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Abstract. A conjectural generalization of the McKay correspondence in
terms of stringy invariants to arbitrary characteristics, including the wild case,
was recently formulated by the author in the case where the given finite
group acts linearly on an affine space. In cases of very special groups and
representations, the conjecture has been verified and related stringy invariants
have been explicitly computed. In this paper, we try to generalize the conjecture
and computations to more complicated situations such as nonlinear actions
on possibly singular spaces and nonpermutation representations of nonabelian

groups.
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81. Introduction

The McKay correspondence in terms of stringy invariants was first studied
by Batyrev and Dais [BD96] and Batyrev [Bat99]. Denef and Loeser [DLO02]
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later took a more conceptual approach, where the McKay correspondence
directly follows from the theory of motivic integration suitably generalized
to a situation involving finite group actions.

These works were confined to characteristic zero. Except for some works
for the tame case (the finite group has order coprime to the characteristic),
attempts to generalize to arbitrary characteristics, including the wild (non-
tame) case, were only recently started in [Yasl4, Yasal. There, a conjectural
generalization of results in characteristic zero was formulated. Subsequently,
it turned out in [WY15] that the conjecture is closely related to the number
theory, in particular, the problem of counting local Galois representations.
In these papers, however, only linear actions on affine spaces were discussed.
In characteristic zero, since every finite group action on a smooth variety is
locally linearizable, many studies can be reduced to the linear case. This is
no longer true in positive or mixed characteristics. The conjecture has been
verified in very special cases, by computing stringy invariants explicitly. The
aims of this paper are first to generalize the conjecture to nonlinear actions
on a (possibly singular) affine variety, and second to make it possible to
compute stringy invariants in more complicated examples.

We now recall the conjecture from [Yasal. Set the base scheme to be
D = Spec Op, with Op a complete discrete valuation ring, and suppose
that its residue field, denoted by k, is algebraically closed.

REMARK 1.1. Working over a discrete valuation ring rather than a field
is natural in our arguments. We can easily switch from a field to a discrete
valuation ring by the base change Spec k[[t]] — Spec k.

We consider a linear action of a finite group G on the affine d-space
V =A% over D and the associated quotient scheme X :=V/G.

CONJECTURE 1.2. (The wild McKay correspondence conjecture [Yasal)
Let 0o € X (k) denote the image of the origin, and let Mg (X), denote the
stringy motif of X at o. Suppose that the quotient morphism V — X is
étale in codimension one. Then

Mg (X)o = / LY dr.
G-Cov(D)

Here, G-Cov(D) is the (conjectural) moduli space of G-covers of D, w is
the weight function on G-Cov (D) associated to the G-representation V', and
T is the tautological motivic measure on G-Cov(D).
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In [Yasl4], Conjecture 1.2 was verified, when Op = k[[t]] with k of
characteristic p > 0, G is the cyclic group of order p and the G-action
on A% is defined over k. In [WY15], a variant conjecture was verified
when the symmetric group S, acts on A%‘ by two copies of the standard
representation. In the same paper, a generalization to the case where k is
only perfect was formulated by modifying the function w.

Roughly, the conjecture was derived as follows. We first express Mg (X),
as a motivic integral over the space of arcs of X, that is, D-morphisms
D — X. We then transform the motivic integral to a motivic integral over
the space of G-arcs of V, that is, G-equivariant D-morphisms E — V for
G-covers E — D. Using the technique of untwisting, we reduce the study of
G-arcs to that of ordinary arcs, and can see that the contribution of each G-
cover E— D to Mg (X), is LY and hence the conjecture. A prototype
of untwisting was introduced by Denef and Loeser [DL02]. In [Yasal, the
author developed it so that we can use it even in the wild case. In this
paper, we refine the technique slightly more. For each G-cover E of D with
a connected component F', we can construct another affine space V11 = AdD
and a morphism V¥l — X such that there is a correspondence between G-
arcs of V and ordinary arcs of VI¥I. Through the correspondence, we can
represent the contribution of F to Mg (X), as a motivic integral over the
ordinary arcs D — V11,

Our strategy of generalization to the nonlinear case is quite simple. Given
an affine variety v with a G-action, we equivariantly embed v into an affine
space V with a linear G-action. For each G-cover £ — D with a connected
component F, we take the subvariety vI¥l ¢ VIFI corresponding to v V,
which plays the same role as V¥ in the linear case.

We also need an idea from the minimal model program, that is, working
with varieties endowed with divisors rather than varieties themselves.
Encapsulating one more piece of information, we introduce the notion of
centered log structures or centered log D-varieties, which are just triples
X=(X,A, W) of a normal D-variety X, a Q-divisor A and a closed
subset W of X ®o,, k with Kx/p + A Q-Cartier. It is straightforward to
generalize the stringy motif to centered log D-varieties. We write it as
M (X). For instance, the stringy motif Mg (X), mentioned above is the
same as Mg ((X,0,{o})).

Returning to the equivariant immersion v < V', if v is given a centered
log structure v = (v, , w), then there exist unique centered log structures
r on x:=v/G and v/F1¥ on the normalization vIFl* of vIFl so that all the
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morphisms connecting them are crepant (see Section 2.2 for details). If H C
G is the stabilizer of the component F' C E, then the centralizer Cq(H) of
H acts on vI and on its arc space JoovIF1. We define MSt,CG(H)(tJ'F"”) in
the same way as defining the ordinary stringy motif except that we use the
quotient space (JoovI¥1")/Cq(H) rather than the arc space JoovIF1¥ itself.
We formulate the following conjecture which generalizes Conjecture 1.2.

CONJECTURE 1.3. (Conjecture 7.3) We have

Mg (;) = / Mst,Cg(H) (U‘F"V) dr.
G-Cov(D)

We verify Conjecture 1.3 in two examples from the simplest ones,
computing both sides of the equality independently. One example is a tame
action on a singular variety and the other is a wild nonlinear action on a
smooth variety.

Keeping the above arguments in mind, let us return to the linear case. One
difficulty in computing the right-hand side of the equality in Conjecture 1.2
is in computing the weights w(FE) explicitly, and another is in computing the
moduli space G-Cov (D). Taking an equivariant immersion v <— V' is useful
also in solving the former difficulty for some linear actions. With E, F' and
H as before, if V = AdD has a linear G-action, and if Vy:=V ®o,, k, then
the weight of E with respect to V is, by definition,

wy (E) = codim(V{#, Vi) — v (E),

with another function vy on G-Cov(D), and VOH the H-fixed-point locus in
Vo. The first term, codim(VOH , Vo), is easy to compute, while the second is
generally not. However, if G acts on V' by permutations of coordinates, then
vy (E) is represented in terms of the discriminant [WY15]. In this situation,
we can associate a degree d cover C' — D to a G-cover ¥ — D, and

_ dojp

Vv(E) = ) s

with dg/p the discriminant exponent of the cover C'— D. We generalize
this equality to hyperplanes in V' defined by a G-invariant linear form. For
simplicity, we consider the case where v C V is defined by

T4+ xg =0,

with z1, ..., x4 coordinates of V.
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PROPOSITION 1.4. (See Corollary 11.4 for a slightly more general result)

Let C = L]é-zl C; be the decomposition of C' into the connected components.

Then J p
_deyp Cy/D e
VV(E) 9 mm{th:D]J |1\]\l},

with [C; : D] the degree of Cj — D.

Using this and assuming a motivic version of Krasner’s formula [Kra66]
for counting local field extensions, we explicitly compute

/ L™V dr and / LYs3v dr,
G-Cov(D) G-Cov(D)

when G = Sy acts on V = A4D by the standard representation, v C V' is given
by 1 4+ 22 + 23 + £4 =0 and 3v is the direct sum of three copies of v. We
find that the two integrals are dual to each other. The same kind of duality
was observed in [WY15] and will be discussed in [WY] in more detail. The
formulas obtained for these integrals are motivic versions of mass formulas
for local Galois representations [Bha07, Ked07, Woo08] with respect to
weights coming from a nonpermutation representation.

From Section 2 to 6, we review the theory in the linear case and finally
formulate the McKay correspondence for linear actions. Most material
here is not new and is found, for instance, in [Yasa], although arguments
are refined and adjusted to our purpose. In Section 7, we formulate the
McKay correspondence for nonlinear actions. In Section 8, we study how
to determine the centered log structure v/l under some assumptions. In
Sections 9 and 10, we compute nonlinear examples. In Sections 11 and 12,
we treat hyperplanes in permutation representations. We end the paper with
concluding remarks in Section 13.

1.1 Note added on October 16, 2015

It seems to be better to replace codim(V{?, V) with the dimension of
u~'(0) in various places, notably in the definition of w. Here, u is the
morphism V) — V given in Definition 4.8 and o € Vj is the origin. This
was realized in the later work [Yasb]. The problem is that there seems to be
no reason for the map f in diagrams (4.3) and (4.4) to be surjective, though
I do not know of any counterexample. When it is surjective, the mentioned
replacement does not change anything. For several important cases it is
indeed surjective; see [Yasb, Lemma 8.3].
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1.2 Convention and notation

If X is an affine scheme, Ox denotes its coordinate ring. By the same
symbol Ox, we sometimes denote also the structure sheaf on a scheme X.
This abuse of notation does not cause any problems. When a group G acts
on X from the left, then we suppose that G acts on Ox from the right:
for g€ G, if ¢4: X — X is the g-action on X, then g acts on Ox by the
pullback of functions by ¢,. Throughout the paper, we fix an affine scheme
D, with Op a complete discrete valuation ring. We denote the residue field
of Op by k and suppose that k is algebraically closed. For an integral scheme
X, we denote by K (X) its function field. If X is affine, then K(X) is the
fraction (quotient) field of the ring Ox. Again, by abuse of notation, K (X)
also denotes the constant sheaf on X associated to the function field. For a
D-scheme X, we denote by X the special fiber with the reduced structure:
Xo := (X xp Spec k)red-

82. Motivic integration and stringy motifs

In this section, we review the theories of motivic integration over ordinary
(untwisted) arcs and stringy invariants, mainly developed in [Kon95, D199,
Bat98, Bat99, DL02, Seb04].

2.1 Centered log varieties

We call an integral D-scheme X a D-variety if X is flat, separated and of
finite type over D, and X is smooth over D at the generic point of X. For
a D-variety X, we denote the smooth locus of X by Xg, and the regular
locus by Xieg.

Let X be a normal D-variety. We can define the canonical sheaf wx =
wx/p of X over D as in [Koll3, page 8]. On Xgn, the canonical sheaf
is isomorphic to /\d Qx/p, with d the relative dimension of X over D.
Therefore, we can think of wy as a subsheaf of (A% Qx/p) @ K(X). We
define the canonical divisor of X, denoted by Kx = Kx/p, to be the linear
equivalence class of Weil divisors corresponding to wx.

A log D-variety is a pair (X, A) of a normal D-variety X and a Weil
Q-divisor A such that Kx + A is Q-Cartier. We call A the boundary of the
log variety. The canonical divisor of a log D-variety (X, A) is K(x a):=
Kx + A.

A centered log D-variety is a triple X = (X, A, W) such that (X, A) is a
log D-variety and W is a closed subset of X, where Xy denotes the special
fiber of the structure morphism X — D with the reduced structure. We call
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W the center of X. We also say that X is a centered log structure on X. For
a centered log variety X = (X, A, W), we define a canonical divisor of X as
the one of (X, A):

K% = K(X,A) = KX + A.

Sometimes, we identify a normal Q-Gorenstein (Kx is Q-Cartier) D-
variety X with the log D-variety (X, 0), and identify a log D-variety (X, A)
with the centered log D-variety (X, A, Xp):

(2.1)
{normal Q-Gorensteinl C_ {]log D-varieties} = {centered log D-varieties}

D-varieties

X i (X,0)

(X, A) (X, A, Xop).

2.2 Crepant morphisms

For centered log D-varieties X = (X, A, W) and X' = (X', A", W), a
morphism f:X — X' is just a morphism f:X — X’ of the underlying
varieties with f(W) C W’. We say that a morphism X — X' is proper or
birational if it is so as the morphism f : X — X' of the underlying varieties.
We say that a morphism f: X — X' is crepant if

YWY =W and Kx=f*Ky.

The right equality should be understood as that for r € Z~y such that
r(Kx + A) and r(Kx» + A’) are Cartier, we have a natural isomorphism

Wi ra = o).

Here, wg? (rA) is the invertible sheaf, which is identical to w$" (rA) on Xyeg.
We adopt this convention throughout the paper.

Given a generically étale morphism f: X — X’ of normal D-varieties, a
centered log structure X’ on X’ induces a unique centered log structure X on
X such that the morphism f : X — X’ is crepant. Conversely, if f: X — X’ is
additionally proper, then for each centered log structure X on X, there exists
at most one centered log structure on X’ such that f: X — X’ is crepant.

REMARK 2.1. For our purposes, we may slightly weaken the assumptions
in the definition of crepant morphisms. For instance, concerning the equality
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f7H(W’) =W, we only need this equality outside Xgm \ Xyeg. This is because
the locus Xgm \ Xreg does not contribute to stringy motifs at all, which are
defined below. However, for simplicity, we will cling to our definition as
above.

2.3 Motivic integration

Let X=(X,A, W) be a centered log D-variety. An arc of X is a D-
morphism D — X sending the closed point of D into W. The arc space
of X, denoted J X, is a k-scheme parameterizing the arcs of X. We put
D,, :== Spec OD/mT[L)H, with mp the maximal ideal of Op. An n-jet of X is a
D-morphism D,, — X sending the unique point of D,, into W. For each n,
there exists a k-scheme J, X parametrizing n-jets of X. For n > m, we have
natural morphisms J,X — J,,X, and the arc space JyX is identified with
the projective limit of J,X, n > 0 with respect to these maps. We have the
induced maps

Ty Joo X — JpX.

For n < oo, J,X are of finite type over k. For a morphism f:%9) — X and
each n € Z>o U {oo}, there exists a natural map

Fo i Jn) — JoX.

The arc space JoX has the so-called motivic measure, denoted by pj_ x.
The measure takes values in some (semi-)ring, say R, which is often a
suitable modification of the Grothendieck (semi-)ring of k-varieties. In this
paper, we fix R satisfying the following properties. Denoting by [T'] the class
of a k-variety T in R,

e for a bijective morphism S — T', we have [S]=[T] in R;

e putting L := [Alch we have all fractional powers L%, a € Q in R;

e an infinite series Y ., [T;]L% with lim; , dim 7} + a; = —o0 converges;

e for a morphism f:S5 — T, and for n € Z>, if every fiber of f admits a
homeomorphism from or to the quotient A}/G for some linear action of
a finite group G on A7, then [S] = [T]L".

One possible choice is the field of Puiseux series in ¢,

o0

U 1/r

where we put [T to be the Poincaré polynomial as in [Nicl1].
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A subset A C JoX is called stable if there exists n € Z>p such that
7 (A) C J,X is a constructible subset and A =7, 7, (A4), and for every
m > n, every fiber of the map m,41(A) — m,(A) is homeomorphic to A}.
The measure of a stable subset A is given by

P (A) = [ (AL (n>>0).

More generally, we can define the measure for measurable subsets, which are
roughly the limits of stable subsets.

Let ®:C — R U {oco} be a measurable function on a subset C' C JoX.
That is, the image of ® is countable, all fibers ®~!(a) are measurable and
p.x(®7H(c0)) = 0. We define

/C P Ui x = Z /,LJOOf(q)il@L)) -a€RU {OO}

a€ER

2.4 Stringy invariants
We still suppose that X = (X, A, W) is a centered log D-variety.

DEFINITION 2.2. To a coherent ideal sheaf I £ 0 on X defining a closed
subscheme Z C X, we associate the order function,

ord I =ord Z : JooX — Zxo U {0},

as follows. For an arc v: D — X, the pullback v~'I of I is an ideal of Op
and of the form m}, for some [ € Zso U {00}, where we put (0) :=m$ by
convention. For a fractional ideal I (that is, a coherent Ox-submodule of
K(X)), if we write I = I, - I~" for ideal sheaves I, and I_ with I_ locally
principal, then we put

ord [ :=ord I, —ord I_.

Here, we put ord I = oo if either ord I, = oo or ord I_ = co. Similarly, for a
Q-linear combination Z = Z?:l a; Z; of closed subschemes Z; C X, we define

ord Z := Z a; - ord Z;,
i=1

taking values in Q U {oo}.
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REMARK 2.3. For a closed subscheme Z C X, we expect that
(ord Z)~1(c0) has measure zero. The author does not know whether this
has been proved, but this follows from the change of variables formula, if
there exists a resolution of singularities f: X — X so that X is regular
and X, U f~YZ) is a simple normal crossing divisor. If the expectation
is actually true, then order functions for fractional ideals and Q-linear
combination of closed subschemes are well-defined modulo measure zero
subsets.

Let r € Zso be such that rKx is Cartier. Since the sheaf Ox(rKx) =
WBQ] (rA) is invertible and thought of as a subsheaf of the constant sheaf
(A Qx/p)*" @ K(X), we can define a fractional ideal sheaf I by the
equality of subsheaves of (A\? Qx/p)?" ® K(X),

d @r
(/\QX/D> /tOrS:IQ‘OX(TKx).

We then put a function fy on JX by
fx = 1ord I
¥ = . x-
Since (I3)" = I§", the function fy is independent of the choice of 7. If X is

smooth, then we simply have fy = ord A.

DEFINITION 2.4. The stringy motif of X is defined to be
Mg (%) :_/ L& duy_x.
o X

We also write Mg (X) = Mg (X, A)w, and sometimes omit A if A =0, and
W if W = Xy. When the integral above converges, we call X stringily log
terminal. When it diverges, we put Mg (X) := oc.

CONJECTURE 2.5. If a morphism f: X — X' of centered log D-varieties
s proper, birational and crepant, then

M (X) = My (X').

ProprosITION 2.6. Conjecture 2.5 holds if there exists a proper bira-
tional morphism Y — X of D-varieties such that Y ®@p, K(D) is smooth
over K(D). In particular, Conjecture 2.5 holds if K(D) has characteristic
zero.
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Proof. Let X, be the generic fiber of X — D. From the Hironaka
theorem, there exists a coherent ideal sheaf I, C Ox, such that the blowup
of X, along I, is smooth over K (D). Let I C Ox be a coherent ideal sheaf
such that I|x, = I;. The blowup of X along I has a smooth generic fiber.
Hence, the second assertion of the lemma follows from the first one.

To prove the first one, we can apply the version of the change of variables
formula proved by Sebag [Seb04, Theorem 8.0.5] (see also [NS11]). If Q) is
the centered log structure on Y such that the induced morphism f:9) — X
is crepant, then the change of variables formula shows that

/ ]fo dMJoox :/ foofoo—ordjacf dMJw@'
JooX JooD

Here, ord jac; is the function of Jacobian orders as defined in [Seb04, page
29]. For r € Z~g such that 7Ky and 7Ky are Cartier, we have

d ®r
I (/\ QX/D> /tors = % Oy(rKy)

and
d ®r
</\ Qy/D> /tors = Iy - Oy(rKy).

fx o foo — ord jac; = fy.

We obtain Mg (X) = Mg (), and similarly Mg (X') = M (). We have
proved the proposition. [

This shows that

PROPOSITION 2.7. Let X = (X, A, W) be a centered log D-variety and
write

l m n
A=Y anAn+ Y biBi+ > ¢;C; (anbi€Q, ¢;€Q\{0})
h=1 i=1 =1

such that Ay, are the irreducible components of the closure of Xo N Xgm, B;
are the irreducible components of Xo \ Xsm and C; are prime divisors not
contained in Xg. Let

A5 1= A 0 X = An\ (X0 \ 4
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and

c=Nc\ U o«

jeJ GE{L e \J

with Xo \ Ay, the closure of Xo\ Ap. We suppose that X is regular and
that U?Zl C; is simple normal crossing, that is, for any J C {1,...,n}, the
scheme-theoretic intersection njeJ C; is smooth over D. Then X is stringily
log terminal if and only if ¢; <1 for every j, with C;NW N Xgm # 0.
Moreover, if this is the case,

l
a o o L—-1
h=1 JcA{1,...,n} jeJ

Proof. 'We first note that the locus Xy \ Xgn does not have any arc, and
hence does not contribute to Mg (X). Since

l
XoN Xem = | | 45,
h=1

we can decompose Mg (X) into the sum of components corresponding to A7,
h=1,...,1. The divisor ay A}, contributes to the component corresponding
to A7 by the multiplication with L. From all of these arguments, the
proposition has been reduced to the formula

) L-1
Jc{1,...,n} J€J

in the case where X is smooth and A = Zj c;C;. This is the standard
explicit formula (see for instance [Bat98]). [

2.5 Group actions

DEFINITION 2.8. A centered log G-D-variety is a centered log D-variety
X = (X, A, W) endowed with a faithful G-action on X such that A and W
are stable under the G-action. Given a variety X with a faithful G-action, we
say that a centered log structure X on X is G-equivariant if it is a centered
log G-D-variety.

For a centered log G-D-variety X, the arc space JoX has a natural G-
action. We define a motivic measure on (JX)/G, denoted by ps. %)/
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in the same way as defining the motivic measure on J,,X, except that in
the definition of stable subsets, say A, fibers of m,4+1(A) — 7, (A) are only
assumed to be homeomorphic to the quotient Az /H for some linear action
of a finite group H on A%.

The function fx on JX is G-invariant and gives a function on (J»X)/G,
which we again denote by fx. We define

Mst,G(:{) I—/ fo d,u(Joo%)/G.
(Joo X)/G

The reader should not confuse Mg ¢(X) with the orbifold stringy motif
MG (%), defined later.

Let us define a G-prime divisor as a divisor of the form Zizl D;, where
D; are prime divisors permuted transitively by the G-actions.

PROPOSITION 2.9. Let X = (X, A, W) be a centered log G-D-variety and
write

l m n
A=) "apAn+) biBi+ Y ¢C; (anbi€Q, ¢; €Q\{0})
h=1 i=1 j=1

such that Ay, are the distinct G-prime divisors such that |J Ay is equal to
the closure of Xo N Xgm, B; are the distinct G-prime divisors with | J; B; =
Xo \ Xsm and C; are G-prime divisors not contained in Xo. We suppose
that

o X is reqular,

o for any JC{l,...,n}, the scheme-theoretic intersection [
smooth over D, and

o for every j with C;NW N Xgm # 0, ¢; < 1.

jeJCj 18

With the same notation as in Proposition 2.7, we have

l
a WnA;yNCY L-1
MSMG(%) = E Lo E : [ G :| H Li-¢ —1°
h=1 Jc{1,...n} jes

83. (G-arcs

In the last subsection, we considered motivic integration over varieties
endowed with finite group actions. However, we considered only ordinary
(untwisted) arcs, which are not general enough to apply to the McKay
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correspondence. Suitably generalized arcs were introduced by Denef and
Loeser [DL02] in characteristic zero. The author [Yasa| further generalized
them to arbitrary characteristics. We may use generalized arcs of orbifolds
or Deligne-Mumford stacks as in [LP04, Yas04, Yas06, Yasa], so that we can
treat general orbifolds, having group actions only locally. We do not pursue
generalization in this direction, however.

From now on, we fix a finite group G.

DEFINITION 3.1. By a G-cover of D, we mean a D-scheme F endowed
with a left G-action such that F ®e, K(D) is an étale G-torsor over
Spec K(D) and F is the normalization of D in 0E®oDK(D)' We denote
by G-Cov(D) the set of G-covers of D up to isomorphism.

REMARK 3.2. In the tame case, there is a one-to-one correspondence
between the points of G-Cov(D) and the conjugacy classes in G. In the wild
case, however, G-Cov(D) is expected to be an infinite-dimensional space
having a countable stratification with finite-dimensional strata.

We now fix the following notation: F is a G-cover of D, F'is a connected

component of E with a stabilizer H so that F' is an H-cover of D.

conn. comp.

E F
G—cox& /H—cover
D

LEMMA 3.3. Let Aut(E) be the automorphism group of E as a G-cover
of D. That is, it consists of G-equivariant D-automorphisms of E. We have

a natural isomorphism
Aut(F) = Cq(H)P,

where the right-hand side is the opposite group of the centralizer of H in G.

Proof. If E is the trivial G-cover D x G of D, then its automorphisms
are nothing but the right G-action on G. Therefore, Aut(E) = GP.

For the general case, let Er be the normalization of the fiber product
E xp F. This is a trivial G-cover of F', and we have a natural injection

Aut(E) — Aut(Er) = GP.

Its image is the automorphisms of Er compatible with the action of
Gal(F/D) = H. This shows the lemma. [
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Let V be a D-variety endowed with a faithful left G-action.

DEFINITION 3.4. We define an E-twisted G-arc of V' as a G-equivariant
D-morphism F — V', and a G-arc of V as an E-twisted G-arc for some E.
Two G-arcs E—V and E' — V are said to be isomorphic if there exists
a G-equivariant D-isomorphism F — E’ compatible with the morphisms to
V. We denote by JSEV the set of isomorphism classes of E-twisted G-arcs
of V and by JZV the set of isomorphism classes of G-arcs of V.

Obviously,
Kv= || IV
EcG-Cov(D)
Let Homg(E7 V') be the space of G-equivariant D-morphisms E — V. We

define a left action of Cg(H) = Aut(E)°® on Hom$%(FE, V) as follows. For
a € Cq(H)=Aut(E)° and f € Hom%(E, V),

(3.1) o (BLV)=(vLdELR) =vEVLE).
By definition, we have
(3.2) JSEV =Hom$%(E, V) /Cq(H).

For n € Zsg, we put F,:=F/m%"™ with h:=#H, and define E, :=
UgEG g(Fy,). In particular, Fy = Spec k, and Ey consists of the closed points
of E with the reduced scheme structure.

DEFINITION 3.5. We define an E-twisted G-n-jet of V as a G-equivariant
D-morphism E, — V, and put
JSPV .= Hom%(E,, V)/Cq(H) and
Iv= || JPFV
EeG-Cov(D)
Here, the Cg(H )-action on Hom%(E,,, V) is similarly defined to (3.1).

Note that if £ E’, then E-twisted and E’-twisted G-n-jets never give
the same point of J&V. For each n € Zso and E € G-Cov(D), we have
natural maps

JOEV 5 J9EY  and JCV — ISV,

both of which we will denote by m,. We have obtained the following
commutative diagram:
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OGO,EV Tn+1 J +1V E,EV {E}

N

JGV —— IV —— JJV —— G-Cov(D)

n+1

REMARK 3.6. In [Yasal, the author conjectured that the sets G-Cov(D),

V JGV (0 < n < o) are realized as k-schemes admitting stratifications

Wlth at most countably many finite-dimensional strata, which will be
necessary below to define the motivic measure.

Let X be the quotient scheme V/G, writing the quotient morphism as
p:V—=X.

Given a G-arc £ — V', we get an arc D — X by taking the G-quotients of
the source and the target. This gives a natural map

Poo 1 JEV = T X,

Let T CV be the ramification locus of 7, say, with the reduced scheme
structure and T C X its image. The map poo restricts to the bijection

JEVNJST = Jo X\ JooT.
For n < 0o, we have a natural map
P T (JEV) = T X,

where 7, denotes the natural map JEV — JEV.

For a centered log G-D-variety U and n € Zso U {o0}, we define J&U
and JE E95 as the subsets of JnG V and JT? Ly consisting of the morphisms
E, — V sending the closed points of E, into the center of .

84. The untwisting technique revisited

In this section, we revisit the technique of wuntwisting, which was first
used by Denef and Loeser [DL02] in characteristic zero, and generalized to
arbitrary characteristics by the author [Yasa]. Our constructions below are
slightly different and refined from the ones in [Yasa].
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Let us now turn to the case where V is an affine space over D and the
given G-action is linear. We keep fixed a G-cover E of D and a connected
component F' of F with stabilizer H.

For a free Op-module M of rank d, let Oy := S('QDM be its symmetric
algebra, and put

V = Spec Oy = A},
We suppose that the module M and hence the Op-algebra Oy have faithful
right G-actions. Then V has the induced left G-action. The set HomCD;(E7 V)
can be identified with the Op-module

Ep :=Homy (M, Of)=Hom§ (M, Og).
We call Zf the tuning module.

REMARK 4.1. If we fix a basis of M, then the module Homp, (M, OF) is
identified with O%d. This module O%d has two G-actions: one is the diagonal
G-action induced from the given G-action on O and the other is the one
induced from the G-action on M. For an element of O%d corresponding to
a G-equivariant map M — Opg, the two actions must coincide. We thus can
identify = with the locus in O%d where the two actions coincide. This was
how the module Zr was presented in previous papers [Yasa, WY15].

LEMMA 4.2. [Yasa, WY15] The module EF is a free Op-module of rank
d. Moreover, it is a saturated Op-submodule of Homoe, (M, Op) and of
Homp, (M, Op): for a€ Op and f € Homp, (M, Og), if af € Ep, then
fezp.

From (3.2),
JSEV =25 /Cq(H).
Note that the C(H )-action on Zp is Op-linear.
LEMMA 4.3. The maps
Tni1(JEV) = 1, (JEV)

have fibers homeomorphic to the quotient of Ag by a linear action of a finite
group.

Proof. If we denote the map = — Hom?Z (F,,, V) again by 7, the image
Tn(EF) is isomorphic to (Op/ml;™)®?. This shows that the fibers of

7Tn+1(EF) — Wn(EF)

are isomorphic to A‘,ﬁ, proving the lemma. 0
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DEFINITION 4.4. We define a motivic measure p;cy on JGV in the
same way as the ones on JoV and (JoV)/G. If U is a G-equivariant
centered log structure on V, we define the measure p;cq on JEU as the
restriction of p gy

REMARK 4.5. For the definition above to make sense, we need the
conjecture that moduli spaces G-Cov(D) and JSV exist and have some
finiteness (see Remark 3.6).

DEFINITION 4.6. We define modules,

MFl .= Home, (Ep, Op) and

MAF) .= pIF Rop OfF = Hom@D(EF, OF),

which are free modules of rank d over Op and O respectively. We define
an Op-linear map

w =k M — ME)

m+— (E3 f— f(m) € Op),

identifying =Zp with Hong (M, OF) rather than Hong (M, Og).

LEMMA 4.7. We suppose that H and Cg(H) act on M by restricting
the given G-action.

(1) With respect to the H-action on M'F) induced from the H-action on
Op, the map u* is H-equivariant.

(2) With respect to the Cq(H)-action on M'F) induced from the (left)
Ca(H)-action on Zp, the map u* is Cq(H)-equivariant.

Proof.

(1) For h € H and m € M, we have

u(mh) = (f = f(mh))
= (f = f(m)h)
= (f = f(m))h,

since f € = are H-equivariant. This shows the assertion.
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(2) Let M‘E) .= Homo,, (Er, Op) and consider the natural map
up: M — ME mes (f e f(m)),

now identifying Ep with Hong(M, Opg). This map is Cg(H)-
equivariant. Indeed, for g € Cq(H) and m € M, from (3.1), we have
up(mg) = (f = f(mg))
= (f = f(m)g)
= (f = (gf)(m)).

The map uj, factors as

M 2R ALE) S B,
Since the inclusion M) — M(F) is also Cg(H)-equivariant, so does
Note that the H- and Cg(H)-actions above on M) commute.

DEFINITION 4.8. We define the untwisting variety (resp. pre-untwisting
variety) of V with respect to F' as

VIFl .= Spec S('QDM‘Fl =A% (resp. V) .= Spec S{QFM<F> =A4).

We denote the projection V) — VIFI by r =rp, where r stands for the
restriction of scalars (see diagram (4.1) below). The map u* defines a D-
morphism

w: VI S v,

which is both H- and Cg(H)-equivariant. We call the pair of r and u the
untwisting correspondence of V with respect to F'.

Let X :=V/G, and identify Ox with (Oy)%. Since the H-invariant
subring of Oy, (r) is

(Oyi)T =0y,
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we have

u(Ox) C Oy ir-

We denote the induced morphism VIl — X by pl¥l. We have the following
commutative diagram:

(4.1) V = A4 VIFl = AY)

X=V/G

ViF) =A%
D
X

LEMMA 4.9.

(1) The map

Hom (F, V) = 25 = Hom (F, V)

Y= U0y

is bijective.
(2) The map

Hom & (F, V")) = J VIl = Homp (D, VIF1,

sending a morphism F — V{F)

to the induced one of quotients,
D=F/H—VFI =y /g
is bijective.
Proof.

(1) With the identification

Homg(F, V<F>) = HomgF (Homo,, (EF, OF), OF),
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the map of the assertion is identified with the map

a: HomgF(HomoD(EF, Or),Or) — EF

¢ = (m= o((f = f(m)))),

where m € M and f € Zr. Let us consider the map

b:Zp — HomgF (Homo, (Er, OF), OF)

[ (2= 2(1),

where z € Homop, (Ep, OF). The composition a o b sends f € Ep to

(m = (2= 2(f)) (b= h(m))) = (m— f(m))
=/

and hence is the identity map. It follows that a is surjective. Now
the assertion follows from the fact that the source and target of a are
free Op-modules of the same rank and a is a homomorphism of Op-
modules.

(2) We can give the converse by the base change associated to F'— D. []

In summary, we have a one-to-one correspondence between Zp and
JooVIFl induced from the untwisting correspondence. From Lemma 4.7,
the correspondence is compatible with the Cqg(H)-actions on both sides.
Therefore, it descends to a one-to-one correspondence between JOGO’EV and
(JooVIF1) /Cq(H). We obtain the following commutative diagram:

HomZ (F, V¥

y 1-to-1 w‘
T VIFI
w2 i |

(JnVIF)Ca(H)

\/
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For n < co, we have a similar diagram:

7o (Hom 2 (F, VF
/ K
Tn(Ep J, VIF
w | 1
T(JZEV) (JaVIFY/Co(H)

JV\/

Note that the arrow [ is no longer bijective. When n =0, the diagram is
represented as

VO<F)
(V)" "
(4.4) i l
(Vo) /Ce(H) (Vo™ /Ca ()
0

Here, (Vo) is the fixed-point locus of the H-action on Vj.

85. The change of variables formula

The untwisting technique, discussed in the last section, enables us to
deduce a conjectural change of variables formula for the map po : JOGOV —
JooX . In turn, it derives the McKay correspondence for linear actions in the
next section.

We keep the notation from the last section.
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DEFINITION 5.1. Let f:T — S be a morphism of D-varieties which is
generically étale. The Jacobian ideal (sheaf)

Jacy = JaCT/S C Or

is defined as the zeroth Fitting ideal (sheaf) of {27/, the sheaf of Kéhler
differentials. We denote by j¢ the order function of Jacy on JoT', (JooT')/G
or JCT if T has a faithful action of a finite group G. The ambiguity of the
domain will not cause confusion.

REMARK 5.2. When T is smooth, the function j; on J T coincides with
the Jacobian order function, denoted by ord jacy, in [Seb04] and mentioned
in the proof of Proposition 2.6.

CONJECTURE 5.3. Let the assumption be as in Section 4. Let ® : Joo X D
A — R U {oo} be a measurable function, with A C pao(JLEV), and let p‘(ﬂ)
be the natural map (Jo VI /Cq(H) — JouX. We have
|F|

@duJOOX:/ (CI)opoo)]L_jP‘F‘ du T VIFDY /O (H)-

Although there is no written proof of the conjecture in this general form
in the literature as far as the author knows, the conjecture is likely to be
proved by using existing techniques and arguments from [DL02] and [Seb04].

DEFINITION 5.4. [Yasa] For E € G-Cov(D) with a connected compo-
nent F', we define the weights of E and F' with respect to V' as
wy (E) = wy (F) := codim((Vp), Vo) — vy (E),

with

Homop,, (M, OF)

vy(E)=vy(F) : - length

. G Or-EF
1 Homo,, (M, Op)
= — .length D )
tH & Or - -=f

For the generalization to the case where k is only perfect, see [WY15].

The definition above gives the weight function,

wy : G-Cov(D) — &;Z.
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We will denote the composition

1
JCV — G-Cov(D) — tTGZ
again by wy .
DEFINITION 5.5. For an ideal I C Oy stable under the G-action and a
G-arc v: E — V, we define a function

ordI:JEV — ﬁ—GZU {oo}
by

Og Or
(ord I)(7y) := u—Glength 7= V] PR

We then extend this to G-stable fractional ideals and G-stable Q-linear
combinations of closed subschemes as in Definition 2.2.

length

The conjectural change of variables formula is stated as follows.

CONJECTURE 5.6. [Yasa] For a measurable function ®:JoX D C —
R U {oo}, we have

/ ® dpigx = / (P 0 poo) LTI H™Y dpy .
c = (C) =

To explain where the formula comes from, we first show a lemma.
LEMMA 5.7. We have

fH-vy (F)
JaCV<F>/V><DF =Mp OV(F>

Proof. Let ' : V) 5V xp F be the natural map. We have the stan-
dard exact sequence

(u,)*QVXDF/F — QV(F)/F — QV(F>/V><DF — 0.
The left map is identical to the map
M ®0, Oy — MFE) @0, Oy

Since the Fitting ideal is compatible with base changes (for instance, see
[Eis95, Corollary 20.5]), if I denotes the zeroth Fitting ideal of

coker(M ®0, Op — M),
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we have Jacv<F>/V><DF =1-Oyr. It is now easy to see that I = mﬁFH'vV(F)

)

for instance, by considering a triangular matrix representing the map
M ®o, O — M) for suitable bases. N

Conjecture 5.6 can be guessed from the following conjecture.

CONJECTURE 5.8. Forye€ JOGOV and n>> 0, the fiber of the map
pn T (JEV) = T, X
over the image of v is homeomorphic to a quotient of the affine space

A]&ip—wv)ﬁ)

by a linear finite group action.

To see this, we first note that since two G-arcs £ — V and E' — V with
E 2 E' have distinct images in J, X for n > 0, we can focus on Joci,’EV for
fixed E. Fixing a G-arc v: E — V, we consider the map

(J VY ) Ca(H) — T, X.
The fiber of this map over the image of v should be homeomorphic to
AL”‘F‘('Y)/A,

where 7/ is an arc of VIl corresponding to v, and A is a certain subgroup
of C(H) acting linearly on the affine space. This fact would be proved in
the course of proving Conjecture 5.3. On the other hand, the map

mn (Hom{ (F, V<F>))/CG(H) - Wn(JonzV)
induced by w has fibers homeomorphic to

AzOdim((VO)H7VO)/B

for some finite group B, which can be seen by looking at diagrams (4.2)—
(4.4). From Lemma 5.7,

JplFl —codim((Vp)H#, Vp) = Jvim ) xxpFr — codim((Vp)#, V)

= (xpF/XxpF +ivie) jyx,p)—codim((Vo) ™, o)
= jp - Wy,

concluding Conjecture 5.8.
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86. The McKay correspondence for linear actions

To state the McKay correspondence conjecture for linear actions, we first
define the notion of orbifold stringy motifs. Keeping the notation from the
last section, let X, U, V) and YIFI be centered log structures on X, V,
V) and VIF respectively, so that the following morphisms are all crepant:

Since X is Q-factorial, either X or ¥ determines the other centered log
structures. The centered log structure U is G-equivariant and U1¥1 Cq(H)-
equivariant.

DEFINITION 6.1. We define the orbifold stringy motif of the centered
log G-D-variety U to be

MS (D) := /JG% LBty qu.

Note that since U is smooth over D, we have fy3 = ord A for the boundary
A of 0.

Arguments as in the proof of Proposition 2.6 deduce the following
conjecture from Conjecture 5.6.

CONJECTURE 6.2. (The motivic McKay correspondence for linear

actions I) We have

We next formulate a conjecture presented in a slightly different way so
that we are able to generalize it to the nonlinear case easily.

DEFINITION 6.3. For E € G-Cov(D), we define the E-parts of M$ ()
and M (X) respectively by

M§Fe): = [

Listwv gy, Joy and
pSay
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ME@) = [ g M

By the same reasoning as that for the last conjecture, we would have
(6.1) M () = M (%),
On the other hand, from Conjecture 5.3, we would have
(6.2) ME(X) = My, o) (T7)).

Let G-Cov(D)=|[2,Ai be a conjectural stratification with finite-
dimensional strata A; (see Remark 3.6). The author [Yasa] conjectures also
that each stratum A; may not be of finite type over k, but the limit of a
family

f1 f2
X x, B

such that X are of finite type and f; are homeomorphisms. We then define
a constructible subset of G-Cov(D) as a constructible subset of | |\ , A; for
some n < 0o, which would be well defined thanks to this conjecture. For a
constructible subset C' of G-Cov(D), its class [C] in R is well defined. Let
7 denote the tautological motivic measure on G-Cov(D) given by 7(C) :=
[C] for a constructible subset C'. If a function ® : G-Cov(D) - R U {oo} is
constructible, that is, its image is countable and all fibers ®~!(a), a € R are
constructible, then the integral fG—Cov( D) ® dr is defined by

T = (@ (a)) - a o0 f.
Lo 7@ @) aeRUo0)

From Conjecture 6.2 and conjectural equations (6.1) and (6.2), it seems
natural to expect

MEW = [ M@ dr,
G-Cov(D)
and hence we have the following conjecture.

CONJECTURE 6.4. (The motivic McKay correspondence for linear actions
IT) We have
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This formulation of the McKay correspondence is what we generalize to
the nonlinear case.

To make this conjecture more meaningful, it would be nice if we could
compute MSt,CG(H)(‘BlF ) explicitly. For this purpose, next we see how
to determine the centered log structures U and B! from V. Let us
write U= (V, A, W), BE = (v, AF) W) and BIFl = (v, AlFI WwiFh,
The centers W) and WFI are simply determined by

wWE =y '(W) and W =),

The boundaries A®) and Al¥l are determined as follows.

LEMMA 6.5. Regarding V0<F> and VO‘F‘ prime divisors on V) and VIF,
we have

AF) = A = (4H vy (E) +dpp) - V'
1
AlFl = ] A — vy (B) - V0|F|.
Here, dp/p is the different exponent of F/D, characterized by Qp/p =
d
OF/mFF/D .
Proof. For the first equality, we have

u*(K\/ + A) = KV<F) — KV'(F)/V +u*A
= Ky — Ky jyspr — (W) Ky prpv +u"A.
Here, Ky (r) is the canonical divisor of V{F) as a D-variety rather than

an F-variety, and v/ denotes the natural morphism V) — V xp F. From

Lemma 5.7,

Kym sy = tH - v (E) - V35

Since (v')* Ky, p/v is the pullback of Kp/p, we have

(W) Ky xprv =dpp - VO<F>-

These equalities show the first equality of the lemma.
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The second one follows from

" 1 . F
r <KVF| + v STy A—V(E)-VO| |)
(F)

= Ky — Ky jyien +u* A — 4H vy (E) -V
= Kyey +u*A = (tH - vy (B) + dpy) - Vi
=Ky + A, 0
EXAMPLE 6.6. Suppose that A =0 and W = {0}, with o € V}, the origin.
Then Al = —vy(E) - VO‘F‘ and W ¥l = AZOdim((VO)H’VO). Hence,
MG P (B) = My o (a1) (V1) = LWV (),

Conjecture 6.4 is reduced to the form
(6.3) My (X) = / LYV dr.
G-Cov(D)

If p:V — X is étale in codimension one, and if we denote p(o) again
by o, then Mg (X) = My(X),, and the last equality is exactly what was
conjectured in [Yasa].

REMARK 6.7. If §G is prime to the characteristic of k, then G-Cov(D)
is identified with the set of conjugacy classes of G, denoted by Conj(G).
Equality (6.3) in the last example is then written as

RES D SR t)
[g]€Conj(G)

Expressing the weights wy (g) in terms of eigenvalues, we recover results by
Batyrev [Bat99] and Denef and Loeser [DL02].

87. The McKay correspondence for nonlinear actions

In this section, we generalize Conjecture 6.4 to the nonlinear case. This
is rather easy, once we have formulated the conjecture as it is.

Let us consider an affine D-variety v = Spec O, endowed with a faithful
G-action. We fix a G-equivariant (locally closed) immersion

v—V

into an affine space V = A% endowed with a linear G-action. Identifying
G-arcs of v with those of V' factoring through v, we regard ng as a subset
of JCV.
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REMARK 7.1. Such an immersion always exists. Indeed, let f1, ..., f, be
generators of O, as an Op-algebra, let A :={J; f;G, the union of their orbits,
and let Op[zy | f € A] be the polynomial ring with variables z¢, f € A over
Op. The ring has a natural G-action by permutations of variables. The
Op-algebra homomorphism

OD[l'f|f€A]—>OV, :L‘f’—>f

defines a desired immersion. Moreover, this construction gives a closed
immersion into V' on which G acts by permutations. In this case, our weight
function wy is closely related to the Artin and Swan conductors [WY15],
although we do not use this fact in this paper.

DEFINITION 7.2. For E € G-Cov(D) with a connected component F', we

(F >, as the irreducible

define the pre-untwisting variety of v, denoted by v
component of r~*(v) € V) which dominates v. We then define the untwist-
ing variety, denoted by vl
the normalized pre-untwisting vi¥)" and untwisting varieties vI¥* to be the

(F) and vI¥| respectively.

, as the image of v in VIFI. We also define

normalizations of v

Let x := v/G. The following diagram shows natural morphisms of relevant
varieties, and the symbols ¢, s and ¢ denote morphisms as indicated:

F)v

AN

W(E) IFLY

(7.) / O

vl

The one-to-one correspondence obtained in the last section,
JEEV 6 (VI Ca (1),
induces a one-to-one correspondence

JEEY & (JoVIPN JCa(H).
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We obtain the following diagram:

(JooV!F1¥) /Ca(H)

|

JSEY (JooVIFN /Ce (H)

~N

JooX

1-to-1

If we put JZx to be the image of Jo%’EV in JyoX, then we can naturally
expect that JO%X coincides with the images of JoVIFl and JoovFl modulo
measure zero subsets.

From now on, we suppose that v is normal. Let v, 0¥ olF¥ and ¢
be centered log structures on v, v and vIFl¥ respectively such that the
morphisms

U<F>7V
o} U|F|7V
r

are all crepant. The centered log D-varieties v and v/l are G- and Cg(H)-
equivariant respectively. If we define the E-part ME (¢r) of M (x), we can
expect

Mg(;) = Mst,C’G(H) (U|F|7V)7
similarly to the linear case. The equality is a slight generalization of
Conjecture 2.5 and would follow from the change of variables formula
generalized along the line of [DLO02], applied to the almost bijection

Ly

It is then natural to expect the following conjecture.
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CONJECTURE 7.3. (The McKay correspondence for nonlinear actions)
We have

M (x) :/ Mst,cG(H)(U‘F"V) dr.
G-Cov(D)

DEFINITION 7.4. We define the E-part of the orbifold stringy motif of
v as

MS P (0) == My oy (011,

and the orbifold stringy motif of v as

ME () = /G o MEE (o) dr.
-Lov

With this definition, the last conjecture simply says
M (x) = Mg (v).

REMARK 7.5. The reader may wonder why we do not define M$ (v) as
a motivic integral on JOGOU, which appears to be more natural. It is because
the author does not know whether one can define a motivic measure on
JG v, as he does not know how to compute dimensions of fibers of

T (HomE (F, v Y)) /Ca(H) — 7, (JE V).

Knowing it was, in the linear case, a key in formulating the change of
variables formula (Conjecture 5.6) and determining the integrand Lfs+wv
in the definition of M$ (7).

§8. Computing boundaries of untwisting varieties

To compute examples of the wild McKay correspondence, we need to
determine centered log varieties v/, It is easy to determine the center.
In this section, supposing that v and vl are both normal and complete
intersections in V and VI¥! respectively, we compute the boundary of vl.

Let

t:vi) v oand sV oI

be the natural morphisms, although they are different from the morphisms
denoted by the same symbols in diagram (7.1) unless viF)
subvariety v{¥) ¢ V) is a complete intersection. To see this, first note that

is also normal. The
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if s~1(vFl) denotes the scheme-theoretic preimage, then ((S*I(V‘F‘))red =
vif). The subscheme s_l(v‘F ‘) c V) is a complete intersection, hence
Cohen—Macaulay, and generically reduced. From [Eis95, Theorem 18.15],

s~1(vIF1) is actually reduced and

sTHIEN = i),

In general, for a complete intersection subvariety Y C X, its conormal
sheaf Cyx is defined as Iy / IZ, with Iy C Ox the defining ideal sheaf of Y.

We put
codim(Y,X)
det CY/X = /\ CY/X
There exists a unique effective H-stable Cartier divisor Ap on v such
that

t*(det Cyyv) = (det Cyir) pyom) ) (= Ar).

PROPOSITION 8.1. Let & and 8F! be the boundaries of v and vlF!
respectively, and C := VolFllv\Fh the restriction of the prime divisor VO‘F‘ on
VIFl to vIFl. Then

1
Sl = o (t"0 + Ap) — vv(E) - C.

Proof. Let €l be the right-hand side of the equality. As in the proof
of Lemma 6.5, it suffices to show that the pullbacks of divisors K, + ¢ and
K, r + elFl to vIF) coincide. Since

* 1 * L
S (ﬁHS*t 6) =1"0,

we may suppose ¢ =0 and hence

€‘F‘ = ﬁ}{ . S*AF - Vv(E)C

By abuse of notation, identifying a divisor corresponding to an invertible
sheaf, from the adjunction formula, we have

'K, =t* (Kv‘v — det CV/V)
= (" Kvy) |,y — det CV<F>/V(F> + Ap.

https://doi.org/10.1017/nmj.2016.3 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.3

144 T. YASUDA

On the other hand, since s*(det CV|F|/V\F\> =det CV<F>/V<F>,

s (Ko + 1) = s* (K imi|m —det Cyiry pyie)) —4H - vy (BT ) + Ap

= (P Kyirl — tH - vy (E)Vg" )|y — det Cyir ) + A

From Lemma 6.5,

Ky ip — tH v (B = Ky p — dppVy'! — tH vy (B)V,

= U*Kv,

which shows the proposition. 0

It is handy to rewrite the proposition in the case of hypersurfaces as
follows.

COROLLARY 8.2. Suppose that v CV is a hypersurface defined by a
polynomial f € Oy, and write

b
u*Ff = 7TF¢1

where 7 is a uniformizer of Op, b is an integer b > 0, and ¢ € Oy (r), with
w1 ¢. Then, with the notation as above, we have

Proof. The corollary follows from

AF:b~(V0<F>|V<F>) and S*AF:b-C. D

0

REMARK 8.3. In the corollary above, if f is G-invariant, then b is a
multiple of §H and hence b/§H is an integer.

89. A tame singular example

In this section, we verify Conjecture 7.3 for an example of the tame case
where v is not regular.

Suppose that k has characteristic #2. Let D :=Speck][n]], V :=
Spec k[[r]][x, y, z] and v = Spec k[[7]][z, y, 2]/ (zz — y?), the trivial family of
the A;-singularity over Spec k[[r]]. We suppose that G = Z/2Z = {1, g} acts
on V by

rg = —Z, Y9=1Y, 2§ =~z
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The subvariety v is stable under the G-action, and the quotient variety
x=Vv/G can be embedded into Ai[[ﬂ] = Spec k[[n]][u, v, w] and gives the
hypersurface defined by the equation uv —w? =0. Thus, x is the trivial
family of the As-singularity over Spec k[[r]].

Since the morphism v — x is étale in codimension one, it is crepant (with
the identification (2.1)). Let Xo — xo be the minimal resolution, and let
X :=x ®y, k[[r]]. The natural morphism x — x is crepant. From Proposition
2.7,

Myt (x) = My (%) = [%o] = L? + 3L.

Next, we will compute MS(v) and verify that it coincides with Mg (x).
There are exactly two G-covers of D up to isomorphism: the trivial one
FE1=DUD — D and the nontrivial one

By = Spec k[[7'/?]] = D = Spec k[[r]],

and hence
G.E G.E
ME (v) = Mg " (v) + Mg (v).

As for the first term Mg’El (v), we have vIPl =v. Consider the minimal
resolution Vo — vg and put V:=Vg ®y k[[r]]. Then the morphism v —v
is crepant. Since the G-action on the exceptional locus is trivial, from
Proposition 2.9,

MG (v) = My 6(v) = L% + L.

Next, we compute Mg £2(\). For F = E,, the tuning module =z has a basis
(91) 71_1/21,*’?/*77_‘_1/22,*7

with a*, y*, z* the dual basis of z, y, z. If we denote the dual basis of (9.1)
by x, v, z, then we can write u* as

u* K[|z, y, 2] = k7)), v, 7]
T 7T1/2X

ye=y

2 w2,
We see that vI¥l is given by

mxz —y2 =0.
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Since the nonregular locus of v/¥! has dimension one, the variety vl is
normal. From Corollary 8.2, the boundary 8/¥! of vl*l is given by

1 = vyl e,

Hence,
MG (v) = My o (0/F1) = My o (VL.

The G-action on vl is given by

Xg = —X, Y9=Y, 29 = —z.
The nonregular locus of vI¥l consists of three irreducible components

Cy={x=y=2z=0}, Cy={x=y=nm=0},
C3={y=z=nm=0}.

Let vi — vI¥l be the blowup along C. Then the nonregular locus of v; is
exactly the union of the strict transforms C and C% of Cy and Cs5. Moreover,
the singularities of vy are two trivial families of the A;-singularity over A}C.
Let vo — vi be the blowup along C% and C%. Then v is regular. If Ay and
As are the exceptional prime divisors over C4 and C% respectively, then
the smooth locus of vo — D in the special fiber is the disjoint union of
open subsets Aj C Fy and A} C E3 with A} = A} = A7, Since the morphism
vy — vIFl is crepant and the G-action on its exceptional locus is trivial,

M (W) = My o (va) = [Ay L Aj] = 212
and

MS (v) = MG (v) + MG P2 (v) = L% + 3L,
as desired.

§10. A wild nonlinear example

In this section, we verify Conjecture 7.3 for an example of wild nonlinear
actions.

Suppose that k£ has characteristic two. Let V' := Spec k[[r]][z, y], on which
the group G = {1, g} = Z /27 acts by the transposition of x and y, and v :=
Spec k[[x]][z, y]/(x + y + zy). The completion of v at the origin o € vy C Vp
gives

Spec k[, 2],
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with the G-action by

T
1+=x

Tg = =zt+ai+a 4

The invariant subring of k[[r, z]] is

Since

the different of k[[]]/k[[%]] is

(F'(2)) = ()

(see [Ser79, page 56, Corollary 2]). Let Z C V be the zero section of V' — D,
defined by the ideal (z, y) C k[[7]][z, y]. We regard Z as a prime divisor on
v. Note that 27 is defined by « + y =0.

If we put v = (v, 6 = =27, 0) and ¢ = (x, 0, 0), with o the image of o, then
the quotient morphism ¢ : v — 1 is crepant. We obviously have

M (x) = 1.

Next, we will verify that M$ (v) = 1. For the trivial G-cover By = D LI D —
D, since vIPl = v, from Proposition 2.9, we have

L-1 1

L3—1 L2+L+1

G.E
My (0) =

Let E = F = Spec k[[p]] be any nontrivial G-cover of D = Spec k[[r]]. The
associated tuning module Zg is generated by two elements oy and ag given
by

arr—=1, y—1

and
Q21T p, Y+ pg.

Let x and y be the dual basis of o7 and ao. Then u* is given by
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kl[mllz, y] = Ellplllx, vl
T X+ py

y = x+ (pg)y.

Therefore, vi¥) and vl are defined by

(x+ py)(x+ (pg)y) + (x + py) + (x + (pg)y)
= x>+ Nr(p)y” + Tr(p)y(1 + x)
=0.

The G-action on k[[p]][x, y] is given by

Pg
(10.1) Xg=x,  yg="ly.

The pullback of 27 to v{¥) is defined by Tr(p)y. Let S := ngl, regarded as

a prime divisor on v!¥!, and let B be the prime divisor on v/¥| such that 2B
is defined by y = 0. From Corollary 8.2, the boundary 6! of vl# is

—4nS — 2B,
with n € Zs given by (Tr(p)) = (7™). The center of olFl s VEF|. Hence,
Mst,G(t"F') = Mst,G(V|F|, —2B)L~2",

Let us now consider the case n=1. The variety vI¥l has two A;-
singularities at

(x,y,m) =1(0,0,0), (0,1,0).

Blowing them up, we get a crepant morphism vI¥l — vI¥l. Let Ny and N;
be the exceptional prime divisors over (0,0,0) and (0, 1,0) respectively.
The G-action on Ny is trivial, and the one on V7 is linear. Let B cvlfl be
the strict transform of B. The morphism (vI¥1, —2B — Ng) — (vIFl, —2B) is
crepant. Since /¥ is regular, the smooth locus of V¥l = D in the special
fiber is

No \ {1 point} L Ny \ {1 point},

where the removed point of Ny is different from the intersection Ny N B.
Therefore,
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Mst,G(V|F|, —QB) = Mst,G(\~/|F|, —QB — No)
L-1
=L L-—1)+ —— Lt
+(@-v+ 5
~ L(L+1)?
L2+ L41

Next, consider the case n > 2. Then vI¥l is nonregular only at the origin
0=(0,0,0). The completion of vIFl at the origin is

kllm, %, y]]
(2 +7y? +7"y)

Spec

after a suitable change of coordinates, which is the D, -singularity in Artin’s
classification [Art77]. Let f:VlFl - vIFl be the minimal resolution. The
exceptional prime divisors Ny, ..., Na,, the strict transform B of B and
the one S of S are arranged as indicated in the following dual graph:

(2,0)

b ()
(0,2)

Here, the pairs of numbers, say (a, b), mean that a is the multiplicity of the
relevant prime divisor in f*(2S5), and b is the one in f*(2B). If we put

2n—1
S|F| = —2B — (n — 1)N1 — nNQ — Z (2n — Z')Ni_;,_l,
=2

then the morphism
@1 1FY = (WPl —2B)

is crepant. Since N7 and N are the only prime divisors having multiplicity
one in f*(25), the smooth locus of the morphism V¥l — D in the special
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fiber is
(Nl LJ Ng) \Ng

Since the G-action on the exceptional locus of f is trivial, we have

~ L-1
A@uvat&Fb:=L-L‘”“‘F<@a—1>+ﬂp1>H7”

(L—l— 1)2112771
L2+L+1°

In summary, for n > 0, we have

(L + 1)21L2-3n
L2+L+1

Since the locus of E € G-Cov(D) with ord, Tr(p) =n is homeomorphic to
G x A7 (see [Yasl4]),

G,E
Mst (U) =

G.E G,E
ME (o) = MG (o) + | MG (o) dr
G-Cov(D)\{E1}
1 2 (L4 1)%L2-3n 1
TL2+L+1 nz: Ly Tk
— 1.

§11. Stable hyperplanes in permutation representations

When G acts on V by permutations of coordinates, then the functions
vy and wy can be computed by using Artin or Swan conductors, or
discriminants or differents [WY15]. In this section, we generalize to the case
of a hyperplane in a permutation representation defined by an invariant
linear form.

Suppose that G acts on

V =A% =Spec Oplay, . . ., z4]
by permutations of coordinates, and

AL 2 v=SpecOy/(f)CV
is a hyperplane defined by a G-invariant linear form

d d
fZZfixiEMG (MZZ@OD.%'Z).
=1

i=1
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The assumption that Ad L'~y means that at least one coefficient f; is a

unit in Op.
Fix E € G-Cov(D) and a connected component F' of E with stabilizer H.
Let
{1'1,.732,...,xd}ZOll_lOgl_l--~|_|Ol
be the decomposition into the H-orbits. Reordering x1, . . ., x4 if necessary,

we suppose that

Oj::EjH, 1<]<l
The assumption f € M% now means that if i € Oj, and if h; € H is any
element sending z; to z;, then

fi= fihi

For 1<j <!, we put H; C H to be the stabilizer of j, which has order
tH/$0;, and put C := Spec (Op)i | which is a cover of D of degree 10;.
Accordingly,

!
C:= |_| Cj —D

j=1
is a cover of degree d. Here, we say that a morphism C' — D is a cover if
C' is the normalization of D in some finite étale (not necessarily Galois)
K (D)-algebra. We obtain C' from E also in the following way. If Gp is
the absolute Galois group of K (D), then the G-cover E corresponds to a
continuous homomorphism p : Gp — G (up to conjugation). Since G acts on
{1,...,d} by conjugation, we get a continuous action of Gp on {1, ..., d},
giving a finite étale cover C° — Spec K (D). Taking the normalization of D

in C°, we get C' (up to isomorphism).
For a cover C'— D, we denote by d¢/p its discriminant exponent: the

discriminant of the extension K(C)/K (D) is mtll)c/ P If C is connected, then
dcoyp is the same as the different exponent appearing in Lemma 6.5. (Note
that since C' and D have the same algebraically closed residue field, the
ramification index of a cover C' — D is equal to its degree.)

LEMMA 11.1. We have
dC/D
vy (E) = chw

Proof. This follows from [Ked07, Lemma 3.4] and [WY15, Theorem 4.7].
i
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We have an isomorphism

l
a:Ep= Hong(M, Or) — @ Oc;
j=1

¢ = (o(x1), - - -, D))

For each e > 0, we choose an element p;. € O¢;, with vc,(pj.) = e, where
v, is the normalized valuation of K (Cj). The elements

pie (0<e<0;=[C;: D])
form a basis of O¢; as an Op-module, and
]
Tje:=1(0,...,0,pj¢0,...,0) (1<j<I, 0<e<{0;))
form a basis of @é‘:1 Oc;. Let 4. € MF) 1<j<l,0<e< 80;, be the

dual basis of 0. through the isomorphism «. The map uy: M — M (F)

sends z; with i € O; to
40,1

Z (pj,e : hi)wj,&

e=0
where h; is any element of H sending x; to z; as above, and f to

1 #0;—-1

up(f) = Z Z Z fi(pj,ehi) Ve

j=1 e=0 ’iEOj

= > Treyp(fipie) Ve
1<j<
0<6<]i0j
Here, Trc, /p is the trace map K(C;) — K(D).
LEMMA 11.2. Let B — D be a connected cover of degree n. For e € Zxy,
we have
)

TrB/D (mp) = mp .
Here, |r] is the largest integer < r. In particular, there exists a generator
pe of m% such that

6+dB/DJ

op(Tosp(pe)) = |

where vp is the normalized valuation of K(D).
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Proof. From [Ser79, Proposition 7, page 50], for a € Z,

an—dB/D
Trp/p(mp) Cmp & mp Cmy

€+dB/D
" .

= a

N

This shows the first assertion. To show the second assertion, suppose, on
the contrary, that there does not exist such a generator of m%. From the
first assertion, there exists an element 7 € meB+1 with

\‘6 +dB/DJ

vp(Trg/p(7)) = -

For any generator p of m%, p + 7 is a generator with the desired property,
a contradiction. [

PROPOSITION 11.3.  Let us write wh(f) = n%¢, with ¢ irreducible (a
linear form over Op with at least one coefficient a unit). Namely, b is the

order of uj(f) along V0<F>. Then

b= tH - min {UD(fj)+ hgjf:/gd |1<j<z}.

Here, we put vp(0) := 400 by convention.

Proof. From the lemma above, for a suitable choice of p;., we have

ve, (fi) +e+dg.
vp(Tre, p(fipje)) = { ) CJ/DJ :

[Cj: D]
Then

b = min{vr(Tre;/p(fipje)) [1 <5 <1, 0<e <20}

. ve; (fj) +e+de,/p
= #H - min
: H [Cj : D]

J|1<j<l, 0<e<ﬁoj}

de.
— 4H - min {UD(fj)+ hcj]:/g}J 1< <z},

which shows the proposition. 0
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COROLLARY 11.4. For E € G-Cov(D), we have

l de,
VV(E) :% E de/D — min {UD(fj) + \‘[CTJ/B]J | 1 <] < l} .
J=1 '

In particular, if f =x1 4+ x2+ - -+ x4, then

l
1 . dc,/p .
= — — <9< .
(8= 2w mm{hosz]J“\”}

Proof. 1In our situation, the symbol vIFl has, a priori, two meanings: one

is obtained by applying the untwisting technique directly to v and the other
by first applying it to V and taking the induced subvariety in V¥, However,
the two constructions actually coincide. Indeed, if m is the linear part of O,,
then we have a surjection M — m. It induces a surjection M!* — ml*l and
a closed immersion A%‘l — AdD. This shows the claim. Therefore, there is
no confusion in the use of the symbol as well as v/l

The boundary of vl is —v(E) - v(‘JF‘ from Lemma 6.5, while

<min {vD(fj) + hgfj:/gd 11<j< l} — vV(E)> P

from Propositions 8.1 and 11.3. Comparing the coefficients shows the
corollary. [

REMARK 11.5.

(1) Let p denote the characteristic of k. If p{[C;: D], then dc,/p = [C;:
do.
D] —1 and {mJ = 0. Therefore, if ptd and if f=x1+ -+ x4,
e
then since at least one Cj; satisfies p{[C}; : D], we have v, = vy. This
equality is also explained as follows. We have the exact sequence

(@1, Ta) D0 @
B

0—v—V AL —o,

whether we have p | d or not. If ptd, this sequence splits. The equality
follows from the additivity of v, (see [WY15]).

(2) If, for some j, f; is a unit and §O; =1 (hence C;j = D and d¢,/p = 0),
then the corollary above deduces that v, = vy. Again, V is isomorphic
to the direct sum of v and a one-dimensional trivial representation, this
time as an H-representation.
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EXAMPLE 11.6. Let p be a prime number, and let G = (g) = Z/pZ.
Suppose that Op = k[[n]], with k of characteristic p, and that G acts on
V' = Spec k[[n]][x1, . . ., xp| by

and that v CV is the hyperplane defined by f=x1+ - -4+ x,. Let F €
G-Cov(D) be a connected G-cover. The ramification jump j € Z~q of E is
given by

j=vp(rgg — 1) — 1,

which is not divisible by p. From [Ser79, page 83, Lemma 3],

dp/p=(@—1)(F+1).

Accordingly,
_dg/p  |dg/p
e = 2 - |22
_=-DU+1 {(p— D@+ 1)J
2 P

() o252

—(p-2)+ <<p—1>2<j—1> ) Vp_pl)jJ)
= (p—2)+§ BJ

The last equality follows from
. -1, ..
(P=1(G 1) :pz V]J
2 i1 LP
for instance, see [GKP89, page 94]). Since codim(v§, v) =p — 2,
0

wy(E) =(p—2) —w(E) = - § B‘ZJ ;

=1

which coincides with computation in [Yas14] (see also [Yasal).
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§12. Some S ;-masses in characteristic two

In this section, we consider the case where Op has characteristic two, G
is the symmetric group Sy, V := Spec Oplz1, z2, x3, x4], with the standard
G-action, and v C V is the hyperplane defined by f =x1 + z2 + 23 + x4.
The induced G-action on v is still faithful, since v contains a point whose
coordinates are distinct one another, for instance, (0,1, a,a+ 1) with a €
k\{0,1}. As an application of the computation of v, in the last section,
we compute motivic integrals

M= L3 dr and M := / L3 dr
G-Cov(D) G-Cov(D)

under some assumptions, and observe that M and M’ are dual to each

other. Such a duality was first observed in [WY15] and is discussed in more

detail in [WY]. It is also related to the Poincaré duality of stringy motifs.

The number 3 in the integrals is chosen because for n =1, 2, the integrals

fG_COV(D) L= dr and fG_COV(D) L™ dr diverge.

To compute M and M/, we decompose them into the sums of 5 terms
respectively. For n > 0, let Fie,, and Eta,, be the (conjectural) moduli spaces
of degree n field extensions and étale extensions of K (D) respectively. Since
G =S4, giving a continuous homomorphism Gal(K(D)*P/K (D)) — G is
equivalent to giving a continuous Gal(K (D)*P/K(D))-actionon {1, ..., n}.
Therefore, the map

G-Cov(D) — Etay
E — Op ®o, K(D)
is bijective. Since there are exactly b partitions of 4,
(4), (3,1), (2%), (2,17), (1Y),
and Fie; is a singleton, we have the following decomposition of Etay:
Etay = Fieq U (Fies x Fiep) U M U (Fieg x (Fie1)?) U (Fiep)*

L
Fie)?
= Fiey U Fieg U (Fieo)

U Fieg U {1pt}.

Here, ¢ is the involution of (Fiey)? given by the transposition of components.
We have the corresponding stratification

G-Cov(D) =| | G-Cov(D)y,
P
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where p runs over the partitions of 4 and the corresponding decompositions
of M and M,

M=> M, and M =) M,
p p

To further computations, we need to assume the following conjecture.

CONJECTURE 12.1. (The motivic version of Krasner’s formula)
Suppose that k has characteristic p>0. Let m >2 be an integer, and
let Fiep, g C Fiey, be the locus of degree m field extensions of k((w)) with
discriminant exponent d. Then we have the equality in R,

(p'fma d=m— 1)7
(p"/m: d#m_ 1)7

- 1)LL(d—m+1)/pJ (p | m, pjf (d —m+ 1))7
(p|m, p[(d—=m+1)).

[Fiede] =

O%O)—‘

Krasner [Kra66] showed that if ¢ =p® is a power of a prime number p,
then the number of totally ramified degree m extensions of the power series
field F,((7)) in its algebraic closure Fy((7)) is exactly

m (ptm, d=m—1),

0 (p",m7d7ém_1)7

m(q— 1)qU@=m+D/2L (p|m, pt(d—m+1)),
(

0 plm, p|(d—m+1)).
Counting isomorphism classes (with weights coming from automorphisms)

rather than subfields of Fy((7)) as done in [Ser78], we can kill the factor m.
The conjecture above seems to be the only reasonable possibility.

In what follows, we exhibit how to compute M2y and M’(22). Computa-
tion of the other terms is similar and easier. We go back to the assumption
that k has characteristic two. If d = 2n 4+ m, then the conjecture reads

[Fiep.q] = (L — 1)L".

Let E € G-Cov(D)22, and let C'= Cy U Cy be the associated quartic cover
of D, where C; and Cy are double covers of D with d¢,/p < dc,/p. Then

d d d
VV(E): Cl/D+ CQ/D . \‘ Cl/DJ .

2 2

https://doi.org/10.1017/nmj.2016.3 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.3

158 T. YASUDA
If we write d¢,/p =2n + 2 and dg,,p = 2m + 2 for some m > n > 0,
v(E)=m+ 1.

From the last property of R in the list in Section 2.3, we have

(Gm)n AZ AZ_I n n—1
S i =L" L™
|: Sn Sn Snfl
Accordingly,
[(F162,2n+2)2] — (]L o 1)L2n+1‘
L
We have

M(22) _ Z (IL _ 1)2Ln+m . L_S(m+1) + Z (IL _ 1)L2m+1 . L—3(m+1)

m=0 n=0 m=0
0o m—1 00
=L-1°L? Y L")y L'+ (L-DL ) L™
m=0 n=0 m=0

1

=L-1°L7° ) L % +(L-1)L2 ——
m=0

L-1
o0
=L-1DL?> (L™ -L7?") +L"!
m=0
L4 41
B L+1

If we suppose that the H-orbits in {x1, x9, 3, x4} are {x1, 3} and {x9, 24},
then
AL = {(w,y,2y) oy e kY =V v,

we have codim(v{!, vp) = 1 and

L+L2+1L3

713 —
() =L Moz = =5

Thus, M2y and M’(QQ) are dual to each other in the sense that they

interchange by substituting L' for L.
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For the other terms M and M;, we see that

_7 —4 — 74
My=L"%+L2, My =L'+L?
—T7 -3 _T73
M(fﬂ,l) =L, Ml(gjl) =L",
Lt , L2

M(2712) = ‘]L T 17 M(2712) = L+ 17

Man=1, M, =1

For each partition p, we would have the duality. Summing these up, we get

L242L 141

M=L*+L3+L2+1+ + i :
L+1

L+ 202 +13

M/:L4+L3+L2+1+¥
L+1

REMARK 12.2. By similar computations, we can easily deduce the
motivic counterpart of Serre’s mass formula [Ser78] from Conjecture 12.1.
In any characteristic and for any m,

/ L~dr =L""™.
Fiem

Here, d : Fie,,, — Z is the function associating the discriminant exponent to
a field extension and 7 is the tautological motivic measure on Fie,. This too
justifies the conjecture. With some more computation, it would be possible
to also get the motivic version of Bhargava’s formula [Bha07].

§13. Concluding remarks

We end the paper by making some remarks and raising several problems
for the future.

13.1 Singularities of v, v/ and vI*l¥
In the definition of log varieties, we assumed that the ambient variety is
always normal. It forced us to take the normalization v/ of the untwisting

variety vI¥l. The normality assumption enabled us to work in a standard
setting of the minimal model program and to use familiar computations

of divisors. However, this restriction seems not to be really necessary. For
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instance, we can define the stringy motif if we specify an invertible subsheaf
of

d ®r
</\ QX/D> ® K(X)

rather than a boundary divisor A. We then would be able to replace most of
the arguments in this paper with ones using subsheaves rather than divisors.

What kind of singularities can vI¥l and vI¥l” have? In the examples
in Sections 9 and 10, rather mild singularities appeared. Indeed, in both
examples, for every E € G-Cov(D), the untwisting variety vIFl had only
normal hypersurface singularities having a crepant resolution. In general,
if v C V is a hypersurface, then so is vIfl ¢ VIFI although the author does
not know if it is always normal. What about complete intersections? If
the answer is positive, then we would be able to use Proposition 8.1 to
compute the boundary of vl¥l. Moreover, we might be able to generalize, for
instance, the semicontinuity of the minimal log discrepancies to quotients of
local complete intersections by combining arguments used for local complete
intersections [EMY03, EM04] and quotient singularities [Nak].

In the tame case, if Op = k[[r]], then, as we saw in Section 9, the map
u* : Oy — Oy(ry is simply given by z; — 7%x;, a; € Q for a suitable choice
of coordinates x1, ..., 24 € Oy and xq, ..., xq € Oy (r). Therefore, if vC V
is defined by f1, ..., fi € Oy, then the scheme-theoretic preimage u=!(v) C
V) is defined by w*f1, . .., u* f;, which have the same number of terms as
fi, ..., fi respectively. In particular, if v is an affine toric variety, then it
is embedded into V' as a closed subvariety defined by binomials fi, ..., fi,
and then u~1(v) is also defined by binomials. Thanks to this fact, we might
be able to study vI¥! from the combinatorial viewpoint.

In the example in Section 10, vIfl had Aj-singularities and DY, -
singularities, from Artin’s classification of rational double points in positive
characteristics [Art77]. In general, when v and hence vI¥l are surfaces
(relative dimension one over D), then what kind of singularities can vl*'
have? Does every rational double point appear on some v!¥1? If we can
compute singularities of vIFl systematically, we would be able to compute
the right-hand side of the equality in Conjecture 7.3 explicitly and to derive
many mass formulas, explained below.
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13.2 Mass formulas for extensions of a local field and local
Galois representations
For a constructible function ® : G-Cov(D) — R, the integral

/ ddr
G-Cov(D)

can be regarded as the motivic count of G-covers of D with E € G-Cov(D)
weighted by @®(E). If Op has a finite residue field k =F, rather than
an algebraically closed one, then the motif fG_Cov( D) ® d7 should give an
actual weighted count of G-covers of D as its point-counting realization.
This observation was made in [Yasl4, WY15] in the context of the wild
McKay correspondence for linear actions. Such counts are number-theoretic
problems by nature. Indeed, as clarified in [WY15], counts appearing in the
McKay correspondence are closely related to counts of extensions of a local
field and to counts of local Galois representations, for instance, studied in
[Kra66, Ser78, Bha07, Ked07, Woo08]: formulas for such counts are called
mass formulas. The weights previously considered have the form L% for some
function « : G-Cov(D) — Q, corresponding to weights of the form ﬁino‘ in
actual counts if £ = F,. However, in Conjecture 7.3, we have fancier weights
Mst’CG(H)(anL”), which are expected to often be rational functions in IL or
LY neZs (this is actually the case in examples in Sections 9 and 10).
The new weights clearly have geometric meaning and might provide some
insight into the number theory.

13.3 Weight functions for general representations
How do we compute functions wy and vy, for general linear actions G ~
V= A%? By now, we have satisfactory answers in the following cases:

e the tame case [Yasa, WY15],

e the case where Op = k[[r]], with k of characteristic p >0, and G =Z/pZ
[Yas14],

e permutation representations [WY15],

e a hyperplane in a permutation representation defined by an invariant
linear form (Corollary 11.4).

For the general case, we can always embed a given representation into
a permutation representation and apply Corollary 8.1. The problem is
to compute the divisor Ap, which appears to be almost equivalent to
computing functions wy and vy .
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13.4 The convergence or divergence of motivic integrals

The motivic integrals discussed in this paper do not generally converge,
and stringy motifs and motivic masses can be infinite. In such a case,
the wild McKay correspondence conjecture does not mean much. In
characteristic zero, the convergence of a stringy motif is equivalent to the
given singularities being (Kawamata) log terminal. The author then called
stringily log terminal singularities whose stringy motif converges, which is
equivalent to the usual notion of log terminal if singularities admit a log
resolution. Since quotient singularities in characteristic zero are always log
terminal, this divergence problem did not occur in the study of the McKay
correspondence in characteristic zero. However, wild quotient singularities
are sometimes stringily log terminal and sometimes not. It is an interesting
problem to know when they are and when they are not. If Op = k[[x]] has
characteristic p > 0, and G = Z/pZ, then the convergence is determined by
the value of a simple representation-theoretic invariant denoted by Dy in
[Yas14]. Is it possible to generalize this invariant to other groups?

Another problem is that of attaching finite values to divergent motivic
integrals by “renormalizing” them somehow, for instance, as tried by Veys
[Vey04, Vey03] for stringy invariants in characteristic zero.
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