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Abstract

We investigate an inverse boundary value problem of determination of a nonlinear law for reaction-diffusion
processes, which are modeled by general form semilinear parabolic equations. We do not assume that any solutions
to these equations are known a priori, in which case the problem has a well-known gauge symmetry. We determine,
under additional assumptions, the semilinear term up to this symmetry in a time-dependent anisotropic case modeled
on Riemannian manifolds, and for partial data measurements on R”.

Moreover, we present cases where it is possible to exploit the nonlinear interaction to break the gauge symmetry.
This leads to full determination results of the nonlinear term. As an application, we show that it is possible to
give a full resolution to classes of inverse source problems of determining a source term and nonlinear terms
simultaneously. This is in strict contrast to inverse source problems for corresponding linear equations, which
always have the gauge symmetry. We also consider a Carleman estimate with boundary terms based on intrinsic
properties of parabolic equations.
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1. Introduction

In this article, we address the following question: Is it possible to determine the non-linear law of a
reaction-diffusion process by applying sources and measuring the corresponding flux on the boundary
of the domain of diffusion? Mathematically, the question can be stated as a problem of determination of
a general semilinear term appearing in a semilinear parabolic equation from boundary measurements.

Let us explain the problem precisely. Let 7 > 0 and Q c R", with n > 2, be a bounded and connected
domain with a smooth boundary. Let a := (aix)i<i.k<n € C*([0,T] X Q; R"™") be symmetric matrix
field,

an(t,x) = api(t,x), x € Q, i,k=1,...,n, (t,x) € [0,T] xQ,

which fulfills the following ellipticity condition: there exists a constant ¢ > 0 such that

n

D an(tx)éibe > clél’, foreach (1,x) € [0,T] X Q, £=(¢1,....&) €R". (L)
i,k=1

We define elliptic operators A(¢), ¢ € [0, T], in divergence form by
n —_—
A@ut,x) == )y (ain(t,x)dgu(t,x), x € Q, 1 € [0,T].
ik=1
Throughout the article, we set

0:=(0,T)xQ, X:=(0,T)xdQ,

and we refer to X as the lateral boundary. Let us also fix p € C*([0,T] X Q:;R,) and b € C*([0,T] x
Q x R). Here, R, = (0, +0). Then, we consider the following initial boundary value problem (IBVP in
short):

p(t,x)0u(t,x) + A()u(t,x) + b(t,x,u(t,x)) =0, (t,x) € Q,
u(t,x) = f(t,x), (t,x) €2, (1.2)
u(0,x) =0, x € Q.

The parabolic Dirichlet-to-Neumann map (DN map in short) is formally defined by
No i f o Oyayuls,

where u is the solution to (1.2). Here, the conormal derivative 0, () associated to the coeflicient a is

defined by
av(a) V(t’ -x) = Z aik (t’ x)an V([, .X)Vi ('x)7 (t5 'x) € 2"
i k=1
where v = (v1,. .., v,) denotes the outward unit normal vector of dQ with respect to the Euclidean R"

metric. The solution « used in the definition of the DN map N, is unique in a specific sense so that
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there is no ambiguity in the definition of Nj,. For this fact and a rigorous definition of the DN map, we
refer to to Section 2.1. We write simply d,, = d,(,) in the case a is the n X n identity matrix Idgnx-. The
inverse problem we study is the following.

o Inverse problem (IP): Can we recover the semilinear term b from the knowledge of the parabolic
Dirichlet-to-Neumann map N}, ?

Physically, reaction diffusion equations of the form (1.2) describe several classes of diffusion pro-
cesses with applications in chemistry, biology, geology, physics and ecology. This includes the spread-
ing of biological populations [Fis37], the Rayleigh-Bénard convection [NW87] or models appearing
in combustion theory [Vol14, ZFK38]. The inverse problem (IP) is equivalent to the determination of
an underlying physical law of a diffusion process, described by the nonlinear expression b in (1.2),
by applying different sources (e.g., heat sources) and measuring the corresponding flux at the lateral
boundary X. The information extracted from this way is encoded into the DN map N/p,.

These last decades, problems of parameter identification in nonlinear partial differential equations
have generated a large interest in the mathematical community. Among the different formulation of
these inverse problems, the determination of a nonlinear law is one of the most challenging from the
severe ill-posedness and nonlinearity of the problem. For diffusion equations, one of the first results in
that direction can be found in [Isa93]. Later on, this result was improved by [CK18b], where the stability
issue was also considered. To the best of our knowledge, the most general and complete result known
so far about the determination of a semilinear term of the form b(¢,x,u) depending simultaneously
on the time variable 7, the space variable x and the solution of the equation u from knowledge of
the parabolic DN map N}, can be found in [KU23]. Without being exhaustive, we mention the works
of [Isa0l, CY88, COY06] devoted to the determination of semilinear terms depending only on the
solution and the determination of quasilinear terms addressed in [CK18a, EPS17, FKU22]. Finally, we
mention the works of [FO20, KLU18, LLLS21, LLLS20, LLST22, KU20b, KU20a, FLL23, HL23,
KKU23, CFK+21, FKU22, LL1.22a, Lin22, KU23, LL.23, LL.19] devoted to similar problems for elliptic
and hyperbolic equations. Moreover, in the recent works [LLLZ22, [.LLLL.21], the authors investigated
simultaneous determination problems of coefficients and initial data for both parabolic and hyperbolic
equations.

Most of the above mentioned results concern the inverse problem (IP) under the assumption that the
semilinear term b in (1.2) satisfies the condition

b(1,x,0)=0, (t,x) € Q. (1.3)

This condition implies that (1.2) has at least one known solution, the trivial solution. In the same spirit,
for any constant A € R, the condition b(¢,x,1) = 0 for (¢,x) € Q implies that the constant function
(t,x) > Ais asolution of the equation p (¢, x)d;u + A(t)u+b(t,x,u) = 0in Q. In the present article, we
treat the determination of general class of semilinear terms that might not satisfy the condition (1.3). In
this case, the inverse problem (IP) is even more challenging since no solutions of (1.2) may be known a
priori. In fact, as observed in [Sun10] for elliptic equations, there is an obstruction to the determination
of b from the knowledge of A, in the form of a gauge symmetry. We demonstrate the gauge symmetry
first in the form of an example.

Example 1.1. Let us consider the inverse problem (IP) for the simplest linear case

Oiu—Au=>by inQ,
u=f on X, (1.4)
u(0,x) =0 in Q,

where the aim is to recover an unknown source term by = by (x, t). Here, A is the Laplacian, but it could
also be replaced by a more general second-order elliptic operator whose coeflicients are known. Let us
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consider a function ¢ € C*([0,T] x Q), which satisfies wz0,00,x)=0forxeQand p =09, =0
on X, where d, ¢ denotes the Neumann derivative of ¢ on X.
Then the function & := u + ¢ satisfies

i=f onx, (1.5)
i“(0,x) =0 in Q.

Since u and 7 have the same initial data at = 0 and boundary data on X, we see that the DN maps of
(1.4) and (1.5) are the same. However, by unique continuation properties for parabolic equations (see, for
example, [SS87, Theorem 1.1]), the conditions ¢ = d,,¢ = 0 on X and ¢ # 0 imply that (d; — A)¢ % O,
and it follows that bo+(9; —A) ¢ # by. Consequently, the inverse problem (IP) cannot be uniquely solved.

In what follows, we assume that @ € (0, 1) and refer to Section 2.1 for the definitions of various
function spaces that will show up. Let us describe the gauge symmetry, or gauge invariance, of the
inverse problem (IP) in detail. For this, let a function ¢ € C'*2-2*([0,T] x Q) again satisfy

e(0,x) =0, x€Q, @(tx)=0,ae(x)=0, (t,x)e€X, (1.6)
and consider the mapping S, from C*(R; C%-2([0,T] x Q)) into itself defined by

Seb(t,x, 1) =b(t,x, u+@(t,x)) + p(t,x)0(t,x) + A()p(t,x), (t,x,u) € O XR. (1.7)

As in the example above, one can easily check that AV, = N ob-

In view of this obstruction, the inverse problem (IP) should be reformulated as a problem about
determining the semilinear term up to the gauge symmetry described by (1.7). We note that (1.7)
implies an equivalence relation for functions in C*(R; C2-([0,T] x Q)). Corresponding equivalence
classes will be called gauge classes:

Definition 1.1 (Gauge class). We say that two nonlinearities by, by € C*(R; C%-2([0,T] x Q) are in
the same gauge class, or equivalent up to a gauge, if there is ¢ € C'*2-2+ ([0, T] x Q) satisfying (1.6)
such that

by = Sybs. (1.8)

Here, S, is asin (1.7). In the case we consider a partial data inverse problem, where the normal derivative
of solutions is assumed to be known only on (0, T') X I, with T open in Q, we assume 0, (4)¢ = 0 only
on (0,7) x T in (1.6).

Using the above definition of the gauge class and taking into account the obstruction described above,
we reformulate the inverse problem (IP) as follows.

o Inverse problem (IP1): Can we determine the gauge class of the semilinear term b from the full or
a partial knowledge of the parabolic DN map N}, ?

There is a natural additional question raised by (IP1) — namely,

o Inverse problem (IP2): When does the gauge invariance break leading to a full resolution of the
inverse problem (IP)?

One can easily check that it is possible to give a positive answer to problem (IP2) when (1.3) is fulfilled.
Nevertheless, as observed in the recent work [[LL.22b], the resolution of problem (IP2) is not restricted
to such situations. The work [LLL22b] provided the first examples (in an elliptic setting) how to use
nonlinearity as a tool to break the gauge invariance of (IP).

Let us also remark that, following Example 1.1, when u +— b( -, u) is affine, corresponding to the
case where the equation (1.2) is linear and has a source term, there is no hope to break the gauge
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invariance (1.7) and the answer to (IP2) is, in general, negative. As will be observed in this article,
this is no longer the case for various classes of nonlinear terms b. We will present cases where we will
be able to solve (IP) uniquely. These cases present new instances where nonlinear interaction can be
helpful in inverse problems. Nonlinearity has earlier been observed to be a helpful tool by many authors
in different situations such as in partial data inverse problems and in anisotropic inverse problems on
manifolds; see, for example, [KLU18, FO20, LLLS21, LLLS20, LLST22, KU20a, KU20b, FLL23].

In the present article, we will address both problems (IP1) and (IP2). We will start by considering
the problem (IP1) for nonlinear terms, which are quite general. Then, we will exhibit several general
situations where the gauge invariance breaks and give an answer to (IP2).

We mainly restrict our analysis to semilinear terms b subjected to the condition that the map
u +— b(-,u) is analytic (the (¢, x) dependence is of b(¢,x, ) will not be assumed to be analytic). The
restriction to this class of nonlinear terms is motivated by the study of the challenging problems (IP1)
and (IP2) in this article. Indeed, even when condition (1.3) is fulfilled, the problem (IP) is still open, in
general, for semilinear terms that are not subjected to our analyticity condition (see [KU23] for the most
complete results known so far for this problem). Results for semilinear elliptic equations have also been
proven for cases when the nonlinear terms are, roughly speaking, globally Lipschitz (see, for example,
[INOS5, IS94]). For this reason, our assumptions seem reasonable for tackling problems (IP1) and (IP2)
and giving the first answers to these challenging problems. Note also that the linear part of (1.2) will be
associated with a general class of linear parabolic equations with variable time-dependent coefficients.
Consequently, we will present results also for linear equations with full and partial data measurements.

2. Main results

In this section, we will first introduce some preliminary definitions and results required for the rigorous
formulation of our problem (IP). Then, we will state our main results for problems (IP1) and (IP2).

2.1. Preliminary properties
From now on, we fix @ € (0, 1), and we denote by C % ([0,7T] x X), with X = Q or X = dQ, the set
of functions £ lying in C ([0, T] X X) satisfying

|h(1,x) — h(s, )|
(e =yP+lr=sh?

[hle.0= sup{ :(1,x),(s,y) € [0,T] x X, (t,x) # (s, y)} < co.

Then we define the space C'*2-2*@([0,T] x X) as the set of functions / lying in
C([0.T]: €*(X)) n C'([0, T]: C(X))
such that
8:h,0°h e CT([0,T) x X), Be (NU{0D", |8 =2.

We consider these spaces with their usual norms, and we refer to [Cho09, pp. 4] for more details. Let us
also introduce the space

Ko = {h € C* 324 ([0,T] x 8Q) : h(0, -) = §,h(0, -) = 0}.
If r > 0and i € Ky, we denote by

B(h,r) = {g € Kot 118 = hllgrvg a0 1 gy < r} @.1)
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the ball centered at i and of radius r in the space Ky. We assume also that b fulfills the following
condition:

b(0,x,0)=0, x e dQ. 2.2)

In this article, we assume that there exists fy € Ko such that (1.2) admits a unique solution u lying in
C+5:2+2([0,T] x Q) when f = f;. We note that the existence of u requires the condition (2.2) in order
to have compatibility with the initial data at time ¢ = 0 and the Dirichlet data on the lateral boundary X
(see [LSUS8S, pp. 319 and pp. 449] for more details).

According to [LSU8S8, Theorem 6.1, pp. 452], [LSU88, Theorem 2.2, pp. 429], [LSU8S, Theorem
4.1, pp. 443], [LSUS8S, Lemma 3.1, pp. 535] and [LSU88, Theorem 5.4, pp. 448], the problem (1.2) is
well-posed for any f = fy € Ky if, for instance, there exist ¢y, ¢y > 0 such that the semilinear term b
satisfies the following sign condition

b(t,x, Wu > —cl,u2 —c¢y, t€[0,T], x€Q, ueR.

The unique existence of solutions of (1.2) for some _f € Ky is not restricted to such a situation.
Indeed, assume that there exists ¢ € C'*2-2+2([0, T] x Q) satisfying

p(t,x)0: (2, x) + A(t)y(t,x) =0 inQ,
v (0,x) =0 forx € Q,

such that b(z, x, ¥ (¢, x)) = 0 for (¢,x) € [0, T] XK. Then, one can easily check that (1.2) admits a unique
solution when f = y|x. Moreover, applying Proposition 3.1, we deduce that (1.2) will be well-posed
when f € K is sufficiently close to ¢ |5 in the sense of C'* -2+ ([0, T] x Q).

As will be shown in Proposition 3.1, the existence of fy € K¢ such that (1.2) admits a solution when
f = fo implies that there exists € > 0, depending on a, p, b, fy, Q, T, such that, for all f € B(fo, €),
the problem (1.2) admits a solution uy € C 1+5.2+@ ([0, T] x Q), which is unique in a sufficiently small
neighborhood of the solution of (1.2) with boundary value f = fj. Using these properties, we can define
the parabolic DN map

Nb : B(f(), E) E] f = Bv(a)uf (t,x), (t,x) € 2. 2.3)

2.2. Resolution of (IP1)

We present our first main results about recovering the gauge class of a semilinear term from the
corresponding DN map.

We consider Q; to be an open bounded, smooth and connected subset of R” such that QcQ 1. We
extend a and p into functions defined smoothly on [0, 7] x Q; satisfying p > 0 and condition (1.1) with
Q replaced by Q. For all € [0, T], we set also

g(t) = p(t’ ')a(t’ ')_1’

and we consider the compact Riemannian manifold with boundary (Q1, g().

Assumption 2.1. Throughout this article, we assume that (Q, g(1)) is a simple Riemannian manifold
for all t € [0,T]. That is, we assume that for any point x € Q,, the exponential map exp, is a
diffeomorphism from some closed neighborhood of 0 in T, onto Q and 0Q is strictly convex.

From now on, for any Banach space X, we denote by A(R; X) the set of analytic functions on R as
maps taking values in X. That is, for any b € A(R; X) and u € R, b has convergent X-valued Taylor
series on a neighborhood of w.
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Theorem 2.1. Let a := (a;i)i<ik<n € C¥([0,T] x Q; R™™) satisfy (1.1) and p € C*([0,T] x Q;R,).
Letbj € A(R; C%-9([0,T] x Q)), which satisfies (2.2) as b = bj, for j = 1,2. We also assume that
there exists fo € Ko such that problem (1.2), with f = fo and b = b;, admits a unique solution for
Jj = 1,2. Then, the condition

Nb] (f) =sz(f)a f €B(fo,€) 2.4)
implies that there exists ¢ € C'*2-2*2([0,T] x Q) satisfying (1.6) such that
by =S,b, 2.5)

with S, the map defined by (1.7).

Remark 2.1. Let us list the data that can be recovered by our methods without the assumption of
analyticity of b in the u-variable. In this case, we can only recover the Taylor series of b in u-variable
at shifted points. Indeed, assume as in Theorem 2.1 with the exception that the nonlinearities »; and b,
are not analytic in the u-variable, and fix (¢, x). In this case, by inspecting the proof of Theorem 2.1(see
Section 4), we can show that

6,’jb1 (t,x, ul,o(t,x)) = al]jbz(t,x, uz,()(t,x)), for any k €N,

where u; o(t,x), for j = 1,2, is the solution to (1.2) with coefficient 5 = b; and boundary value
f = fo € Ko. Thus, we see that the formal Taylor series of b;(¢,x, -) at uy o(t, x) is that of ba(z,x, +)
shifted by u20(,x) — u1,0(¢,x), which is typically nonzero as we do not assume that we know any
solutions to (1.2) a priori.

By assuming analyticity in Theorem 2.1, we are able to connect the Taylor series of b and b, in the
u-variable at different points, which leads to (2.5) in the end. This is one motivation for the analyticity
assumption. Note that we do not assume analyticity in the other variables.

For our second result, let us consider a partial data result when A(t) = —A (that is, a = Idgexn is an
n X n identity matrix) and p = 1. More precisely, consider the front and back sets of JQ

Ii(xg) :={x € 0Q: £(x —xo) - v(x) = 0}

with respect to a source xo € R \ Q. Then, our second main result is stated as follows:

Theorem 2.2. For n > 3 and Q simply connected, let a = (aix)i<ik<n = ldrmn and p = 1. Let
b; € A(R; C%2([0,T] x Q)), which satisfies (2.2) as b = bj, for j = 1,2. We also assume that there
exists fo € Ko such that problem (1.2), with f = fo and b = b, admits a unique solution, for j = 1,2.
Fix xo € R" \ Q and consider T" a neighborhood of T_(xo) on 0. Then, the condition

N, f(t,x) = Np, f(t,x),  (t,x) € (0,T) x L, forany f € B(fo, €) (2.6)

implies that there exists ¢ € C'* 52+ ([0, T] x Q) satisfying

¢(0,x) =0, xeQ, ¢(tx)=0, (t,x)eX, 2.7)
oyp(t,x) =0, (t,x) € (0,T) X r 2.8)

such that
b1 = S,b. 2.9

We will be able to break the gauge condition by = S, b, in Theorems 2.1 and 2.2 in various cases.
We present these results separately in the next section.
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2.3. Breaking the gauge in the sense of (IP2)

In several situations, the gauge class (2.9) could be broken, and one can fully determine the semilinear
term b in (1.2) from its parabolic DN map. We will present below classes of nonlinearities when such
phenomenon occurs. We start by considering general elements of b € A(R; C%2([0,T] xQ)) for which
the gauge invariance (2.9) breaks.

Corollary 2.1. Let the conditions of Theorem 2.1 be fulfilled and assume that there exists Kk €
C7%([0,T] x Q) such that

bi(t,x,k(t,x)) = ba(t,x,k(1,x)), (t,x) € [0,T] X Q. (2.10)

Then, the condition (2.4) implies that by = by. In the same way, assuming that the conditions of Theorem
2.2 are fulfilled, the condition (2.6) implies that by = b.

Corollary 2.2. Let the conditions of Theorem 2.1 be fulfilled, and assume that there exists h € C ?(Q),
G € C2([0,T] x Q) and 6 € (0,T] satisfying the condition

inf |G(6,x)| > 0, 2.11)
xeQ

such that
bi(t,x,0) = ba(t,x,0) = h(x)G(t,x), (t,x) € [0,T] X Q. (2.12)
Assume also that the solutions uj g of (1.2), j = 1,2, with f = fo and b = b}, satisfy the condition
ur,0(0,x) =u20(0,x), xe€Q. (2.13)

Then, the condition (2.4) implies that by = by. Moreover, by assuming that the conditions of Theorem
2.2 are fulfilled, the condition (2.6) implies that by = b.

Now let us consider elements b € A(R; C 2 ([0, T] x Q)) which are polynomials of the form

N
b(tx.p) = Y be(t.0)pb,  (t,x,4) € [0,T] x QxR (2.14)
k=0

For this class of nonlinear terms, we can prove the following.

Theorem 2.3. Let the condition of Theorem 2.1 be fulfilled, and assume that, for j = 1,2, there exists
N; > 2 such that

Nj

by(t,x, ) = ) bjx(tx)pk,  (t,x,p1) € [0,T] x QX R. (2.15)
k=0

Let w be an open subset of R" such that w C Q and J is a dense subset of (0,T) X w. We assume also
that, for N = min(N, N;), the conditions

2
min| [(b1,n-1 — bo,n-1) (1, X)), Z|(bj,N —bjn-1)(tX)|]|=0, (t.x) € J, (2.16)
J=1
|bin(tx)]| >0, (tx)el (2.17)
bl,o(l‘,x) = bg,o(l‘,x), (t,x) € (0, T) X (Q\E) (218)
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hold true. Then the condition (2.4) implies that by = bs. In addition, assuming that the conditions of
Theorem 2.2 are fulfilled, condition (2.6) implies that by = b,.

We make the following remark.
Remark 2.2.

(i) The preceding theorem, in particular, says that the inverse source problem of recovering a source
function F from the DN map of

6,u—Au+u2:F

is uniquely solvable. This is in strict contrast to the inverse source problem for the linear equation
O,u — Au = F that always has a gauge invariance explained in Example 1.1: the sources F' and
F := F + 3,0 — A in Q have the same DN map. Here, the only restrictions for ¢ are given in (1.6)
and thus typically F # F.

(ii) Inverse source problems for semilinear elliptic equations were studied in [LL22b]. There it was
shown that if in the notation of the corollary by y_; = by ny-1 and b1 n # 0in L (so that (2.16) and
(2.17) hold), then the gauge breaks. With natural replacements, the corollary generalizes [L.L.22b,
Corollary 1.3] in the elliptic setting. This can be seen by inspecting its proof.

Let us then consider nonlinear terms b € A(R; C %% ([0,T] x Q)) of the form
b(t,x, ) = by (1, x) h(t, ba(t,x)p) + bo(t,x), (1.2, 1) € [0,T] x QX R. (2.19)

We start by considering nonlinear terms of the form (2.19) with b, = 1.

Theorem 2.4. Let the conditions of Theorem 2.1 be fulfilled, and assume that, for j = 1,2, there exists
hj € A(R;C%([0,T])) such that

bi(t,x, ;) =bj1(t,x)h;(t,u) +bjo(t,x), (t,x,u)€[0,T]x QXR. (2.20)
Assume also that, for all t € (0,T), there exist u; € R and n; € N such that
Oy hi(t,-) #0and 8, hi(t, ;) =0, t€(0,7). (2.21)
Moreover, we assume that
bi11(t,x) #0, (t,x)€Q, (2.22)
and that for all t € (0,T), there exists x, € 0Q such that
bi,i(t,x¢) =boi(t,x,) #0, te(0,7). (2.23)

Then, the condition (2.4) implies that by = by. Moreover, assuming that the conditions of Theorem 2.2
are fulfilled, the condition (2.6) implies that by = b».

Under a stronger assumption imposed on the expression %, we can also consider nonlinear terms of
the form (2.19) with b, # 1.

Theorem 2.5. Let the conditions of Theorem 2.1 be fulfilled, and assume that, for j = 1,2, there exists
hj € A(R;C*%([0,T])) such that

bj(t.x, 1) =bj 1 (t,X)h(t.bj2(t.x)u) +bjo(t.x),  (t.x,p) € [0,T] x QX R. (2.24)
Assume also that, for all t € (0,T), there exists n; € N such that

M hy(t, ) £ 0and 81 hy(1,0) =0, 1€ (0,7). (2.25)
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Moreover, we assume that
b1.1(t,x) #0and by 5(t,x) #0, (t,x) € Q, (2.26)
and that for all t € (0,T), there exists x; € 0Q such that
bi11(t,x:) = ba1(t,x¢) #0and by 2(t,x;) = baa(t,x:) #0 1€ (0,7). (2.27)

Then, the condition (2.4) implies that b1 = by. Moreover, assuming that the conditions of Theorem 2.2
are fulfilled, the condition (2.6) implies that by = b».

Finally, we consider nonlinear terms b € A(R; C2-2([0,T] x Q)) satisfying
b(t,x, 1) = bi(1,x)G (x, ba(t, x)p) + bo(1,x), (t,x,p) € [0,T] x QxR. (2.28)

Corollary 2.3. Let the conditions of Theorem 2.1 be fulfilled, and assume that, for j = 1,2, there exists
G € A(R; C*(Q)) such that

bi(t,x, 1) =bj1(t,x)G(x,bja(t,x)u) +bjo(t,x), (t,x,u) € [0,T] X QXR. (2.29)

Assume also that one of the following conditions is fulfilled:

(i) We have by = by, and for all x € Q, there exists ny € N and p1 € R such that

9,°G(x,-) #0and 0, G(x,uy) =0, x€Q. (2.30)
(ii) Forall x € Q, there exists n, € N such that

0,*G(x, -) #0and 9,*G(x,0) =0, x€Q. (2.31)

Moreover, we assume that condition (2.26) is fulfilled. Then, the condition (2.4) implies that by = b».
In addition, by assuming that the conditions of Theorem 2.2 are fulfilled, condition (2.6) implies that
by = bs.

Remark 2.3. Let us observe that the results of Theorems 2.4 and 2.5 and Corollary 2.3 are mostly based
on the conditions (2.21) and (2.26) imposed to nonlinear terms of the form (2.19), and on the conditions
(2.30) and (2.31) imposed to nonlinear terms of the form (2.28). These conditions are rather general,
and they will be fulfilled in various situations for different class of functions. For instance, assuming
that the function /; takes the form

hi(t, ) = P(1, ) exp(Q (2, ), (¢, p0) € [0, T] xR

with P,Q € A(R;C%([0,T])), condition (2.21) will be fulfilled if we assume that there exists o €
C2/2([0,T]) such that

(B”P(t,y) +P(t’:u)a,uQ(tnu))|/t:O'(t) =0, tre [O’ T]

Such a condition will, of course, be fulfilled when A (¢, u) = ue, (t,u) € [0,T] X R.
More generally, let o € C% ([0,T]) be arbitrary chosen, and for each ¢ € [0, T], consider N, € N.
Assuming that the function £ satisfies the following property

N,-1

o) = 2% =)+ O =) e @
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with ax € C%([0,T]), k € N U {0}, one can easily check that condition (2.21) will be fulfilled since
we have

o (t,0(1) =0, 1€[0,T].

Condition (2.26) will be fulfilled under the same condition provided that 4, satisfies (2.32) with o= = 0.
Moreover, let g € C*(Q), and for each x € Q, consider N, € N. Assuming that the function G in (2.30)
satisfies the property

Ny—1
Gl = ) B =g+ O ((u=g@)™"). xee 233)
k=0

with functions Bx € C?(Q), k € N U {0}, it is clear that condition (2.30) will be fulfilled since we have
Nx —
9,7G(x,8(x)) =0, xeQ.

The same is true for condition (2.31) when G satisfies (2.33) with g = 0.

Finally, via previous observations, we can also determine the order coefficients for linear parabolic
equations.

Corollary 2.4 (Global uniqueness with partial data). Adopting all notations in Theorem 2.2, let q; =
qj(t,x) € C*([0,T] x Q) and b;(t,x, ) = q;(t,x)u for j = 1,2. Then (2.4) implies g1 = g in Q.

‘We mention that we could also prove that the assumptions of Theorem 2.1 and b (¢, x, 1) = g (t,x)u,
J=1,2,imply g1 = ¢>.

2.4. Comments about our results

To the best of our knowledge, Theorems 2.1 and 2.2 give the first positive answer to the inverse problem
(IP1) for semilinear parabolic equations. In addition, the results of Theorem 2.1 and 2.2 extend the
analysis of [[L1.22b] that considered a problem similar to (IP1) for elliptic equations, but which did not
fully answer the question raised by (IP1). In that sense, Theorems 2.1 and 2.2 give the first positive answer
to (IP1) for a class of elliptic PDEs as well. While Theorem 2.1 is stated for general class of parabolic
equations, Theorem 2.2 gives a result with measurements restricted to a neighborhood of the back set
with respect to a source xo € R \ Q in the spirit of the most precise partial data results stated for linear
elliptic equations such as [KSUO7]. Note that in contrast to [KSUO7], the source x¢ is not necessary
outside the convex hull of Q and, as observed in [KSUO7], when Q is convex, the measurements of
Theorem 2.2 can be restricted to any open set of Q. Even for linear equations, Theorems 2.1 and 2.2
improve in precision and generality the earlier works of [CK18b, Isa91] dealing with determination of
time dependent coefficients appearing in linear parabolic equations.

We gave a positive answer to the problem (IP2) and show that the gauge breaks for three different
classes of semilinear terms:

1) Semilinear terms with prescribed information in Corollaries 2.1 and 2.2,

2) Polynomial semilinear terms in Theorem 2.3,

3) Semilinear terms with separated variables of the form (2.19) or (2.28) in Theorems 2.4 and 2.5 and
in Corollary 2.3.

This seems to be the most complete overview of situations where one can give a positive answer to
problem (IP2). While [LLL22b] considered also such phenomena for polynomial nonlinear terms and
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some specific examples, the conditions of Corollary 2.1 and 2.2, Theorems 2.4 and 2.5 and Corollary
2.3, leading to a positive answer for (IP2), seem to be new. In Remark 2.3, we gave several concrete and
general examples of semilinear terms satisfying the conditions of Theorems 2.4, 2.5 and Corollary 2.3.

The proof of our results is based on a combination of the higher-order linearization technique,
application of suitable class of geometric optics solutions for parabolic equations, Carleman estimates,
properties of holomorphic functions and different properties of parabolic equations. Theorem 2.1 is
deduced from the linearized result of Proposition 4.1 that we prove by using geometric optics solutions
for parabolic equations. These solutions are built by using the energy estimate approach introduced in
the recent work of [Fei23].

We mention that Assumption 2.1 is used in this work mainly for two purposes. Our construction
of geometric optics solutions is based on the use of global polar normal coordinates on the manifolds
(Q1,g(1)), t € [0,T]. In addition, Assumption 2.1 guarantees the injectivity of the geodesic ray
transform on the manifolds (Q;, g(¢)), ¢ € [0, T], which is required in our proofs of Theorems 2.1 and
2.2. It is not clear at the moment how Assumption 2.1 can be relaxed in the construction of geometric
optics solutions for parabolic equations of the form considered in this paper.

This allows us to consider problem (IP1) for general class of semilinear parabolic equations with
variable coefficients. In Theorem 2.2, we combine this class of geometric optics solutions with a Carle-
man estimate with boundary terms stated in Lemma 6.1 in order to restrict the boundary measurements
to a part of the boundary. Note that the weight under consideration in Lemma 6.1 is not a limiting Car-
leman weight for parabolic equations. This is one reason why we cannot apply such Carleman estimates
for making also a restriction on the support of the Dirichlet input in Theorem 2.2.

It is worth mentioning that our results for problem (IP1) and (IP2) can be applied to inverse source
problems for nonlinear parabolic equations. This important application is discussed in Section 8. There
we show how the nonlinear interaction allows to solve this problem for general classes of source terms,
depending simultaneously on the time and space variables. Corresponding problems for linear equations
cannot be solved uniquely (see Example 1.1 or, for example, [KSXY22, Appendix A]). In that sense,
our analysis exhibits a new consequence of the nonlinear interaction, already considered for examples in
[FO20, KLU18, LLLS21, LLLS20, LLST22, KU20b, KU20a, FLLL23]), by showing how nonlinearity
can help for the resolution of inverse source problems for parabolic equations.

We remark that while Theorem 2.1 is true for n > 2, we can only prove Theorem 2.2 for dimension
n > 3. The fact that we cannot prove Theorem 2.2 for n = 2 is related to the Carleman estimate of
Lemma 6.1 that we can only derive for n > 3. Since this Carleman estimate is a key ingredient in the
proof of Theorem 2.2, we need to exclude the case n = 2 in the statement of this result.

Finally, let us observed that, under the suitable assumption of simplicity stated in Assumption 2.1,
the result of Theorem 2.1 can be applied to the determination of a semilinear term for reaction diffusion
equations on a Riemannian manifold with boundary equipped with a time-dependent metric.

2.5. Outline of the paper

This article is organized as follows. In Section 3, we consider the forward problem by proving the
well-posedness of (1.2) under suitable conditions, and we recall some properties of the higher-order
linearization method for parabolic equations. Section 4 is devoted to the proof of Theorem 2.1, while in
Section 5, we prove Proposition 4.1. In Section 6, we prove Theorem 2.2, and in Section 7, we consider
our results related to problem (IP2). Finally, in Section 8, we discuss the applications of our results
to inverse source problems for parabolic equations. In the Appendix A, the outline of the proof of the
Carleman estimates of Lemma 6.1 is presented.

3. The forward problem and higher-order linearization

Recall that in this article we assume that there is a solution u to (1.2) corresponding to a lateral boundary
data fjp.
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3.1. Well-posedness for Dirichlet data close to fj

In this subsection, we consider the well-posedness for the problem (1.2), whenever the boundary datum
f is sufficiently close to fy with respect to C'*%-2+ ([0, 7] x d€). For this purpose, we consider the
Banach space Ky with the norm of the space C'*%-2+@ ([0, T] x ). Our local well-posedness result is
stated as follows.

Proposition 3.1. Let a := (a;x)i<i.k<n € C7([0,T] X Q; R™") satisfy (1.1), p € C®([0,T] x Q;R,)
and b € C®(R;C%([0,T] x Q)). We assume also that there exists a boundary value fy € Ko such
that the problem (1.2) with f = fy admits a unique solution uy € C'*3-2*¢([0,T] x Q)). Then there
exists € > 0 depending on a, p, b, fo, Q, T, such that, for all f € B( fo, €), the problem (1.2) admits a

o

unique solution uy € C*2:2+2([0,T] x Q)) satisfying
e = woll 1o 200 1o iy < CIF = foll e 2 0.7 100 3.1)

Moreover, the map B(fo,€) 3 f — uy € CHE5:2v([0,T] x Q)) is C* in the Fréchet sense.

Proof. Letus first observe that we may look for a solution u ¢ by splitting itinto two terms by u s = ug+v,
where v solves

pov+ A(t)v +b(t,x,v+ug) —b(t,x,up) =0 in (0,T) X Q,
v=nh on (0,7) X 0Q, 3.2)
v(0,x) =0 forx € Q,

with h := f — fp. Therefore, it is enough for our purpose to show that there exists € > 0 depending
on a, p, b, fu, Q, _T such that for 2 € B(0, €), the problem (3.2) admits a unique solution v, €
C*3:2+2([0,T] x Q) satisfying

< Clhllgivg ova (3.3)

Vall i 2ea o 710 ([0.T 1x09Q) "

We introduce the spaces

o ::{u € CE2([0,7] X Q) 1 ulgyq = 0. dyul (oyon = o},

Lo ::{F € C5([0,T] x Q) : Fliopan = 0}.
Then, let us introduce the map G defined by

g : IC()XHO —>£0XK:(),
(h,v) > (pdv + A(t)v + b(t,x,v +ug) — b(t,x,up), v|s — h).

We will find a solution to (1.2) by applying the implicit function theorem to the map G. Using the
fact that b € C*(R; C ([0, T] xQ)), it follows that the map G is C* on Ko X H, in the Fréchet sense.
Moreover, we have G(0,0) = (0,0) and

8,G(0,0)w = (pdw + A(D)w + 8, b(1,x, ug)w, wlz).
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In order to apply the implicit function theorem, we will prove that the map 9,,G (0, 0) is an isomorphism
from Hg to L X Kp. For this purpose, let us fix (F, h) € Lo x Ky, and let us consider the linear parabolic
problem

pow + A(t)w + 9,b(t,x,up)w = F(t,x) inQ,
w=nh onZX, 34
w(0,x) =0 x € Q.

Applying [LSUS8S, Theorem 5.2, Chapter IV, page 320], we deduce that problem (3.4) admits a unique
solution w € H satisfying

Il ereg v gor iy < COFIC oo+ 1o 2 o 7 oy )

for some constant C > 0 independent of w, F and h. From this result, we deduce that 9,,G(0, 0) is an
isomorphism from H to Ly X Ko.

Therefore, applying the implicit function theorem (see, for example, [RR06, Theorem 10.6]), we
deduce that there exists € > 0 depending on a, b, p, fy, Q, T, and a smooth map ¢ from B(0, €) to Hy,
such that, for all & € B(0, €), we have G(h, ¥ (h)) = (0,0). This proves that v = ¢ (h) is a solution of
(3.2) for all h € B(O, €).

For the uniqueness of the solution of (3.2), let us consider v; € C'*3-2*® ([0, T] x Q) to be a solution
of (3.2), and let us show that v; = v. For this purpose, we fix w = v; — v and notice that w solves the
following initial boundary value problem

pow+ A)w+q(t,x)w=0 inQ,
w=0 onX, 3.5)
w(0,x) =0 forx € Q,

with
1
q(t,x) = / Oub(t,x,sv1(t,x) + (1 = s)v(t,x) +uo(t,x)) ds, (t,x) € Q.
0

Then the uniqueness of the solutions of (3.5) implies that w = 0, and by the same way that v = v;.
Therefore, v = (h) is the unique solution of (3.2). Combining this with the fact that  is smooth
from B(0,€) to Ho and ¢ (0) = 0, we obtain (3.1). Finally, recalling that, for all f € B(fy,¢€),
ugp =ug+y(f - fo) with ¢ a C* map from B(0, €) to C'*3-2+%([0,T] x Q)), we deduce that the map
B(fo.€) 3 f—uy € C*5:2+2([0,T] x Q)) is C*. This completes the proof of the proposition. O

3.2. Linearizations of the problem

In this subsection, we assume that the conditions of Proposition 3.1 are fulfilled. Let us introduce m €
N U {0} and consider the parameter s = (s1, ..., Sms1) € (=1, 1) Fixing hy, ..., by € B(O, =)
we consider u = ug the solution of

p(t,x)0:u(t,x) + A(Du(t,x) + b(t,x,u(t,x)) =0 inQ,

m+1

U= fo+ Z sih; ons, (3.6)
i=1

u(0,x) =0 for x € Q.
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Following the proof of Proposition 3.1, we know that the map s +— u; is lying in
C((=1, )t c e (0,71 x Q).

Then we are able to differentiate (3.6) with respect to the s parameter.
Let us introduce the solution of the first linearized problem

p(t,x)0v + A(t)v + 0,b(t,x,up)v =0 inQ,
v=nh on X, 3.7
v(0,x) =0 for x € Q.

Using the facts that u|s=0 = uo and that the map s + uy is smooth, we see that if v, is the solution of
B 7ywithh=he,€=1,...,m+ 1, then we have

Osplisls=0 =ve, €=1,....m+]1, (3.8)

in the sense of functions taking values in C'*-2*@ ([0, T] x Q).

Now let us turn to the expression a% 6% “S|s=o’ l1,6 =1,...,m+ 1. For this purpose, we introduce

the function wy, ¢, € C +5.2+a ([0, T] x Q) solving the second linearized problem

p(t,X)Bwe, 6, + AWy 0, + Bub (1, X, u0)We, 1, = =05b(t, X, u0)ve,ve, inQ,
we e =0 onX, (3.9)
we(0,x) =0 for x € Q.

Repeating the above arguments, we obtain that
BS{,I 8% Ug|s=0 = We,,0 (3.10)
is the solution to (3.9). Then, by iterating the above arguments, one has the following result.
Lemma 3.1 (Higher-order linearizations). Let m € N. The function
wm) = g dy, - By, MS|S:0 (3.11)

is well defined in the sense of functions taking values in C'* %2+ ([0, T x Q). Moreover, w1 solves
the (m + 1)-th order linearized problem

p(t,x)0,w™D + A()yw ™V 1+ 0,b(t, x, ug)w ™V = H™D jn 0,
wimth) = 0 ony, (3.12)
w1 (0,x) =0 forx € Q.

Here, we have
H™D = =0 b(t,x,u0) vy -+ Vet + K, (3.13)
where all the functions are evaluated at the point (t,x) and K"V (t,x) depends only on a, p, Q, T,

B,’jb(t,x, o), k=0,...,m, vi,...,Vms1, and w(k”),fork =1,...,m—1. Here, vi, ...,V are the
solutions of (3.7) withh = he, £ =1,...,m+ 1.
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4. Proof of Theorem 2.1

In this section, we will prove Theorem 2.1 by admitting the proof of the following denseness result.

Proposition 4.1. Adopting all the conditions of Theorem 2.1, consider F € C([0,T] X Q), m € Nand
G0s- -, gm € CT9([0,T] X Q). Assume that the identity

T
/ /Fv1~~~vmwdxdt=0 “.1)
0o Ja

holds true for all v; € CHE2([0,T] x Q) and w € C* 522 ([0,T] x Q)) solving the following

equations
p(t,x)0vi+ At)vj+q;v; =0, inQ, 42)
v;(0,x) =0 forx e Q, '
forj=1,...,m, and
=0 (p(t,x)w) + A()w + gow =0, in Q, 43)
w(T,x) =0 forx € Q, '

respectively. Then F = 0.

We next use the above proposition to show Theorem 2.1. The proof of the proposition will be
postponed to Section 5.

Proof of Theorem 2.1. We will prove this theorem in two steps. We will start by proving that the
assumption

N, (f) = Ni, (f), forall f € B(fo, €)
implies that
05y (t.x,u1,0(1,%)) = b (t.x, u20(1,x)),  (£,x) € [0.T] x Q (4.4)

holds true for all k¥ € N, with u; ¢ being the solution of (1.2) with b = b; and f = fy, for j = 1,2. Then
we will complete the proof by showing that (4.4) implies the claim

by =S,by

for some ¢ € C'* 32+ ([0, T] x Q) satisfying the condition (1.6).

Step 1. Determination of the Taylor coefficients

We will show (4.4) holds true, for all k € N, by recursion. Note first that, for j = 1,2, the
function (f,x) — 0,b;(t,x,u;0(t,x)) belongs to C%([0,T] x Q). Thus, for j = 1,2, we can
consider v, | € CHE2([0,T] x Q)) satisfying (4.2) with qj(t,x) = 0,bj(t,x,ujo(t,x)) and w €
C+5:2+2([0,T] x Q)) satisfying (4.3) with go(1,x) = 0, b1(t,x,u10(t,x)). We assume here that
V1,1\2 =h= vz,1|z for some h € B(0, 1). Applying the first-order linearization, we find

6V(a)v1,1 |2 = ay./\/'bl (fo + Sh) = ay./\/'bz (fo + Sh) = 8V(a)vz,1 |2.
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Thus, fixing v = vi,1 — v2,1, we deduce that v satisfies the conditions

p(t,x)0vi + A(t)vi + 0ubi (t,x,u10(t,x))vi = G(t,x) inQ,
vi=0,,v1=0 onx, 4.5)
v(0,x) =0 forx € Q,

where

G(1,x) = (0ubo (1, x,u2,0(2,x)) — 8uby (1, x,u1,0(2,x)))v2,1(1,x), (1,x) € Q.

Multiplying the equation (4.5) by w and integrating by parts, we obtain the identity
T
/ /(3”]72(1‘,)6, uz,o) —6ﬂb1(l‘,x,u1’o))\12,1w dxdt
0 Jo
T
= / /(p(t,x)atvl + A(O)v1 + 8ub1 (2, x,u1 o(2,x))vi)w dxdt
0 Jo

T
:/O /Q(_at(PW) + A(t)w + 8,b1 (t,x,u1 o(t,x))w)vy dxdt

Since v1=0, () v1=0on 2, v{ (0,x)=0 and w (T ,x)=0 in Q.
=0.

Using the the fact that v, | can be seen as an arbitrary chosen element of C 5.2+ (10, 7] xﬁ)) satisfying
(4.2) and applying Proposition 4.1, we deduce that (4.4) holds true for k = 1. Moreover, by the unique
solvability of (3.7), we deduce that vy | = vy ; in Q.

Now, let us fix m € N and assume that, for k = 1,...,m, (4.4) holds true and

w® =w® in 0. (4.6)

Consider v; € C'*3:2%@([0,T] x Q)) satisfying (4.2) with q;(t,x) = 8,b1(t,x,u;0(t,x)) for j =
I,...,m+1,and w € CI*%3: 2+ ([0, T] x Q)) satisfying (4.2) with go (7, x) = Oub1(t,x,u10(t,x)). We
fix hj = vj|s, j =1,...,m+ 1, and proceeding to the higher-order linearization described in Lemma
3.1, we obtain

5v(a)W;m+l) 2= 0 - 05, N, (fo+ sthy + .+ Syt Bt s=0,

with 5 = (s1,...,8me1) and w{"™*" solving (3.12) as b = by, for j = 1,2. Then the condition (2.4)
implies

(m+1) s = P (m+1) 5.

Oy (a)W, V(@)W

(m+1) = W§m+1) —wgm“) and applying Lemma 3.1, we deduce that w ""*1 satisfies the condition

Fixing w
p(1,x)0, WD + A(ywm*D 4 0,b1(t, x, uro(t,x))w™h = in Q,
w(m+D) — 6,,uw(’"“) -0 onY, 4.7
w0, x) =0 forx € Q,

where K = (8/T+1b2(t,x, Uz 0) — 83”119] (t,%,11,0))V1 - - Vms1. Here, we used the assumption for this
recursion argument that (4.4) and (4.6) hold true for k = 1, ..., m. Multiplying the equation (4.7) by w
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and integrating by parts, we obtain

T
/ /(6;1"“1)2(1‘,)(, uz,o) - (9;;'“1])1 (t,x, ul,o))vl s Ve wdxdt = 0.
0 Q

Applying again Proposition 4.1, we find that (4.4) holds true for k = 1,...,m+ 1. By unique solvability
of (3.7), we also have w}mﬂ) = wémﬂ) in Q. It follows that (4.4) holds true for all k € N.

Step 2. Gauge invariance.

In this step, we will show that (2.5) holds with some ¢ € C'* %2+ ([0, T] x Q) satisfying (1.6). We
will choose here ¢ = uy o — u1,0 and, thanks to (2.4), we know that ¢ fulfills condition (1.6). We fix
(t,x) € [0,T] x Q and consider the map

G Rouw—b;(t,x,ujo(t,x)+u)—bj(t,x,ujo(t,x)), j=12.

For j = 1,2, using the fact that b; € A(R; C%2([0,T] x Q)), we deduce that the map G = G| — G is
analytic with respect to ¢ € R. It is clear that

G(0) =G1(0) - G2(0) =0-0=0.
Moreover, (4.4) implies that
G™(0) = 08 by (t,x,u1,0(t,x)) = Of ba(t, x,u0(t,x)) =0, keN.

Combining this with the fact that G is analytic with respect to u € R, we deduce that there must exist
6 > 0 such that

G(u) =0, pe(-9,9).

Then, the unique continuation of analytic functions implies that G = 0. It follows that, for all u € R, we
have

by(t,x,u1,0(2, %) + 1) = b1 (2%, u1,0(2,%)) = bo (£, X, u2,0(2, %) + p1) = ba(t,x,u2,0(1, %)).
Recalling that
—bi(t,x,ujo(t,x)) =p(t,x)0ujo(t,x) + Au;o(t,x), j=12,
we deduce that

by(t,x,up (2, x) + p)
= ba(t, x,uz,0(t,x) + p) + by (2, x,u1 0(2,x)) — ba(t, x, uz,0(2,x))
= ba(t,x,uz,0(t,x) + ) + p(t,x)0; (u2,0 — u1,0) (¢, x) + A(t) (u2,0 — u1,0) (¢, x)
=by(t,x,u20(t,x) + ) + p(t,x)0rp(t,x) + A()p(t,x), peR.

(4.8)

Considering (4.8) with 1 = uy o(#,x) + u, we obtain

bl(t9x7 /vll) = bZ(taxa M2’()(t,x) - Ml’o(f,x) +/'l1) +P(t7x)at¢(t7x) +-A(t)‘P(t’x)
= bZ(t’xs gO(l‘,)C) +/11) +p(t’x)6t90(t’x) +A(t)<p(t,x), M1 € R.

Using the fact that here (7,x) € [0,7] x Q is arbitrary chosen, we deduce that (2.5) holds true with
@ = us,0 — u1,0. This completes the proof of the theorem. O
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5. Proof of Proposition 4.1

In order to prove Proposition 4.1, we need to construct special solutions, which helps us to prove the
completeness of products of solutions.

5.1. Constructions of geometric optics solutions

For the proof of Proposition 4.1, we will need to consider the construction of geometrical optics (GO
in short) solutions. More precisely, fixing ¢ € C2-%([0,T] x Q), we will consider GO solutions to the

equation
p(t,x)0v+ A(t)v+qv =0 inQ, 5.1)
v(0,x) =0 forx € Q, '
as well as GO solutions for the formal adjoint equation
—p(t,x)0,w + A(t)w — 0, p(t,x)w +gw =0 in Q, 52)
w(T,x) =0 forx € Q, '

belonging to the space C'*7-2*@([0,T] x Q). Following the recent construction of [Fei23], in this
section, we give a construction of these GO solutions that will depend on a large asymptotic positive
parameter T with 7 > 1 and concentrate on geodesics with respect to the metric g() = p(t, - )a(t, -)~!
in Q; that passes through a point xg € 0Q1, whenever Assumption 2.1 holds. Here, Q; is a domain
satisfying Assumption 2.1 containing Q. Let us construct the GO solution as follows.

First, we consider solutions of the form

v(t,x) = eT THTY(1X) [c(t,x) + Ry (1, x)], (t,x) €0, (5.3)
and
w(t,x) = e T [e_(1,x) + R_L(1,%)],  (1,%) € O, (5.4)
to equations (5.1) and (5.2), respectively. The phase functions and principal terms c.. of the GOs will
be constructed by using polar normal coordinate on the manifold (€, g(¢)), fort € [0, T7].

Let us define the differential operators L., P, . on Q] by

Ly = p(t,x)0; + A(t) + q(t,x),

L_=-p(t,x)0; + A(t) — d,p(t,x) + q(t,x), (5-3)
and
Pra = T TU (L)) (ei(-rzn-rw(t,x)))' (5.6)
Via a straightforward computation, we can write
Pr.v= 2 Iv+1tJev+ Loy,
where
T=p(t,x) = ), aw(t, ) yduy, (5.7)

i,k=1
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and
Juv =72 Z i (1,X) 0, W v + [p(1,x) 0 + A ]v. (5.8)
i,k=1

Next, we want to choose ¢ in such a way that the eikonal equation Z = 0 is satisfied in Q. Hence,
after choosing ¢, we seek for c.. solving the transport equations

Jice =0 and J_c_=0. (5.9)

Since for all r € [0,T], the Riemannian manifold (Q;, g(r)) is assumed to be simple, the eikonal
equation Z = 0 can be solved globally on Q. This is known, but let us show how it is done. For this, let
us fix xo € € and consider the polar normal coordinates (r, 6) on (Q;, g(¢)) given by x = exp o (70)s
where > 0 and

0 € Syt (Q) = {veR": Plg(r)ix) = 1}-
According to the Gauss lemma, in these coordinates, the metric takes the form
dr* +go(1,1.6),
where go(t, 7, 6) is ametric defined on Sy, (Q1), which depends smoothly on ¢ and r. In fact, we choose
W (t,x) = distg(r) (x0,x), (t,x) € [0,T] x Q, (5.10)
where distg (s (-, ) is the Riemannian distance function associated with the metric g(z), for ¢ € [0,T].
As ¥ is given by r in the polar normal coordinates, one can easily check that ¢ solves Z = 0.
Let us now turn to the transport equations (5.9). We write c.(z,7,6) = c.(t,exp,, (r0)) and use
this notation to indicate the representation in the polar normal coordinates also for other functions.

Then, using this notation and following [Fei23, Section 5.1.2], we deduce that, in these polar normal
coordinates with respect to xo € 9, the equations in (5.9) become

arci+ (arﬂ)ci F Me+

i > .=0 (5.11)

with B(t, r, 0) = det(go(z, r, 8)). Note that in this equation, there is no differentiation in the #-variable.
This fact will allow us to localize GO solutions near geodesics. We fix

= inf disty(, (09, Q
ro= inf isty (1) (091, Q)

and recall that ro > 0. For any & € Cw(Sxo,t(ﬁl)) and y € C;°(0,T), the functions

co(t,r,0) = () h(0)B(t,r,0)7 4 exp(/r w ds), (5.12)
c_(t,r,0) = x(1)B(t,r,0)" '/ exp(—/r w ds) (5.13)

are respectively solutions of the transport equations (5.9). Moreover, the regularity of the coeflicients
p» a and the simplicity of the manifold (€2, g(#)) implies that solutions of the transport equation (5.11)
cy € C®([0,T] x Q).

https://doi.org/10.1017/fms.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.18

Forum of Mathematics, Sigma 21

In order to complete our construction of GO solutions, we need to show that it is possible to construct
the remainder terms Ry , € C'*2-2+ ([0, T] x Q) satisfying the decay property

[Re.ll,20) < Clel ™ (5.14)

for some constant C > 0 independent of 7, positive and large enough, as well as the initial and final
condition

Ri+(0,x)=R_(T,x) =0, xeQ.

For this purpose, we recall that for ¢ given by (5.10), we have P, , = L. +7J; with L, and J. defined
by (5.5)—(5.8). Then, according to (5.9), we have

L. [e‘rzt+rzp(t,x)c+(t’x) _ e‘rzt+‘rw(t,x)PT cea(t,X)

— e‘rzt+‘rw(t,x)LiCi'
Therefore, the conditions L,v = 0 and L_w = 0 are fulfilled if and only if R ; solves
P: iRy (t,x) =—Lici(t,x), (t,x) € (0,T) X Q.
We will choose R, , to be the solution of the IBVP

PT,+R+,T(t,x) = _L+c+(t’ x) in Q’
R -(t,x) =0 on X, (5.15)
R:-(0,x)=0 forx € Q

and

P:_R_.(t,x)=—-L_c_(t,x) inQ,
R_(t,x)=0 onx, (5.16)
R_(T,x)=0 for x € Q.

Note that L.c. is independent of 7. We give the following extension of the energy estimate approach
under consideration [Fei23] for problem (5.15)—(5.16).

Proposition 5.1. There exists 79 > 0, depending only on Q, T, a, p, q, such that problem (5.15)~(5.16)
admits a unique solution R, ; € CH 52 ([0, T] x Q) satisfying the estimate

7l|Re =l 2 0) +T%I|Ri,T\|L2(O’T;H1<Q)) < CllLecallizgy T > o (5.17)

Proof. The proof of this proposition is based on arguments similar to [Fei23, Proposition 4.1] that we
adapt to problem (5.15)—(5.16) whose equations are more general than the ones under consideration in
[Fei23]. For this reason and for sake of completeness, we give the full proof of this proposition. We only
show the result for R, -, the same property for R_ . can be deduced by applying similar arguments. Let
us first observe that

Pri=p(t,x)0; + A(t) + B(t,x) - Vx + V(2,x)
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with

n

B(1,%) - Vv (£,x) = =27 3" aix (1,%)0x, 40y, v (1, %),
i,k=1

V(t,x) =q(t,x) +tp(t,x)0 + TA()Y.

Thus, observing that B € C*([0,T] X Q)" Ve C0,T] X Q), Lycs € Cy(0,T; C*(Q)) and
applying [LSU88, Theorem 5.2, Chapter IV, page 320], we deduce that (5.15) admits a unique solution
R, . € C*3:2+2([0,T] x Q), and we only need to check estimate (5.17).

In this proof, we set

V=Ry ., K=-Licy,

and without loss of generality, we assume that both v and K are real valued. We fix 2 > 0, and we
multiply (5.15) by ve!¥ in order to get

/ (=Lyci)e™ dxdt = / Kve'V dxdt = / (p0v + A()v + 7 Tov + qv)ve¥ dxdr
Q Qo Q
=1+11+111,

where
I= / (pdv + qv +tp(1,x)d0v)vet? dxdt,
Q

11:‘/(A(t)v)ve/l‘/’ dxdst,
(@)

HI=t / (—2 D @i (6,2) 05O +A(r)wv)veM dxdt.
o

i.k=1
For 1, using the fact that v|;—o = 0 and integrating by parts, we get

1 1
I== [ p(T,x)(T,x)?e™ T dx — = | 8,(pe™W?dxdt+ | (qv+1p(t,x)0yv)vet? dxdt
2 2

Q Q Q

1
-—= / Oy (,oe’w)v2 dxdt + / (qv +1p(t,x)0yv)vet? dxdt
Q Q

\%

2

> —(C1 +Crt + C3) / vZeW dxdt,
Q

with C, C,, C3 three positive constants independent of A and 7.
For 11, using the fact that v|y = 0, applying (1.1) and integrating by parts, we find

n 1 n
11 = /(Z aik(t,x)axivaxkv)e’w’ dxdt + —/ Z aik(t,x)ﬁxi(vz)(')xk (e’w)dxdt
. 2 ;
2\ik=1 QK=
1
> c/ |Vov|2et dxdr — —/ va(t)(e’l‘p)dxdt
0 2Jo
> c/ |V v|2et dxdt — (C4/l + Csxlz)/ vZe dxdt,
(@) (@)

with constants ¢, C4, C5 > 0 independent of A and 7.
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Finally, for 111, using the that Z = 0, with Z defined by (5.7), we find

11 = —T/ Z aix (1, X)0x; Y Ox, (v?)e dxdt + / (A Y)v? et dxdt
0] Q

i,k=1

=7 / Zn: i (1, %) Dy, (e’w)VZ dxdt
Q

i,k=1

= T/l/ ( Z aik(t,x)ﬁxizﬁﬁxklﬁ)vze’w’ dxdt

O\ k=1

= T/l/ p(t,x)v2 e dxdt
o

>( inf p(t x))‘r/l/ vZel dxdt
(t,x)€Q o

= C6T/l/ vZe dxdt.
o
Combining these estimates of /, /1 and 111, we find

/ Kve' dxdt > c/ |va|2e’w dxdt + (—C1 — Gt = C3d = Cyd = CsA% + CGT/l) / vZe dxdt.
o o o

3C2

Choosing 1 > and

#%+Q+Q+QQ

T0 =
Cs ’

we deduce that
C
/ Kve'V dxdt > c/ |V.ov|?et dxdr + ?67/1/ veW dxdt, 1> 10.
(@) Q Q

Applying Cauchy-Schwarz inequality, for 7 > 1y, we get

1
C 3
c/ |V v|?et? dxdt+—6‘r/l/ vZeW dxdr < (T_I/Kzew dxdt) (‘r/ eV dxdt)
0 3 Jo 0 0
T
2

-1
< / K2e dxdi + / 2 gy,
2 Jo 0

which implies that

C 1 -1
c/ |V,ov|?et dxdr + T(?6/l - —) / eV dxdr < — | K?e' dxdr.
o Q

2 2 0
Fixing A = 3(C2+1) , we obtain
T/ |va|2dxdt+72/ v dxdt < C/ K% dxdt, > 1,
(0] (@) (@)
where C > 0 is a constant independent of 7. From this last estimate, we deduce (5.17). ]
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Note that the the energy estimate (5.17) is only subjected to the requirement that i solves the eikonal
equation Z = 0 in Q. For this result, the simplicity assumption is not required.

Applying Proposition 5.1, we deduce the existence of R . fulfilling condition (5.15)—(5.16) and the
decay estimate (5.14). Armed with these class of GO solutions, we are now in position to complete the
proof of Proposition 4.1.

5.2. Completion of the proof of Proposition 4.1

We will show Proposition 4.1 by iteration.

Proof of Proposition 4.1. We start by showing that the claim of Proposition 4.1 holds true for m = 1.
We fix xo € Qy, 1o € (0,T) and for y. € C5°(—1, 1) satisfying

/)(*(t)2 dt =1,
R

and we set
o) =5y (5-1 (- to)), for 6 € (0, min(T — to, 7o)).

We consider v; € C*52+([0,T] x Q) (resp. w € C*3:2+2([0,T] x Q)) of the form (5.3) (resp.
(5.4)) satisfying (5.1) (resp. (5.2)) with g = q; (resp. ¢ = go) and R, ; (resp. R_ ;) satisfying the decay
property (5.14). Here, we choose y = xs in the expression of the function v; and w. Then, condition
(4.1) implies that

T T
/ / F(t,x)cypc-pdxdt = lim / / F(t,x)viwdxdt = 0. (5.18)
0 Q T—+00 0 Ie)
From now on, for ¢ € [0, T], we denote by 9.5, (Q1) the unit sphere bundle
0,5,(@1) 1= {(x,0) € S, (@) 1 x € 9Qu, (0.7 (¥))gqr) <O},

where v, denotes the outward unit normal vector of 4€2; with respect to the metric g(z). We also denote
for any (y, 6) € 0,5:(L1) by £; +(y, 6) the time of existence in ; of the maximal geodesic yy ¢, with
respect to the metric g(¢), satisfying y, ¢(0) = y and y; 0(0)=6.

Consider F € L*((0,T) x Q1) defined by

Flrox) = (det(g(1)) 2 F(t,x), for (1,x) € Q
,X) = 0, for (t,x) € (O’T)X(Ql\ﬂ)'

Then we have

T T
/ ‘/7F(t,x)c+,oc,,o dVg (x)dt = / / F(t,x)cy 0c_ovdet(g(t)) dxdt =0,
0o Jo 0o Jo
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where dVy ;) is the Riemannian volume of (Q_l, g(1)). Passing to polar normal coordinates, we obtain

T o4 (y,0) .
/ xs(1)? / / _ h(0)F(t,r,0) dodrdt = 0.
0 0 Sixg.t (1)

Using the fact that F € C([0,T] x Q), we deduce that F € C([0,T]; L*(£})), and letting 6 — 0, we
obtain

[t(],+ (x0,6) -
/ / _ h(6)F(t9,r,0)dodr = 0.
0 Sxo,to ()

Applying the fact that in this identity 2 € C*(Sx,,4, (Q1)) is arbitrary chosen, we deduce that
[r0,+(x0a9) - ft0,+(x(h9) . _
/ F(t0,vx,,0(5)) ds :/ F(to,r,0)dr =0, (x0,0) € 0,5, (L1).
0 0

Combining this with the facts that in this identity, xo € d€2; was arbitrary chosen, that the manifold
(1, g(t0)) is assumed to be simple and that the geodesic ray transform is injective on simple manifolds,
we deduce that F(t, -) = 0on Q. Thus, F(t, -) = 0. Combining this with the fact that here #y € (0, T)
is arbitrary chosen and F € C([0,7] x Q), we deduce that F = 0.

Now let us fix m > 1, and assume that (4.1) for this m implies that F = 0. Fix G € C([0,T] x Q),

and assume that
T
/ /le---vm+1wdxdt:0
0 Ja

for all vi,...,vme € CH5249([0,T] x Q)) satisfying (4.2) and all w € C*3:2+([0,T] x Q))
satisfying (4.3). Fixing F' = Gvy, we deduce that F = 0, and multiplying F by an arbitrary chosen
w e C*52([0,T] x Q)) satisfying (4.3), and integrating, we deduce that

T
/ /lewdxdtzo
0 Q

for all v; € C*%3: 2+ ([0, T] x Q)) satisfying (4.2) and all w € C'*2-2*2([0, T] x Q)) satisfying (4.3).
Then, the above argumentation implies that G = 0. This proves the assertion. O

6. Proof of Theorem 2.2

In this section, we assume that n > 3 and ¢ (x) = |x —xo|, x € Q, for xg € R” \ Q. Note that the function
yr satisfies the eikonal equation

IV (x)] = 1, forx € Q. (6.1)

We start by considering the following new Carleman estimate whose proof is postponed to Appendix A.

Lemma 6.1. Let g € L*(Q) and v € H'(Q) N L*(0,T; H*(Q)) satisfy the condition

V=0, vl=0=0. (6.2)
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Then, there exists 1o > O depending on T, Q and ||q|| .~ o) such that for all T > 7y, the following estimate

T
T/ / 672(72”7'”("))|6Vv|2|6Vz//(x)|d0'(x)dt+‘1'2/ e 2TV () 112 g gy
0 s (o) o

< c( / 2T (5 — AL+ )| dxdt 6.3)
o

T
T / / e—z(f2’+w<x)>|avv|2|avw(x)|da(x)d;)
0 I (xo)

holds true.

Remark 6.1. The weight function ¢ under consideration in the Carleman estimates (6.3) is chosen in
accordance with the construction of geometric optics solutions of the form (5.3)—(5.4) introduced in
Section 5.1. Namely, we need to consider weight functions ¥ that can be the phase of such geometric
optics solutions. For this reason, we need to consider weight functions that satisfy the eikonal equation
7 = 0 which takes the form (6.1) in the context of Theorem 2.2.

Armed with these results, we are now in a position to complete the proof of Theorem 2.2.

Proof of Theorem 2.2. Following the proof of Theorem 2.1, we only need to prove that (4.4) holds true.
We will prove this by a recursion argument. Let us first observe that since I is a neighborhood of T"_(xo),
there exists € > 0 such that B(xg, €) N Q = 0, and for all y € B(xo, €), we have

I (v,e) ={xe€dQ: (x—y)-v(x)<e}cT.
We start by considering (4.4) for k = 1. For j = 1,2, consider v; | € C+3:2+(]0,T] x Q)) satisfying
(4.2) with b = b; and w € C'*5-2¥2([0,T] x Q)) satisfying (4.3) with b = b;. We assume here that

vi1ls = h =va,1|s for some h € Kp. Fixing vi = v1,1 — v2,1, we deduce that v; satisfies the conditions

0vi = Avi +0,b1(t,x,u10)vi = F(t,x) inQ,

vi=0 onZx,
vy =0 on (0,7) x T,
v(0,x) =0 forx € Q,

with
F(t,x) = (8uba(t,x,u2,0(t,x)) — 8,b1 (2, x,u1,0(2,%)))v2,1(1,x),  (t,x) € Q.

Multiplying the above equation by w and integrating by parts, we obtain

T
/ /(@,bz(t,x, u2,0) = Oub1(t,x,u10))va, 1w dxdt — / Oyvi(t, x)w(t,x) do(x)dt = 0.
0o Ja T

Moreover, applying the first-order linearization, we find

V11| (0)xr (v,e) = OsNb, (fo + S| (0.1)x1 (v, €)
= assz (fO + Sh)|(O,T)><F,(y,e)

= 3yva,1|(0.1)xr(y,€)»
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and it follows that
T
/ /(%bz(t,x,uz,o) = 0ub1(t,x,u10))v2, 1w dxdt
0 Jo

T
=/ / oy (t,x)w(t, x) do(x)dt,
0 OQ\I'_(y,€)

with v, (resp. w) an arbitrary chosen element of C'*%-2*® ([0, T] x Q)) satisfying (4.2) (resp. (4.3)).
In particular, we can apply this identity to v, ; and w two GO solutions of the form (5.3) and (5.4) with
¥ (x) = |x — y| and c+ given by

(6.4)

() = Xa(t)h(| |)|x y[- o,

c_(t,%) = x5 (D)lx =y~ V12,
for (z,x) € [0,T] x (R" \ {y}) with h € C°°(S”‘1) and
xo(t) =672 (67t = 10)), for & € (0, min(T — £y, 19)),

where y. € C;°(~1, 1) satisfies

//\(*(t)z dr=1.
R

Note that the construction of such GO solutions is a consequence of the fact that we can find ©, an open
neighborhood of Q such that ¢y € C*(Q,) solves the eikonal equation

Va0 =1, x e,
as well as an application of Proposition 5.1. In addition, we built this class of GO solutions by following

the arguments used in Section 5.1 where the polar normal coordinates will be replaced by polar
coordinates centered at y. Note that in such coordinates, ¢ = r and the transport equations (5.11) are just

OB\ _
0yCs + ( 15 ) =0,

where £ is an angle dependent multiple of 2"~

With this choice of the functions v, 1 and w, we obtain by Cauchy-Schwarz inequality that

oy (t, x)w(t, x) do(x)dt

OQ\T'(y,e€) 6.5)
1 .

T 2
c( / / Iﬁvvl(t,x)|2e_2(72t+w(x))d0'(x)dt) )
0 QI (y,€)

In addition, the Carleman estimate (6.3) and the fact that d,v1| 7)xr_(y) = O imply that, for 7 > 0
sufficiently large, we have
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T
/ / 10, v1 (1, x) e 2T YD) gor () dr
0 IQ\I'_(y,€)

T
< Ce! / / 10,01 (2, x)|2e 2T TN gy (x) do (x) dt
0 OO\l (y,€)

T
< Ce! / / 10,v1 (2, )2 2T T D) gy (x) do(x)dt
0 i (y)

<Cct! /|(9,v1 —Avi+0,b1(1,x, uo)v1|ze_2(72’”‘”(x)) dxdt
o

Here we use the Carleman estimate (6.3) with 9, v1 |(0,7)xr_ (y)=0-

<Cr! /|(6,,b2(t,x, uo) — Oubi (1, x, uo))vz,1|2e_2(T2’+T¢’(x)) dxdt
Q

<cr! / |0ub2 (t,x, u0) = 8,b1 (8, x, uo)|*|cs|* dxdt
Y
<cr !,
where C > 0 is a constant independent of 7. Therefore, for T > 0 sufficiently large, we obtain

T
/ / o1 (t,x)w(t,x) do(x)dt| < CT72,
0 IQ\I'_(y,€)

(S

and in a similar way to Proposition 4.1, sending 7 — +o0, we find
/ (0uba(t,x,up) — 0, b1(t,x, up))crc_ dxdt = 0.
o

By using the polar coordinates, sending 6 — 0 and repeating the arguments of Proposition 4.1, one can
get

+00
/ / G(t,y+r0)h(0)dodr =0, te(0,7T),
0 gn-1

where G := 0,b2(t,x,u20) — 0,b1(t, x,u1 ) in Q extended to (0,7) x R" by zero.
Using the fact that 1 € C*(S™!) is arbitrary chosen, we get

/O+DOG(t,y +r0)dr=0, te(0,T),6es" ",
and the condition on the support of G implies that
/RG(z,yHe) ds=0, t€(0,7T), 68"
Since this last identity holds true for all y € B(xg, €), we obtain
/RG(t,y +s50)ds =0, t€(0,T), 68", ye B(xe). (6.6)

In addition, since G = 0 on (0,7) X R" \ Q, we know that

G(t,x)=0, t€(0,T), x € B(xp,€)

https://doi.org/10.1017/fms.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.18

Forum of Mathematics, Sigma 29

and, combining this with (6.6), we are in position to apply [[IM20, Theorem 1.2] in order to deduce that,
forallt € (0,T), G(t,-) = 0. It follows that G = 0 and (4.4) holds true for k = 1.

Now, let us fix m € N and assume that (4.4) holds true for k = 1,...,m. Consider v{,..., V4 €
C*3:2+2([0,T] xQ)) satisfying (4.2) with b = by and w € C'*2-2+ ([0, T] x Q)) satisfying (4.2) with
b=>b;. Wefix hj =vjls, j=1,...,m+1, and proceeding to the higher-order linearization described
in Lemma 3.1, we obtain

1
av(a) W;m+ )

x = Oy o 05, N, (fo+ 1AL+ .+ St a1 |s=0,

with s = (s1,..., sme1) and w'"*Y solving (3.9) with b = b; for j = 1,2. Then, (2.6) implies

(m+1) _ (m+1)
aV(a)Wlm+ |(0,T)xf = 5v(a)W2m+ 0,T)xI"

(m+1) (m+1)
Wi )

and, fixing w(™) = in Q, and applying Lemma 3.1, we deduce that w"*1 satisfies

the condition

w

Ow(m+l) _ Ay (ml) Oubi(t,x, uo)w ™D =K inQ,

wlm+th = on X,
o, wm+h) = 0 on (0,7) x T,
w(m*) (0,x) = 0 forx € Q,
where K = (c')l’l"”bg (t,x,u2,0) — c')l’f”bl(t,x, U1,0))vi - ... vms1. Multiplying this equation by w and

integrating by parts, we obtain

T
/ /(5,T+1b2(t,x, uz,0) — 3,’,"“171(1,)6#1,0))1/1 Sl Vsl - wdxdt
o Jo

T
—/ / _ Ayw ™Dy (2, x)do (x) dt = 0.
0o Joar

We choose v,,+1 and w two GO solutions of the form (5.3) and (5.4) with ¢ (x) = |x — y|, y € B(xp, €),
and we fix

H(t,x) = (@’,"Hbz(t,x, U2,0) = 3;”+1b1(f,x,u1,0))vl coovm(tx),  (Lx) €Q

that we extend by zero to (0, T) xR". Applying Cauchy-Schwarz inequality and the fact that "_(y, €) c T,
we find

T
/ / i 3w (1, X)w(t, x) do (x)dt
0o Joar
1

T 2
< C( / / 10, w ™D (¢, x) Pe 2TV D) g () de |
0 IQ\I'_(y,€)
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and, applying the Carleman estimate (6.3) and repeating the above argumentation, we have

T
/ / Aw ™D (1, X)w(t, x) do(x)dt
0 IQ\I'_(y,€)

<Cr™! / LH (2, ) 2 |vms1 (1, %) [2e 2T TG gy gy
o

2

<cr L.

Thus, we obtain

lim H(t,x)vpe1 (8, x)w(t,x) dxdt =0,
o

T—+00

and repeating the above argumentation, we get
(c’)ﬁ’“bg(l,x, uz,0) — 6,'1"+1b1(t,x, ul,o))vl co v, x) = H(t,x) =0, (t,x) € Q.
Multiplying this expression by any w € C'* %2+ ([0, T] x Q)) satisfying (4.2) with b = b}, we obtain
./Q(afﬂbz(t,x, uz0) — 6ZHIb1(t,x, ul,o))vl c o vwdxdt =0,

and applying Proposition 4.1, we can conclude that (4.4) holds true for k = 1,...,m + 1. It follows
that (4.4) holds true for all £ € N, and repeating the arguments used in the second step of the proof
of Theorem 2.1, we can conclude that (2.6) implies (2.5) with the function ¢ = us o — u1,o satisfying
(2.7)—(2.8). O

7. Breaking the gauge class

This section is devoted to the proof of the positive answers that we give to problem (IP2) in the theorems
and corollaries of Section 2.2.

Proof of Corollary 2.1. We start by assuming that the conditions of Theorem 2.1 are fulfilled and
by proving that (2.4) implies by = by. By Theorem 2.1, condition (2.4) implies that there exists
@ € C52r ([0, T] x Q) satisfying (1.6) such that

bi(t,x, ) =ba(t,x, u+(t,x)) + p(t,x)0,p(t,x) + A(t)(t,x), (t,x,1) € O XR. (7.1)

We will prove that ¢ = 0, which implies that 5; = b,. Choosing u = «(t,x) and applying (2.10), we
obtain

p(t,x)0:(t,x) + A(t)p(t,x) + by (t, x, k(t,x) + @(t,x)) — ba(t,x, k(2,X))
=bi(t,x,k(t,x)) — bo(t,x,k(t,x)) =0, (t,x) € Q.

Moreover, we have

1
by (t,x, k(t,x) + @(t,x)) — ba(t,x, k(t,x)) = (‘/0 Oubo(t,x, k(t,x) +s¢(t,x))ds |o(t, x)

=q(t,x)e(t,x), for(t,x) € Q.
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Therefore, ¢ fulfills the condition

p(t,x)0,p(1,x) + A(t)p(t,x) + q(t,x)p(t,x) =0 inQ,
@(t,x) =0 onX, (7.2)
¢(0,x) =0 forx € Q,

and the uniqueness of solutions for this problem implies that ¢ = 0. Thus, (7.1) implies b| = b.
Using similar arguments, one can check that, by assuming the conditions of Theorem 2.2, (2.6)
implies also that by = b5. o

Proof of Corollary 2.2. Let us assume that the conditions of Theorem 2.1 and (2.4) are fulfilled. By
Theorem 2.1 there exists ¢ € C'*%-2*([0,T] x Q) satisfying (1.6) such that (7.1) is fulfilled. In
particular, by choosing ¢ = 0, we have

bi(t,x,0) — by(t,x,0) = ba(t,x, o(t,x)) — ba(t,x,0) + p(t,x)0;0(t,x) + A(t)¢(t,x) in Q.

Combining this with (2.12) and (1.6), we deduce that ¢ fulfills the condition

p(t,x)0:0(t,x) + A(t)p(t,x) + q(t,x)p(t,x) = h(x)G(t,x) inQ,
@(t,x) = 0y(ayp(t,x) =0 on X, (7.3)
¢(0,x) =0 forx € Q,

with
1
q(t,x) :/ Ouba(t,x,50(t,x))ds, (t,x)€Q.
0

Moreover, following the proof of Theorem 2.1, we know that ¢ = up ¢ — u1 0 and the additional
assumption (2.13)

u,0(6,x) = uz,0(6,x)
implies that

e(0,x)=0, xeQ.
Combining this with (2.11),

inf |G(0,x)| > 0,
x€eQ

(7.3) and applying [IY98, Theorem 3.4], we obtain & = 0. Then the source term in (7.3) is zero, and
uniqueness of solutions implies that ¢ = 0. Thus, (7.1) implies b; = b,. The last statement of the
corollary can be deduced from similar arguments. m}

We are ready to prove Theorem 2.3.

Proof of Theorem 2.3. We assume first that the conditions of Theorem 2.1 and (2.4) are fulfilled. Let us
first prove that we can assume that Ny = N,. Indeed, assuming that N| # N,, we may assume without
loss of generality that N| > N,. From (7.1), we deduce that

o bi(t,x, A
. = im 2G50
. ba(t,x, A+ (t,x)) + p(t,x) 0, p(t, x) + A(t) p(2, x)
= lim =0,
A—+00 AN
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for (¢,x) € Q. In the same way, we can prove by iteration that

bin =bin-1=-=bi N1 =0.

Therefore, from now on, we assume that N; = N, = N. In view of (7.1), for all (¢,x, u) € Q xR, we get
by renumbering the sums

k
=1

N N X o
D btk = Y bag(t,x) Z(l )<p(t,X)""ﬂ’
k=0 k=1

J
+p(t’x)al‘90(t’x) +A(t)<)0(t’-x) + b2(t7xa QO([,X))

N [ N k
=3 sz,k(t,x)( .)w(t,X)k‘j !
=\ g

+ 0(t,x)0:¢(t,x) + A(t)p(t, x) + by (2, x, ©(t,x)).

It follows that
N X _
bj(1.x) = sz,ku,x)( ; )so(t,x)k-f, () €Q. j=1.....N, (7.4)
k=j

and

b1,o(t,x) = bao(t,x) = p(t,x)0,p(t,x) + A(t)p(t,x) + ba(t,x, ¢(t,x)) — ba(t,x,0), (7.5)

for (t,x) € Q.
Applying (7.4) with j = N and j = N — 1, we obtain

bin=byn, bin-1=byno+byn_1. (7.6)

Moreover, the fact that the condition (2.16) holds true on the dense set J combined with the fact that
bir€C([0,T] xQ), j=1,2and k =N — 1, N implies that

2
min |(b1 N1 — bo,n-1) ()], Z’(bj,N — b n-)(tX)]]|=0, (1,x) € (0,T) X w.
j=1
This condition implies that for all (¢,x) € (0,7) X w, we have either by y_1(t,x) = b n-1(t,x) Or
bjn(t,x) =bjn-1(t,x), j = 1,2. Combining this with (7.6) and the assumption that |by » (¢,x)| > 0
for (¢,x) € J, we deduce that ¢ = 0 on (0,7) X w. Thus, (7.5) implies
(b1.0 = b2,0) (1,x) = pdip(t,x) + A1) (1, %) + ba(t,x, ¢(1,x)) = b(t,x,0) = 0,

for (¢,x) € (0,T) X w. Finally, the assumption (2.18) implies that b o = by o everywhere on Q. Thus,
@ satisfies (7.2) with

1
q(t,x) :=/ Ouba(t,x,s0(t,x))ds, (t,x)€Q.
0

Therefore, the uniqueness of solutions of (7.2) implies that ¢ = 0, and it follows that b; = b,. The last
statement of the theorem can be proved with similar arguments. O
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Proof of Theorem 2.4. We assume that the conditions of Theorem 2.1 and (2.4) are fulfilled. We start
by showing that 8,41 = ,,h,. For this purpose, combining (1.6) and (7.1) with (2.20), we obtain

bi.1 (1. 2) i (1, 1) + b1 o6, %) = b1 (t.x)ha(t, 1) + boo(1,%) + A()p(1.x),  (t.x.p) € EXR.
Differentiating both sides of this identity with respect to u, we get
b11(t,x)0uh1(t, 1) = ba,1(¢,x)0, ho(t, 1),  (t,x,pu) € ZXR,
and (2.23) implies that
D11 (60x0) (B (1, 1) = Buha(t.10)) = 0, (1.p0) € (0.T) X R,
with by 1(¢,x;) # 0,1 € (0,T). It follows that 0, k1 = 9, ho.

Now let us show that the function ¢ of (7.1) is identically zero. Fixing ¢ € (0,7) and applying the
derivative at order n, with respect to u on both sides of (7.1), we get

b1,1(1,%)0," hi(t, ) = o1 (8,x)0)" ho(t, p + @(1, X)) = b2,1(1,x)8," by (1, p + (1, %)),
for (x, u) € Q x R. Fixing p = u; — ¢(t,x) and applying (2.21), we get
b1 (t,x)0, hi(t, e — (2, %)) = ba1(£,x)0," hi(t, 1) =0, x €Q,
and (2.22) implies
Oy hi(t, e — ¢(2,x)) =0, x€Q.

However, since R 3 y — 6,’,” hy(t, ) is analytic, either it is uniformly vanishing or its zeros are isolated.
By (2.21), we have that d,,"hi (1, -) # 0 for t € (0,T). Thus, the zeros of R 3 u + 8, h|(t, p) are

isolated. Using the fact that Q 3 x — ¢(t, x) is continuous, we deduce that the map Q 3 x — ¢(z, x) is
constant. Then, recalling that ¢(z,x) = 0 for x € dQ, we deduce that ¢(¢, -) = 0. Since here ¢ € (0,T)
is arbitrary chosen, we deduce that ¢ = 0, and it follows that b; = b,. The last statement of the theorem
can be proved with similar arguments. O

Proof of Theorem 2.5. We will only consider the other statement of the theorem since the last statement
can be deduced from similar arguments. Namely, we will prove that (2.4) and the conditions of Theorem
2.1 imply that by = b,. We start by showing that 6,k = 0,h». For this purpose, combining (1.6) and
(7.1) with (2.24), we obtain
bia(t,x)h (2, b1 2(t, x)p) + b1,o(t,x) = ba1 (1, x) ha (2, bo 2 (8, X)) + b2 o(2, x) + A(2)p(t, x),

for (¢,x, 1) € £ x R. Differentiating both sides of this identity with respect to u, we get

bl’z(t,x)bl,l(l‘,x)aﬂhl(t, bl,z(t,x)/l) = bz,g(l‘,x)bg,l(l,x)aﬂhz(l, bz,z(l,x),u), (t,x,u) € TXR,
and (2.27) implies that

b1,1(t,x0)b12(8,x¢) (O hi (2, by 2(8, X)) — Opha(t, b1 2(2, x,) ) =0, (t,u) € (0,7) XR,

with by 1 (¢,x;) # 0 and by 5(t,x;) # 0,1 € (0,T). It follows that 0,11 = 9, /5.
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Now let us show that the function ¢ of (7.1) is identically zero. Fixing ¢ € (0,T) and applying the
derivative at order n, with respect to u on both sides of (7.1), we get

b1 (t,x)(b12(1,x))" 0" hi (1, b1 2 (1, X))
= b2,1(1,%)) (b2,2(1, %)) 0, ha(t, ba 2 (2, x) (1 + ¢(2, X))
= b2,1(t7x)(b2,2(t’x))ntazthl(tv b2,2(t»-x) (/‘l + QO([,)C))), (x’ /J) € QxR.

Fixing p = —¢ (¢, x) and applying (2.27), we get
b1 (8, x)(b12(1,x))" 0, i (1, =b12(1,x) (1, X)) = ba,1 (2, %) (b22(1,x))™ 0" hi(2,0) =0, x € Q,
and (2.26) implies
0y hi(t,=b12(t,x)(1,x))) =0, x € Q.

However, in view of (2.25), since R 3 u > 9" hy (¢, 40) is analytic, dp'hi (7, -) # 0 and Q > x >
b12(t,x)p(t,x) is continuous, we deduce that the map Qsxm b12(t,x)¢(t,x) is constant. Then,
recalling that ¢(f,x) = 0 for x € dQ and applying (2.26), we deduce that ¢(¢, -) = 0. Since here
t € (0,7) is arbitrary chosen, we deduce that ¢ = 0, and it follows that b1 = b,. m]

Proof of Corollary 2.3. Again, we will only consider the first statement of the corollary as the other
statement follows similarly. Namely, we will prove that (2.4) and the conditions of Theorem 2.1 imply
that b1 = b,. For this purpose, we only need to prove that the function ¢ of (7.1) is identically zero.
We start by assuming that condition (i) is fulfilled. Fixing x € Q and applying the derivative at order n,
with respect to u on both sides of (7.1), we get

b1,1(2,x)(b12(1,x))" 8, G (x, b1 2 (1, x) )
= b2,1(t’x)(bZ,Z(t’x))nxaﬁxG(x» bZ,Z(I»x)(/J + QO([,X)))
= bo,1(t,x)(b12(1,x)) 0, G (x, b1 2(t,x) (u + ¢(t,x))), (t,u) € (0,T) XR.

Applying (2.26), fixing u = % — ¢(t,x) and using (2.30), we get

b1 (t,x) (b1 2(1,x))™ 8, G (x, px = b12(8,x) (1, X)) = bo,1(2,x) (b1,2(2, %)) 0,7 G (x, px) =0,
for t € (0,T). Then, (2.26) implies
3G (x, px — b1 2(t,x)p(t,x)) =0, 1€ (0,7).

However, since R 3 u — 8,G (x, p) is analytic and [0,T] 3 7 = by 2(t,x)¢(1,x) is continuous, we
deduce that either d,,*G(x, -) = 0 or that the map [0,T] 3 1 + by 2(7,x)@(t,x) is constant. Since
6L’XG(x, -) # 0, we deduce that the map [0,T] > ¢ — b1 2(t,x)¢(¢,x) is constant. Then, recalling that
(0, -) = 0 and applying (2.26), we deduce that, for all ¢t € [0,T], ¢(t,x) = 0. Since here x € Q is
arbitrary chosen, we deduce that ¢ = 0, and it follows that by = b».

Combining the above argumentation and the arguments used for the proof of Theorem 2.5, one can
easily check that (2.4) implies also that b; = b, when condition (ii) is fulfilled. This completes the proof
of the corollary. O

Proofs of Corollary 2.4. With the conclusion of Theorem 2.2 at hand, combined with b;(,x, u) =
qj(t,x)ufor (t,x,4) € 0 xRand j = 1,2, both (2.5) and (2.9) yield that

g1, D= Sp(qa(x, i) = q2(t,x) (u + @(2,x)) + p(1,X) 0, p(2, x) + A(1) p(2, x), (7.7
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for any (¢,x, u) € Q x R. In particular, plugging ¢ = 0 into (7.7), the function ¢ satisfies the IBVP

p(t,x)0:¢(t,x) + A1) (1, x) + q2(t,x)¢(t,x) =0 inQ,
@(t,x)=0 ony,
¢(0,x) =0 in Q.

By the uniqueness of the above IBVP, we must have ¢ = 0 in Q. Now, by using (7.7) again, we have
q1(t,x)u = q2(t,x)u, for all u € R, which implies g; = g5 as desired. This completes the proof. [

8. Application to the simultaneous determination of nonlinear and source terms

One of the important application of our results is to inverse source problems, where the aim is to recover
both the source and nonlinear terms simultaneously. In this section, we consider the IBVP

p(t,x)0:u(t,x) + A(H)u(t,x) +d(t,x,u(t,x)) = F(t,x) inQ,
u(t,x) = f(t,x) onX, 8.1)
u(0,x) =0 for x € Q,

withd € A(R;C%-2([0,T] x Q)) and F € C2-%([0,T] x Q) satisfying the conditions
F(0,x) =0, xedQ, (8.2)
d(t,x,00=0, (t,x)€Q. 8.3)

The latter condition is just for presentational purposes and can be removed by redefining F. In a similar
way to the problem studied above, we assume here that there exists f = fy € Ko such that (8.1)
admits a unique solution for f = fy. Then, applying Proposition 3.1, we can prove that there exists
€ > 0, depending on a, p, d, F, fo, Q, T, such that, for all f € B( fo, €), (8.1) admits a unique solution
ur € C +5.2+a (10, T] x Q) that lies in a sufficiently small neighborhood of the solution uq of (8.1)
when f = fy. Using these properties, we can define the parabolic DN map

Mar) : B(fo.€) 3 f > 8y (au(t,x)|s,

where u solves (8.1).

We consider in this section the inverse problem of determining simultaneously the nonlinear term d
and the source term F appearing in (8.1). Similarly to the problem (IP), there will be a gauge invariance
for this inverse problem. Indeed, fix ¢ € C'*%-2+% ([0, T] x Q) satisfying (1.6) and consider the map U @
mapping C*(R; C2([0,T] xQ)) x C%-¥([0,T] x Q) into itself and defined by Uy, (d, F) = (d, Fy)
with

dtp (t’x’ /l) = d(t’x’/l + gO(t,X)) - d(t’x7 gO(t,X)),

8.4
Fp (%) = F(1,%) - p(t,)3,0(1,%) — A(D)@(t,%)  d(t,x, p(t, ), 4

for (¢, x, 1) € Q xR. Then, one can easily check that M (4,r) = My, (a.F)- Note that (8.4) is equivalent
to (1.7) for

b(t,x,u) =d(t,x,u) — F(t,x), (t,x,u) € QXR.
Following, this property, in general, the best one can expect for our inverse problem is the determination

of Uy (d, F) from M4 r) for some ¢ € CHE-2v([0,T] x Q) satisfying (1.6). Our first result will be
stated in that sense.
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Proposition 8.1. Let a := (a;x)1<i.k<n € C*([0,T] x Q;R™") satisfy (1.1), p € C*([0,T] x Q;R,)
and, for j = 1,2, let d; € A(R;CS¥([0,T] x Q)) N C*([0,T] x Q@ x R) and F; € C*([0,T] x Q)
satisfy (8.2)~(8.3) with d = d; and F = F;. We assume also that there exists fy € Ko such that problem
(8.1), with f = foand d = d;, F = F}, j = 1,2, is well-posed. Then, the condition

Ma, F)) = Mar. ) (8.5)
implies that there exists ¢ € C'* 22 ([0,T] x Q) satisfying (1.6) such that
(di, F1) =Uy(dr, F»), (8.6)
where Uy, is the map defined by (8.4).
Proof. Fixing
bi(t,x,u) =dj(t,x,u) = Fi(t,x), (t,x,u) € QXR,

one can check that ./\/},j = M(dj’ F)) and (8.5) implies (2.4). Then, applying Theorem 2.1, we deduce
that (2.5) holds true which clearly implies (8.6). ]

It is well known that when p +— d(t,x, ) is linear, (t,x) € Q, there is no hope to determine
general class of source terms F € C*([0,T] x Q) satisfying the condition of Proposition 8.1 from the
knowledge of the map M 4 r); see Example 1.1 or, for example, [KSXY22, Appendix A]. Nevertheless,
this invariance breaks for several classes of nonlinear terms d for which we can prove the simultaneous
determination of d and F from M (4 r). More precisely, applying Corollary 2.1 and Theorems 2.3, 2.4,
2.5, we can show the following.

Corollary 8.1. Let the condition of Proposition 8.1 be fulfilled, and assume that, for j = 1,2, the
nonlinear term d; satisfies one of the following conditions:

(i) There exists k € C3-%([0,T] x Q) such that
dy(t,x,k(t,x)) — da(t, x, (2, %)) = Fi (t,x) - Fo(t,x), (t,x) € [0,T] x Q.
(ii) There exists Nj > 2 such that
N;
di(t,x, 1) = Zdj,k(t,x)yk, (t,x,p) € [0,T] xQ xR, j=1,2.
k=1
Moreover, for N = min(Ny, N,) and J a dense subset of Q, we have

2
min| |(di vt = doy-D)(EX)] Y I(djn = djna) (62| =0, (1) € J,
J=1

din(t,x) #0, (t,x) € J.
(iii) There exists hj € A(R; CZ([0,T))) such that
di(t,x, 1) = q;(t,x)h;(t, 1), (t,x,1) € [0, T] x QxR, j=1,2.
Assume also that, for all t € (0,T), there exist u; € R and n; € N such that

Gy hi(t,-) 0, 0 m(t,u) =0, t€(0,7).
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Moreover, we assume that
qi1(t,x) #0, (t,x) € Q,
and that for all t € (0,T), there exists x; € 0Q such that
q1(t,x) = qo(t,x;) #0, 1€ (0,7T).
(iv) There exists h;(t,-) € A(R; C%([0,T])) such that
di(t,x, ;) =qj1(t,x)hj(t,q;20t,x)p), (t,x, ) € [0,T] x QxR, j=1,2.
Assume also that, for all t € (0,T), there exists n; € N such that
Oy hi(t,-) £0, 0,m(t,00=0, 1€(0,T).
Moreover, we assume that
gi1(t,x) #0, qia(t,x) #0 (1,x) €0,
and that for all t € (0,T), there exists x, € 0Q such that
gt x0) = qoa(t,x) 20, qa(t,x) =qo2(t,x) #0, 1€(0,7).
Then (8.5) implies that d| = d, and Fy = F3.
Proof. Fixing

bi(t,x,u) =dj(t,x,u) = Fi(t,x), (t,x,u) € QXR,

37

one can check that ij = Mq, F;) and (8.5) implies (2.4). Then, applying Corollary 2.1 and Theorem
2.3,2.4, 2.5, we deduce that for semilinear terms d; satisfying one of the conditions (i), (ii), (iii), (iv),

we have

dl(t’x’ ﬂ) -k (t’x) = bl(t’x’ /J) = bz(t’x’ /1) = dZ(tsx’ ﬂ) - FZ(t,x)9 (t,x, /1) € O XR.

Choosing u = 0 in the above identity and applying (8.3), we deduce that F; = F, and then d; = d».

A. Carleman estimates

]

In the end of this paper, we prove the Carleman estimate in Section 6. For the sake of convenience, we

also state the result as follows.

Lemma A.l. Letn > 3, g € L®(Q) and v € H'(Q) N L*(0,T; H*(Q)) satisfy the condition
v|2 = 0, V|t:0 =0.
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Then, there exists 7o > 0 depending on T, Q and ||q|| .~ () such that for all T > 7y, the estimate

T
T/ / e_z(Tz””l’(x))|(9yv|2|¢9vw(x)|do'(x)dt+‘1'2/ e 2@ U |y 2 gy
0 1—‘+()CO) Q

< c( / 2TV (5, — AL+ g)v|? dxdt (A.2)
o

T
+T / / e-2<72f”¢<x»|ayv|2|avw(x)|dcr(x)dz)
0 JT(x0)

holds true.

Proof. Recall that (x) = |x — xg|, x € Q, for xy € R" \ Q, then Y satisfies the eikonal equation
|Vxp (x)| = 1 for x € Q. Without loss of generality, we assume that u is real valued and g = 0. In order
to prove the estimate (A.2), we fix v € C?(Q) satisfying (A.1), s > 0, and we set

(2 o ¥(0)?
w=e (Tot+T (x)—s =5 )V

in such a way that

—(T21+T¢(X)—SLX)2) _ _
e 70 —Ay)v = Prsw, (A.3)
where P is given by
Prs =0 —A+25T — TAY + syAy — s7Y% + 5 = 21V -V + 250V - V.

Here, we used the fact that the function y satisfies the eikonal equation.
We next decompose P, into two parts P, s = P75+ + P s - With

Prs+ =—A+2sTY —TAY + sy Ay — szwz +s,
P =0, =2tV - V+ 25y Vy - V.

Then, it follows that

[Peswliag > 2 | (P (P whdsas

(A4)
=1+11+11+1V+V+VI+ VI,
where
1= —2/ owAw dxdt, II = 4‘1'/ AwVy - Vw dxdt,
Q Q
11l = 4s7/ Yywoyw dxdt, 1V = —8ST2/ YywVyr - Vw dxdt,
Q Q
V =—4s / AwyVy - Vwdxdt, VI =8s’t / yPwVy - Vw dxdr,
Q Q
and

VII = 2/ [-TAy +syAy — s2y? + s|w(Pr s —w)dxdt.
(0]
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Recalling that w|y = 0 and w|;=¢ = 0, fixing
Cy = ;I;lg(//(x) >0
and integrating by parts, we find
I= 2/ 0;Vw - Vw dxdt = / 3 |Vwl|? dxdt = / |Vw(T,x)|> dx > 0,
Qo [0) Q
111 = ZST/ W, (w?) dxdt = 2ST/ y()w(T,x)* dx > ZC*ST/ w(T,x)*dx > 0,
o) Q Q
IV = —4s72 / (x = x0) - V(w?) dxdt = 4s72/ div(x — xo)w? dxdt
Q Q
= 4ns72/ w? dxdt > 0,
o
and similarly,
VI = —4s27/ diV(zﬁsz)w2 dxdt = —4(n + l)sz‘r/ Ix — xo|w? dxdt,
Q Q
where we utilized the fact that >V = |x — xo|(x — x0).
Now, let us consider /1. Integrating by parts and using the fact that w|z = 0, we get
1l =41 / oWV - Vw do (x)dt — 41'/ Vw - V(Vy - Vw) dxdt
> o
=4t / (8, W),y do(x)dt — 4t / D*y(Vw, Vw) dxdt - 27 / Vy - V(|Vw]?) dxdt
b o Q
=27 / (0yw)?d,¢ do(x)dt — 47 / D>y(Vw, Vw) dxdt + 21 / AY|Vw|? dxdt
p o Qo
-1
=27 / (8, w0,y do(x)dt — 4t / D2y (Vw, Vw) dxdt + 21 / n [Vw]|? dxdt.
P ) ) |x — xol
However, one can check that
D>y (x) = |x — x0|_3(|x — xo|*Idgmen — N(x)), xeQ
with N(x) = ((x; —xé) (x;j —Xé.))]gi,jgn where x = (x1,...,x,) and xg = (x(l), ..., X(). Moreover, it can

be proved that N (x) is a symmetric matrix whose eigenvalues are either 0 or |x — x|>. Thus, we get

Vw(t,x)|?
0 < D2y (x)(Vw(t,x), Vw(t,x)) < M for (z,x) € Q,
X — X0
and it follows that
2(n-3
11>27 / @2 do(ydi+7 [ 2823 9w dedr
z [0) |x — xo

> 27 /(5vw)28Vz,b do(x)dt+ci(n— 3)‘1’/ |Vwl|? dxdt,
) Qo
where ¢ = inf,cq ﬁ
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Applying similar computations for V, one has that
V=-2s / AwVY? - Vw dxdt
Q
=-2s / AywVy? - Vw do (x)dt +2s / Vw - V(Vy? - Vw) dxdt
= Q
=-2s / (0yw)2d, 0 do(x)dt + 2s / D*y*(Vw, Vw) dxdt + s / Vy? - V(|Vw|?) dxdt
b 0 Q
=-s /(8yw)26vwz do(x)dt + 2s/ D*y?(VYw, Vw) dxdt — s/ A2 |Vw|? dxdt (A.6)
z Q Q
=-s /(6vw)2avw2 do(x)dt + 2s/ D*y?(VYw, Vw) dxdt — sn/ |Vw|? dxdt,
py o Qo

T
> —s / / 20 (8,w) 20,0 do(x)dt + s(4 — n) / |Vwl|? dxdt .
0 I (x0) Q

Here we use A=A |x—xo|?=n and D22 (Vw,Vw)=2|Vw|2.

In addition, the sum of the last two terms on the right-hand side of (A.5) and (A.6) is

s Jo IVwl* dxdt forn =3, A7)
cl(n—3)‘er |Vw|? dxdt + s(4 — n) /Q |Vw|?dxdt forn > 4. '
By choosing 7 > jl((“n__";) for n > 4, both cases appearing in (A.7) are nonnegative. Now fixing

€2 = 25Up, 5o ¥ (x), and choosing

28 forn =3,

max(czs, (f](fn__"g)) for n > 4,

T>1(s8) = {
we can deduce that

T T
II+V > T/ / (8, w)?|8yyr| dor (x)dt — 27/ / (8, w)?|0yyr| dor(x)dt.
0 Ty (x0) 0 I'_(x0)

In addition, repeating the above argumentation, it is not hard to check that there exists a constant
co > 0 independent of s and 7 such that

VI+VII>—C()((T2+S2T+S2)/Wzdxdt+(T+S2)/W(T,x)2dx).
Q Q

sn

Thus, choosing s = co(1 +¢;") + 1, 79 = max(7 (s), 2,

for all T > 1, we obtain

2 . .
3s7+1, Sc—i") and applying the above estimates,

HPT,sti2 >2 | PrsswPes_wdxdt
(@ 0

T
> cl‘rz/ wzdxdt+7'/ / (8, w)?|8yyr| dor(x)dt
Q 0 I (x0)

T
e / / (@ w)210,| dor(x)dt,
0 Jro(xp)

https://doi.org/10.1017/fms.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.18

Forum of Mathematics, Sigma 41

with ¢; > 0 depending only on €. From this last estimate and the fact that

(x —xo) - v

—xo x € 0Q,

avlﬁ(x) =

we deduce easily (A.2). m]
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