface and, for all
b & B, X}, is a smooth curve of genus g.

By the existence and unicity of relatively minimal models over B for fibrations
of genus g over an open subset of B, this definition is consistent with the one
given in the introduction for F,(V, T). The goal of this section is the following
result:

THEOREM 3.1. Fix g = 2, q and s. There exists a number P(g, q, s) such that for any
curve B of genus q and for any subset S C B of cardinality s, we have
|Fe(B, S)| < P(g. 4. 5).

There are few cases where the theorem is already known (see [B]): if ¢ = O and s < 2,
then Fg(Pl, S) =0 for every g; if g =1 and S = ¢ again for every g, Fy(B, ) = 0.
This fact allows us to ignore the equivalence relation for families over B (all
automorphism groups being uniformly bounded).

The theorem is proved in three steps. First we show that for every pair (B, S) as
above, the set of nonconstant morphisms yy: B—> M, such that Y~ '(A) C S and such
that i is the moduli map (see below) for some family of stable curves over B, is
uniformly bounded. Then we show that for any fixed ¥ the set of families having
Y as moduli map is uniformly bounded. Finally, we reduce the general case to
the stable case.
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The first part is a consequence of the construction of a moduli space for moduli
maps of curve of genus g to M,. Let N be a coarse moduli space (for example,
N =M, or N = M,).

DEFINITION. A morphism ty: B— N is a ‘moduli map’ if i is nonconstant and if
there exists a family f: X— B of objects parametrized by N such that
Y: b—[X,] is the moduli map of f.

Clearly, if N is a fine moduli space, every nonconstant map is a moduli map. We
denote M[B, g] (respectively, M[B, g]) the set of moduli maps from B to N = M,
(respectively, N = M,). Let S be a finite subset of B, denote by M[(B, S), g] the
set of all moduli maps ¢ of B to M, such that Y~ (A) c S. That is, M[(B, S), g]
is the set of moduli maps with degeneracy locus contained in S; it is a finite set,
by the theorem of Parshin and Arakelov.

PROPOSITION 3.2. Fixg > 2, q, and s. There exists a number P°(g, q, s) such that for
any curve B of genus q and any finite subset S C B of cardinality s we have
IM[(B,S),g]l <P°(g,q,5).

Proof. In the relative setting, let #: B—> Z be a projective morphism of integral
varieties (we can assume it to be smooth). We shall say that a Z-morphism
Y: B— N x Z is a moduli map over Z if there exists a family X¥— B such that
Vz € Z the restriction ¥.: B.—> N x {z} is the moduli map for the family X.— B..

We are mainly interested in the following variant. Given #: B— Z as above, con-
sider the special case in which /% is a family of smooth curves. In addition, assume
that 4 has s nonintersecting sections o;;: Z—> B with hoo; =idz for every
i=1,...,s. Denote ¢ = {01,...,05}, §=Ugi(Z)C B, for z € Z denote by S. the
finite subset of B, given by {0i(2),...,04z)}. Consider the Z-set
My[(B, a), gl— Z whose fiber over z € Z is the set M[(B., S.), gl

As a set, the above space of moduli maps with fiberwise fixed degeneracies is
naturally a subset

My[(B, 0),g] C Homy[B, M, xz Z].

We are going to show that Mz[(53,ag),g] is a finite union of irreducible,
quasi-projective varieties; to do that we construct an auxiliary parameter scheme
A which has a natural morphism to HomZ[B, Hg Xz Z], whose image we shall
identify with Mz[(B, o), g].

Let J" be as defined at the end of the previous section and let 7" := J" x Z. Define
Homz[(B, 0),J ’] to be the subscheme of Homg[B, J'] parametrizing morphisms ®
such that ®~!(A” x Z) ¢ S and such that Vz € Z the restriction ¢_: B.—>J" x {z}
is not constant. There is an inclusion of schemes

Homz[(B, g), j’]‘—)Hllbz[B Xz jr]
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associating its graph to a morphism. Since B is projective over Z, for a fixed integer e
we can consider the quasi-projective scheme over Z parametrizing morphisms of
degree e, that is we consider

Hom4[(B, 0), '] Hilby ™" [B x, J'].

Let

A= U U Hom$[(B, 0), '],

e<e

where ¢) = e((g, g, ) and ry = ro(g, ¢, r) are as in Lemma 2.7 and Corollary 2.5,
respectively. 4 is thus a scheme of finite type over Z. We now show that A carries
a natural family of moduli maps to M,, with fixed degeneracies. This follows from
the functorial properties of the various moduli spaces involved. We have a diagram
of objects an morphisms over Z:

A <> Hilby[Bxz J]
¢ L C <> BxJ x Hilby[B xz J]
AXB «— W — D — BxYxHilbz[BxzJ].

where 7 is the disjoint union of J", for r < ry, Y—> 7 is the universal family, and
the Hilbert scheme is defined correspondingly. We denoted G =i*C and
W = j*D. The above diagram yields

w — AXZB

| |

A — Z <«— B

so that for every a € 4, if z is the image of ¢ in Z and B. is the fiber of B over z, the
restriction W,—{a} x B, is a family of stable curves of genus g with singular fibers
over (a,0,(z)) for i =1, ..., s Therefore, the above diagram can be viewed as an
element of HomZ[B, M, %7 Z](A) and as such it determines a unique morphism
p: A—Homy [B, M, %7 Z]. Now Imp is a finite union of quasi-projective schemes
over Z and, by construction, it is a subset of the set of moduli maps with fixed
degeneracies, that is Imf C Mz[(B, g), g]. To show that the above inclusion is in
fact an equality of sets we apply the results of the previous section. Given a moduli
map y: B—> M,, let f: X—> B be the corresponding family of stable curves. By
the construction at the end of Section 2 we can associate to such data a morphism
from Bto J" (canonically up to an action of the PGL(r + 1)); this determines a unique
point in A C Hom[(B, ), J'| whose image via f is the given [].

To conclude the proof of the proposition, we shall apply the above construction to
a suitable #: B— Z with s sections. Suitable means that Z must be some fine moduli
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space for curves of genus ¢ with s marked points. There are various choices for this,
for example, Z = M ﬁx ,» the moduli space of smooth curves of genus ¢, with s marked
points, and level N > 3-structure. For every pair (B, S) as above, there exists a (not
necessarily unique) point z € Z corresponding to such a pair (that is, B, = B and
{o1(2),...,0,(2)} =8). Now M,(B,ag),g] is a finite union of irreducible
quasi-projective varieties over Z and its fiber over the point z is M [(B, S), g] (for
every z € Z). By the theorem of Parshin and Arakelov, Mz[(B, o), g] has finite fibers
over Z; therefore there exists an upper bound P%(g, ¢, s) on the cardinality of the

fibers. 0

This concludes the first part of the program to prove Theorem 3.1. The discussion
that follows is needed in order to handle curves with automorphisms. We start with
a general fact about moduli maps over a general base scheme which will be useful
later. Let V" be a fixed quasi-projective variety of any dimension, assume that V
is irreducible and smooth, and let y: V—>M, be a morphism such that
Imy N M, # 0.

DEFINITION. Let F; be the set of all equivalence classes of stable families
f: X—>V such that for every v € V, X, is stable and ¥(v) = [X,].

LEMMA 3.3. For every V and { as above, |Fy| < D(g).

Proof. Let f': X'—V,i=1,...,n, be distinct elements of F;, and assume, by
contradiction, that n > D(g) (see 1.1). The families f* are fiberwise isomorphic.
We construct a covering V’— V' over which they are all isomorphic to a certain
family X— V. Let V; := Isomy (X, X”) so that V; has a natural, finite morphism
to V (Theorem 1.11 of [DM]). Replacing V; with a connected component

dominating ¥ will not alter the argument. Let X/ := X' x, V; for i=1,...,n.
Then X! = X7' over V). Moreover, for each i there is a natural commutative
diagram

Xi — X

f{l lf"

V1 — V

and over V; we have n— 1 different families f]. Iterate this construction to get
V'—s V. We have a commutative diagram for every i =1,...,n

X i> Y9 — X
Ve o= VvV — V¥,
where Y' = X7 x V' and ¢ is an isomorphism. By assumption, ¢’ # ¢/, we thus

obtain n > D(g) distinct elements in Qx(X) (K being the function field of V'), which
is not possible, from Proposition 1.1. O
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Proof of Theorem 3.1. Denote by F,(B, S)’ the subset of Fy(B, S) consisting of
semistable fibrations. We use curves with level structure to show that there is a map

)i Fy(B, S)—> U Fy(B, S)',

where the union is for (B’, S’) varying in a uniformly bounded set, and the fibers are
uniformly bounded sets

Fix N > 3 and let M be the moduli space of stable curves of genus g with level N
structure. This is a fine moduh space, endowed with a universal family CN —>M and
with a finite morphism to M,. Let [f: X—> B] € Fy(B, S), we have a commutatlve
diagram

Z—>C£,V

L, b

v Low Y

L, b,

X — B

ST

g

where /7 is the rigidification of f by level N structures, so that p is a finite morphism
which is étale with group Sp(g, Z/nZ) away from S. Therefore p, which depends
on f, varies in a uniformly bounded set as f varies. Let S’ = p~!(S5).

Away from singular fibers, i is the moduli map of /7, so that the pull back Z of Ci,v
to B’ is naturally birational to X’ over B’ (in fact Z is isomorphic to X’ away from S’).
The family Z— B’ is a stable reduction of f.

Now we define 4 by sending the fibration f: X— B to the relatively minimal
semistable fibration obtained by resolving the singularities of the stable family
Z—> B'. The previous discussion shows that the union defining the range of 4 is
over (B, S’) varying in a uniformly bunded set; in addition, the fibers of A are
uniformly bounded, by Proposition 1.1.

It remains to show that Fy(B, S)’ is uniformly bounded. There is a surjection

Fy(B, S)’— M[(B, S). g]
=Yy

where /() = [X}'], that is to say, ¥, is the moduli map of the stable model of
X —> B. From Proposition 3.2, M [(B, S), g] is uniformly bounded. Since the smooth,
relatively minimal model is unique, the fiber of the above map over Y, =y is
naturally in bijective correspondence with F. But F, is uniformly bounded by
Lemma 3.3, the Theorem is thus proved. O

3.2. HIGHER DIMENSIONAL BASE

We apply the results of Theorem 3.1 to families of curves parametrized by smooth,
projective, integral varieties V' of arbitrary dimension. The first issue is how to
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quantify the base spaces, so as to obtain analog uniformity statements. We proceed as
follows: fix a polynomial 1 € Q[x] such that i(Z) C Z. Let M}, be the moduli space
of smooth projective varieties ¥ having ample canonical line bundle K, and such
that y(K$") = h(n) It is well known (see [V]) that My, is a quasi-projective scheme,
called the moduli space of ‘canonically polarized’ varieties. For example, if
degh =1, in order for M) not to be empty one needs that there exist an integer
g = 2 such that h(x) = (2g —2)x —g+ 1 and M), is equal to the moduli space
of curves of genus g. We have the following generalization of Theorem 3.1:

THEOREM 3.4. Fix nonnegative integers g = 2 and s and fix a polynomial h as above.
There exists a number P(g, h, s) such that for any V- € My, for any closed T C V such
that K§i™V=1 . T < s there exist at most P(g, h, s) equivalence classes of nonisotrivial
families of smooth curves of genus g over V. —T.

Proof. The proof follows from a more general uniformity statement for polarized
varieties (Lemma 3.5 below). First, we use Matsusaka’s big Theorem and fix an
integer v = v(h) depending on the Hilbert polynomial % such that for every n > v
and for every V € M), the line bundle K" is ample. By the vanishing Theorem
of Kodaira, it follows that A°(V, K??”) = h(n) for n > v and for every V € M.
Fix then n > v and let r = h(n) — 1; we fix a projective space P" such that for every
V € My, the line bundle K" determines a projective model of V' in P" having
degree d determined by / (in fact, d equals the leading coefficient of A, multiplied
by dim V!). The Theorem follows from the following lemma:

LEMMA 3.5. Fix g, d, rand s integers, there exists anumber H(g, d, r, s) satisfying the
following property. For any smooth projective variety V- C P" of degree d and for any
subvariety T C V of degree s, there exist at most H(g, d, r, s) equivalence classes of
nonisotrivial families of smooth curves of genus g over V — T.

Proof. There exists a number ¢ = q(d, r) such that V is covered by smooth curves
B of genus at most ¢ passing through any of its points. In fact, such B are just
onedimensional linear sections of V, that is, they are obtained by intersecting V'
with the correct number of generic hyperplanes in P". By a theorem of Castelnuovo
(see [ACGH] II1.2), the genus of a smooth curve of degree d in P" is bounded above
by a function q(d, r) of d and r. In addition, any such B intersects T in at most
s points. Let

P= max {P(g,q,s)}

q <qs <s

(see Theorem 3.1 for the definition of P(g, ¢, 5)). Let U = V' — T. We show that U has
at most P moduli maps to M,. By contradiction, suppose that for n > P there exist
y!, ..., y" different such moduli maps. Thus, for every i there exists a nonisotrivial
family of smooth curves X'—s U having y': U—> M, as a moduli map. There exists
a dense open subset U’ C U such that for every u in U’ we have /(1) # /(u). From
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the previous discussion, there exists a smooth curve B of genus at most ¢ such that the
restrictions of X’ to B are distinct, nonisotrivial families of smooth curves over
B — S, where S := (T N B),,; Letf;: Y'—> B be the smooth relatively minimal model
of X"é over B. Then [fi] € Fy(B, S) and [f;] # [/;]. Since S has cardinality at most s,
Fy(B, S) has at most P elements; we reached a contradiction.

To conclude the proof of the Lemma, fix yy: U— M, any such a moduli map;
Lemma 3.3 shows that there exist at most D(g) families of curves over U having
Y as moduli map. We can conclude that the number of equivalence classes of
nonisotrivial families of smooth curves of genus g over U is bounded above by
H(g,d,r,s):D(g)'P. O

Remark. In particular we obtained, of course, that for every pair (V, T), the set
Fo(V, T) is finite.

4. Uniformity of Rational Points of Curves over Function Fields

4.1. PARSHIN’S CONSTRUCTION REVISITED

We deal here with a well known construction of Parshin, the goal of which was to
show that the Shafarevich conjecture implies the Mordell conjecture. Fix a curve
B, a finite subset S C B and let K be the field of rational functions of B; let
f: X—> B be a nonisotrivial fibration having smooth fiber away from S.

Remark. By the existence and unicity of minimal models for (nonruled) smooth
surfaces, giving f: X—> B is the same as giving the generic fiber of it. Therefore
we shall abuse the notation slightly and denote by X (K) the set of sections of f,
identifying it with the set of rational points.

The goal of Parshin’s method is to obtain a map oy: X(K)— U Fg(B', §") =: Py
such that the union on the right is over a finite set. The construction is such that
oy has finite fibers. The Shafarevich conjecture (i.e. the Parshin—Arakelov Theorem)
gives that Fy(B, S) is always a finite set. Therefore X(K) is finite.

We will revise Parshin’s method to show that, as X and B vary among curves with
fixed genus g and ¢, and S varies among sets of fixed cardinality s:

(1) the fibers of oy are uniformly bounded,
(2) the union defining Py is over a uniformly bounded set.

From Theorem 3.1, the sets Fg(B, S) are uniformly bounded. We shall hence con-
clude that rational points are uniformly bounded.

Let ¢ € X(K) be a K-rational point of X, so that ¢ can be viewed as a section
0:B—X of f: X— B. Let X =0(B) be the image curve. We are going to
construct a finite covering p: B'— B, ramified only over S, a fibration Y'— B’ with
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a commutative diagram

Y — X
7 l 7
B L B

such that every fiber Y}, is a finite covering of Xj, (b = p(’)) which ramifies only over
a(b). The goal is to carry this out so that all numerical invariants of the new family
are bounded with ¢, g and s. We here provide a brief account, see [S] or [P] for
the missing details.

The section o gives a map u: X—>Pic’X/B defined by u(x) = x — o(f(x)).
Multiplication by 2 in Pic’X/B yields a covering of X over B, which, away from
singular fibers, is étale of degree 2%¢. Let Y be a connected component of such
covering, we get a new family of curves of genus g(Y) <1+ 2%(g—1); for
b ¢S, each fiber Y, is an étale covering of the corresponding fiber X;. Let D
be the preimage of X in Y. Then D is étale of degree at most 2%¢ over B\ S.

There exists a covering Bj—> B of degree at most 2%¢(2%¢ — 1), ramified only over S
such that on the relatively minimal desingularization Y; of By xp Y there are two
disjoint sections ¢ and o, with £; = Imo; mapping to D via the natural morphism
Yl —Y.

One can construct a further covering B,—> B, ramified only over the preimage of
S, such that on Y, = Y; xp, By the line bundle Oy,(I'y +I'2), given by the the
pull-back of £; 4+ Z, admits a square root. Such a B, is obtained by first mapping
B to PicY; /Bi1 via b—a1(b) — g2(b), and then by considering the multiplication
by 2 map Pic’Y\/Bi—Pic’Y\/B; and defining By = Bi xp0y, 5 Pic"Y1/B
(replacing B, by a connected component dominating B; if necessary).

This ensures (after a further degree-2 base change ramified over singular fibers)
that there exists a double covering Y;— Y, having branch locus I'; 4 I';. Finally,
let Y’ be the relatively minimal resolution of Y3 over B, let B = B, let
p: B'—> B be the covering map and let ' = p~!(S). Then f”: Y'— B’ is the family
we wanted; by construction the fibers of Y’ away from S’ are coverings of the fibers
of f of degree dividing 2%¢*!, having two simple ramification points lying over
Y. Hence g(Y') <2+ 2%+t(g—1), let g(g) =2+ 2%*!(g—1). p is a covering of
degree bounded above by a function of only g and s, and ramified only over S;
let "= p~!(S), then the pair B, S’ belongs to a uniformly bounded set I of
cardinality at most c(g,q,s) (some constant depending only on g, ¢ and s).
Moreover, the genus of B’ is uniformly bounded by a constant q(g, ¢, s). We shall
define ay(o) =[f": Y/ —B].

LEMMA 4.1. There exists a number A(g, q, s) such that for every curve B of genus q,
for every finite subset S C B of cardinality s and for every nonisotrivial fibration
X— B of genus g, having smooth fiber outside of S, the fibers of the map oy have
cardinality at most A(g, ¢, ).
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Proof. Let[f': Y'— B'] be an element in Imoy which lies in Fg(B’, S). As we have
seen, a K-rational point ¢ € a3!([f”]) determines a commutative diagram of objects
and morphisms

Y — YxgB — Y — X

AT LT

B = B — B

let p’: Y'—> X be the composition map above, then ¢ is uniquely determined as the
branch locus of p’. Now, p varies in a uniformly bounded set, as we have just seen.
By Proposition 1.1 so does p'. ]

THEOREM 4.2. Fix g = 2 and q. There exists an integer M(g, q, s) such that for every
curve B of genus q, for every S C Bwith |S| < s, and for every nonisotrivial curve X of
genus g, defined over K = C(B) and having smooth fiber outside of S, we have
| X(K)| < Mg, q,5)

Proof. Maintaining the same notation as before, by the Theorem of Parshin and
Arakelov, Py is a finite set; by the previous Lemma we get
| X(K)| < A(g, q,s) - |Px|. It remains to show that Py is unformly bounded. Recall
that Py = UFy(B’, S’), where the union is over a uniformly bounded set. More
precisely, the union is taken over

@@ g <sg®.

(b) (B, S8) varies in a set of cardinality at most c(g, g, ),
© ¢ =gB)<algq.>),

d s =151<s(g.q,9.

By Theorem 3.1, there exists P(g, ¢, s) such that for every curve B of genus ¢ and
every S of cardinality s we have |Fy(B, S)| <P(g, g, 5).

Hence, letting PM(g, ¢, s) := max{P(g’, ¢, )} for ¢, ¢’ and s’ satisfying (a), (c) and
(d) above, we conclude |Py| < PM(g,q.s) - g(g) - c(g. q, 5). O

4.2. FIELDS OF HIGHER TRANSCENDENCE DEGREE

We obtain as a corollary a uniformity result about rational points of curves over
function fields of any dimension. In [Ma] it is shown that working by induction
on the transcendence degree, the Mordell conjecture for curves over function fields
of any dimension follows from the one-dimensional case. Here we show that, by
specializing to certain curves, from the uniform version given by Theorem 4.2,
one can obtain uniformity statements for function fields of any dimension. We
use the same notation introduced at the end of the previous section, to state and
prove Theorem 3.4.

THEOREM 4.3. Fix nonnegative integers g = 2 and s and fix a polynomial h € C[x].
There exists a number M(g, h,s) such that for any V € My, for any closed
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T C V such that K§i™ V=1 . T < s and for any nonisotrivial curve X of genus g, defined
over K, having smooth fiber away from T we have | X(K)| < M(g, h, s), where K is the
field of functions of V.

Proof. Exactly as in the proof of Theorem 3.4, one reduces the proof to the state-
ment below.

LEMMA 4.4. Fix g, d, r and s integers, there exists a number N(g, d, r, s) such that for
any smooth irreducible projective variety V C P" of degree d, for any subvariety
T C V of degree s and for any nonisotrivial family of curves f: X—V such that
for every v & T the fiber X, is a smooth curve of genus g, there exist at most
N(g, d, r, s) rational sections of f.

Proof. As in the first part of the proof of Lemma 3.5, let ¢ = q(d, r) be the maxi-
mum genus of a curve of degree d in P". Then V is covered by smooth curves
of genus at most ¢ through any of its points. Any such a curve, call it B, intersects
T in at most s points.

Let

N(g,d,r,s):= max {Mg, q,s)}
q <qs <s
(see Theorem 4.2) and let us show that f has at most N(g, d, r, s) sections. By con-
tradiction, let n > N(g, d, r, s) and suppose that there exist o1, .. ., g, distinct sections
of f. Observe that there exists an open, dense subset U of V' such that g; is regular on
it and for every u € U, we have o,(u) # o;(u) if i #j.

There exists a curve B of genus at most ¢ as above, such that BN U # ¢ and such
that the restriction fp: Xp—> B is not isotrivial. fp is a family of curves of genus
g having smooth fiber away from the set (7' N B),,4 of cardinality at most s. By

construction, the restrictions of oy, ..., g, to B give n distinct sections of fz. This
is a contradiction to 4.2. O
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