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Abstract

To each filter % on w, a certain linear subalgebra A (%) of R“, the countable product of lines, is assigned.
This algebra is shown to have many interesting topological properties, depending on the properties of
the filter &. For example, if % is a free ultrafilter, then A() is a Baire subalgebra of R for which
the game OF introduced by Tkachenko is undetermined (this resolves a problem of Herndndez, Robbie
and Tkachenko); and if %, and %, are two free filters on w that are not near coherent (such filters exist
under Martin’s Axiom), then A(%,) and A(%,) are two o-bounded and OF-undetermined subalgebras
of R® whose product A(ZF)) x A(F,) is OF-determined and not o-bounded (this resolves a problem
of Tkachenko). It is also shown that the statement that the product of two o-bounded subrings of R®
is o-bounded is equivalent to the set-theoretic principle NCF (Near Coherence of Filters); this suggests
that Tkachenko’s question on the productivity of the class of o-bounded topological groups may be
undecidable in ZFC.

2000 Mathematics subject classification: primary 03E35, 03E50, 03E60, 22A05, 54A35, 54D80, 54ES2,
54G15, 54H11, 54H12, 54H13, 91A44.
Keywords and phrases: open-finite game, o-bounded group, filter game, near coherence of filters.

Introduction

In this paper we present a method for constructing examples of topological subgroups,
linear sublattices and linear subalgebras of R“ which possess various pathological
properties. The idea is to assign to a subset B of R” and a filter # on w a special
subspace ®(B; Z) of R®. The algebraic properties of this space ®(B; %) depend on
the choice of the set B, while the geometric and topological properties of ®(B;.%)
depend on the choice of the filter #. In particular, if B is the set of all sequences of
polynomial growth, then the space ®(B;.#), denoted by A(.%) in this case, is a linear
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sublattice and subalgebra of R”. If % is a non-principal ultrafilter, then the algebra
A(Z) is Baire and OF-undetermined (this example resolves Problem 5 of [111]). If £,
and %, are two filters on w that are not near coherent (such filters exist under Martin’s
Axiom), then the algebras A(#)) and A(%#;) are o-bounded in R?, while their product
A(F) x A(Z,) is not o-bounded in R® x R® and their sum A(%#) + A(%>) coincides
with R (this answers Problem 3.2 of [22]). On the other hand, the near coherence of
all filters on w implies that the product X x Y of any o-bounded subrings X and Y of R
is o-bounded in R“ x R®. This suggests that Problem 3.2 in [22] on the productivity
of the class of o-bounded topological groups may be equivalent to the principle NCF
(Near Coherence of Filters), and hence be independent of ZFC.

To give an idea of our subsequent considerations, we briefly explain the relation
of NCF to the productivity problem for the class of o-bounded subrings of R“ (the
definition and basic properties of near coherence will be given later). We shall see in
Proposition 2 that for each o-bounded subring of R, there is a filter & with respect to
which the subring has a stronger boundedness property that we call o #-boundedness.
The latter property, unlike the usual o-boundedness, is preserved by products. The
classes of 0z - and 0 z--bounded subsets coincide for near coherent ultrafilters %, &',
and this is the reason why the product of two o-bounded subrings of R is o-bounded
under NCF.

Now let us recall the definitions of a number of types of boundedness in topo-
logical groups. Given a topological group G, denote by .4 (e) the family of open
neighborhoods of the identity e of G. A subset B of G is defined to be

e bounded if for any neighborhood U € .4 (e) there is a finite subset F C G
suchthat B C F - U,

e o-bounded if B = Unew B, is a countable union of bounded subsets B, of G;

e Rg-bounded if for any neighborhood U € .4 (e) there is a subset F of G with
|F| <®yand B C F - U,

e 0-bounded if for any sequence {U,}nc C A (e) there is a sequence {F,},c, of
finite subsets of G such that B C |, F» * Us.

Observe that the condition B C |J,,,, F» - U, is equivalent to saying that the set
N, ={n€ew:x e F, U,} is non-empty for each x € B. Trying to impose more
control on the sets N, for x € B, we arrive at the concept of an 0 £-bounded set. First
we introduce some notation. Denote by & (w) (respectively [w]“) the collection of
all (infinite) subsets of the set w of non-negative integers. Given a family & C £ (w)
and a function ¢ : @ > w, let '

o[#)={(E Cw:3F € & with o(F) C E}.

A function ¢ : w — w is called finite-to-one if the pre-image ¢! (n) is finite for every
n € w.
A subset B of a topological group G is called o g-bounded, where  C P (w), if
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for any sequence {U, },e C A (€) there is a sequence {F,},¢, of finite subsets of G
such that B C (Upeg Nyepir) Fn - Un for some finite-to-one function ¢ : v — .
Here we assume conventionally that () _, F, - U, = G, so that every subset of G is
og-bounded if # € £.

Observe that a subset B C G is o-bounded if and only if it is 0#-bounded for the
collection # = {{n} : n € w} of singletons. Note also that any o g-bounded subset
B C G is og-bounded for any family %’ C £(w) and any finite-to-one function
¢:w— wwithp[F'] D £.

It is clear that each o-bounded subset B of G is o-bounded. In fact, o-bounded
subsets of G have a stronger property, which is called strict o-boundedness in [22]
and [10] and II-boundedness in [2]. We define a version of this property parameterised
by a collection & C P (w), as follows. Given &, consider the following game OF &
(abbreviated from Open-Finite) on a subset B of a topological group G. Two players,
I and II, choose at every step n € w a neighborhood U, € A#'(e) and a finite
subset F, C G, respectively. At the end of the game, II is declared the winner if
B C Ureg NMhepir) Fn - Un for some finite-to-one function ¢ :  — w.

A subset B of a topological group G is defined to be

e Il z-bounded if the second player has a winning strategy in the game OF £ on B;

o Iz-bounded if the first player has no winning strategy in the game OF ¢ on B;

o OFg-determined if one of the players has a winning strategy in the game OF ¢
on B;

o OFgz-undetermined if G is not OFz-determined (equ1valent1y, if G is
I#-bounded but not Il £-bounded).

‘A topological group G is defined to be bounded (respectively o-bounded,
Ro-bounded, 1l g-bounded, 1g-bounded, 0g-bounded, OF gz-determined, OF z-un-
determined) if G has the respective property as a subset of G. If # is the collection of
all the singletons of w, then we shall omit the subscript % and shall speak about the
game OF and II-, I-, o-bounded, OF-determined and OF-undetermined sets in place of
the game OF ¢ and [ -, I #-, 0 #-bounded, OF #-determined and OF & -undetermined
sets, respectively. It should be mentioned that in [1, 10, 11, 22, 23], II-bounded
groups are called ‘strictly o-bounded’, but we prefer the term ‘II-bounded’, accepted
also in [2].

We note that the definitions of all the boundedness conditions above are in fact
with respect to the left uniformity of the group G. Similar definitions can of course be
given with respect to the right uniformity and with respect to the two-sided uniformity.
Since however our focus in this paper is almost exclusively on abelian groups, in which
these distinctions are irrelevant, we shall work with definitions in the one-sided form
given.

Although we have defined the properties of Il#-, I#-, and 0g-boundedness for
arbitrary families # C £?(w), they behave especially nicely for the families & called
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semi-filters.

By a semi-filter, we understand a family % of infinite subsets of w closed under
taking supersets and such that F \ K € % for any F € & and any finite subset X
of w. A semi-filter & is called a filterif FNF' € & forany F, F' € &. Itiseasyto
see that a family of sets is a semi-filter if and only if it is a union of filters. Note that all
our filters F are free in the sense that N.% = @. Note also that if & is a (semi-)filter
and ¢ : @ — w is a finite-to-one function, then ¢[#] is again a (semi-)filter. A
filter & is called an uitrafilter if # = %' for any filter &’ > &#. Ultrafilters are
maximal elements of the naturally ordered set of all filters. This set has a unique
minimal element—the Fréchet filter §,, consisting of all cofinite subsets of w. The
filter §, is also the smallest element of the set of all semi-filters, which, unlike the
set of all filters, has a unique maximal element—the semi-filter {w]® consisting of all
infinite subsets of w.

Identifying each subset of @ with its characteristic function, we identify the power-
set #(w) of w with the Cantor cube {0, 1}*, and thus introduce a metrizable compact
topology on & (w). Referring to this topology, we can speak of o-compact, meager,
analytic or projective subspaces of 2 (w) or [w]®.

The interplay between the properties of Ilg-, [#-, and o g-boundedness depends
to a large extent on the properties of the family #. We illustrate this thesis by the
following diagram, which holds for subsets of R®, the countable product of lines (see
Theorems 6 and 7). (In fact, this diagram holds more generally for subsets of Lindel6f
Cech-complete groups [2].) In the diagram, % is a filter on w, while §, and [w]® are
the smallest and the largest semi-filters described above, respectively.

o-bounded < IIz -bounded < Iz -bounded & oz, -bounded

¢ 4 4
IIz-bounded = Iz-bounded < o0g-bounded

¢ Y U
II(.jo-bounded = I, .-bounded = oy,.-bounded

(2 (2 ¢
II-bounded = I-bounded = o-bounded = R,-bounded

In general, the non-equivalence implications from this diagram cannot be reversed:
the countable product of lines R® is 8y-bounded but not o-bounded [10, Example 2.6];
R® contains a dense G,-subset ®([w]®) which is o-bounded but not I-bounded; this
Gs-set provides also an example of an o.-bounded subset which is neither
Ij,.-bounded nor og-bounded for a filter # (see Proposition 1); for any non-
meager filter & the space R“ contains a Baire linear subspace A(%) which is
OF z-undetermined, that is, [ #-bounded but not Il #-bounded; this space A(F) is
also I-bounded but not II-bounded (see Theorem 8); under the negation of NCF there
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are two linear subspaces A;, A, of R* whose union A, U A, is [},.-bounded but
not Iz-bounded for a filter % ; these spaces A, A, are I-bounded in R® but their
product A; x A, is not o-bounded in R® x R“ and their sum A; + A, coincides
with R (see Corollary 3). Finally, R“ contains an I-bounded subspace which is not
I,o-bounded [2]. Besides these examples (which are all subsets of R®), there is
also an example of a non-metrizable II-bounded group which is not o-bounded [10,
Example 3.1].

The non-metrizability of the last counterexample is not merely incidental, in view
of the following theorem, whose proof can be found in [1, 2] or [20, Section 7].

THEOREM 1. Let G be a metrizable topological group.

(1) Each lI-bounded subset B of G is o -bounded.
(2) Each analytic I-bounded subset B of G is o-bounded.
(3) If G is an o-bounded SIN-group, then each analytic subset B of G is o -bounded.

We recall that a topological group G is called a SIN-group if G has a neighborhood
base 4 at the origin such that g™'Ug = U forany g € G and U € A.

A topological space X is analytic if it is a metrizable continuous image of a Polish
(separable completely metrizable) space. In fact, the class E| of analytic spaces is the
first member in the hierarchy of projective classes ! and I}, n € N. These classes
are defined by induction. The class I1} consists of all separable metrizable spaces X
whose complement X \ X in some metrizable compactification X of X belongs to
the class T}, and the class T}, consists of metrizable continuous images of spaces
from the class I1! (see [14, Section 37.A)). Spaces from the class | J,., T, U I1}
are called projective. It should be mentioned that under the principle of Projective
Determinacy [ 14, Definition 38.15] (which is one of the so-called Strong Set-Theoretic
Hypotheses and follows from the existence of a suitable large cardinal [12, page 282],
[19]), the analyticity of the subset B in Theorem 1 can be replaced by the projectivity
of B. All of this shows that examples designed to demonstrate the difference between
the boundedness properties we are considering must of necessity have a complex
descriptive structure.

A reflection of this is the fact that the first claimed example of a metrizable o-
bounded non-1I-bounded group H, presented by Herndndez in [10, Example 6.1]
(and exploited in [22, page 195], [1, Theorem 4] and [11, Example 2.12]), turned
out to be incorrect. (By [1], the group H is analytic, and being non-o-bounded, is
not o-bounded, according to Theorem 1 (3).) The error was noted by the second
author; see also [16], [20, page 45]. Valid examples of o-bounded non-II-bounded
groups have been constructed under certain additional set-theoretic assumptions. In
particular, in [11] a (non-metrizable) OF-undetermined group was constructed under
the Diamond Principle < (afterwards, a similar example was constructed in ZFC [15]
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or [20, Section 6]). In [1] a Baire OF-undetermined subgroup was constructed in each
abelian non-locally compact Polish divisible group under Martin’s Axiom. Finally,
it was shown in [2] that each abelian non-locally compact Polish group contains an
OF-undetermined subgroup (see also [9]). All these examples of OF-undetermined
groups were constructed by transfinite induction, and this led naturally to the problem
of finding more ‘real’ and palpable ZFC-examples distinguishing various sorts of
boundedness.

In this paper, many such examples are constructed using the filter approach (after
writing an initial version of this paper, we learned that a similar filter approach was
used also in [16] and [20]). All our examples are subsets of R, the countable product
of lines, endowed with the Tychonov product topology. The space R“ is a very
rich object and carries a wealth of algebraic structures. Besides the linear and group
operations, the space R“ has the operation of coordinatewise multiplication (that is, R
is a linear topological algebra with unity) as well as the operations of coordinatewise
maximum and minimum (that is, R is a linear topological lattice). We can thus speak
of algebraic subobjects of R” of many different types, including subgroups, convex
sets, linear subspaces, sublattices, linear subalgebras.

It will be convenient to think of elements of R“ as functions from w to R. For
every n € w, consider the seminorm || - ||, on R“ defined by ||x||, = max;<, |x(i)]
for x € R®. Given two functions f, g € R®, we write f < g (respectively f < g)
if f(n) < g(n) (respectively f(n) < g(n)) foralln € w, and f <* g (respectively
f <* g)if there is m € w such that f(n) < g(n) (respectively f(n) < g(n)) for all

n>=m.
By the growth of a function f € R“ we understand the function 1 f € R® defined
by + f(n) = || fll. for n € w. It is clear that 1 f is a non-negative non-decreasing

function. A subset A of R* is defined to be absolutely symmetric if for any a € A and
b e R”withtb < tawehave b € A.
The central objects of our study are the absolutely symmetric subsets of the form

®B;F)={xeR*:3be BIAF € FVn e F |x|, < |bl.},

where B C R® and % is a collection of subsets of .

If B = {b} for some b € R®, then we write ®(b; .F) in place of ®({b}; F). Also,
we write ®(F) in place of ®(id; &), where id € R is the identity function i +> i
fori € w. Thus

®F)={xeR?:IFe FVieF |x|; <i).

It is clear that if B ¢ B’ and % C £/, then ®(B; %) C ®(B';.%#'). If the
collection .# consists of infinite subsets of w, then the set ®(B; #) can be equivalently
defined as

®(B; F)={x € R?:3b e B IF € Z with |x| < br},
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where by € R” is the non-decreasing step-function assigning to eachi € w the number
be(i) = min{||bl; : j € F N [i, 00)} = |bllmincFrii.con-

For families %, ..., &%, C & (w) and a function b € R*, define by induction the
sets

®(b7‘glv '~'v‘%+|) - ®(®(b;yl9-~~’<%);‘%+l)

fori < n. We shall write ®(&#, ..., %#,) in place of ®(id; £, ..., £,). Itiseasy to
see that ®(b; Z, ..., F) = ®(b; F) whenever the family % is a filter.

The sets of the form ®(b; ) play a fundamental role in the class of 0.#-bounded
subsets of R®.

THEOREM 2. (1) A subset B C R* is 0g-bounded, where & is a semi-filter on w,
if and only if B C ®(b; [ F1) for some increasing function b : @ — w and some
finite-to-one map ¢ : v — w.

(2) A subset B C R” is o-bounded if and only if B is oy,.-bounded if and only if
B C ®(b; [w]®) for some b € R*.

Our interest in subsets of the form ®(B; #) can be explained by the following
theorem, which describes some algebraic and geometric properties of such sets, and
follows easily from the corresponding definitions.

THEOREM 3. Let B C R* and let F be a filter on w.

(1) Ifsup,cp e 1xlln = 00, then ®(B; F) is a dense subset of R®.

(2) Ifforallx,y € Bandt € [0, 1] thereexistsz € Bwitht t x+(1—1t) 1ty <* 1tz
then ®(B; %) is a convex subset of R®.

(3) Ifforall x,y € B there exists z € B with max{1 x, 1 y} <* 1 z, then ®(B; F)
is a sublattice of R*.

4) Ifforallx,y € B thereexists 7 € Bwithtx +1y <* 1z then®(B; F)isa
linear sublattice of R®.

(5) Ifforall x,y € B there exists z € Bwith t(x -y) +1tx+ 1ty <* 12 then
®(B; &) is a linear subalgebra of R®.

Next, we investigate the dependence of the topological and boundedness properties
of the set ®(B; %) on the properties of the set B and the semi-filter .#.

THEOREM 4. Let B C R” and let F be a semi-filter on .

(1) If the set B is a-bounded in R* (and % is a filter), then the set ®(B;, %) is
0 -bounded (and I -bounded) in R®.

2) If ®(B; %) # R, then B is o-bounded in R®,

(3) If the space B is analytic and % is a non-meager filter, then ®(B; ) is
og-bounded if and only if ®(B; %) # R® if and only if B is ¢ -bounded.
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(4) The set ®(B; F) is o-bounded in R if and only if either sup,,, ||bll, < oo for
each b € B or B is o-bounded and F is meager in [w]®.

Next, we study the topological and descriptive structure of the sets ®(B; %). We
recall that a topological space X is Baire if the intersection of any countable family
of open dense subsets of X is dense in X; we say that X is hereditarily Baire if each
closed subspace of X is Baire. It is known that each Polish space is hereditarily Baire
and that a coanalytic space (that is, a space of the projective class IT}) is hereditarily
Baire if and only if it is Polish (see [14, Corollary 21.21]).

THEOREM 5. Let B C R” and let ¥ be a semi-filter on w.

(1) The set ®(B; F) is a continuous image of B x & x (—1, 1)“.

(2) IfB, & € X! for somen € N, then ®(B; ¥) € T..

(3) If & is a non-meager filter on w, then the space ®(F) is Baire; moreover, the
closure A of any subset A C ®(F,) in ®(F) is a Baire space. '
(4) If & is a non-meager P-filter, then the space ®(F) is hereditarily Baire.

(5) The space ®(B; F) is not hereditarily Baire if B contains a function sequence
(bx)new With 1 b, <* 1 b,y for every n € w and such that for every b € B there is
n € w such that 1 b <* 1 b,.

It is well-known that each ultrafilter on w is non-meager (see [14, Exercise 8.50]
or {26]). Moreover, there are models of ZFC containing non-meager filters of projec-
tive class X (see [3] or [13]). Repeating the argument of Talagrand [21] (see also
[24, page 32]), we can prove that a semi-filter % on w is meager if and only if & lies
in a o-compact subset of [w]* if and only if there is an increasing number sequence
(Mp)kew € w® such that each F € # meets all but finitely many intervals [my, m,,).
A filter # is called a P-filter if for any countable subcollection &' C # there is
F € % such that the complement F \ F’ is finite for any F’ € #'. Ultrafilters that
are P-filters are called P-points. It is well known that P-points exist under Martin’s
Axiom, while there exist models of ZFC without P-points [26). Let us note that the
Fréchet filter §, of all cofinite subsets of w is a meager P-filter. The problem of the
existence of a non-meager P-filter seems to still be open (see [4, page 230]).

Theorems 2 and 4 will allow us to prove the following two important results
describing the interplay between various boundedness properties.

THEOREM 6. For a subset B C R®, the following conditions are equivalent:
(1) B is o0-bounded,
(2) B is II-bounded,
(3) B is Il g-bounded for some semi-filter
(4) B is Il g -bounded for any semi-filter &,
(5) B is og-bounded for some meager semi-filter F.
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THEOREM 7. (1) If & is a filter, then each og-bounded subset of R® is Ig-
bounded.
(2) Forany filters %1, ..., %, and any function b € R®, the union ®(b; F)U- - -U
®(b; £,) is Ij,-bounded in R”.

Now we apply Theorems 4 and 5 to sets of the form ®(.%).

COROLLARY 1. Let & be a semi-filter on w.

(1) ®(H%) is an absolutely symmetric dense o g -bounded subset of R®.

(2) If & is afilter, then ®(F) is a 1 g-bounded convex sublattice of R®.

(3) ®(&F) is o-bounded in R® if and only if the semi-filter F is meager.

4) If & is a non-meager filter on w, then the set ®(F) is OF g -undetermined and
Baire.

(5) If # is a non-meager P-filter, then the space ®(F) is hereditarily Baire.

In the case when & = [w], the set ® (&) gives us an interesting example of an
o-bounded subset.

PROPOSITION 1. The set ®([w]®) has the following properties.

(1) ®&([w]®) is a dense absolutely symmetric Gs-subset of R®.

2) ®(lw]”) is 0-bounded and o\,.-bounded.

3) ®([w]®) is not I-bounded.

(4) Forany filter F, the set ®([w]®) is not 0.2 -bounded.

(5) The product B x ®([w]®) with a subset B C R” is 0-bounded in R” x R* if and
only if B is o-bounded in R®.

As observed earlier, we have ®(®(F); %) = ®(F, &) = ®(F) for any filter F.
If Z is a non-meager filter, then by Corollary 1 (4) the set B = ®(%) is OF -
undetermined, that is, Iz-bounded but not Il#-bounded. In particular, B is not
o-bounded, while ®(B; ¥) = ®(F) = B is Ig-bounded. This shows that the
analyticity of the set B in Theorem 4 (3) is essential.

Now we apply Theorems 3-5 to subsets of the form A(F) = ®({id"},cn; F),
where id" is the map i +— i" for i € w. Note that when & = §,, the set A(F)
coincides with the set of all functions of polynomial growth. In the particular case of
the sets A(Z), Theorems 3-5 imply the following.

THEOREM 8. Let F be a filter on w.
(1) A(F) is a dense absolutely symmetric linear sublattice and subalgebra of R®.
(2) A(&F)is a lg-bounded subset of R®.
(3) If & is meager, then A(F) is a o-bounded subset of R®.
(4) If F is non-meager, then A(F) is a Baire OF g-undetermined subset of R”.
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(5) If # is a non-meager P-filter, then A(SF) contains the absolutely symmetric
dense convex hereditarily Baire sublattice ®(.F).

(6) The space A(F) is not hereditarily Baire.

(7) The space A(F) is a continuous image of  x N x (—1, 1).

(8) If # € ) for somen € N, then A(¥) € L.

Since each ultrafilter is non-meager [26] and there are models of ZFC containing
non-meager filters of projective class X; (see [3] or [13]), Theorems 8 implies the
following corollary, resolving Problem 5 of [11].

COROLLARY 2. The countable product R® contains a Baire OF -undetermined linear
subalgebra. It is consistent to assume that this subalgebra belongs to the projective
class Z3.

It is interesting to remark that under the principle of Projective Determinacy, each
projective subset of a Polish group is OF-determined (this follows [1, Proposition 4]
and [14, Exercise 38.18]). Thus the existence of a projective OF-undetermined subset
of R“ is undecidable in ZFC.

Next, we consider Problem 3.2 of [22], concerning products of (strictly) o-bounded
groups. Answering a part of this problem, it was shown in [2] that the product G x H
of two II-bounded topological groups is II-bounded. Moreover, the product G x H
of a II-bounded group G and an o-bounded group H is o-bounded. For products of I-
or o-bounded groups the situation is different. Assuming the existence of two filters
that are not near coherent, we shall construct two I-bounded subalgebras of R“ whose
product is not o-bounded in R” x R* and whose sum in R® coincides with R®.

Families %, ..., %, C % (w) are called near coherent if there is an increasing
number sequence (m;)re, € @® such that for any elements F, € &,..., F, € &,
there is k € w such that [m,_q, meyy) N F; # @ for all i < n. Near coherence of
filters was introduced and studied in detail by Blass in [5, 6]. The statement that any
two filters on w are near coherent is known in set theory as NCF; NCF is false under
Martin’s Axiom [5], but there are models of ZFC in which NCF is true [7, 8]. Note that
the Talagrand characterization [21] of meagerness quoted earlier implies that meager
(semi-)filters %, ..., %, are near coherent.

THEOREM 9. For (semi-)filters #\, ..., %, the following conditions are equiva-
lent.

(1) The (semi-)filters #,, ..., %, are near coherent.

(2) For any function b € R” the product ®(b; #,) x - -- x ®(b; #,) is og-bounded
in (R®)" for some (semi-)filter % .

(3) The product A(F)) x --- x A(ZF,) is o-bounded in (R®)".

(4) The product ®(F) x --- x ®(F,) is o-bounded in (R®)".
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(5) The sum ®(F)) + - - + ®(%,) is o-bounded in R*.
6) ®(F)+ -+ ®F,) #R~.

Moreover, if #,, ..., %, are filters, then the conditions (1)—(6) are equivalent to the
Sollowing.

(7) There is a permutation o of {1, ..., n} such that for any function b € R the set
®b; Fotys - - - » Fomy) is 0z-bounded for some filter F.

(8) There is a permutation o of {1, ..., n} such that ®(%, ), . - ., Fow)) # R®.
(9) The union ®(F)) U --- U ®(F,) is og-bounded for some filter F.

Theorems 9 and 7 imply the following.

COROLLARY 3. Under the negation of NCF, there are two I-bounded subalgebras
Ay, A, of R” such that

(1) the product A| x A, is not o-bounded in R” x R®;

(2) the sum A, + A, coincides with R®;

(3) the union A, U A, is I, »-bounded in R®;

(4) the union A, U A, fails to be o g -bounded for all filters F.

After writing this paper, we learned that a result similar to Corollary 3 had been
obtained in [16] and [20, Section 5]. Specifically, under CH two o-bounded linear
subspaces L, L, C R® were constructed whose sum L, 4+ L, equals R”. In fact,
the spaces L, L, have the Menger property, which is stronger than o-boundedness.
Another result of this sort can be also found in [25].

It turns out that additional set-theoretic assumptions of some kind, such as those
in [16] and Corollary 3, are essential: under NCF the product of two o-bounded
subrings of R* is o-bounded. Indeed, this result is true for what we call mixable
subsets of R“.

We shall say that a subset X of R“ is mixable if there exists a non-decreasing
function f : [0, 00) — [0, 00) such that for any x, y € X there is z € X such that
f otz ="max{tx, 1 y}. Many examples of mixable subsets of R“ are supplied by
subsets of R“ closed with respect to certain algebraic operations. For example, any
subring of R” is mixable, because /x2 + y?> > max{|x|, |y|} for any x, y € R“. An
additive subgroup G of R* is mixable if it is | - |-closed, that is, if |x| € G for each
x € G. Inits turn, since |x] = max{x, —x}, each sublattice L of R“ is | - |-closed
provided it is centrally symmetric in the sense that —x € L for each x € L. We do
not know however if every additive subgroup of R“ is mixable. Mixable o-bounded
subsets of R have the following remarkable property.

PROPOSITION 2. A mixable subset X C R® is o-bounded in R® if and only if it is
0g-bounded in R® for some filter # on w.
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This proposition will help us to characterize NCF in terms of preservation of o-
boundedness by products. It is interesting to compare our characterization (resulting
from Theorems 2, 7, 9) with the characterizations of NCF presented in [6].

THEOREM 10. The following conditions are equivalent.

(1) NCF is true (that is, any two filters on w are near coherent).

(2) The product X x Y of o-bounded mixable subsets X, Y C R® is I2-bounded in
R® x R® for some filter ¥ .

(3) The product X x Y of o-bounded centrally symmetric sublattices X, Y C R is
Iz-bounded in R® x R* for some filter F.

(4) Theproduct X xY of o-bounded |-|-closed sublattices X, Y C R” isIg-bounded
in R x R® for some filter #.

(5) The product X x Y of o-bounded | - |-closed additive subgroups X,Y C R® is
I z-bounded in R” x R® for some filter F.

(6) The product X x Y of o-bounded subrings X, Y C R® is I g-bounded in R x [R.“’
for some filter .

(7) The product X X Y of o-bounded linear subalgebras X, Y C R® is Ig-bounded
in R® x R® for some filter F.

(8) For any filters %,, %, on w, the product A(F,) X A(%,) of the I-bounded
subalgebras A(Fy), A(F,) of R” is o-bounded in R x R®.

(9) Forany filters F,, %, on w, the sum A(F)) + A(F,) # R®.

Finally, let us ask a question suggested by the above results. We have explored
subrings of R*, but we know nothing about subrings of the countable product C* cf
the complex plane C.

QUESTION 1. Is every o-bounded subgroup (subring) of C* mixable? I-bounded?
0g-bounded for some filter F?

Filter games and properties of the sets ®(B; %)

Now let us pass to proofs of our results. We start from the proofs of certain
statements concerning the interplay between the game OF ¢ on subsets of R and the
filter games considered in [17] and [18].

First we make precise the notions of a game and of a strategy in a game. From
the most general point of view, the games we consider in this paper can be described
as follows. Suppose that we are supplied with sets X, ¥ and a subset ¢ of the
product X“ x Y* (® can be thought of as some property of pairs of sequences
((xn), (y,)) € X*® x Y?). Two players, I and II, choose at every step n € w a
point x, of the set X and a point y, of the set Y, respectively. At the end of the
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game, player Il is declared the winner if the constructed sequences (x,)ne and (¥, )rew
have the property @ (equivalently, the pair ((x,)ncw. (Vn)new) belongs to the set ®);
otherwise, player I is declared the winner. The sets X and Y are called the sets of
admissible moves of I and 11, respectively. Thus the game can be identified with the
subset & C X x Y*.

A strategy of 1l in the game ® C X® x Y“ can be thought as a function
$u: X<“ > Y, where X< = [ J,_, X" stands for the family of all finite sequences of
elements of X (including the empty sequence). Plaver Il plays according to a strategy
$u: X<¢ —> Y if v = Su(xo, . .., x;) for each k € w and each (xg, ...x) € X**1. A
strategy $;;: X< — Y of Il is winning in a game & C X“ x Y* if for any infinite
sequence (X,),eo € X the pair ((X,)new> (¥n)new) belongs to & whenever II plays
according to the strategy $y;.

Dually, a strategy of I in a game & C X“ x Y* is a function $;: Y<“ — X, and
player I plays according to a strategy $; if x; = $;:(3o, ..., »~1) for each k € @ and
Yoy - -» Yi—1) € YX. A strategy $;: Y<® — X of I is winning if for any infinite
sequence (Vi)iew € Y the pair ((X,)necws (Vn)new) fails to belong to © whenever 1
plays according to the strategy $,.

Let X be a set. For a finite sequence o0 = (xp, ..., x,) € X<“ and a point x € X,
let [o| denote the length n 4+ 1 of ¢ and write 0"x = (xq, ..., x4, x). By [X]* we
denote the family of all infinite subsets of X and by [X]<* = £22(X) \ [X]* the family
of all finite subsets of X.

We shall reduce our game OF 5 to the game &(2’, [w]=“, Z) considered in [17]
and [18]. Given subsets Z°, 2 C P(w), the game &(Z, [w]<*, &) is defined as
follows. Atevery step k € w, two players, I and II, choose an element X; € £ and a
finite subset s, C X, respectively. At the end of the game, II is declared the winner
if Ue, sk € Z.

We shall exploit the following two results proven in [17, Theorems 2.11 and 2.15].
(We recall that §, stands for the Fréchet filter of all cofinite subsets of w.)

LEMMA 1 (Laflamme [17). Let F be a filter on w.

(1) I has a winning strategy in the game &(3§,, [w]=*, &) if and only if the filter F
is meager.

(2) I has no winning strategy in the game &(F, [w]*“, F) if and only if F is a
non-meager P-filter.

To reduce the game OFz on ®(b; %) to the game &(F,, [w]<?, #), we shall
consider two intermediate games: OC ¢ (abbreviated from Open-Compact) and LH ¢
(abbreviated from Length-Height) on subsets of R.

For a family &% C £ (w), the game OC # on a subset B of a topological group G is
defined as follows. Two players, I and 11, at every step n € w choose a neighborhood
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U, € A (e) and a compact subset K, of G, respectively. At the end of the game, II
is declared the winner if B C Urcg [yep(r) K» - Un for some finite-to-one function
@ : w — o (recall that .4 (e) is the family of all neighborhoods of the identity e of
the group G). We denote by % (G) the collection of all compact subsets of G.

LEMMA 2. For a family & C P (w), the player I has a winning strategy in the
game OF g on a subset B of a topological group G if and only if I has a winning
strategy in the game OCgz on B.

PROOF. The ‘if’ part is trivial and follows from the compactness of finite subsets
of G. To prove the ‘only if” part, assume that $: ([G]<*)<® — .4 (e) is a winning
strategy of I in the game OFg on B. Fix a function g: A4 '(¢) — .4 (e) such
that g(U) - g(U) C U for any U € A4 (e) and, using compactness, fix a function
[ H(G) x A (e) > [G]** such that K C f(K, U)U for any (K, U) € X (G) x
A (e). '

We define a strategy $: ¢ (G)=® — A4 (e) of Lin the game OC ¢ by induction, by
setting $(2) = g($(9)) and

$(Ko, ..., Kn) = g 0 $(f (Ko, $@)), f(K1, $(Ko)), ..., f(Kn, $(Ko, ..., Kns1)))

for (K,, ..., K,) € J(G)<*. Let us show that $isa winning strategy. Fix any
infinite sequence (K,)neo € ¥ (G)* of compact subsets of G. We need to show
that for any finite-to-one function ¢ € w®, we have B ¢ Urcg Nuepiry Kn - Uns
where U, = i(Ko, ..., K,_1) forn € w. For every n € w consider the finite subset
F. = f(K,, U,) of G. Since $ is a winning strategy, B ¢ Jp 5 Mreory Fr * Vos
where V, = $(Fy, ..., F,_)) for n € w. Observe that

g(Va) = go$(Fo, ..., Fort) = g 0 3(f (Ko, Vo), - .., f(Kn-t, Un-1))
=$(Ko, ..., Koey) = U,
Then for each F € #, we have
() &-UsC () (f(Ka, U -Un) - U,

nep(F) nep(F)

=) F-gV)-gVa) C [] Fu:Va,

nep(F) nep(F)

and since B & Urcg(Nnepiry Fn- Var We conclude that B ¢ Jro o aepr) Kn-Un. O

Next, given a family # C £?(w) we consider the game LH ¢ on a subset B C R,
defined as follows. Two players, I and II, choose at every step k € @ two numbers n,
and m,, respectively. At the end of the game, II is declared the winner if there is a
finite-to-one function ¢ : @ — w such that for every x € B there is F € # such that
Ix|ln, < myforall k € (F).
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LEMMA 3. Let & C P(w). If player I has a winning strategy in the game OC 5
on a subset B of R®, then I has a winning strategy in the game LH z on B.

PROOF. Fix a winning strategy $: £ (R”)<® — .47(0) of I in the game OC % on
a subset B of R, Let!: .4 (0) — w be a function assigning to each neighborhood
U € A (0) anumber [(U) € w such that BI(U)(O) C U, where B,(e) = {x € R¥:
lxll, <€} }

Define a strategy $: w<“ — w of I in the game LH & on B by setting

é(mo, cooomy) =1o$([—mo, mol®, ..., [—my, m]®)
for (mo, ..., my) € @=°. We claim that $ is a winning strategy for I in the game LH ».
To show this, take an arbitrary infinite sequence (m;);c, € w® and let ng = $(¥) and
ny = $(my, ..., m,_y) for k > 0. Given a finite-to-one map ¢ : @ — w we have to

find a function f € B such that for any F € % there isa k € ¢(F) with || f|l,, > mi,.

For each F € % and k € @(F), let C, = [—my,m]® C R® and U; =
$(Cq, ..., Ci_y). Observe that [(Uy) = [ 0 $(Cy, ..., Ci_)) = ny, and thus C; +
B,(Uk,(O) = {x € R¥ : ||x]|,, < my;}. Since $ is a winning strategy for I in the game
OC gz, there is f € B such that f ¢ ﬂkewm C; + U, for any F € #. Hence there is
kep(F)with f ¢ C, + U, D C, + 1_3,<UU(O), and it follows that || ||, > ;. O

LEMMA 4. For any non-meager filter F on w and any function b € w®, the first
player has no winning strategy in the game LH z on the subset ®(b; %) of R.

PROOF. Assume that $ : w=“ — w is a strategy of I in the game LH on ®(b; #)
for some non-meager filter % on w. To show that $ is not winning we have to find
an infinite number sequence (M )ie, € @ and a finite-to-one map ¢ : @w — w such
that for every function f € ®(b; %) there is F € & such that || f|,, < m; for all
k € @(F), where n, = $(my, ..., my_1). To construct such a sequence (m;), we
shall use the absence of a winning strategy for I in the game &(F,, [w]**, F) (see
Lemma 1 (1)). Define astrategyé: (lw]**)*® — F, forlinthe game B(F,, [w]**, F)

by letting
$Cs0, .- 5) = {n € @ :n > max{$([bllmaxso - - -+ 15 lmaxs,), Max s} }
for each sequence (s, . . ., ;) of finite subsets of w. Since $isnota winning strategy

for Lin the game &(§,, [w]=*, F), there is an infinite sequence (s;)xe, Of finite subsets
of w such that | J,_,, sx € & and s, C $(so, ..., 5_,) forall k € w.

For every k € w, let my = ||b|lmaxs, and ny = $(mq, ..., m;_,). Then from the
fact that s, C i(so, ..., 8_1), we have mins; > max{n;, maxs;_;} for all k € w.
Therefore, the family {s;}«c, is disjoint and we can find a finite-to-one function
¢ : w — o such that s, C ¢~!(k) for every k € w.
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Fix any function f € ®(b; ¥), and choose F € % such that || f]; < ||b]}; for
alli € F. Since & is a filter and |, s« € &, we can assume that F C |, S-
Then for any k € ¢(F) we can find i € 5; N F and conclude that || f|l,, < IIfl; <
16l; < bllmaxss = M. This means that the strategy $ of I is not winning in the
game LH . O

We say that a space is nowhere locally compact if none of its points has a compact
neighborhood. For the proof of Theorem 4 (3) we shall need the following.

LEMMA 5. If the set B is a closed nowhere locally compact subset of R®, then
®(B; #) = R” for every non-meager filter # on w.

PROOF. Assume that % is a non-meager filter and B is a closed nowhere locally
compact subset of R“. To show that ®(B; %) = R, fix any function x € R and
find a function f € w® such that || x|, < || fll» forall n € w. For a subset A C R®
and n € o, let diam,(A) = sup, ., llx — yll, and [|A}l, = sup,, llalix.

Repeating the standard inductive argument (see [14, Section 7.C]), assign to each
finite number sequence o0 € w<* an open subset U, C B and a number /() € w so
that for every 0 € w=“ and i € w the following conditions hold:

(1) Upni C Uy
(2) diamye)(U,n) < 277" and [[Uonillioy > £ + 15
(3) l(o™i) > (o) and diamyyn,y (Usr) = 0.

Next, define a strategy $: ([w]=*)<® — §, for I in the game &(F,, [w]<*, &) by

letting

$(30v LI} Sk) = {n cew:n _>. l("f”maxso’ ey ”f“maxsk)}

for each sequence (s, ..., s) of finite subsets of w. By Lemma 1 (1), $ is not a
winning strategy. This means that there exists a sequence (s;)ke, Of finite subsets of w
such that Ukew sy € F and s, C $(sg, ..., 5.1 forall k € w. For every k € w, let
My = || fllmaxs, and ax = (mo, ..., my). Since B is closed in the complete space R®,
the intersection (), Uy, contains a point b € B. We claim that || f{|, < ||b||, for
all n € U,e, St Indeed, given n € | J,., s find k € w such that n € 5. Since

S C 8(s0, .+ vy k=) = [L(ok-1), 00), we find n > I(0x—1) and
16l = 1Blliwi-n = NUs, 1o,y — diamy,_,(Us,)
>mp+1— 271kl = mg = ”f”maxsk > [l

Thus || fll. < |5l for all n € | J,,, Sk, as claimed. Finally, since we have [ix||, <
Il fli. for all n € w, it follows that x € ®(B; &), as required. a

We now prove another difficult lemma, which will be used in the proof of statements
(3) and (4) of Theorem 5.
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LEMMA 6. Assume that & C &' are two filters on w such that I has no winning
strategy in the game &(F, [w]=®, F'). Then for any subset A C ®(F), the closure
A of A in ®(F') is a Baire space.

PROOF. We have to verify that the intersection ﬂ en Ux of any decreasing sequence
(Ui)iken of dense open subsets of A is dense in A. It suffices to verify that for any
non-empty open subset Uy C A, the intersection (Miew Ux is non-empty.

Fix any function hy € Uy N A. Since Uy is a neighborhood of A4 in A, there
are [(#) € w and (@) > 0 such that x € U, for any function x € A satisfying
lx — hglligy < €(B). Since hy € A C ®(F), we can find a subset F(#) € & such
that F(3) C [I1(@) + 1, o0) and | hy|l, < n for all n € F(9).

By induction over the tree @w=*, assign to every finite sequence o € w=* a function
h, € A,aset F(o) € &, anumber l(0) € w, and real positive numbers £(o), 5(c)
such that the following conditions hold for every o € @< and i € w:

(1) 8(o™i) <8(o) and 8(o ™) < 3 minjereyno.a(J — ol

() hori € ANUpgry and [lhgo; — bl < 27" minfe(0), 8(c"1));
(3) e(@™i) < ¢(o);

(4) forall x € A, |x — honilliony < £(0i) implies x € Ujgay;

(5) Nhonill; < jforall j € F(o"i);

(6) max{i,l(c"i)} < min F{c"i).

Define a strategy $: ([w]**)<® — & for I in the game &(F, [w]~*, F') letting
$(so, ..., 5:) = F(maxs,, ..., maxs) for (s, ...,s) € ([w]**)<*. According to
our hypothesis, $ is not a winning strategy of 1. Hence there is a sequence (s¢)xew Of
finite subsets of w such that Uke, Sk € F' and s C $(s0, ..., 54-y) forall k € w.

For every k € w, let m; = maxs, and o, = (my, ..., m,;). Consider the function
sequence (h,, Jren C A. The condition (2) implies that this sequence is Cauchy in R,
and thus has a limit &, € R®. Let us show that ||As|l; < i foralli € | J,, s¢. Given
arbitrary i € F' = |, 5 find k € w with i € 5. Since i € s, C $(s0, ..., 5-1) =
F(o¢_1) and i < max s, = my, we have

lheolli < Nhoilli + oo = hop,lli < Nho,, Il + Z Ao, = ho,,llm,

p=k

— 1 — 1
< Mo lli 4 580p) < o lli + Y 5558(00)
p=k p=k

1. 1. .
< Mo i + 8000 < Nlho Ml + 56 = llho M) = ZG + o[l <,

and thus A € ®(F'). Since hy, is the limit of the sequence (A4, )i C A, We have
he € A.
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Now it remains to verify that ho, € U, = Uy, forall k € w. By (4), it
suffices to show that (A — ks, i@,y < €(0k—1). But using the fact that [(o;_;) <
min F(oy_,) < mins; < my, we find

(oo} o0
Moo = o iy < D Mo, = oy Moy < D Mo, = B, llm,
p=k

p=k
=1 =1
< Z We(ap—l) < Z 2p+15(0k—1) < &(0k-1),
p=k p=k
and the proof is complete. O

In our subsequent considerations, we shall often need the following simple but
useful result.

LEMMA 7. For any o-bounded subset B C R®, there is an increasing function
b € w* such that ®(B; F) C ®(b; F) for every semi-filter F.

PROOF. Write B = |, Bx, Where (B,).c, is an increasing sequence of bounded
subsets of R”. Let b(—1) = 0, and for every n € w fix by induction any b(n) >
b(n — 1) with b(n) > sup{||x|l, : x € B,}. Clearly, b is validly defined. To prove
that ®(B; #) C ®(b; F#) for any semi-filter &, fix any function x € ®(B; F)
and, by the definition of ®(B; %), find a function y € B and a subset F € &
such that ||x||; < |lyll; for all i € F. Next, find n € N such that y € B, and let
F'=FN[n,00) € Z. Then ||x|; < |lyll: < b(i) = ||b]|; forall i € F’, and thus
x € ®(b; F). O

In the sequel we shall need a characterization of meager semi-filters which gener-
alizes the Talagrand characterization of meager filters [21] and can be proved by the
same argument (see [24, page 32}).

PROPOSITION 3. Fora semi-filter &, the following conditions are equivalent:

(1) % is meager in P (w);

(2) % lies in a o-compact subset of [w]“;

(3) there is an increasing number sequence (m;) such that each F € & meets all
but finitely many intervals [m;, m;,,).

Proofs of main results

PROOF OF THEOREM 2. (1) First, assume that the set B is 0 #-bounded in R®. For
every n € w consider the open neighborhood U, = {x € R“ : ||x||, < 1} of the origin
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of R”. Since the set B is 0 #z-bounded in R there is a sequence (F},) ., of finite subsets
of R* and a finite-to-one function ¢ € w” such that B C Ureg MNpepcr Fn + Un- We
claim that B C ®(b; ¢[F1), where b(n) = 1 + max{||x|l, : x € F,},n € w.

Take any x € B, andfind F € % suchthatforeveryn € ¢(F)wehavex € F,+U,.
Then || xf|, < b(n), and hence x € ®(b; p[F)).

Next, assuming that B C ®(b, ¢[.#]) for some function b € R and some finite-
to-one function ¢ € w®, we shall show that the set B is o g-bounded in R”. Let
(Up)kew be a sequence of neighborhoods of the origin of R“. For every & € w, find
ny € wand g; > 0 such that B,,k (60) C Uy, where B, () = {x € R® : ||x|l. < &}. We
can assume that n,,, > n; for all ¥ € w. Now for every k € o find a finite subset
Fi C R® such that {— 1 b(ne41), 2 b(nes1)]” C Fi + By (8). Let ¥ € w® be the
finite-to-one function defined by ¥~ (k) = [ny, nyyy) fork € w.

We claim that B C {Ureg Nieyopr F + Ur. Take any x € B C ®(b; ¢[F]) and
find F € & such that 1 x(i) < 1b(@) for all i € p(F). Since F is a semi-filter
and ¢ is finite-to-one, we can assume that min ¢(F) > no. In this case, for every
k € ¥ o (F) we can find a number i € [ny, ngyy) O (F). Then

x € [= 1 b(), 1 b()]° + Bi(0) C [~ 1 b(nesr), 1 b(es)” + Bo, (0)
C Fi + B, (&) + B,,(0) = F, + B, (&) C Fx + Us.

Hence B C Urcg MNiey oy Fr + Uk, and so B is 0.#-bounded.

(2) In light of the previous item, to prove the second statement of Theorem 2,
it suffices to verify that each o-bounded subset B C R“ is oy,.-bounded. Fix a
sequence (U,),e. of neighborhoods of the origin of R“. Since the set B is o-bounded
in' R®, for every k € w there is a sequence (F¥),, of finite subsets of R“ such
that B C J,., F¥ + U,. Forevery k € o, let F, = (J,., F¥, and note that
Bc,., F*+ U, c U,., Fn+ U,. Then for every x € B there is an infinite subset
S C w such that x € F, + U, foreach n € S. Hence B C Ugeiupe MNpes Fr + Uns
which means that the set B is oj,j.-bounded. a

PROOF OF THEOREM 4. Let B C R“ and % be a semi-filter on w. It will be
convenient to start with the last assertion of the theorem.

(4) We must show that ®(B; %) is o-bounded if and only if either sup,,., |bll. < oo
forall b € B or B is o-bounded and % is meager.

If sup,., |bll. < oo for all b € B, then the set ®(b, F) consists of bounded
functions and hence is o -bounded in R”. Next, assume that the set B is o-bounded and
the semi-filter # is meager. By Lemma 7, ®(B; #) C ®(b; %) for some increasing
function b : @ — w. Using Proposition 3, find an increasing number sequence (rm;)
such that each element F € % meets almost all half-intervals [m;, m;,,). Consider
the increasing function f : @ — o defined by f(i) = b(m;y;) fori € w. The
o-boundedness of the set ®(b; #) will follow as soon as we show that t+x <* f
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for every x € ®(b; #). Indeed, given any x € ®(b; #), find F € £ such that
x|l < b(i) for all i € F. Next, find iy € w such that F N [m;, m;,;) # @ for all
i > iy. Then for any k > m,, there is a number i > i, with k € [m;, m;,,) and an
element n € F N [m;,y, m;;,). Observing that

Ixlle < llxlla < b(n) < b(mis2) = fGE) < f(m) < f(k),

we conclude that 1+ x <* f.

Now assume that the set ®(B; #) is o-bounded and sup,_, ||5], = oo for some
b € B. We have to show that the set B is o-bounded and .# is meager. Using the
o-boundedness of the set ®(B; %), find an increasing function f : @ — w such that
t+x <* f forany x € ®&(B; F). Let my = 0, and by recursion define an increasing
number sequence (m;) by setting m;,; = min{k € w : {|bll, > 2f(m;)}. We claim
that each element F € % meets almost all half-intervals {m;, m;,). Replacing F by
F 0 [n, 00) for sufficiently large n, if necessary, we can assume that || b}|; > 0 for all
i € F. Then the function br/2, where br(i) = ||b|imin Frp.c)» belongs to ®(B; F),
and thus bg/2 <* f. Find i € w such that bp(k) < 2 f (k) for all kK > m,,. We claim
that for every i > i, the set F meets the half-interval [m,, m;,). Indeed, assuming
that F N [m;, m;,,) = O for some i > iy we would get b(m;.,) < bp(m;) <2f(m;),
which contradicts the definition of m;,,. Therefore F meets all the half-intervals
[m;, m;1) fori > iy, and by Proposition 3, the semi-filter % is meager.

It remains to show that the set B is o-bounded. Observe that for any b € B the
function b/2 belongs to ®(b, &), and thus b/2 <* f. This is equivalent to saying
that b <* 2 f for each b € B, and we conclude that B is o-bounded in R*.

Now we are able to prove the first item of Theorem 4.

(1) If the set B is o-bounded in R“, then we can apply Lemma 7 to find an
increasing function b € w® with ®(B; #) C ®(b; ¥). Applying Theorem 2, we
conclude that the set ®(b; %), and therefore the set ®(B; %), is 0 #-bounded.

Now we show that ®(b; F) is Igz-bounded if F is a filter. If the filter & is
meager, then ®(b; F) is o-bounded according to item (4). Consequently, the set
®(B; #) C ®(b; F) is o-bounded and hence is Igz-bounded. If the filter Z is
non-meager, then Lemmas 2—4 imply that the first player has no winning strategy in
the games LHg, OC4# and OF 2z on ®(b; .%). This implies that the set ®(b; #), and
hence the set ®(B; %), is 1 z-bounded.

(2) To prove the second item of Theorem 4 it suffices to verify that a subset B C R“
is o-bounded provided ®(B;§,) # R®. Fix any function f € R* \ ®&(B;F,). We
claim that B C ®(| f| + 1; [w]®). Indeed, let b € B. Then for each cofinite set F C w
there exists n € F such that || f||, > ||b]|,, and it follows that there exists an infinite
set F' C w such that || ||, > ||b]l, for all n € F’. This implies immediately that
b e ®(f]+ 1;[w]®), and so we have B C ®(| f| + 1; [@]®), as claimed. It follows
from this, by Theorem 2, that the set B is o-bounded.
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(3) Assume that B is an analytic subspace of R” and .# is a non-meager filter. If
the set B is o-bounded, then by item (1), the set ®(B; #) is o #-bounded in R*, and
thus ®(B; #) # R“. If B is not o-bounded, then B contains a subset B’ C B which
is nowhere locally compact and is closed in R (see [14, Corollary 21.23]). In this
situation we can apply Lemma 5, and conclude that

R =®B; &) C®B;Z%)=R
and that in particular ®(B; %) is not 0 #-bounded. O

PROOF OF THEOREM 5. Let B C R“ and % be a semi-filter on w.

(1) Recall thatforb € R“ and F € [w]®, we denote by bf the function in R® defined
by br(i) = |blimincFriiooy for all i € w. It is easy to check that the mapping R* x
[w]® — R* defined by (b, F) — br is continuous, and it then follows immediately
that the map W: R x [w]® x (-1, 1)* — R® defined by ¥V: (b, F,t) +> t - br is
also continuous, where ¢ - br is the coordinatewise product of the functions ¢ and by.
Clearly, the space ®(B; %) is the image of the product B x % x (-1, 1)® under W.

(2) If B,# € X! forsome n € N, then B x & x (—1,1)* € X! (see [14,
Proposition 37.1]), and ®(B; %), being a continuous image of B x % x (—1, )¢,
also belongs to the class T..

(3) If & is a non-meager filter, then by Lemma 1 (1) the first player has no winning
strategy in the game &(3,, [w]=*, #). Applying Lemma 6, we conclude that the
closure A of any subset A C ®(§,) in ®(%) is a Baire space. In particular, the space
®(F), being the closure of ®(F,), is Baire.

(4) If Z is a non-meager P-filter, then by Lemma 1 (2), the first player has no
winning strategy in the game & (%, [w]=%, &). Applying Lemma 6, we conclude
that the closure of any subset A C ®(F) in ® (%) is a Baire space. The space ®(.%)
is thus hereditarily Baire.

(5) Suppose that (by)rew C B is a sequence of unbounded functions such that
t by <* 4 by, forall k € w and such that for every b € B there is k € w such that
+b <* 1 b;. Letly = 0. By induction, construct an increasing number sequence
(l)rew € w” such that for every k € w and every i > [, we have 1 by_;(i) < 1 b (i)
(which is equivalent to [|by—y|l; < ||bell;). It follows that for every k < n and every
i > 1, we have [[bell; < [|ball;.

Given a subset A of w, consider the function f4 € R“ defined fori € wby fa(i) =
[|b:]l:» where k € w is chosen to satisfy the condition max ([0, iJN(AU{0})) € [k, liy1).
We claim that f, € ®(B; %) if and only if the set A is finite,

Assuming that A is finite, find £ € o such that max(A U {0}) € [, li+1), and
observe that | f4(i)| = ||billi < l|besill; for all i > L. This yields f, € ®(B; %).

Next, assume that the set A is infinite. To show that f, ¢ ®(B; %) it suffices
for every b € B to find m € o such that || f4]l; > ||bll; for all i > m. Given
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arbitrary b € B, find p € w such that 1b <* 1b,. Next, find g > p such that
AN, l;+1) #9and +b@i) < 1b,(i) foralli > I,. Given arbitrary i > [ ,, find
k € w such that max([0, i] N (A U {0}) € {Ix, lx+1), and observe that k > g > p and
N falli 2 1 fa@] = bl = 1B, ll: = 1151

Now consider the map ¥: 2(w) — R® assigning to each subset A C w the
function f,. Itis easy to see that the map W is continuous. We have already proved
that ¥ (L (w)) N ®(B; ¥) = ¥([w]=*), and thus ¥ ([w]<*) is a countable closed
subset of ®(B; F) because the set W(HF(w)) is compact. It remains to observe
that the space W ([w]<*) has no isolated points and that W ({w]<*) is thus a closed
meager subspace of ®(B; & ). This implies that the space ®(B; &) is not hereditarily
Baire. O

PROOF OF THEOREM 6. The implications (1) implies (5), (1) implies (4), (4) im-
plies (3), and (3) implies (2) are trivial.

Though the implication (2) implies (1) follows from Theorem 1 (1) we give a short
proof to make the paper self-contained. So, suppose that B is a II-bounded subset
of R“ and let $ : A7 (0)<“ — [R“]< be a winning strategy of the second player in
the game OF on the set B. Foreveryn € w,let U, = {x € R? : ||x||, < 1}.

Our crucial observation is that

be U m$(Un|s---»UnuUm)+Um

(1. ) EW=? mEW

for every b € B. Indeed, assuming that this is false, we can construct by induction an
infinite sequence (n;)ie, € @® such that b ¢ $(U,,, ..., U, ) + U, forevery k € w.
Thenb ¢ Ukew $(U,,, ..., Uy,)+U,, which shows that the strategy $ is not winning,
a contradiction. Hence B is contained in the set

U  N$W. .. U Un) + Un,

ny,...m JEW<Y meEw
which is the countable union of the bounded subsets ﬂmew $SWas .., Un,, Up) + Up,
of R® for (ny,...,n;) € @<

(5) implies (1): Assume that a set B C R“ is o#-bounded for some meager semi-
filter #. By Theorem 2, B C ®(b; ¢[#]) for some b € w” and some finite-to-one
function ¢ € w®. The o-boundedness of the set ®(b; p[F]) will therefore follow
from Theorem 4 (4) as soon as we prove that the semi-filter p[.# ] is meager.

By Proposition 3, the semi-filter #, being meager, lies in a o-compact subset
K C [w]®. Consider the map P (p) : P(w) > P (w)definedby L (p)(A) = ¢(A)
for A € & (w). Since ¢ is finite-to-one, & (¢)([w]”) C [w]“. The continuity of & (¢)
implies that the set & = {¢(F) : F € &} is o-compact in [@]®. Finally, observe that

pF1Ct¥Y =(ECw:3L € LwithL C E}
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and that the set $.Z is o-compact in [w]”. Applying Proposition 3 to the semi-filter
¢[#], we conclude that it is meager. O

PROOF OF THEOREM 7. (1) Suppose that B C R is 0 2 -bounded for some filter & .
Applying Theorem 2, find a function b € w* and a finite-to-one function ¢ : v - w
such that B C ®(b; ¢[Z#]). Since ¢[#] is a filter, we can apply Theorem 4 (1) to
conclude that the set ®(b; 9[#]) is I, #)-bounded and hence Iz-bounded, and that
the subset B C ®(b; ¢[F)) is therefore also [g-bounded.

(2) Suppose that £, ..., &, are filters and b € w®. According to Lemmas 2-3,
to prove that the union U = ®(b; %)) U - -- U ®(b; £,) is I, j.-bounded, it suffices
to verify that the first player has no winning strategy in the game LH,.. on U. To
show this we shall use the argument from the proof of Theorem 2.12 of [17]. Suppose
that the first player has a winning strategy $ : ®<“ — w in the game LH,;» on U.
Without loss of generality, we can assume that n > 2, that the function b is increasing
and takes positive integer values, and that the strategy $ is monotone in the sense
that $(mo, ..., m) > m, for any finite sequence (mo, ..., m;) € <. To beat the
strategy $ of I, the second player will simultaneously play (37 + 1) games, and will
win in one of these games.

For every p € {0, ..., 3n}, define a number sequence (m,, ;) e, by letting
moo = b o $(0),
My =bo$(mpo,...,m,;) forp <3n, and
mo‘j+1 = b (o] $(m3,,,0, ey m3"‘j) forj € w. 7

The sequence (m, ;) e, Will be interpreted as the moves of the second player in the
pth game.
It follows from our assumption on b and $ that

Moo <My <- " <M3pp<Mo) <My <- "< M3z <My <---.

Let M;, = Ujew[m%‘j, mo,j+1) and M, = Ujew[mp,j, mpy1 ;) for0 < p < 3n.

Since My U --- U M3, = o for every i € {1,...,n} there is a number p(i) €
{0, ..., 3n} such that |M,; N F| = oo for each F € Z;. Tt follows by an elemen-
tary combinatorial argument that there is a number p € {1, ..., 3n — 1} such that
l[p—pG)| > Lforeveryi € {1,...,n}.

We claim that the moves (m, ;) ;. of the second player beat the strategy $ of I in
the game LH o on U. Let nyyy = $(mpo,...,m,y) for k > @. To show that the
strategy $ is not winning, it suffices to find for each x € U an infinite subset .# C w
such that ||x||,, <m,, forallk € Z.

Given arbitrary x € U, find i € {1, ..., n} such that x € ®(b; #;). Next, find an
element F; € %; such that ||x||; < b(j) for all j € F;. It follows from the choice of
the number p that the set & = {k € w : F; N [mpp14-1, Mp_1x) # P} is infinite.
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We claim that ||x||,, < m,, for each k € #. Indeed, given any k € ., find a

number j € F; N [m 4141, m,_1i). Note that
ng = $(mp,07 ey mp,k—l) <bo $(mp,0, ceey mp,k-l) =Mpi1k-1-

Then

lxln, < 1xlmppiees < llxll; < BCG) < b(mMpori)

< bo$(m,,_1,0, ...,mp_l,k) =Mp- O

PROOF OF PROPOSITION 1. (1) To see that ®([w]®) is a dense G;-subset of R®,
notice that R* \ ®([w]*) = U, ., Ma, Where the sets M,, definedby M, = {x € R*:
|x(@)} = i forall i > n} for all n € w, are closed nowhere dense subsets of R“.

(2) Theorem 2 implies that the set ®([w]®) is oj,»-bounded and hence o-bounded.

(3) The set ®([w]?), being a dense G;-subset of R, is not o-bounded, because
o-bounded subsets of R“ are meager. By Theorem 1 (2), I-bounded analytic subsets
of R® are o-bounded. Consequently, ®([w]”), being analytic and not o-bounded, is
not [-bounded in R“.

(4) Assuming that ®([w]®) is 0#-bounded for some filter %, and applying Theo-
rem 7, we conclude that ® ([w]*) is I #-bounded and thus 7 -bounded, which contradicts
the previous item.

(5) If B is a o-bounded subset of R*, then the product B x ®([w]®) is o-bounded
in R” x R®, by {11, Theorem 2.7] or Theorem 9 (2) applied to the near coherent
semi-filters [w]* and §,. Next, suppose that the product B x ®([w]”) is o-bounded
for some subset B C R®. Let ¥ : R® x R® — R be the isomorphism mapping a
pair of sequences ((x;), (y;)) € R® x R® onto the sequence (z;) such that z,; = x; and
22i41 = ¥ for i € w. Then the image ¥ (B x ®([w]*)) is o-bounded in R®. Applying
Theorem 2, we conclude that the set W(B x ®([w]®)) is o,.-bounded and lies in
®(f; [w]?) for some increasing function f € w®. Consider the increasing functions
g, h:w— wdefinedby g(i) = f(2i +2)and h(i) = g(g(i) + 1) fori € w.

The o-boundedness of B will follow as soon as we prove that + b <* h for any
b € B. Assuming that this is false, we would find a function b € B and an infinite
subset N C w such that ||b||, > h(n) = g(g(n) + 1) for every n € N. Without loss
of generality we can assume that N N [n, g(n)] = {n} for any n € N. Let {n;}ico
be the increasing enumeration of the set N. Consider the function ¢ € w* defined
by c(i) = min (g(N) N [i — 1, 00)) and observe that ¢ € ®([w]*). Let us show that
max{||b]l;, lcll;} = g(i) for any i > n,. Indeed, given arbitrary i > ny, find a unique
number k such that n, < i < n.,. The choice of the set N implies that g(n;) < ngy;.
Ifi <g(n)+1,then

max{[[b{l;, llclli} = bl = 11blla, > g(@(ne) + 1) 2 g(@),
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while if i > g(n,) + 1, then

max{[|b;, licll:} = llell; = ming(N) N [i — 1, 00)
= min g(N) N (g(ni), 00) = g(nev1) = g(0).

Consider the function a = ¥ (b, ¢), and note that
a € V(B x ®(w]*) C &(f; [w]?).

On the other hand, given any k > 2n,, find the smallest i € @ with2i > k, and observe
thati > no and hence {lall, = max{||b|l;, llcll;} = g()) = f(2i +2) = f(k). Now

the inequality f <* 1 a contradicts the fact that a € ®(f, [w]*). This contradiction
completes the proof of the o-boundedness of B. O

PROOF OF THEOREM 9. We shall prove the implications (1) implies (2) implies (3)
implies (4) implies (5) implies (6) implies (1), (1) implies (7) implies (8) implies (1),
and (1) implies (9) implies (4). In fact, the implications (7) implies (8) and (2) implies
(3) implies (4) are trivial. To see (4) implies (5) note that ®(F)) + --- + ®(F,)
is the image of ®&(.F;) x - -+ x ®(F,) under the continuous group homomorphism
h: (R > R h: (x,..., %) — x + -+ x,, and use a result of [10] asserting
that o-bounded groups are preserved by homomorphic images.

(1) implies (2): Assume that the (semi-)filters %, ..., &, are near coherent, and
let b € w® be an increasing function. Using the near coherence of the semi-filters
Zi, ..., %, find an increasing sequence (m; )i, such that my = 0 and such that for
any F; € &, for 1 <i < n, the set

I(Fi,....,F)=lkew: [m,mu) NF; #0 forall i <n)

is non-empty. Consider the (semi-)filter

F={FCuw: U [nmy, nmyy,) C F forsome F, € #,...,F, € %,}.
ke F(F\,..., F)

Next, define the function f: w — wby f: j — b(m,,), Where k is chosen to satisfy
the condition j € [nmy, nm;y).

Consider the linear isomorphism ¥ : R® — R” assigning to an r-tuple of functions
(x1, ..., x,) € R the function y = ¥(x,, ..., x,) defined by y(nq +i) = x;,,(gq) for
allg € wand 0 < i < n. We claim that ¥ (®(b; #)) X - -+ X ®(b; £,)) C ®(f; F).
Take any functions x; € ®(b; #;) forl <i <n,andlety = W(x,,...,x,). For
every i, find F; € % such that ||x;||; < ||p]|; for all j € F;, and let

F = U [nmy, nmy,y) € F.

ke £ (F...F)
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We claim that ||y]|; < || fll; forall j € F. We have to verify that |y(p)| < || f||; for
every p < j. Write p = nq + i, where g € wand 0 < i < n. Next, find k € w such
that j € [nmy, nm;,,). Since p < j, we have g < m,. Because k € £ (Fy, ..., F,),
there is a point ¢’ € Fiy N [my, myy2). Theng < my < q' < myy, and

YD) = Ixin (@] < xisilly < 1blly = b(g") < b(mesa) = F() < I fIl;-

Thus y € ®(f; ) and V([ ®(; %)) C &(f;F). By Theorem 2, the
set ®(f; F) is og-bounded in R®. Since ¥ is a group isomorphism, the product
®(b; F)) x - x ®(b; F,) and its subset ®(B;; F,) X -+ - x ®(B,,; #,) are therefore
og-bounded in R,

(6) implies (1): Assume that ®(F,)+- - -+®(F,) # R®. First we show that the set
®(F)+- - -+®(F,) is absolutely symmetric in R®. Fixany x € ®&(Z))+- - -+®(Z,)
and any y € R® with +y < tx. Write x = x, + --- + x,, where x; € ®&(%)),
i <n. Then|y|] <ty <tx < tx1+---+ 1x, and we can find functions
Vis---,¥n € R® such that y = y; +--- 4+ y, and |y;| < tx; foralli < n. By
the absolute symmetry of the sets ®(%;), we have y; € ®(%,;) for all i, and thus
Y=Y+ F+ Y €B(F)+ -+ O(F).

Fix any f ¢ ®(Z)) + --- + ®&(&,). Because the set ®(F)) + --- + ®(F,) is
absolutely symmetric, we can assume that f = 1 f and that f is thus a positive
non-decreasing function. Let my = 0and my; = f(m;)+ 1 for k € w. We claim that
for any sets F, € #,,..., F, € %,, thereis ak € w such that [m;, m ) N F; # 0
for all i < n. Without loss of generality, 0 ¢ F; foralli < n.

For every 1 < i < n, consider the function x; = idr, —1 € ®(%,;), by which
notation we mean the function x;: j — min(F; N [j, oo)) — 1. Then the function
y = X1+ - -+x, belongs to ®(F )+ - -+ B(F,). As [ & ®(F )+ -+ ®(F,), we
conclude that 1 y(j) < 1 f(j) for some j € w. Find k € w such that j € [my, m;,).
Then for any 1 < i < n, we have

min(F; N[j,00)) = 1 =x(j) <1 y(y) <1 f()
= f(J) £ fmy) = myr — 1.
Hence min(F; N [my, 00)) < min(F; N [j, 00)) < my4, and F; N [my, my2) # 0 for
all 1 <i < n. This means that the semi-filters %, ..., %, are near coherent.
(1) implies (7): Assume that &, ..., %, are near coherent filters, and fix an
increasing number sequence (m;) such that for any F, € #,,..., F, € %, there is a

k € w such that [my, my,,) N F; # @ for every i < n. For every permutation o of the
set{l,...,n}and elements F; € %;, fori < n, let

KU(FU(I)s-Hv Fu(n))
= {mk : E|p1 > e > Dn Wlth Di € [mk,mk+2) N Fa(i) fOI'l < i < n},

https://doi.org/10.1017/51446788700014348 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014348

(27} Filter games and pathological subgroups 347

and also let &, = {K,(F,qy,---» Fom) : F; € & for 1 <i < n). Itis easy to see
that for some permutation o of {1, ..., n} the collection %, is centered, and hence
can be completed to a filter #. (A collection & is centered if NE # @ for any finite
subcollection € C ).

We shall show that the set ®(b; Zoq1), - - - » Fo(n)) 1S 0#-bounded for this permuta-
tion o and for any function » € R“. To do this, fix any increasing function f : @ = w
such that f(my) > ||bl|,,,,- We claim that ®(b; F, ), .. ., Fomy) C ®(f; F).

Fix any function x € ®(b; Z5q), - - - » Fom)- Let x, = x, and find by induction,
forevery i € {n,n —1,...,2}, a function x,_, € ®(; %,q), ..., Fou-1) and an
element F,;, € %, such that ||x;||; < [lx;_|; forevery j € F,. Finally, find a set
F,qy € 50y such that ||x,li; < ||b]l; for every j € Fy.

We claim that ||x||,,, < f(my) for every m; € K, (Fyqy, - .., Foem) € F. Indeed,
given such an m,, we can find numbers p, > --- > p, suchthat p; € [m;, my )N Fy;
forevery 1 <i < n. Then

lxlme < Wxallp, < Wxn-sllp, < Hxn-illp,,

< xn-2llpy < -+- < xillpy < 161, < 1Bl < f (i),

and thus x € ®(f, #). By Theorem 2, the set ®(b; F,(y, - - - » o)), being a subset
of ®(f; %), is 0z-bounded.

(8) implies (1): Assume that ®(F,qy, - - -, Fom) # R for some permutation ¢
of {1,...,n}. We have to show that the semi-filters %, ....%, are near coherent.
Without loss of generality, assume that o (i) = i for every i.

Fix any function f ¢ ®(%, ..., %,). Since the set ®(F, ..., .%,) is absolutely
symmetric, we can assume that f is increasing and takes positive integer values.
Let mg = 0 and myy; = f{m) + 2 for k > 0. The near coherence of the filters
Fi, ..., %, will follow as soon as we show that for any F;, € &, ..., F, € %, there
is a number k € w such that (m;, m;.,) N F; # 0 for every i < n.

Consider the sequence of increasing functions g, ..., g, € R*, where go(j) = j
and g;(j) = —1/n+ min F, N [g;_1(j),00) for j € w. It is easy to see that
g € ®(F, ..., F) forevery i < n. It follows from f ¢ &(F, ..., %) > g,
that g,(j) < f(j) for some j € w. For this number j, find a unique k such that
J € lmy, mpyy).

It follows from the definition of the number g,(j) < f(J) that there is a number
Jjn € F, such that g,_(j) < j. < f(j)+ 1/n. Similarly, for the function g,_,
there is a number j,_, € F,_;suchthat g, »(j) < joo1 < jo+ 1/n < f(j) +2/n.
Proceeding in this way, foreveryi € {n,n—1, ..., 1} we find a number j; € F; such
that g_1(j) < ji < f(j) + (n — i + 1)/n. Then

me < j=go(j) < Ji-esdn S+ 1= flmg) +1 < mypy,

and thus each set F;, for 1 < i < n, meets the half-interval [m;, m,,).
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(1) implies (9): If the filters %, ..., %, are near coherent, then the product
®(F)|) x - x ®(F,) is og-bounded in (R®)" for some filter .#, by the implication
(1) implies (2). Hence the image ®(F|) + - + &(F,) D ®(F)DU - UB(Z,)
of this product under the continuous homomorphism h : (R*)" — R¢ defined by
h:(xy,...,xp) > X1+ -+ x, is also 0 z-bounded in R®.

(9) implies (4): Assume that the union ®(F#) U - - - U ®(&,) is 0#-bounded from
some filter .#. Then the sets ®(F)), ..., ®(S,) are oz-bounded in R, and hence
their product ®(#)) x --- X ®(ZF,) is o-bounded, according to the implication (1)
implies (2) of Theorem 9 applied to n copies of the filter . O

PROOF OF PROPOSITION 2. Given an o-bounded mixable subset X € R, find anon-
decreasing function f : [0, c©) — [0, 00) such that for any x, y € X thereisaz € X
such that f o 4z >* max{t x, 1 y}. Replacing f(¢) by max{f(z), t} if necessary,
we can assume that f(¢t) > ¢ for all r € [0, 00). Let f! = f, and by recursion let
f" = fo frforn > 1. Take any increasing function g : [0, 00) — [0, 00) such that
g =* f"foralln > 1. Then by induction it can be shown that for any x, ..., x, € X
thereis az € X suchthat g o 4z >* max{t x, ..., t x,}.

Using the o-boundedness of the set X and Theorem 2, find a non-decreasing
function b € R® such that X C ®(b;[w]”). Foreachx € X, let F;, = {n € w:
tx(n) < g o b(n)}, and consider the collection ¥ = {F, : x € X}. We claim that
this collection is centered. Indeed, assuming the converse to hold, we would find

points xq,...,x, € X such that F,, N--- N F, = @. The last equality implies that
max{? xy, ..., 1 x,} > gob. Itfollows from the choice of the function g that there is an
element z € X such that g o+ z >* max{t xy, ..., 1t x,} > g o b. Taking into account

that the map g is increasing, we get 1 z >* b, which contradicts z € ®(b; [w]*).
Therefore the collection & is centered, and can be completed to a filter & D %.
Then X C ®(g 0 b; %) C ®(g o b; F), and by Theorem 2, X is 0z-bounded. O
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