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SCHRODINGER PROPAGATOR ON WIENER AMALGAM SPACES
IN THE FULL RANGE

GUOPING ZHAO® anp WEICHAO GUO

Abstract. Using the technique of Gabor analysis, we characterize the bound-
edness of €™ : WELT — WP2%2 with modulation and translation operators,
where 0 < p;,q; < 00 and m is a v-moderate weight. The sharp exponents for
the boundedness are also characterized in the case of power weight.

§1. Introduction
Consider the following Cauchy problem:
{i@tu +Au= F(u),

u(0,z) = up.

The formal solution is given by

t

u(t) = ePug —i/ e UIAF(u(s))ds.
0

If we want to establish the local existence with the initial data ug belonging to certain

function space X, a crucial step is to consider the initial data in function spaces, which are

invariant under linear propagator, that is, to establish the corresponding norm estimate for

Schrédinger propagator on X of the following type:

le® fllx S I fllx- (1.1)

In the classical research of Schrédinger equation, the initial data ug are usually assumed to
belong to an L?-based function spaces, such as the L2-based Sobolev space (I — A)_TSL2 or
Besov space B29. An important reason is that only p = 2 allows the estimate (1.1) to hold
on X =(I—A)= LP or X = B4,

The situation changes if we replace the classical dyadic decomposition in the definition
of Besov spaces by uniform decomposition. More precisely, if we use modulation space
X = MP? in the estimate (1.1), the following boundedness is valid [1], [21]:

|f||M5p’q’ p?QE(OaOO]' (12)

Due to this advantage of modulation space, many researchers have begun to use modulation
space to study partial differential equations. We refer the reader to the pioneer works [2],
[20] and to [3], [17] for some recent progress.

Modulation spaces were introduced first by Feichtinger [7] in 1983. It has been regarded
as a basic and important class of function spaces in the field of time—frequency (see
[9]). Comparing with the classical Besov space BP9, modulation space MP-? (see [18] for

HeiAfHM;”q < Cp,q
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2 G. ZHAO AND W. GUO

the equivalent norm) can be regarded as the Besov-type space associated with uniform
decomposition on the frequency domain. Another important function space that is closely
related to the modulation space (see Lemma 2.6) is the Wiener amalgam space WP1
(see §2.1). This space can be regarded as the Triebel-type space associated with uniform
decomposition (see [18] for the equivalent norm).

Due to the boundedness in (1.2) and the fact that both modulation and Wiener
amalgam space are defined based on the uniform decomposition, an interesting question
is to establish the corresponding boundedness on WF+4 of Schrodinger propagator. For this
direction, Cunanan and Sugimoto [5, Th. 1.1] proved the boundedness for 1 < p,q < oo,
s > d|1/p—1/q|. Conversely, Cordero and Nicola [4, Prop. 6.1] found some necessary
conditions for this boundedness. Finally, a complete characterization was established by
Kato and Tomita as follows.

THEOREM A [16, Th. 1.1]. Suppose 1 < p,q < occ. Then e*® : Wi, — WP is bounded
if and only if s > d|1/p—1/q| with the strict inequality when p # q.

Here, we write the power weights vs(€) := (1+|¢|?)2. From this theorem, one can find
that the Schrédinger propagator is unbounded on WP-4 for p # ¢. This is quite different
from the case on modulation spaces. We also refer to [13] for the sharp estimate on WP of
a class of unimodular Fourier multipliers. In fact, because of the weaker separation property
of Triebel-type spaces, the behaviors of e’® on WP are more difficult to study than those
on modulation space. For instance, the boundedness e*® : MPrar — MP2:92 of full range
pi,qi € (0,00] has been established in [22]. However, the corresponding boundedness result
on Wiener amalgam space of full range is still unknown. The main goal of this paper is to fill
this gap. To achieve this goal, our strategy is to first establish an equivalent characterization
for the case of general weight. To avoid the fact that S(RY) is not dense in some endpoint
spaces, such as the case p = 0o or ¢ = 0o, we only consider the action of e’® on Schwartz
function spaces. For the sake of simplicity, we use the statement “e?® : WPL-a1 — J/P2:a2”
or e'® € L(WPa1 TYP2:42) to express the meaning that

HeiAfHszQ S CHfHWT’,’lltu fOI‘ all f € S(Rd)

Here, we use m to denote the weight function belonging to the class Z(R29) (see §2.1 for
the precise definition). We write the dilation operator Dy, x,m(z,&) = m(Aiz, A2€). For a
sequence @ = {ag., }, denote by (7a@)g,, = ag—n,n the coordinate transformation of @. Our
first theorem gives an equivalent characterization of boundedness.

THEOREM 1.1 (Equivalent characterization). Let p;,q; € (0,00] fori=1,2. Assume that
m € P(R??). We have the following equivalent relation:
i A ) ) ’ )
€' € LW (RY), W22 (RY) e T € LIED), (224),10202) (227)),
Thanks to the above equivalent relation, one can turn to studying the corresponding
discrete inequality without having to consider the Schrédinger propagator directly. Our
second theorem is a sharp exponents characterization for the case of m = 1®wv,. It is

known that the boundedness €' € LW (R%),WP=:92(R%)) is the most interesting case,
especially in the crossing field of harmonic analysis and PDEs.
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THEOREM 1.2 (Sharp exponents characterization). Let s € R, p;,q; € (0,00] fori=1,2.
Denote A=d(1/p2—1/q1) and B=d(1/g2—1/p1). The boundedness

S € LV (RY, WP (R
holds if and only if 1/ps < 1/p1 and
s>AVBV(A+B)V0

with the strict inequality if one of the following cases happens:

1. A>0>B;
9. B>0> A;
3. A,B>0, p1 =pa.

Using this theorem, one can conclude directly the following boundedness of Schrodinger
propagator on Wiener amalgam spaces without potential loss.

COROLLARY 1.3. €' € L(WPrar(R?) WP292(R%)) holds if and only if

q1 < p2 and p1 < g2 Ap2.
REMARK 1.4. Some remarks about our main theorems are listed as follows:

1. The proof of Theorem 1.1 is based on the Gabor analysis of Wiener amalgam space
and the magic formula in Lemma 3.1 associated with Schrédinger propagator and the
time—frequency shift. We point out that this formula was also used in [15] for giving
some conservation quantity associated with Schrédinger propagator.

2. Theorem 1.2 is an essential extension of Theorem A in [16]. In our theorem of full range,
more endpoint cases create new difficulties. The equivalent characterization in Theorem
1.1 allows us to see the nature more clearly and solve it.

3. All the conclusions in Theorems 1.1 and 1.2 can be extended to the fixed time
Schrodinger propagator e for any fixed to € R.

4. The method of this paper is also applicable in the study of the following boundedness:

e € L(X1,X,), with X; = W% or MEi9,j=1,2.

5. Although the magic formula in Lemma 3.1 seems to hold only for very special unimodular
Fourier multipliers, the similar equivalent characterizations as in Theorem 1.1 of
general unimodular Fourier multipliers are still expected to be valid with appropriate
modification. However, the exponents characterizations as in Theorem 1.2 should be
much more difficult for more general unimodular Fourier multipliers.

The rest of this paper is organized as follows. In §2, we first introduce some basic
definitions and properties of the function spaces used throughout this paper. We also
prepare some useful conclusions of the Gabor analysis on Wiener amalgam space. Section 3
is devoted to the equivalent characterization of the boundedness e*® : WPL:41 — JW/P2:22, Ag
mentioned above, the key tools are the Gabor analysis and the magic formula of Schrédinger
propagator. The sharp exponents characterization is proved in §4. In some critical case, the
boundedness of Schrédinger propagator is found to be equivalent to the boundedness of
fractional integral operators.

Throughout the context, we adopt the notation X <Y to denote the statement that
X € CY, and the notation X ~ Y means the statement X <Y < X, where the positive
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constants C' might be different from line to line. Let S := S(R?) be the Schwartz space, and
let &’ := S'(R%) be the space of tempered distributions. The Fourier transform .# f and the
inverse Fourier transform .# ~1f of f € S(R™) are defined by

ﬂ‘f(f) = f(f) = . f(m’)@_%rix.fdx’ f_lf(m’) — f(a:) — . f(f)e%”'fdf.

§2. Preliminaries

2.1 Function spaces

In order to introduce the function spaces, we first recall some definitions of weight. Recall
that a weight is a positive and locally integral function on R2¢. A weight function m is called
v-moderate if there exists another weight function v such that

m(z1 4 22) < C™v(z1)m(z2), 21,22 € R??
where v belongs to the class of submultiplicative weight, that is, v satisfies
v(z1+22) <v(z)v(z), 21,22 € R*,

Moreover, in this paper, we assume that v has at most polynomial growth. If the associated
weight v is implicit, we call that m is moderate and use the notation Z(R2?) to denote
the cone of all wights which are moderate in R??. We also assume that every m € #(R??)
is continuous since there exists a continuous weight m4 such that m ~ my. We refer to [6]
for the origin of the v-moderate weights. See also [14] for more properties of these weights.

DEFINITION 2.1 (Continuous mixed-norm spaces). Let m € 2(R2%), p,q € (0,00]. The
weighted mixed-norm space LE;?(R2?) consists of all Lebesgue measurable functions on R??
such that the (quasi-)norm

| Fl oo (2ay = F'm| 1p.q(r2ay = ||F($,§)m($,§)||1:gzg

_ (/R (/R |F(:c,§)|pm(x,§)pd:v> md&)

is finite, with the usual modification when p = oo or ¢ = co. We also use the notation

1/q

11l .0 oty =1 Emll o oty = | F (@, E)m(a,€)] 2

- ( L/ |F<a:,5>|Qm<m,£>wg)p/qu>

Then the mixed-norm space Lgﬁ’q) (R24) can be defined by the similar way as above.

1/p

In order to introduce the definitions of modulation and Wiener amalgam spaces, we recall
some definitions and notations in time-frequency analysis. For z,£ € RY, the translation
operator T, and the modulation operator M are given by

T.f(t) = f(t—x) and Mef(t) = ™" f(2).

For z := (z,&), we also use the notation m(z) := M¢T,, which is also known as the time—
frequency shift on the phase plane.
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DEFINITION 2.2. Let g € S(R?)\ {0}, the short-time Fourier transform (STFT) of f €
S’ (R4) with respect to the window g is defined by

Vif(@§) = [ FORE=)e " e = (f, MeTog) = {fm(2)),

where the integral makes sense for nice function f.

The so-called fundamental identity of time—frequency analysis is as follows:
Vol (@,8) = e 2TV f(6,—x), (2,€) €R*. (2.1)

It can be observed that the STFT of a distribution f takes both the decay and smooth
properties into account. The modulation space can be regarded as a collection of functions
sharing the same decay and smooth properties. Now, we recall the definition of modulation
space.

DEFINITION 2.3 (Modulation space). Let 0 < p,q < oo, m € Z(R??). Given a nonzero
window function ¢ € S(R?), the (weighted) modulation space MP:4(R?) consists of all
f € S'(R%) such that the (quasi-)norm

q/p 1/a
I fllaazyeray := IV £l o0 (m2ay = (/Rd </Rd \V¢f($a€)m($,€)\pd1?> df)

is finite. If m =1, we write M7 for short. We also write MP-? for the case m =1® vs.

Recall that the above definition of M2:¢ is independent of the choice of window function
¢. We refer the readers to [9] for the case (p,q) € [1,00]? and to [8, Th. 3.1] for full range
(p,q) € (0,00]2. More precisely, a class of admissible windows denoted by 929 was found
in [8] such that every window function g € 9P yields the equivalent quasi-norm on MP:9.

DEFINITION 2.4 (The space of admissible windows). Let 0 < p,q < oo, r = min{1,p},
and s = min{1,p,q}. Let m be v-moderate. For r1,s; > 0, denote
Wry 0, (2, w) = v(2,w) (1+[z])™ (1+|w])**.
Then 929 the admissible windows for the modulation space MP:? can be defined as

P.a . P
mpt= ) mp
ri1>d/r
s1>d/s
1<p1<oo
Next, we recall the definition of the W24 space.
DEFINITION 2.5 (Wiener amalgam space). Let 0 < p,q < co, m € Z(R?*?). Given a
nonzero window function ¢ € S(R?), the (weighted) Wiener amalgam space WE:4(R?)
consists of all tempered distributions f € S’(R%) such that

p/q
gy 2= NVl g0 ney = ( L ([ wesagme. o) das)

is finite. We write briefly WP?-4 for the case m(x,£) = 1. We also use the notation Wr4 for
the case m = 1® v;,.

1/p

Recall that there is a close connection between modulation and Wiener amalgam spaces.
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LEMMA 2.6. Denote m(x,&) :=m(§,—x). We have WE? = .FMLP. More precisely, the
following relation is valid:

1 fllwgea ~ Ve f (2, €)m(@, )l par = V5 f (@, )m(&, —a)l| Lae ~ | fllpzr-

Due to the above relation, many conclusions can be automatically converted from
modulation spaces to Wiener amalgam spaces. For instance, the definition of W24 is
independent of the window g € FMI? where v(z,&) :=v(§, —x).

2.2 Gabor analysis on modulation and Wiener amalgam spaces

In this subsection, we recall an important time—frequency tool on modulation and Wiener
amalgam spaces. In fact, the functions or distributions in modulation and Wiener amalgam
spaces can be characterized by the summability and decay properties of their Gabor
coefficients. We first list some important operators with their basic properties.

DEFINITION 2.7. Assume that g¢,v € L?2(R%), a,8 > 0, and T' = aZ¢ x BZ%. The
coeflicient operator or analysis operator C’ga’ﬁ is defined by

C;”ﬁf = {{f, MpnTurg) i neza-
The synthesis operator or reconstruction operator D,‘;ﬁ is defined by
Dete= Y 3 el
keZ4 neZd
The Gabor frame operator Sg‘hﬁ is defined by

SeLf=DPCTPf= 3" N (f, MpnTarg)MpnTar-
keZdnezd

We also use Cy, D, and S, , for short, if the parameters a and 3 are implicit.

We remark that the definitions of Cy and D, can be extended if the window functions g
and  are taken suitably. Next, we give the definitions of discrete mixed-norm spaces.

DEFINITION 2.8 (Discrete mixed-norm spaces). Let 0 < p,q < oo, m € Z(R??). The
space [%:9(Z*%) consists of all sequences @ = {a,n }g neza for which the (quasi-)norm

a/p\ M4

lallizazeay= | D | D lanal’m(k,n)”

neZd \kezd

is finite, with the usual modification when p = 0o or ¢ = co. We also use the notation
p/a\ /P

Hangm(sz) = Z Z |ag,n|Tm(k,n)?

kezd \nezd

Then the mixed-norm space 129 (Z2?) can be defined by the similar way. For a continuous
function F' on R??, we define

| 1020 (aze x pzey = (F (ks 1))k nllima(z2ay,  (|F o0 (azaxpzay = |(F(ak, 1))k nlliw.0) (724 -
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Based on the admissible window class mentioned above, we recall the boundedness of C
and D, which works on the full range p,q € (0,00] (see [8] for more details).

LEMMA 2.9 (See Theorems 3.5 and 3.6 in [8]). Assume that m is v-moderate,
p,q € (0,00], and g belongs to the subclass Mﬁiwl of MP4. For all lattice constants o, 3 >0,
we have

|Gy f(k,n)m(ak, Br)|lma = [[Vy f(ak, Br)m(ak, Bn)|ia S Vg fll g ~ ||l
and
1DgCllargse < llck.nm(ak, Br)|im.q
independently of p,q,m.
Now, we recall the Gabor characterization of modulation space in [8, Th. 3.7].

LeEMMA 2.10 (Gabor characterization of MPF9 with 0 < p,q < c0). Assume that m
is v-moderate on R*! p q € (0,00, g,y € MP9, and that the Gabor frame operator
Sg~r=D,Cy=1I on L*(R?). Then

f = Z Z <f7 M,BnTakg>M,3nTak7 - Z Z <f7 MBnTak’Y>MBnTakg
keZdnezd keZinezd

with unconditional convergence in MP:9 if p,q < co, and with weak-star convergence in Mf;’v
otherwise. Furthermore, there are constants A,B >0 such that for all f € MP9,

Alfllazes < IVef -l paqazi sy < Blfllage-

Next, we list the corresponding results on Wiener amalgam spaces, which can be verified
by using Lemmas 2.9 and 2.10 and the fundamental identity (2.1) directly. We omit the
proof here.

LEMMA 2.11. Assume that m is v-moderate, p,q € (0,00], and g belongs to the subclass
ffojil . of FMLPY  where v(x,§) :=v(&,—x). For all lattice constants o, >0, we have

1Cy f (k,n)m(ak, Bn)ljon = (Vg f(ak, Bn)m(ak, Bn)llise S Ve f(z,w)m(z,w)llpgr, ~ [ flwze
and

[DgCllwge < lle(k,n)m(ak, Bn)l|2n
independently of p,q,m.

LEMMA 2.12 (Gabor frames for Wiener spaces WP with 0 < p,q < 00). Assume that
m is v-moderate on R*?, p,q € (0,00], g,7 € FIMLP with v(x,£) :=v(§,—x), and that the
Gabor frame operator Sy = D,Cy =1 on L*(R?). Then

f = Z Z <f7 M,@nTakg>M,3nTak/7 = Z Z <f7 M,@nTak’Y>M,@nTakg

kezdnezd keZdnezd

with unconditional convergence in WP if p,q < oo, and with weak-star convergence in W107v
otherwise. Furthermore, there are constants A,B >0 such that for all f € WP4,

Al fllwge < WVl -mllie0 (azaxpzey < Bl fllwga
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The following well-known theorem provides a way to find the Gabor frame of L?(RY).
Recall that. [gllw (2o 11yt = Sz [9X0n ]2~ with @ =[0.1)%

LEMMA 2.13 (Walnut [19]). Suppose that g € W(L>, L')(RY) satisfies
A< Z lg(x —ak)?<B a.e.
kezd

for constants A,B € (0,00). Then there exists a constant By depending on « such that
G(g,0,8) :=={TaxMpng} i neze is a Gabor frame of L2(R%) for all B < Bo.

In order to find the dual window in a suitable function space, we recall the following
conclusion.

LEMMA 2.14 (See Theorem 4.2 in [10]). Assume that g € M}(R?) and that
{TaxMpngty neze is a Gabor frame for L?(R%). Then the Gabor frame operator ng
is invertible on ML(R?). As a consequence, S;’"’gﬁ is invertible on all modulation spaces
MP:a(RY) for 1 < p,q< oo and m € 2(R??).

Based on the above lemmas, we give a lemma used in our proof of Theorem 1.1.

LEMMA 2.15. Suppose that p;,q; € (0,00], m; € 2(R?), i = 1,2. For any g1,92 €
S(RM\{0}, there exists a constant N € N such that for all f € S(R?),

k n k n
s~ Voo s oI mal s e oo

Proof. For nonzero Schwartz functions ¢g; and g, there exists a constant o =1/ N with
N € N such that

k
0<Ap < Z\gi(x—N) |?<By<oo, ze€R%
kezd N

Using Lemma 2.13, one can find a constant 5 = «/L with L € N such that G(g;,a, ) :=
{TaxMgpngi}kneze is a Gabor frame of L?(R?) for i = 1,2, respectively. Denote by
Y = (Sg‘i”ﬁgi)’lgi be the canonical dual window function of g; for i = 1,2. Using Lemma 2.14,
we find that v; € M} o, for any sufficiently large s > 0. It follows that »; € F M} o, C
FMEP where v;(x,€) := vi(§, —x), i = 1,2. We also have Sy, ,, = D,,Cy, = I on L*(R?).
Using Lemma 2.12, one can find two constants A, B > 0 such that for every f € S(R?),

Al fllwssoos < WVaof - mill oo ooz < Bl lwpgoe,  i=1,2.

Denote N = LN. Note that oZ? x 7% C 7% x Z% = Z? /N x Z4/N. We obtain

k n k n
AHfHWfZI’Zq’ < H‘/gif'miHl(Pia%)(adeBZd) < "ng‘,f(ﬁvﬁ)mi(ﬁ’N)”l@i,%)(zm)'

On the other hand, the sampling property (see Lemma 2.11) yields that

k n k n
||vg7.f (Na N) m; <N7 N) Hl(pi,qi)(zml) S B1 HfHWTZ:Lii,qi .

The desired conclusion follows by the above two estimates. O
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§3. Characterization of boundedness of e*® on Wiener amalgam spaces

In this section, we give the proof of Theorem 1.1, showing that the boundedness
et € L(Wprar TY/P2:92) ig equivalent to the corresponding boundedness on discrete mixed
spaces of coordinate transformation 7. To achieve this goal, we first give a calculation of
STFT associated with Schordinger operator. See also [15].

LEMMA 3.1 (STFT of ¢e=*1PF). For f €., ¢ € .7, we have

V. ieioeg(e” P f)(@,w) = eV f o —w,w).

o

Proof. Note that e~"IP ‘2¢ € . Using the foundation identity of time—frequency
analysis, we find that

(e~ DP f) (w, —2)

_ G_Qﬂ.im.w <€_mf7 M_xTwe—m@
i i 2 —T 2~
= ez (o imle i) M, T,em I g(¢)

_ 6_27ria:~w+i7T|w\2 <J?7 waq;ngb\>

~

= e‘zﬂim'”+i”|w‘2vgf(w,w —g) = eimlel. Vi f(x —w,w).

—im|D|? —2mix-
Ve—iwlD\2¢(e m' ‘ f)(:n,w):e A wv:fm?qb

0

For convenience in the proof of Theorem 1.1, we would like to use the boundedness of
e~IDI” rather than that of the standard Schrédinger propagator e*”. The following lemma
gives the relationship between the boundedness of these two operators.

LEMMA 3.2 (Boundedness of e~ DI* and e"®).  Let p;,q; € (0,00] for i=1,2. Assume
that m € 2(R?). We have the following equivalent relation:

e® € LWPHT (RY), WP292(RY)) = ¢~ IPF ¢ (WELD (RY) P22 (RY)).

D2 1/2m

Proof. By using the scaling property of the Fourier transform and a direct calculation,
we have

eiAf _ cgﬁ—l(6—471'1'\u.z|2fA(w)) _ 9_1(6_“1—‘2“]‘2]@(&])) _ Qdﬁ—l(e—iw|2w|252\f(2w))
= D1/29—1(6—iﬂw|252\f(w)) = Dl/ze_m‘DPDQf-

Note that
Vp, ,6D1 2 f (w,w) =29V, f(2/2,2w). (3.1)
For any f € .7, we have

. . 2 - 2
e fllwrz.az = | D1jae™ ™ PEDy fllwoaiaz = |V, p6(D1j2e™ ™ P Dy f) (@0, 0) | 1oz e
. 2 - 2
= 2dHV¢(€_m—|DI DQf)(x/272w)”L(pzyqz) ~ quﬁ(e_”r‘Dl DQf)(‘,L.?w)”L(pzqu)

— “e_iﬂ‘D|2D2f‘|Wp2*q2-
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On the other hand, we find

[ fllwzrar = | D1j2Da fllwrrar = [V, ,6(D1/2D2 f) (@, w)m(z,w)|| Lo1.a)
= 29|V (Da2f) (2/2, 20)m(a,w)|| o100 ~ Vo (D2 f) (w,w0)m(22,w/2) || for.a0)
”DQfHW“ a1

/ ’IYL
From the above two estimates, for any f € ., we have
et € LWL WP292) e || fllwraaz S || fllyrrn for any f €.

e HeiiﬂDFDQfHsz?qz 5 H’DQf“ngv(ﬂ fOI’ any f S y
2,1/2™

<:>€fm|1:)|2 GE(Wpl,tn sz#]z)' []

D3 1/2m?
. —inlDI2
Now, we turn to the characterization of the boundedness of e~*7IPI",

PROPOSITION 3.3 (Equivalent characterization for e="IPF). Let p;,q; € (0,00] for
i=1,2. Assume that m € 2 (R%%). The following equivalent relation is valid:

e—iﬂlD\2 € L(WPLD (Rd),WPQ’qQ(Rd)) —Tc E(l%l:@ﬁ)(Z2d)7l(p2»‘I2)(Z2d)).

Proof. We first verify the “=" direction. For this purpose, we choose a nonnegative
function h € S(R?)\{0} satisfying supph C B(0,1/8) and ||h|| > = 1. For any truncated (only
finite nonzero terms) nonnegative sequence @ = {a,n } (k,n)ez2¢, we define

f=Dpi= > apnm(k,n)h.
(k,n)€z2d

By a direct calculation, we find that

Vi f (k,n) Zaﬂ (G, ), w(k,n)h Zaw n)h,w(k,n)h)

:Zam Tih, Ti.h) > ak,nmh,Tkh) = apnllhllz> = agon.
J
Combining this with Lemma 2.11, the sampling property, and Lemma 3.1, we obtain
e 1P Fllwnz.as ZIV,inipizn (e ™8 £)(kyn) 1m0
=lle™ " Vi f (k= 1) 12,0
>lak—n,nlliw2.a2) = 1 T@lllp2.02) (z24)-

On the other hand, by the boundedness of reconstruction operator (see Lemma 2.11), we
obtain

[fllwzs-or = [ Dnallwzra S llallera gea)-

The “=" direction follows by the above two estimates.
Next, we turn to the “<==" direction. Using Lemma 2.15, we can find a constant N € N
such that for any f € S(RY),

. 2 _in 2 k n
||e—z7r|D| f”sz,qz ~ HVe—iWID\Zh(e im|D| f) (N N) ||l(p2 1) (72d)
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and

k n k n
g ~ 1V (530 ) (5 3 ) Doy

From this, in order to obtain the desired conclusion, we only need to verify the following
inequality:

—inlDI2 E n kE n E n
Vecseoronle ™2 0) (5050 ) Nirmemsny SIS (730 )0 (e e ) oo

Using Lemma 3.1, this is equivalent to

k—n n

k n k n
||Vhf< N N) Hl(l’z 192 (7.24) S S thf <N N> (N N) Hl(pl 1a1) (724)-

For this constant N € N, we construct a decomposition of Z% x Z? by

7¢x7t= | T,
(7,)eA

where I'j; := {(Nk+j,Nn+1),n,k € Z¢} and A :={(j,1) € NEx N4 : 0 < |||, [|I[|s== < N}.
Write

k—n n k—m n
HVhf< >Hl<m w2y < Y HVhf( N N) lews a0

(J,heA
j—1 l
= Z Vi f <k—n+N,n+N> ||l(172«112)(22d).
(4,heA

Using the assumption T € E(l%l’ql)(sz),l(pZ’q2)(sz)), the last term above can be
dominated by

il
S s (kT om g sl

(7,.HeAn
~ - h N T N m N ,n N 1(p1,91) (72d)
(7,)eA
Nk+j7 Nn+l NEk+j7 Nn+l
S, Z HVhf( N N >m< N N )Hl(m,ql)(ZM)
(7,.HeA
k n k n
It (3 ) (o3 ) Doz
where we use the fact that
l l
We have now completed this proof. U

Proof of Theorem 1.1. The desired conclusion follows directly by Lemma 3.2 and
Proposition 3.3. U
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§4. Sharp exponents characterization of e*® on Wiener amalgam spaces

Thanks to the equivalent characterization in Theorem 1.1, we first consider the sharp
exponents characterization for 7 € E(lg’gf)(Z2d),l(p27‘12)(22d)). The following lemmas play
an important role in our proof.

LEMMA 4.1 (see Lemma 4.4 in [11]). [9* CI? if and only if s > d(1/p—1/q) V0 with
strict inequality if 1/p > 1/q.

LEMMA 4.2. Let 0<g<p<oo, scR. We have T € E(Z%Z) (72%), l%? (Z2%)).
Proof.  Write
P 1
q p
7 — a(p)54
7l =( 3 ( Slewnattor))

n

:<zk: <Zn:|a”’kn|q<k_n>5q>§>p

Applying the Minkowski inequality, the last term can be dominated from above by

(2 (Stenseats—m) ) - (= (Shansr) Vet o

k

For the convenience of the readers, we introduce some notations used in the proof of
Proposition 4.3. Denote

Y = {(p17PQJQI7q27S) € (0700] xR: Teﬁ(lgg':h (Z2d) l(pQ,QZ)(ZQd))}’
and let X be the set as follows:
X ={(p1,p2,q1,92,9) € (0,00]4 xR:1/p2<1/p1, s> AVBV(A+ B)VO0}.
Define the sets X, 7 =0,1,2,3, as
XO - {(p17p27q17QQ78> S X: AaB S 0}7

{(plap2aq17q2a5) € X: A > OaB S O}a
{(p17p27QI7QZ73) S X : A S 07B > 0}7
{(p17p27Q17Q2a5) €X: A7B > 0}

Note that X is now the union of the mutually disjoint sets X;, j = 0,1,2,3. Denote
Y;=YNX;, 7=0,1,2,3. In the proof of Proposition 4.3, our strategy is to prove ¥ C X
first, and then to characterize the set Y;, j =0,1,2,3. Therefore, the desired set Y can be
characterized by

3 3
Y:YﬁX:Yﬂ(UXj> =Jv.
j=0 j=0

PROPOSITION 4.3 (Sharp exponents for 7). Let s € R, p;,q; € (0,00] for i =1,2. The
boundedness

T € LG, (224), 100 (224)) (4.1)

holds if and only if 1/ps < 1/py and s satisfies the conditions in Theorem 1.2.
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Proof. Recall the definition of ¥ mentioned above. This proof is actually to characterize
the set Y. It can be achieved by the following steps.

Step 1. The goal of this part is to verify that Y C X. In fact, if we can verify the following
claim:

PrC P, 10 C Pz, (B C %,
s>d(1/p2—1/q1+1/q2—1/p1),

then the desired conclusion follows by Lemma 4.1. Now, we turn to the proof of this claim.
If (4.1) holds, we have

T e L) (@ o zh) — { (42)

P2 1 P1 1
2

() ) (g ) s

The embedding relations [Pt C [Pz, [I1 C (P2, [P1 C[9 follows by taking
. — br, n=0, and an . — bn, k=0, and aw . — b, k+n=0,
=m0, n#0, B0, k#£0, P10, k+n#£0,

in the inequality (4.3), respectively.
Moreover, for large constant N, take
_[1, k[ <2N,|n| < N,
Phn = 0, others.

Notice that s > 0 deduced by (4.2) and Lemma 4.1. One can verify that

Nd(1/a2+1/p2) <|I(

ak—n,n)k,n Hl<1’2=QQ)
Sk (n)*)kn o o) S NoFAaF/Pr),

Letting N — 0o, we obtain the desired conclusion s > d(1/ps—1/q1+1/q2 —1/p1).

Step 2. The goal of this part is to verify that Yy = Zy, where Zy := {(p1,p2,41,92,5) €
(0,00]* xR :1/py <1/p1,A<0,B<0,5>0}. It is obvious to see that Zy = X. To achieve
this goal, we only need to verify that Zy C Y. In this case, we have

1/p2<1/p1, 1/p2<1/q1, 1/q2<1/p1, AVBV(A+B)Vv0=0. (4.4)

From this and Lemma 4.1, we have [P* C [% and [}l C IP2. We only need to verify
T € £(1Pra)(724),1(P2,92) (724)) under the above assumptions (4.4). In fact, we have

1T alw200) SN T lliw2 w0 S lllior w2 S Nl o2,

where we use the embedding relation [P* C 192 and [J! C [P? in the first and third inequality
respectively, and Lemma 4.2 in the second inequality.

Step 3. The goal of this part is to verify that Y; = Z7, where Z; := {(p1,p2,¢1,92,5) €
(0,00]* xR : 1/ps < 1/p1,A >0 > B,s > A}. Actually, by the definition of X;, Z; =
{(p1,p2,q1,92,8) € X1:s>AVBV(A+B)V0=d(1/p2—1/q1)}.

For Y7 C Z;, we only need to prove s > d(1/p2 —1/q1). Using (4.2), we conclude that

(plap27qlaq255) € YﬂXl — lgi C lp27 1/p2 > 1/(]1
Form this and Lemma 4.1, we have

s>d(1/pa—1/q1) = AV BV (A+B)VO.
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On the other hand, if (p1,p2,¢1,¢2,5) € Z1, by Lemma 4.1, we have
1/po <1/py, 1P Cl%, 1Tt C P2,
From this, we conclude that
1 Taltnsm S 1T S Nl S Nl oy o

where we use the embedding relation [P* C [9 and [J! C [P? in the first and third inequalities,
respectively, and Lemma 4.2 in the second inequality.

Step 4. The goal of this part is to verify that Yo = Z5, where Zs := {(p1,02,¢1,92,5) €
(0,00]* xR : 1/ps < 1/p1,B > 0> A,s > B}. Actually, Zy = {(p1,p2,q1,q2,5) € Xo : 5 >
AVBV(A+B)V0=d(1/q:—1/p1)}.

For Y5 C Zs, we only need to prove s >=d(1/q2 —1/p1). Using (4.2), we conclude that

(P1,P2,q1,q2,5) €Y N Xy =0T C 17, 1/q2 > 1/ps1.
Form this and Lemma 4.1, we have
s>d(1l/qga—1/p1)=AVBV(A+B)VO0.
On the other hand, if (p1,p2,q1,G2,5) € Z2, by Lemma 4.1, we have
1/pa <1/py, B2 Cl9, 19 C P,
From this, we conclude that
|7l 02000 S HTﬁlllgz&fn S |’6Hl§%£2) S HEHZ&%&T)’

where we use the embedding relation /5! C /92 and [?* C [P in the first and third inequalities,
respectively, and Lemma 4.2 in the second inequality.
Step 5. The goal of this part is to verify that Y5 = Z3, where Z3 = Z3 ;1 U Z3 o with

Z3,1 L= {(p17p27q17q278) € (0700]4 XR : A > 07B > 075 > A+Bup1 Sp?}a
Z39:={(p1,02,q1,92,8) € (0,00]* xR: A>0,B>0,s=A+B,p; <pa}.
By the definition of X3, we have Z3 = X3\ {p1 = p2,s = A+ B}.
For Y3 C Z3, we only need to prove that in X3 the case {p; = p2,s = A+ B} is not true

when 7T is bounded. We prove this by contradiction, assuming that p; =ps =p,s = A+ B.
For a large constant N, take

a . bna ’k‘S2N7|n’§N7
"m0, others.

Using the inequality (4.3) and the following estimates

(5 () 25 (5 o))
k n [kI<N *n|<N
:< Z ( Z |bn’q2>”>” NNd/p< Z ‘bn|q2)‘12
[E|[<N Mn|<N In|<N

https://doi.org/10.1017/nmj.2024.14 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.14

SCHRODINGER PROPAGATOR ON WIENER AMALGAM SPACES IN THE FULL RANGE 15

and
D
1

(; (?ak’”'qul)ﬁ); :(WSZQN(anSN|ak,n|ql<n>sm) " )

p

(B (o)) (g )’

|[k|<2N Mn|<N In|<N

1
a1

we obtain the embedding relation [! C 19 by letting N — oo. Using this embedding relation
and Lemma 4.1 with the fact 1/g2 > 1/q1, we find s > d(1/g2 —1/q1) = A+ B. This is a
contradiction.

We turn to prove that Zz C Y3. This proof is divided into two parts: Z3; C Y3 and
Z3’2 CYs.

First, let us prove that Z3; C Y3. In this case, one can write s = s; + sy with
s1>A=d(1/p2—1/q1) and sa > B=d(1/q2—1/p1). From this and A, B > 0, by Lemma
4.1, we obtain the embedding relations lgi2 C 192 and lgil C [P2. Then the desired conclusion
follows by

”TCLHl(pz 2) S < ||Ta||l(p2 Pl) < ”CLH (p1 pg) < HCLH (p1 q1) H(iHég,qﬁ;
Vs

Vsi1+so

where we use the embedding relation [f! C [% and IJ! C "> in the first and third
inequalities, respectively, and Lemma 4.2 in the second inequality.
Finally, we turn to the proof of Zs o C Y3. In this case, we have g2 < p1 < p2 < ¢ and
=d(1/p2—1/q1+1/q2—1/p1). We first consider the endpoint case ¢; = oo and s =d(1/pa+
1/q2 —1/p1), then the final conclusion follows by using the interpolation argument. In this
endpoint case, we write (4.3) as

b2

(3 (Sloncnn) ) 5 (5 (suplosaor IDE w5)

k n

Denote by by, = sup,,|ak »|(n)*. We have
|k —nn| = lak—nnl(n)*(n) ™" <bppn(n)=*

Then the inequality (4.5) is true if the following one is valid:

(5 < (2w

k n
1T = [ (302
S — (n)a2 ),

where ro = pa/q2, ™1 = p1/q2, A =d(1/r1 —1/r3), and Z, denotes the fractional integral
operator of discrete form. Note that 1,72 € (1,00), A € (0,d). The inequality (4.6) follows
by the boundedness Z) € L(I",1"2). We refer to [12] for more details about the boundedness
of fractional integral operators.

bk—n

(n)®

This is equivalent to

S 1Bl (4.6)

r2
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Let r=q1/2,0=1/2, s=d(1/p2—1/q1+1/q2 —1/p1) with

~ 1 ( 1 1 > 1 ( 1 1 > 1 ( 1 1 >
=00, ==2| ——— ), ==2| ——— |, ==2(———|.
b1 p1 @1/ P2 b2 @ 42 @2 O
So we have g2 <p1 <p2 < ¢ =00, and then T € E(li(,f:;’oo)(ZQd),l(%’@)(ZQd)). Moreover, we

have the relations
1-60 6 1 1-6 6 1 1—-0 0 1 1—-6 0 1
— t ==, —+ =", —— +—-—"=—, —+-—-=—.
p1 r o P D2 ro p2 q1 r q1 q2 r q2

Then the final conclusion T € E(lq(,fl’ql)(ZQd),l (p2,92) (724)) follows by the complex interpo-
lation between the endpoint case T € ,C(lq(,?g’oo)(ZM),l(f’E"’ﬁ) (Z2%)) proved above and the
obvious fact 7 € L1, 1(mm).

Accordingly, from above steps, we obtain that

3
Observe that J Z; is precisely the set consists of elements satisfying that: 1/p, <1/p; and
j=0
s satisfies the conditions in Theorem 1.2. So we complete the proof. O

Proof of Theorem 1.2. Using Theorem 1.1 and the fact Dj 1 /2(1®vs) ~ 1®v,, we obtain
et € LOVELE (RY), WP (RY)) <= T € L(,") (224,172 (22%)),
the desired conclusion follows by Proposition 4.3. 0
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