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Abstract

Suppose we are given the free product V of a finite family of finite or countable sets (V;);c» and
probability measures on each V;, which govern random walks on it. We consider a transient random walk
on the free product arising naturally from the random walks on the V;. We prove the existence of the rate
of escape with respect to the block length, that is, the speed at which the random walk escapes to infinity,
and furthermore we compute formulae for it. For this purpose, we present three different techniques
providing three different, equivalent formulae.
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1. Introduction

Consider a transient Markov chain (Z,),n, 0On a state space V and a suitable length
function / on V representing a ‘word length’ with respect to the starting point of the
Markov chain. We are interested in whether the sequence of random variables [ (Z,)/n
converges almost surely to a constant, and if so, to compute this constant. If the limit
exists, it is called the rate of escape, or the drift with respect to [. In this paper, we
study this question for random walks on general free products.

To outline some background material, on the d-dimensional grid Z¢, where d > 1,
random walks can be described by the sum of n independent and identically distributed
random variables, the increments of n steps. By the weak law of large numbers, the
limit lim,_,  |Z,|/n, where | - | is the distance on the grid to the starting point of the
random walk, exists almost surely. Furthermore, this limit is positive if the increments
have non-zero mean vector.
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It is well-known that the rate of escape exists also for transitive random walks on
finitely generated groups, where the random walks arise from probability measures
on the group elements. This follows from Kingman’s subadditive ergodic theorem;
see Kingman [9], Derriennic [3] and Guivarc’h [7]. If [ is the metric of the Cayley
graph, then the limit lim,_, . /(Z,)/n exists almost surely and is positive. There are
many detailed results for random walks on groups and wreath products: Mairesse [13]
computed a explicit formula in terms of the unique solution of a system of polynomial
equations for the rate of escape of random walks on the braid group. Lyons, Pemantle
and Peres [11] gave a lower bound for the rate of escape of inward-biased random
walks on lamplighter groups. Dyubina [4] proved that the drift on the wreath product
A Z/2 is zero, where A is a finitely generated group. Erschler [5] investigated
asymptotics of the drift of symmetric random walks on finitely generated groups. An
important link between drifts and harmonic analysis was obtained by Varopoulos [19].
He proved that for symmetric finite range random walks on groups the existence of
non-trivial bounded harmonic functions is equivalent to a non-zero rate of escape.
This leads to a link between the rate of escape and the entropy of random walks,
compare for example with Kaimanovich and Vershik [8] and Erschler [5]. The rate
of escape has also been studied on trees: Cartwright, Kaimanovich and Woess [1]
investigated the boundary of homogeneous trees and the drift on them. Nagnibeda
and Woess [16, Section 5] proved that the rate of escape of random walks on trees
with finitely many cone types is non-zero and gave a formula for it.

For a restricted class of free products of finite groups, Mairesse [12] and Mairesse
and Mathéus [14] developed a specific technique for computation of the above limit
with respect to the word length. These papers were the starting point for the present
investigation of arbitrary free products. We consider the free product of finitely
many sets, on which Markov chains are given, and construct in a natural way a
random walk on the free product. The techniques we use for rewriting probability
generating functions in terms of functions on the factors of the free product were in-
troduced independently and simultaneously by Cartwright and Soardi [2], Woess [22],
Voiculescu [20] and McLaughlin [15].

Our aim is to show the existence of the above rate of escape £ with respect to the
word length, and also to compute formulae for it. For this purpose, we present three
different, equivalent formulae for £ using three different techniques. In Section 3 we
prove existence and a formula for £ by purely probabilistic reasoning. In Section 4 we
compute the proposed limit using double generating functions and applying a theorem
of Sawyer and Steger [17, Theorem 2.2]. The third approach for the computation of £
in Section 5 works only for free products of finitely generated groups and is based on
a technique that was used by Ledrappier [10] and Furstenberg [6]. Section 6 presents
sample computations and in Section 7 we give additional remarks about extensions of
these techniques to further results.
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2. Free products

2.1. Free products and random walks Let .# := {1,...,r}, r > 2. Consider r
random walks with transition matrices P; on pairwise disjoint finite or countable state
spaces V;, where i € .#. The corresponding single and n-step transition probabilities
are denoted by p;(x, y) and pf") (x,y), where x, y € V;. Forevery i € .# we select
an element o; of V; as the ‘root’. To help visualize this, we think of graphs X; with
vertex sets V; and roots o; such that there is an oriented edge x — y if and only if
pi(x,y) > 0. Furthermore, we shall assume that for every i € .# and every x € V,
there is an n € Ny such that pf")(oi, x) > 0. For the sake of simplicity we assume
pi(x,x) =0foreveryi € # and x € V,.

Let V¥ := V; \ {0} forevery i € #. The next step is the construction of a new
Markov chain on the free product V := V; % - - - ¥ V,, the set of ‘words’

.1 X =X1X3...Xp

with letters, also called blocks, from the sets V;* such that no two successive let-
ters come from the same V;. The empty word o describes the root of V. If
u=u ... upbeVadv = v...v, € V with u,, € V, and v, ¢ V,, then uv
stands for their concatenation as words. We also define vo = ov =v forallv e V.
We regard each V; as a subset of V, identifying each o; with o.

We lift P; to a transition matrix P; on V: if z € V is o or has last letter not in V;, and
if v, w € V,, then we set p;(zv, zw) := p; (v, w). Otherwise we set p;(x, y) := 0.
We choose 0 < a4, ...,q, € R with Eie] «; = 1. Then we obtain a new transition

matrix on V given by
P= Za;i’,-.

The random walk governed by P is described by the sequence of random variables
(Z,)nen,- The associated single and n-step transition probabilities are denoted by
p(x,y)and p™(x, y) forx,y e V.

Letx = x1...xn € V\ {0}. The type t(x) of x is defined to be i if x,, € V;. The
block length £(x) of x is defined to be m. We also set 7(0) := 0 and £(0) := 0. We
want to show existence of the P-almost sure limit £ = lim,_, o, £(Z,)/n, the rate of
escape with respect to the block length, and to present formulae for it. Let k € N.
Then x® := x,...x;, where j = minfk, m}, is the truncation at length k. We also
write x! := x;...x,_, for the truncation at length £(x) — 1, if x # 0. Furthermore
we denote by x := x,, the terminal block of x, if m > 0, and set 6 := 0. The cone
rooted at x is the set

Ci={yeV|y”=x}cv
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If y € V;, then the set of successors of y is given by
F(y) = {w € Vi | pi(y, w) > 0}
and the set of predecessors by
P(y) = {we V| pi(w, y) >0}.
We now introduce some probability generating functions. For this purpose, let
T, := min{k > 0 | Z, = y} (S, := min{k > 0| Z, = y}) be the stopping time of

the first visit (the first return) to y € V. Denote by P, the probability measure on VN
that governs the random walk startingatx € V. Forz €« Cand x, y € V, let

Gyl =) pP&x, 02", Flx,yl) =) P, =n]7,

n>0 n>0
U(x,ylz) = D _P.S, =nlz",

n>1
L(x, y|z) = z:[}’,‘[S'v >nZ, = y] 2"

n>0

The analogous functions for the random walks on the single factors V; are denoted by
G;(u, v|z), Fi(u, viz) and L;(u, v|z), where u, v € V;. We make the basic assumption
that the radius of convergence of G (o, 0|z) is greater than 1, which implies transience
of our random walk on V. Thus, we may exclude the case r = 2 = |V;| = |V,|. This
convergence property is fulfilled if each p; is reversible and due to non-amenability
also for random walks on free products of finitely generated groups, where the P;
depend only on probability measures on the single groups. Note that for |z| < 1,
2 yev Gilx, y|z) = 1/(1 — z) for every i € # and all x € V;. This will be used
several times in the sequel.
Recall the following equations.

LEMMA 2.1. Letx,y € V, w € V\{o} such that w" ¢ V), andz € C. Then

) Gx,xlz) = 1/(1 = U(x, x]2)),

(i) G(x,yl2) = F(x, y|2)G(y, yl2),

(i) G(x,ylz) = G(x, x|2)L(x, y|2),

(iv) F(o,xw|z) = F(o, x|2) F(x,xw|2),

(v) Lo, xw|z) = L{o, x|2)L(x,xw]|2),

(vi) L(x,xwl|z) = L(o, wlz).
Equations analogous to (i), (ii) and (iii) hold for the generating functions on the single
factors V; for everyi € &.
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PROOF. For (i) and (ii) see Woess [23, Lemma 1.13]. Equation (iii) is obtained by
conditioning with respect to the last visit at x before finally walking to y. Equations (iv)
and (v) are obtained by conditioning with respect to the first (last) visit at x, which
must be visited before finally walking to xw. Equation (vi) holds, since by the tree-
like structure of the free product the probability of walking from x to xw in n steps
without returning to x is the same as walking from o to w in n steps without returning
to o. g

We now explain the correspondence between F(x, y|z) and F;(x, y|z), and
L(x, y|z) and L;(x, y|z). Therefore define fori € # andz € C

;2

@)=L RS =m Zi ¢ VIZ and £ = =

n=2

see Woess [23, Proposition 9.18]. Note that H;(1) is the probability of starting at some
x € V; and returning to the same x without having visited a neighbour y € .#(x)
of x. Similarly §;(1) is the probability of starting at some x € V; and at some time
visiting a neighbour y € .%(x). For positive z the functions H;(z) and & (z) are strictly
increasing inside their radii of convergence, which are greater than 1.

LEMMA2.2. Leti € #,x,y € Viand z € C. Then

() F(x,ylz) = Fi(x, yl&(2)),
(i) L(x, ylz) = Li(x, y|&(2)).

For the proof of (i) see Woess [23, Proposition 9.18 (c)]. Statement (ii) is proved
analogously.

LEMMA 2.3. & =& (1) < 1 foralli € £.
PROOF. Let H;(z) := U0, 0|z) — H(2). By transience we have

U(o,o|l) = Z H/(D) < 1.

ies
Furthermore
H() = Y -pioi,s) F(s,oll) < a.
S’
s€Z(0i) <1
Hence,
gi — a; o ; -1

< =
1- Z:jey\m H;(1) ~ 1- Zjey\m a; 1-(1-w)

Observe that §; < 1forall j € .ﬂ_\ {i}, if H;(1) < «; for some i € .#. Assume
H;(1) = a; for some i € #. Then H;(1) = U(o, o|1) — H;(1) < 1 — ¢;, and thus
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there is j € # \ {i} such that H;(1) < ;. Thus & < 1. Since
H() =0 Y pio,s)F(s,oll) =a;,
seS(0;)
we have F(s, 0|1) = 1 for all s € .¥(0;). However now we obtain the contradiction
F(s,o0ll)= Fi(s, 0:l&) < 1,

as & < 1and F;(s, 0;|x), 0 < x € R, is strictly increasing with F;(s, 0;}1) < 1. O

2.2. Limit of the random walk  Aswe have assumed transience for the random walk
on V, the random walk escapes to infinity in the sense that almost surely every finite
A C V is visited only finitely often. We shall now investigate the route of the escape
of the random walk on V, which provides the main tool for further computations.
Define forx € V,i € £ witht(x) #iand § C V, theset xS := {xy |y € §}.

LEMMA24. If x € V and t(x) #1i, then
P, [Z,, € xV; holds for infinitely many n] =0.
PROOF. By Lemmas 2.1 and 2.2,
Y PulZ, exVil=) G(o,xylD)

n>0 yeV;

= Z G(o,0|1) L(o, x\1) L;(0;, y1&)

yevi

= Glo, oll)L(o,xu)Z Gi(o, y15)

vevi Gi(0i, 0:1§)
G(o,0|l) L(o,x|1) 1
= < 00
Gi(oi, 0il:) 1-§
The Borel-Cantelli lemma implies the proposed statement. g

Now we are able to specify how the random walk on V escapes to infinity. Let V,
denote the set of infinite words x;x;... in which each of the letters x; belongs to
U,cs Vi, no consecutive letters come from the same V;*, and infinitely many letters
come from each V;*.

PROPOSITION 2.5. €(Z,) tends to infinity P,-a.s., as n — 00. Furthermore, there
exists a Vy-valued random variable Z,, such that

limZ,=2, P,—as.,

n—-oo
with convergence in the sense that the length of the common prefix of Z,, and Z, tends
to infinity.
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PROOF. We prove by induction that for each m € N there is almost surely an
n, € Nwith€(Z, ) =mand £(Z,) > m for alln > n,,. By Lemma 2.4, the random
walk visits the state set | )., V; finitely often P,-a.s. Therefore there is a maximal
index ny € Nsuchthat Z,, € | J,., V; Po-as.and Z, ¢ | J,., V; foralln > n,. Thus
€(Z,) =1and £(Z,) > 1 foralln > n,.

Assume now that {(Z, ) = m and £(Z,) > m for all n > n,, and let
S =2\ {r(Z,,)}). Again, by Lemma 2.4, the random walk visits the state set
Uiy Zn, V: finitely often P,-a.s. Then there is a maximal n,,; € N such that
Zpo € Uies Zn, Viand Z,, ¢ \ J,. 5. Z,,, Vi foralln > n,y. Thus €(Z,,, ) = m+ 1
and £(Z,) > m + 1 forall n > n,,,,. Thus £(Z,) tends to infinity, as n — 00.

It is clear that the sequence (Z,),.y converges to an infinite word in V,, with
zZm =2, forallm e N. |

3. Exit time technique

In this section we investigate the random walk on V in detail, prove the existence
of £ and derive a formula for it. The following technique was motivated by Nagnibeda
and Woess [16, Section 5]. Let k € N. The exit time with respect to the block length k
ise, :=min{m € N | Vn > m : Z® constant). In particular, ¢y = 0. The exit point
with respect to the block length k is W, := Z,,. Thus, e, is the first instant from which
point the first k blocks remain constant, and W, = x = x, ... x, if and only if, at time
e, — 1, the random walk is at state x;...x;_;s with some s € £?(x;), at time ¢, at
state x, and thereafter remains in the cone C;.

As Z, converges almost surely to a random variable Z,, with values in V,,, we
have e, — 00 as k — 00, almost surely. The k-th increment is i := e; — ¢,_; and the
maximal temporary exit time at time n is defined as K(n) := max{k € Ny | e, < n}.
Definefori € #,ye Vandn € Ny

kKP(0,y) =P, [Vj € (0,....n): Z; ¢ V", Zy = y]
and the corresponding generating function

L(o, y|2)

3.1 Ki(0,y12) :=) k™(0,y)z" = 1:(2)"L(0, y|z) = —
3.1) (0, ¥l2) ==Y k" (0,y)2" =Y Hi(@)"L(0, yl2) .

"n=0 n>0
PROPOSITION 3.1. (W,, i,)ren is a Markov chain with transition probabilities

Po [Wis1 = Wit bkt = Riq1 |IWe = wy, e = ny ]

1 — Ef Wi+ Riy1—
= = 3 [k 0.9) pGs, )]

1 - Ef(wk) s€P(y)

Jorng nipr €N, we =x1...x € V, Wiy = wiy, where y € U,c ey Vi
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PROOF. Define V; =, s\ V- For 2<i <k, let wo=0, w; =g €., V" and
w; = w;_1g; With g; € V,(wi_l).

Fori € {1, ..., k) the inclusion [W;,; = w;;;] € [W; = w;] holds, as w;,, deter-
mines the element w; uniquely. Let ny, ..., n;,; € N and write form € {k, k + 1}

[Wl”' =wy, if =n’1"] = [Vj e{l,....,m}: W; =w,,i =nj].

This event can be described as follows: start at o, walk in n; — 1 steps to a predecessor
of w; inside V;,,), then walk to w,. Then stay inside C,,, and walk in n, — 1 steps to
a vertex in w; £ (g,), from there to w,, and so on. More formally we obtain, writing

R 5
n, = Zr:ln“

P, [Wf = wt, i¥ = nf]

? Zn?+j (53 Cw;‘v an“—le wk‘y(gl+l)’z"?+l = Wi e

Analogously,
[P)()[Wlk-)-l — k+1 lllf'f'l — n1+l]

—[P[ Yia e {0,... —1}Vvje{l,. n, —1}: ]
- Zyp rpj € Cu,s Z o1 € w)u@(g)&l) Z,.“‘ = Wy+1

Vief{l,....mu1—2}:Z; €C, ]
x Py, * 1 — &) -
[an—l € WP (8k+1)s Znyyy = Wit (1= brcuen)

Thus we obtain the conditional probabilities

P, [Wk+l = Wiyt lewr = M | Wi = wi, i} = nf]
_ ST(WHI)P [Vje{l,...,nk+1—2}:ZjEC,,,,,,]

= Erwo Zoi—t € WP (8rt1), Znyyi = Wit
= T“) Z [ki(ka) Do, S)p(s,y)], 0
Twe) seP(y)

The transition probablhtles of the stochastic process (W,, i;)wen depend only on
T, = T (W), T(W,4) and Wk+1 Hence, the stochastic process (Wk, i, Tk) LN is an
irreducible Markov chain on the state space

o = {(y,n,j) Ij €eSfyeVineNTieS se Z(y) :k,.("_l)(o,s) > 0}
with transition probabilities

(om. ), o, ) = 1% =
g\\x,m,1),{y,n, = —E. n— . .
:—_%zse%) [£7 D (0, 5) p(s,y)], ifi #j.
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.For convenience, we write q((x,m,i), O, n, j)) =0,if j € £,y € V;, but
(y,n, j) ¢ &/. As the probabilities q((x, m, i), (y, n, j)) do not depend on x and m,
the sequence (T)ien iS also a Markov chain on the state space .# with transition
probabilities

(3.2) : 4G, j) =Y > q(Gx,m,i), (y,n, j))

yevy nzl

fori, j € & withi # jand (i, i) = 0. Note that x € V; and m € N can be chosen
arbitrarily, such that (x,m, i) € &/. As .# is finite, (T;),en pOSSESSES an invariant
probability measure v : # — [0, 1], that is, for every j € &

(33) D v §G, ) =v().

iesf
We now define for j € £,y e Vandn e N
w(y,n, j) =Y ) q((x, m, i), (v, n, ),
ied

which is an invariant probability measure of the stochastic process (Wk, it Ti)iens
that is,

Y wm,i)q(x,m, i), (y,m, ) =7y, j)

(x,m,i)ess

holds for all (y, n, j) € &.

PROPOSITION 3.2. There is a number A € R, such that e/ k 2% A P,-a.s.

PROOF. Consider the function g : & — N, (y, n, j) = n. An application of the
ergodic theorem for positive recurrent Markov chains shows that

k
ek - € € k— 00
Z W,, ir, t, T = 7 —_— gdnr P,-as.,

if { gdm < oo holds. Hence it is sufficient to show finiteness of this integral. Noting

that ,
/gdﬂ =Zv(i) Z nq((x,m,i), (y,n, j))
ied (y.n.jled
DI BETEIID LD DD D eI O A )
o 1= 6 jes\i) nzl  yevy s€P()

-

—

(*)
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we now interpret the sum (x) as a power series evaluated at 1. We have

Zn Z Z k,.(""l)(o, s)ypi(s, )"

nx1 yev; s€P(y)

= %[Z ) K 00,5 pils, y) z"].

nzl yev; s€e2(y)

-

=:y:;(z)
It is sufficient to show that the sum ¥;;(z) has radius of convergence R;; > 1 for all
i, j €% withi # j.

vii@=2_Y > k""0,5) p;jis.y) "

nz1 yev> seP(y)

=2 D kP9 =) Y K 0.9 pis0) "

n>1 sev; n>1 seP(o;)
=z Ki(o,yl)—z Y Ki(o,sl2) p;(s,0;).
yev; s€P (o))
(%) (*:*)

From equation (3.1) we obtain

. L(o, 1
S Koyl =Y 2o 3L, (0, 18 @)

1—H(z) 1-H2)

yev; yeV; yev;
and also
Lj(0j,y§;@) = =—F——= ) G, 0, 52
;:, 1 (01 18,) Gj(oi’oilgi(z))yezvj 1o 71(@)
i 1

B G; (Oj, 0;l§; (Z)) 1-§()
Thus the sum (%) has radius of convergence greater than 1. Furthermore, by (3.1)
and Lemmas 2.1 and 2.2,

D pils,0;) Kilo, 512)

seP(oj)

_ 1 Y pyis o) Gj (o), 51¢,2)
l-H@ , 50 Gil0),0,06)
1 1
— _ (5,0 & @) G, (0, 51 (2)) ——
(1 — H,-(Z)) G, (Oj,OjIEj(Z)) SE;(W) pi(s,0))§;(2)G; (0; sl (Z)) £;(2)
Gj(0j,0l&(2)) —1
(1 — Hi(2)) G;(0;,0;1&;@) &)
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Thus the sum (*#**) has radius of convergence greater than 1, and so does y; ;(z),
whence [ g dn is finite. 0O

Using the above, we can rewrite y; ;(z) as

1 £@) 1
34 i, j = -
(3.4 7@ = ((1 —§@)Gj(0), 0,1§;(2) )

and therefore

1—&,
(35) A= ¥ v@e =20

The following theorem is now obtained precisely as in Nagnibeda and Woess [16,
proof of Theorem D].

UZ) oo 1

THEOREM 3.3. =
A

P, -a.s.
n

Finally, we show how to compute the invariant probability measure v explicitly.
For this purpose, it is sufficient to compute the transition probabilities g (i, j) for all
i, j € Z. By solving the system of linear equations given by equation (3.3), v is
obtained. The next lemma proposes a formula for (i, j).

LEMMA 3.4. Leti, j € Z withi # j. Then q(i,i) = 0and
PO o & 1-§; I
61(1,1)=—’€— J (

a; & 1-§ \( _Ej)Gj(Ej

PROOF. By definition of W, and P,[Z,, € V] = 1, it follows that 4(i, i) = 0.
Considering (3.2) and the computations in the proof of Proposition 3.2 leads to

) — 1), where G;(&;) := G;(0;, 0;1§;).

g, j) =1 =&)Y/ —&)-a; -y (1). O
We now give an explicit formula for v.
i (1—§
(3.6) @) = ¢ 2E=2 (11 (1~ £) Gi(e),

where ¢ > 0 is chosen so that Zie » V(i) = 1. This is indeed an invariant measure,
because, writing x(i) = 1 — (1 — ;) G;(§;), the invariance condition on v is just

(i
E x(i) = ——'Ll foreach j € .#
ies\j) -£)G,6)

or, equivalently, that 3, , x(i) = 1.
The following lemma verifies that this equation holds.
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LEMMA 3.5. Leti € #. Then

o) =P, [zg) eV*,VvneN:Z, ¢ U v
jes\i)

_1-(1-§)Gi(&)
- G(o, o|1) '

PROOF. By transience, o is visited only finitely often P,-a.s., that is,

D " Gl.oll)p@) =1.

ies
This yields
PG =Y D L,y pQ)
yeVs jeZ\i)
= Y Lo, yl) (G(o,0lD)™" = p(i))
yeV
_ , G, (0i, y|&)
= (G(o,0|)™" - ——
(G(o,0l1) p(,))g )
= (G(o, olD)™" = p(i)) (——1 - 1).
’ (1-8)Gié)
This leads to the proposed equation. O

We summarize this section. If we know for each factor V;, i € .#, the first visit
generating function F;(x, 0;|z), when starting at a predecessor x € £ (o;) of o;, and
the Green function G;(o;, 0;]z), it is possible to compute &;(z) by solving a finite
system of characteristic equations. This is in fact only possible when the generating
functions are known and not too complicated. The measure v can be computed by
(3.6) and then £ found using £ = 1/A and (3.5). Sample computations are presented
in Section 6.

4. Double generating functions

In this section we compute the rate of escape £ for the random walk on V using
double generating functions. The main tool for our computation is the following
theorem.

THEOREM 4.1 (Sawyer and Steger). Let (Y,)aen, be a sequence of real-valued
random variables such that, for some§ > 0,

E (Z exp(—rY, — sn)) = Clr,s) for 0 <r, s <8,

prers g(r, s)
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where C(r, s) and g(r, s) are analytic for |r|, |s| < 8 and C(0, 0) # 0. Denote by g,
and g, the partial derivatives of g with respect to r and s. Then

Yono , _ 80,0
n ~ £(0,0)

almost surely.

For the proof, see Sawyer and Steger [17, Theorem 2.2].
Setting Y, = £(Z,), w = e and z = 7, to find £ in our context it is sufficient to
investigate the double generating function

Ew,2) =Y > pPo, x)w'" = > Go, xlzyw™

xeV n>0 xev

and to apply Theorem 4.1. To this end, introduce further double generating functions.
Write V* := V \ {0} and define

-g(wv Z) =14 Z Z H th(x,-)(ot(xj)a Xj l SI(X]')(Z))

n>1 x=x;.-x,€V* j=I1

and fori € .#
Lrw, )= Li(onx | @) w,

xev>

ZLi(w,2) =LY (w, 2) (1 + Z Z I_Iw L,(xj)(o,(,l.), X; | f,—‘,(,\.j,(z))) .

n>2 x3,..,%,€V* j=2
T(x2)#i

Thus we have the equation
LW, =1+) LW 2.
ied

If 0 < w, z < 1, the convergence of #(w, z) follows by Z(w,z) < &(w, 7).
Hence, %" (w, z) and also Z(w,z), i € #, converge if |w|, |z| < 1. The next
lemma provides another representation of £ (w, z).

LEMMA 4.2. Let w,z € Rwith0 < w,z < 1. Then
1
1 - 2*(w,2)’

2 (w,2)

.?(w,z): m

where £*(w,z) = Z

iesd

PROOF. Let w, z € R with 0 < w, z < 1. First we have

Zi(w,2) =L (w, 2) (1+ Z .?,-(w,z)) forall i € .Z,

jef\i)
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and from convergence of . (w, z), we get
Zw,2) = LW, )(Lw, 2) - Lw,2)).
As Z* (w, z) > 0 holds, the last equation is equivalent to

L (w,2)

A D =Y 2w

ZL(w, 7).
Thus
L (w, 2)

[T 2w W9

Lw,)=1+) Lw=1+
ies ied
As Z(w, z) < 00, we get
£ (w, 2)
; 1+ %% (w,2) =

and the result follows. a

COROLLARY 4.3. Let w,z € Rwith0 < w,z < 1. Then

G(o, 0|2)

(ga(w,Z)z—l—;g*—(u),zS.

PROOF. Letw, z € RwithO < w, z < 1. Applying Lemma 4.2 yields the proposed
equation:

Ew,z) =Y _ G(o,0lz)L(o, x|z)w"™

xeV

:G(o,olz)(l+z > L(o,xlz)w“"’)

n>1 x=xj---x,€V*

= G(0,0]2) Z(w,2). O

We can now conclude and compute a formula for the rate of escape £. Rewriting
Z*(w, z) after some manipulations involving Lemma 2.1 yields

Py = 3 1= 6@) - Gilo, o))
T 200 =5@) + (- w)Gifon &)

We define C(w, z) := G(o, 0|z) and

Z w(l/(l — &) — Gi(oi, 0i|§i(2)))
i w/1-&@)+(1- w)Gi(o:, 0:l&:(2))

glw,2) 1 =1-
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We have

Ew,z) = . for 0<w,z<l.

The constraints required for an application of Theorem 4.1 are obviously fulfilled, as
G (0, 0|z) has radius of convergence greater than 1 and &; < 1. We apply it now, where
8w and g, denote the partial derivatives of g with respect to w and z, respectively.
Hence, we can conclude

e(Zn) n—-o0 e _ gw(la 1)
n g (1,1

P,-a.s.

Simplifications yield the following formula for £, where we write & = §;(1) and
Gi(&) = Gi(o;, 0,|&).

S (1- 0 -86.®) - Gi&) - (1 - 8]

(4.1) = T [50- (Gi&) — 1 - £2G16))]

Observe that §;, G;(&) > 0,& < 1and G;(¢) < (1 — &), Thus £ > 0.

5. Free products of groups

In this section we present a third technique for the computation of the rate of
escape £ of the block length for the random walk on the free product. This technique
is restricted to the case of a free product of groups. Therefore, let I';, i € #, be
non-trivial finitely generated groups. We assume that the groups have pairwise trivial
intersections, but they may be isomorphic. Denote by e; the identity on I';. The
elements of the free product I' :=T'y % - - - % I', are represented as words in the sense
of (2.1) and e is identified with the empty word.

We can define a group operation on I'. The product of 4, v € I' is the concatenation
of the words u and v with possible cancellations and contractions in the middle to get
the representative form of the product word. We exclude the caser = 2 = |I'}| = |[2].
This ensures that the free group product is non-amenable, yielding that each of our
constructed random walks on I" is transient and G (e, e|z) has radius of convergence
greater than 1 (see Woess {23, Theorem 10.10, Proposition 12.4, Corollary 12.5]). We
write I’ =T \ {¢;} fori € #. Furthermore we write ['po = Voo and I'* :=T" \ {e}.

The random walk on I' is constructed as follows: standing at x € I" we allow
walking to xg with g € |J,., I in one step. Choose probability measures u;
on [ for each i € # such that u, defines an irreducible random walk on I';, that is,
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pi(x,y) = pi(x7'y) forall x,y € ;. Letay, ..., > Owith) , ., = 1. Then
we define the transition probabilities as

p(x,xg) =a; - ui(g)

forall x e I', g € T, and we set p(x,y) = 0 otherwise. As the transition
probabilities depend only on the increment g € [, we write u(g) = p(x, xg)
for all g € J,., [, and u(g) = 0 otherwise. Analogously, the n-step transition
probabilities are given by the convolution powers ™ of u.

By Theorem 2.5, the random walk converges P,-a.s. to a random variable Z,, with

values in [',. Denote by v the distribution of Z,. Let
E; = {x1X2"' €y | r(x|)=i} for i € &,

Then v is uniquely determined by its values on the Borel sets B of the form xE; =
{xh|h e E}withi € #,x € I" and 1 (x) # i. We will now give a formula for these
values.

LEMMAS.1. Leti € &, x € " witht(x) #i. Then
VxE;) := P[Zy € xE;] = F(e,x|1)(1 — (1 — &) Gi(es, &:1E)) .

PROOF. The proof of this lemma is extrapolated from Woess [21, Theorem 4 c],
where one can find an incorrect formula, which we correct here. First we have

v(xE;) = F(e, x|1) - v(E)).

Recall that we have by vertex-transitivity G,(o;, 0;z) = G;(y, y|z) foralli € # and
all y € I';. By Lemma 3.5, we obtain

V(E;) =G(o,0ll) - p(i) =1 = (1 = &) Gile, &§).
This leads to the proposed formula. a

Now we reformulate our problem for finding a formula for £. For this purpose, we
apply a technique which was used by Ledrappier [10, Section 4 b] for free groups.
By Theorem 3.3 and Lebesgue’s Dominated Convergence Theorem, we have

P,—a.s.
£ V4
fim CLEZT um/@du»,,=/ tim & ")du»e=/eduwe=z.
n—oo n n—»00 n n—»00 n

Thus it is sufficient to prove convergence of the sequence (IE[Z(Z,,+1)] — [E[Z(Z,,)])
and to compute its limit, which then must equal £. First we have

E[(Z)) =D ey u™(h) and  E[€(Zn)]= Y £(gh) uig) u (h).

hel g.hel’

neN

https://doi.org/10.1017/51446788700036375 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036375

(17) Rate of escape of random walks on free products 47

On the other hand,

E[E(Z)]) =) u(@) EL(Z)] = ) u(g) &) u® (h).

gel &.hel

Thus we obtain

E[E(Zn)] — ELE(Z)] = ) u(g) Y _(L(gh) — (h)) ()

ger hel
= Zﬂ(g)/(f(gzn) — €(Z,)) dP..
gelr

Define the random variables Y, := £(gZ,) — £(Z,) for any given g € | J,., . We
have Y, € {—1,0, 1} for all n € N. By vertex-transitivity, gZ, converges to gZ.
Hence, Y, converges to a random variable Y, with values in {—1, 0, 1} depending
only on g and the first block of Z,,. In other words, ¥, becomes constant, if »n is big
enough. If Z,, = x,x, - - -, we obtain for a given g € | J,., ['/*

0, ifz(x)=71(g) and x,8 #e,
Yo =11, ift(x))=1(g) and x;8 = e,
L, ifr(a) # 1(g).

By Lebesgue’s Dominated Convergence Theorem, we infer that

n—»00

/(e(gz,,) —UZy))dP, — | Y dP..
r

Consider the function

f: (U r,.x> X Too = {—=1,0, 1} : (g, x1x2- -+ ) > £(gx1) — £(x1)
ied

and its projections f, : F'w = {(—1,0,1}: w > f(g, w) forevery g € |J,., T/

Each f, is measurable and thus

[ Yutp.= [ 1@ 20av= [ favw.
rao

Denote by E, the event that Z,, has as first block the element & € U,.e 4 I/ and
denote E; the event that Z, starts with a block element not of type i € .#. Then we
obtain for g € T

V(Eg1) = Fle, g7' 1) - (1 — v(E)) = Fle, g7 1) - (1 — &) - Giles, eil&))
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and v(Eg) = (1 = &) - Gi(e;, e,-IS,-)). Writing G;(z) for G; (e, e;|z), as before, we
can conclude

n—00

E[£(Zne1)] — E[L(Z)] =3 w@) | fi(w)dv(w)
geUieer‘x e
= Y (@ (—v(Eqm) + v(Eg))
SeUieJ‘rix

=D (1= &)Gi&) (1 - D mi(g) Files g7'18))

ies ge[‘i"

“

=(Gi(EN—1)/&i-Gi(5)

1-§;
=Za,- 5 (1 -1 —-&)GiE)).

ies Ei

Thus we get the rate of escape of the block length

5.1 Z:Za,- -6
ief# g

= (1= (1 - £) Gi(&)-

The technique presented in this section can be extended to a free product of an infinite,
countable number of groups. All the required properties of the generating functions
used also hold in this case. Furthermore, Y, is again bounded such that finiteness of £
is ensured. Thus the same computations prove the same formula for £ if # = N.

6. Examples

We present two applications of our formulae for the rate of escape of the block
length. First we look at a free product arising from non-Cayley graphs and then
we look at a free product of infinite groups. Both examples go beyond previously
investigated graph structures for the computation of £.

6.1. Free product arising from non-Cayley-graphs Consider the sets
Vi={A,B,C,D,E,F,00}, V,={G,H,0;} and V;={I,J,o0;3},

and the random walks on these sets. Their transition probabilities are sketched in
Figure 1. None of the graphs in this figure is a Cayley graph.

Consider now the corresponding random walk on the free product V = V%V, % V3,
where oy = 5/9 and oy = a3 = 2/9.

We obtain the generating functions

Uion o) = 222 + 22, Gilon o) 1 :
0y, 0 = =2 =27, 0y, 0 = = )
Hon oI =S TRty T = T o o) 1- 222 =
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FIGURE 1. Some non-Cayley graphs.

1 1
Fi(A, 0112) = Fi(E, 0112) = Sz + Ezz, Fi(C,01|z) = 2%,

1
Fi(D, 0,|2) = Fi(F, 01]2) = z, G2(02, 02|2) = 1— 22

_ 4
FZ(G7 07, Z) = FZ(Hv 02|Z) =2z Hl (Z) = §ZE2(Z)7

_ - 2 1
Hy(2) = H5(2) = 5262 + 52(3& (2) + 26, 2)%).

Note that H,(z) = 1:13 (z) follows by symmetry. The Green function G (o, o|z) of the
corresponding random walk on V has radius of convergence greater than 1. This can
be shown by constructing recursive equations using H,(z) and I-_Iz(z) and numerical
evaluation. Consider

£1(2) i 5 and
Z) = = =
! 1-Hi(z) 1-326@)
2z 2z

20 =50 = T 1 The - RBE@ 1 @)

Substituting & (z) into &, (z) we have to solve an equation in the variable &,(z). Solving
this equation with MATHEMATICA we obtain four continuous solutions, but only one
solution satisfies £;(1) < 1. Hence, we get &,(z) as this solution and obtain £ (z)
from &,(z). We find that &,(1) = 0.66571 and &,(1) = &§(1) =~ 0.37231. We
compute £ using Theorem 3.3. The transition matrix of the Markov chain (7;)en Of
the alternating vertex types is

0 0.5 0.5
(@G, N),q = | 062769 0 0.37231]),
o 0.62769 0.37231 0
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and from this we obtain the corresponding invariant probability measure v with
v(l) = 0.38563 and v(2) = v(3) = 0.30718. Now we are able to compute the
rate of escape of the block length to the random walk on V. We obtain £ = 0.33089.
If £ is computed by (4.1), then the numerical approximated result and the above result
coincide in the first 50 decimal numbers. So numerical approximations do not lead to
a distortion of the result.

6.2. 7>+ Z/2 Consider I'y = Z* and the simple random walk on it given by
wi((£1,0) = ui((©0, £1)) = 1/4. Also, consider the group I'’; = Z/2 and the
simple random walk on it given by u,(1,) = 1. We are interested now in the simple
random walk on I' = I'y * 'y, where o; = 4/5 and o, = 1/5. For the computation
of £ we use (5.1). Therefore it is sufficient to compute &, &, and G,((0, 0), (0, 0)|&,).
For this purpose, we use the computations and results in Woess [23, pages 100, 105,
109]; compare also with Soardi [18].

Before we can compute these values, we have to introduce some auxiliary functions.
In the following let the subindex O correspond to the random walk on V. Denote

W.(z2) =z G;(0,0]z) for i el0,1,?2}.
As W;(z) is strictly increasing, there is an inverse function Wi" (z) such that
W (Wi(2)) = z.
By [23, Theorem 9.10], we have
Gi(o,0|2) = D, (zGi(o, olz)),

where ®;(1) = t/W,‘l(t) forall i € {0, 1, 2}. By [23, Example 9.15 (3)],

2z
w = — d
(@) 42 _/(‘_”‘,,Iz 2 —z-(cosx; + cos x3) *
where x = (x;, x;). Furthermore, by [23, Theorem 9.19], we have the equation
(Do(t) = <D,(¢x,t) + d>2(012t) — 1.

By {23, Example 9.15 (1)], we have

@, (1) = %( 1+ 42 + 1).

4 1{ [ 4
g (gW(Z)) = G(0,0l2) — 5 ( 1+ EW(Z)Z - 1) :
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Inverting this equation and multiplying by (4/5)W (z) leads to
W (2) W)

2(V@D) G0l - i(1+sW@r-1)

Applying W, onto both sides of this equation yields

2w =w W@
5 G(o, 0l2) - %(W - 1)
We have
6.1) Wi(6@) = W,
and thus e
£(2) = :

WZ(Z)_%( /1+%W(Z)2—1)

Substituting y = (4/5) W (z), we obtain

£ =5(1) = Y

$-3(1+0-1)

or equivalently y = (4 —5§;) & /(4 — 10, + 6&?2). Substituting y into (6.1), we
have to solve
4-58)&

4-10¢& +6&f
in the unknown variable &;. The solution can be computed only numerically. Consid-
ering the graphs of the functions (4 — 5z)z/(4 — 10z + 6z2) and W,(z) we see that
there is only one possible intersection point greater than 4/5; see Figure 2. Using the

bisection method, numerical integration and evaluation we obtain &; ~ 0.84426, and
also W(1) = (5/4)y = 1.40724. This yields

= Wi(§1)

tw()
G.1((0,0), (0,0 =23 ~ 1.33347.
1(( ), (0, 0)|&1) 5
By & = 4/(5(1 — §,/5)), we obtain
£ ~0.26212, and G,(0,0l§) = g ~ 1.07378.
- S2

Now we have computed all necessary characteristical numbers, and the rate of escape
of the block length of the simple random walk on Z2 x Z/2 can be computed by (5.1)
as £ ~ 0.23386.
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80
\ Wi()
60
(4--52)z
15 “or 4-10z+622
. t 4—10z+62
L 20
1
-20
0.5
-40F
o . " R L . . . .
0 02 0.4 0.6 08 1 o 02 0.4 0.6 038 1

FIGURE 2. Graphs of W;(z) and (4 — 5z)z/(4 — 10z + 622).
7. Remarks

We can extend our considerations in order to compute other types of typical rates
of escapes concerning the random walk on the free product:

(I) Forx =x,---x, € Vandi € # the partial block length of x with respect
to V; is given by

gy = |{itjiefl,....,n}x; e Vi}|.

As £;(W,)/k converges for k — oo tov(i), which is the invariant probability measure
on £ with respect to the Markov chain (t(Wy))ren, We obtain the partial rate of
escape of the block length

8(Zy)  nooo
n

v(i)-¢ P,-as.
(Il) The set V carries a Markovian distance defined by
dix,y) = min{n eN| pP(x,y) > O},

where x, y € V. In general d(-, -) is not necessarily symmetric. The Markovian
length is defined as |x| = d (o, x). We can extend the considerations of Section 3 for
the proof of the existence of the rate of escape of the Markovian length, that is,

1
A = lim —|Z,|.

n—oo n

This yields a formula for A given by A = €0, where

O'—Z ()algll_sz ZL(Ojiylgj

i,jes m=>1 y€eS;{m)
i#j

and S;(m) ={x €'V, | |x| =m}forie .# andm € N.
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