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Wirtinger’s Inequalities on Time Scales

Ravi P. Agarwal, Victoria Otero-Espinar, Kanishka Perera, and Dolores
R. Vivero

Abstract. This paper is devoted to the study of Wirtinger-type inequalities for the Lebesgue ∆-integral

on an arbitrary time scale T. We prove a general inequality for a class of absolutely continuous func-

tions on closed subintervals of an adequate subset of T. By using this expression and by assuming that

T is bounded, we deduce that a general inequality is valid for every absolutely continuous function on

T such that its ∆-derivative belongs to L2
∆

([a, b) ∩ T) and at most it vanishes on the boundary of T.

1 Introduction

The goals of the theory of dynamic equations on time scales, whose origin is in the

Ph.D. dissertation of S. Hilger [14], are to study differential and difference equations

jointly and moreover to solve equations on an arbitrary nonempty closed subset of

the real numbers, called time scale, with mixed continuous and discrete parts. We re-

fer the reader to the monographs [7,8,15] to see some of the concepts and properties

related to this field of research.

On the other hand, Wirtinger-type inequalities play an important role in the de-

velopment of variational techniques to solve boundary value problems, for instance,

in ordinary or partial differential equations and difference equations. Many versions

of this class of inequalities have been studied in depth both in the continuous case,

see [3, 6, 11, 12, 16, 18, 19], and in the discrete one, see [1, 3, 17]. In [13, Theorem 1],

as well as in [2, Theorem 6.8] or in [7, Theorem 6.33], a Wirtinger-type inequality

for the Riemann ∆-integral on an arbitrary time scale is proved.

This paper is devoted to deriving a generalization of the classical Lebesgue one-

dimensional quadratic Wirtinger-type inequality for the Lebesgue ∆-integral on an

arbitrary time scale T with a := inf T and b := sup T, which covers the one given

either in [16, Theorem 5 with α = 2] or in [19, Theorem 1] whenever T = R.

The proof of the more general Wirtinger-type inequality for the Lebesgue ∆-inte-

gral, which is valid on the whole time scale T except at most at b whenever it belongs

to T, is given in Section 2. The functions involved in our result are absolutely con-

tinuous functions on closed subintervals of an adequate subset of T which may be

singular at the endpoints of T whenever they are dense.

By using the aforementioned inequality and by assuming that T is bounded, we

deduce in Section 3 a Wirtinger-type inequality for absolutely continuous functions
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on T with ∆-derivative in L2
∆

([a, b) ∩ T), which generalizes the one given either

in [16, Theorem 6 with α = 2] or in [19, Theorem 2] for T = [a, b]. Moreover, as an

application of this inequality, we show particular Wirtinger-type inequalities, some

of which unify the analogous ones known in the discrete and real analysis; unfortu-

nately, we are not able to deduce from it the generalization to a bounded time scale of

the classical Wirtinger-type inequality for periodic absolutely continuous functions

with null Lebesgue integral.

Finally, we remark that these kinds of inequalities are applied in a great variety

of boundary value problems on time scales, for instance, we cite [5] devoted to

the proof of the existence of multiple positive solutions to a singular second order

dynamic equation with homogeneous Dirichlet boundary conditions by employing

variational techniques and critical point theory; the inequality that will be derived

in Corollary 3.3 is an important key in the development of that paper since, under

different behaviors of the nonlinear part of the equation, it allows us to guarantee

that the operator used in the variational formulation of the considered problem is

bounded from below and coercive and so, the critical point theory ensures the exis-

tence of a minimum which is a weak solution of that problem.

2 Main Result

In this section we deduce a quadratic Wirtinger-type inequality for a class of abso-

lutely continuous functions on closed subintervals of the subset of T defined as

J :=



















[a, b] ∩ T if a < σ(a) and ρ(b) < b,

[a, b) ∩ T if a < σ(a) and ρ̄(b) = b,

(a, b] ∩ T if a = σ̄(a) and ρ(b) < b,

(a, b) ∩ T if a = σ̄(a) and ρ̄(b) = b,

with σ̄(a) = σ(a) if a ∈ T and σ̄(a) = a if a 6∈ T and ρ̄(b) = ρ(b) if b ∈ T and

ρ̄(b) = b if b 6∈ T.

For every t1, t2 ∈ T such that t1 < t2 and for every f ∈ L1
∆

([t1, t2) ∩ T) we denote

∫ t2

t1

f (s) ∆s =

∫

[t1,t2)∩T

f (s) ∆s

for every set A ⊂ T. We denote by AC(A) the set of all absolutely continuous func-

tions on closed subintervals of A, by C1
rd(A∩[a, ρ̄(b)]) the set of all functions such that

they are continuous on A, ∆-differentiable on A ∩ [a, ρ̄(b)] and their ∆-derivatives

belong to Crd(A∩[a, ρ̄(b)]), and by C2
rd(A∩[a, ρ̄(b))) the set of all functions such that

they and their ∆-derivatives are continuous on A and A∩ [a, ρ̄(b)] respectively, their

∆-derivatives are ∆-differentiable on A ∩ [a, ρ̄(b)) and their second ∆-derivatives

belong to Crd(A ∩ [a, ρ̄(b))).

We define the ∆-differential operator L : C2
rd( J ∩ [a, ρ̄(b))) → Crd( J ∩ [a, ρ̄(b)))

for every v ∈ C2
rd( J ∩ [a, ρ̄(b))) by

Lv := (p · v∆)
∆

+ q · vσ on J ∩ [a, ρ̄(b)),
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with q ∈ Crd( J ∩ [a, ρ̄(b)]), p ∈ C1
rd( J ∩ [a, ρ̄(b)]) and p > 0 on J.

We shall work with solutions v ∈ C2
rd( J∩[a, ρ̄(b))) to the ∆-differential inequality

(2.1) −Lv ≥ λ0 · r · vσ on J ∩ [a, ρ̄(b)),

where λ0 is a real number and r ∈ Crd( J ∩ [a, ρ̄(b)]) is positive on J ∩ [a, ρ̄(b)].

It is easy to see that if ρ(b) < b, then, extending v∆ to b by

(2.2) v∆(b) :=
[p · v∆ − µ · (q + λ0 · r) · vσ](ρ(b))

p(b)
,

the function v∆ : J → R is continuous on J, v∆∆ ∈ Crd( J ∩ [a, ρ(b)]) and v is a

solution to the ∆-differential inequality

(2.3) −(p · v∆)
∆

− q · vσ ≥ λ0 · r · vσ on J ∩ [a, ρ(b)].

For a solution v ∈ C2
rd( J ∩ [a, ρ̄(b))) to (2.1) which is non-negative on J and

positive on (a, b)∩ J, we shall consider functions u ∈ AC( J) such that the expressions

below exist and are finite:

(2.4) S1(u, v) :=



















(

p·u2
·v∆

v

)

(a) if v(a) > 0,
(

p·u2
·v∆

v

)

(σ(a)) if v(a) = 0,

limt→a+

t∈T

(

p·u2
·v∆

v

)

(t) if a = σ̄(a),

(2.5) S2(u, v) :=























(

p·(uσ)2
·v∆

vσ

)

(ρ(b)) if v(b) > 0,
(

p·u2
·v∆

v

)

(ρ(b)) if v(b) = 0,

limt→b−

t∈T

(

p·u2
·v∆

v

)

(t) if ρ̄(b) = b.

We let

(2.6)

T1(u, v) :=

{

0 if a = σ̄(a) or v(a) > 0,

{µ · [(q + λ0r) · (uσ)2 − p · (u∆)
2
]}(a) if v(a) = 0,

and

(2.7) T2(u, v) :=











0 if ρ̄(b) = b,
[

µ ·
(

q + λ0r
)

· (uσ)2
]

(ρ(b)) if v(b) > 0,

{µ · [(q + λ0r) · (uσ)2 − p · (u∆)
2
]}(ρ(b)) if v(b) = 0.

Note that the definition of J allows that all the functions we are using may be

singular at the endpoints of T whenever they are dense.

Now we are able to prove the Wirtinger-type inequality achieved for the Lebesgue

∆-integral.
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Theorem 2.1 Let λ0 be a real number, let p ∈ C1
rd( J∩[a, ρ̄(b)]) be a positive function

on J, let q ∈ Crd( J ∩ [a, ρ̄(b)]), and let r ∈ Crd( J ∩ [a, ρ̄(b)]) be a positive function

on J ∩ [a, ρ̄(b)] and let v ∈ C2
rd( J ∩ [a, ρ̄(b))) be a solution to (2.1) such that it is

non-negative on J and positive on (a, b) ∩ J.

If u ∈ AC( J) is such that
(

q + λ0r
)

·(uσ)2 ∈ L1
∆

([a, b)∩T), p·(u∆)
2
∈ L1

∆
([a, b)∩T)

and the expressions (2.4) and (2.5) exist and are finite, then the following inequality

holds:

∫ b

a

[

(q + λ0r) · (uσ)2
]

(t) ∆t ≤

∫ b

a

[

p · (u∆)
2]

(t) ∆t

+ S1(u, v) − S2(u, v)

+ T1(u, v) + T2(u, v),

(2.8)

where T1(u, v) and T2(u, v) are given in (2.6) and (2.7), respectively.

Moreover, equality holds if and only if v is a solution to the dynamic equation

(2.9) −Lv = λ0 · r · vσ on J ∩ [a, ρ̄(b))

and there exists a constant K ∈ R such that u(t) = K · v(t) for all t ∈ J with v(t) > 0.

Proof Since u ∈ AC( J), from the product rule for ∆-differentiation, [7, Theo-

rem 1.20(iii)], we achieve that the ∆-differential identity

p · v · vσ
[( u

v

)∆] 2

+
[ p · u2 · v∆

v

]∆

= p · (u∆)
2

+
(uσ)2

vσ
· Lv − q · (uσ)2

is satisfied ∆-almost everywhere on (a, ρ̄(b)) ∩ T. The previous equality holds true

at a whenever v(a) > 0; moreover, if ρ(b) < b, as v is a solution to the ∆-differential

inequality (2.3), then by extending v∆ to b as in (2.2), we have that the previous

equality remains valid at ρ(b) whenever v(b) > 0.

By integrating the above identity over a subinterval [t1, t2) ∩ T of J such that t1 ≥
σ(a) if v(a) = 0 and t2 < b if v(b) = 0 or ρ̄(b) = b, we obtain that

(2.10)

∫ t2

t1

[

p · (u∆)
2
− (q + λ0r) · (uσ)2

]

(t) ∆t ≥
[ p · u2 · v∆

v

]

t2

t1

,

where equality holds if and only if v is a solution to (2.9) and (u/v)
∆

= 0 ∆-a.e. on

[t1, t2)∩T, which is equivalent to the existence of a real constant k such that u = k · v

on [t1, t2] ∩ T.

Because u ∈ AC( J) and we know that for every f : T → R and t ∈ [a, b) ∩ T, it is

true that
∫ σ(t)

t

f (s) ∆s = f (t) · µ(t),

by taking limits in (2.10) as t1 → a+ and t2 → b−, when necessary, we obtain the

conclusion (2.8).
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3 Some Consequences

The aim of this section is to apply Theorem 2.1 to obtain a general Wirtinger-type

inequality for absolutely continuous functions on the bounded time scale T with

a = min T and b = max T such that their ∆-derivative belongs to L2
∆

([a, b)∩T) and

at most they are null on the boundary of T. Moreover, we illustrate the application

of this expression to some particular conditions.

We will assume that the rd-continuity of p∆, q and r extends to [a, ρ(b)] ∩ T

and v ∈ C2
rd([a, ρ(b)) ∩ T) is non-negative on T and positive on (a, b) ∩ T and it

is an eigenfunction corresponding to the eigenvalue λ0 ∈ R of the boundary value

problem

(3.1)











Lv + λ0 · r · vσ
= 0 on [a, ρ(b)) ∩ T,

c1v(a) + c2v∆(a) = 0,

c3v(b) + c4v∆(ρ(b)) = 0,

where c1, c2, c3, and c4 are real constants such that (c2
1 + c2

2)(c2
3 + c2

4) 6= 0.

By defining

(3.2) A1 :=











(

p·v∆

v

)

(a) if v(a) > 0,

1 if v(a) = 0, a = σ(a),

0 if v(a) = 0, a < σ(a),

(3.3) A2 :=

{

0 if v(a) > 0 or a = σ(a),
[( p·v∆

v

)
σ

+ µ · (q + λ0r)
]

(a), if v(a) = 0, a < σ(a),

(3.4) A3 :=

{

0 if v(a) > 0,

−(µ · p)(a) if v(a) = 0.

(3.5) B1 :=

{

0 if v(b) > 0 or ρ(b) = b,
( p·v∆

v

)

(ρ(b)) if v(b) = 0, ρ(b) < b,

(3.6) B2 :=























[( p·v∆

vσ

)

− µ · (q + λ0r)
]

(ρ(b)) if v(b) > 0, ρ(b) < b,
( p·v∆

v

)

(b), if v(b) > 0, ρ(b) = b,

−[µ · (q + λ0r)](ρ(b)) if v(b) = 0, ρ(b) < b,

1 if v(b) = 0, ρ(b) = b,

and

(3.7) B3 :=

{

0 if v(b) > 0 or ρ(b) = b,

(µ · p)(ρ(b)), if 4v(b) = 0, ρ(b) < b,
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we achieve that if a is right-dense and v(a) > 0 or a is right-scattered, then

(3.8) S1(u, v) + T1(u, v) =
[

A1u2 + A2(uσ)2 + A3(u∆)
2]

(a),

and if b is left-dense and v(b) > 0 or b is left-scattered, then

(3.9) T2(u, v) − S2(u, v) = −
[

B1u2 + B2(uσ)2 + B3(u∆)
2]

(ρ(b)),

where S1(u, v), S2(u, v), T1(u, v) and T2(u, v) are given in (2.4), (2.5), (2.6), and (2.7),

respectively.

Theorem 3.1 Let q ∈ Crd([a, ρ(b)] ∩ T), let p ∈ C1
rd([a, ρ(b)] ∩ T) and r ∈

Crd([a, ρ(b)] ∩ T) be positive functions on T and [a, ρ(b)] ∩ T, respectively, and let

v ∈ C2
rd([a, ρ(b)) ∩ T) be an eigenfunction corresponding to the eigenvalue λ0 ∈ R

of (3.1) such that it is non-negative on T, positive on (a, b) ∩ T, v∆(a) > 0 if a is

right-dense and v(a) = 0 and v∆(b) < 0 if b is left-dense and v(b) = 0.

Then every absolutely continuous function u on T such that u∆ ∈ L2
∆

([a, b) ∩ T)

and u(t) = 0 for every t ∈ {a, b} with t dense and v(t) = 0, satisfies the following

Wirtinger-type inequality:

∫ b

a

[

(q + λ0r) · (uσ)2
]

(t) ∆t ≤

∫ b

a

[

p · (u∆)
2]

(t) ∆t

+
[

A1u2 + A2(uσ)2 + A3(u∆)
2]

(a)

−
[

B1u2 + B2(uσ)2 + B3(u∆)
2]

(ρ(b)),

(3.10)

where A1, A2, A3, B1, B2 and B3 are given in (3.2), (3.3), (3.4), (3.5), (3.6), and (3.7),

respectively.

Moreover, equality holds if and only if u is a constant multiple of v on T.

Proof As a consequence of Theorem 2.1 and equalities (3.8) and (3.9), it only re-

mains to show that inequality (3.10) is valid whenever there exists t ∈ {a, b} such

that t is dense and v(t) = 0. Because of the analogy between all cases, we only prove

one of them.

Assume that a is right-dense and v(a) = 0 and b is left-dense and v(b) > 0 or b

is left-scattered. Let u : T → R be an absolutely continuous function on T such that

u(a) = 0.

First, suppose that u∆ is continuous on [a, ρ(b)] ∩ T. As v∆(a) > 0 and u(a) = 0,

L’hôpital’s rule, [8, Theorem 4.3], allows us to assert that

lim
t→a+

t∈T

( p · u2 · v∆

v

)

(t) = lim
t→a+

t∈T

[ (p · u2 · v∆)
∆

v∆

]

(t)

= lim
t→a+

t∈T

[u∆ · (u + uσ) · p](t) − lim
t→a+

t∈T

[ (uσ)2 · (q + λ0r) · vσ

v∆

]

(t)

= 0,
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which implies that

(3.11) S1(u, v) + T1(u, v) = 0 = [A1u2 + A2(uσ)2 + A3(u∆)
2
](a),

where S1(u, v) and T1(u, v) are given in (2.4) and (2.6), respectively.

Therefore, equalities (3.9) and (3.11) and Theorem 2.1 ensure that (3.10) is true.

In order to end the proof, suppose that u∆ ∈ L2
∆

([a, b) ∩ T). The fact that the set

of all continuous functions on [a, b) ∩ T with compact support in [a, b) ∩ T is dense

in L2
∆

([a, b) ∩ T), see [4, Proposition 2.4], allows us to construct a sequence {gn}n∈N

of continuous functions on T such that its restriction to [a, b) ∩ T converges to u∆

strongly in L2
∆

([a, b) ∩ T).

Thus it is that we deduce from the fundamental theorem of calculus for contin-

uous functions [8, Theorem 5.36] that for every n ∈ N, the function un : T → R

defined as

un(t) :=

∫ t

a

gn(s) ∆s for all t ∈ T,

is absolutely continuous on T and u∆
n = gn is continuous on [a, ρ(b)] ∩ T.

Thereby, as un(a) = 0 for every n ∈ N, inequality (3.10) holds for every n ∈ N,

that is,

∫ b

a

[

(q + λ0r) · (uσ
n )2

]

(t) ∆t ≤

∫ b

a

[

p · (u∆

n )
2]

(t) ∆t

+
[

A1u2
n + A2(uσ

n )2 + A3(u∆

n )
2]

(a)

−
[

B1u2
n + B2(uσ

n )2 + B3(u∆

n )
2]

(ρ(b))

(3.12)

is valid for all n ∈ N.

Furthermore, since u(a) = 0 = un(a) for every n ∈ N, the fundamental theorem

of calculus for Lebesgue ∆-integrable functions, [10, Theorem 4.1], and Hölder’s

inequality guarantee the existence of k1 > 0 such that for every n ∈ N and t ∈ T,

|u − un|(t) ≤ k1 · ‖u∆ − gn‖L2
∆

.

Therefore, the strong convergence of {gn}n∈N to u∆ in L2
∆

([a, b)∩T) and inequal-

ity (3.12) guarantee the validity of the inequality (3.10).

The last assertion in the theorem is a straight forward consequence of Theo-

rem 2.1.

The last part of this section is devoted to showing some applications of the previ-

ous result.

Corollary 3.2 Let q ∈ Crd([a, ρ(b)] ∩ T), let p ∈ C1
rd([a, ρ(b)] ∩ T) and r ∈

Crd([a, ρ(b)] ∩ T) be positive functions on T and [a, ρ(b)] ∩ T, respectively, such that

p∆(a) = 0.

If problem (3.1) with c2 = 0 = c4 has an eigenvalue λ0 ∈ R and an eigenfunction

v ∈ C2
rd([a, ρ(b)) ∩ T) that is positive on (a, b) ∩ T, then every absolutely continuous
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function u on T such that u∆ ∈ L2
∆

([a, b) ∩ T) and u(a) = 0 = u(b) satisfies the

following Wirtinger-type inequality:

∫ b

a

[

(q + λ0r) · (uσ)2
]

(t) ∆t ≤

∫ b

a

[

p · (u∆)
2]

(t) ∆t.

Moreover, equality holds if and only if u is a constant multiple of v on T.

If we set p ≡ 1 ≡ r and q ≡ 0 in Corollary 3.2, then we know from [8, Theorem

7.15] that there exists the smallest positive eigenvalue of problem (3.1) with c2 = 0 =

c4 and the eigenfunctions corresponding to it can be chosen positive on (a, b) ∩ T.

Thus it is that Corollary 3.2 yields to the following property, which covers the one

given in [1, Theorem 11.6.1] for the discrete case.

Corollary 3.3 Every absolutely continuous function u on T such that

u∆ ∈ L2
∆([a, b) ∩ T)

and u(a) = 0 = u(b) satisfies the following Wirtinger-type inequality:

∫ b

a

(uσ)2(t) ∆t ≤
1

λ0

∫ b

a

(u∆)
2
(t) ∆t,

where λ0 is the smallest positive eigenvalue of problem (3.1) with c2 = 0 = c4, p ≡ 1 ≡
r, and q ≡ 0.

Moreover, equality holds if and only if u is an eigenfunction corresponding to λ0.

Corollary 3.4 Let q ∈ Crd([a, ρ(b)] ∩ T), let p ∈ C1
rd([a, ρ(b)] ∩ T) and r ∈

Crd([a, ρ(b)] ∩ T) be positive functions on T and [a, ρ(b)] ∩ T, respectively, such that

p∆(a) = 0.

If problem (3.1) with c2 = 0 = c3 has an eigenvalue λ0 ∈ R and an eigenfunction

v ∈ C2
rd([a, ρ(b)) ∩ T) such that it is positive on (a, b) ∩ T, then, every absolutely

continuous function u on T such that u∆ ∈ L2
∆

([a, b) ∩ T) and u(a) = 0 satisfies the

following Wirtinger-type inequality:

∫ ρ(b)

a

[

(q + λ0r) · (uσ)2
]

(t) ∆t ≤

∫ ρ(b)

a

[

p · (u∆)2
]

(t) ∆t.

Moreover, equality holds if and only if u is a constant multiple of v on T.

If we set p ≡ 1 ≡ r and q ≡ 0 in Corollary 3.4, then we know from [8, The-

orem 7.17] that there exists the smallest positive eigenvalue of problem (3.1) with

c2 = 0 = c3 and the eigenfunctions corresponding to it can be chosen positive on

(a, b) ∩ T. Therefore, as a consequence of Corollary 3.4 we obtain the following in-

equality, which generalizes the one given for the discrete case in [1, Theorem 11.6.2]

and the one given for C1−functions in the real case either in [16, Corollary 9] or

in [19, Corollary 3].
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Corollary 3.5 Every absolutely continuous function u on T with u∆ ∈ L2
∆

([a, b)∩T)

satisfies the following Wirtinger-type inequality:

∫ ρ(b)

a

(uσ − u(a))2(t) ∆t ≤
1

λ0

∫ ρ(b)

a

(u∆)
2
(t) ∆t,

where λ0 is the smallest positive eigenvalue of problem (3.1) with c2 = 0 = c3,

p ≡ 1 ≡ r and q ≡ 0.

Moreover, equality holds if and only if u − u(a) is an eigenfunction corresponding

to λ0.

By choosing as p ≡ 1, r ≡ 0, λ0 = 0, c2 = 0, and c3, c4 ∈ R such that

v∆(ρ(b)) ≥ 0, one can deduce from Theorem 3.1 the following result, which matches

up to [6, Theorem 1.1] whenever T = [0, a] for some a ∈ R.

Corollary 3.6 Assume that problem (3.1) with p ≡ 1, r ≡ 0, λ0 = 0 and q ∈
Crd([a, ρ(b)] ∩ T) has a solution v ∈ C2

rd([a, ρ(b)) ∩ T) such that it is positive on

(a, b) ∩ T, v(a) = 0 and v∆(ρ(b)) ≥ 0. Then every absolutely continuous function u

on T such that u∆ ∈ L2
∆

([a, b) ∩ T) and u(a) = 0 satisfies the following Wirtinger-type

inequality:

∫ ρ(b)

a

[

q · (uσ)2
]

(t) ∆t ≤

∫ ρ(b)

a

(u∆)
2
(t) ∆t.

Moreover, equality holds if and only if u = K · v on [a, ρ(b)] ∩ T for some constant

K ∈ R, with k = 0 whenever v∆(ρ(b)) > 0.

By changing the initial condition u(a) = 0 in Corollary 3.6 to the properties

∫ ρ(b)

a

q(t) ∆t ≥ 0 and uσ(a) ·

∫ ρ(b)

a

(q · uσ)(t) ∆t ≤ 0

and by applying Corollary 3.6 to the absolutely continuous function defined as w :=

u−u(a), we achieve the following result, which yields [6, Theorem 1.1∗], by choosing

T = [0, a] for some a ∈ R.

Corollary 3.7 Assume the hypotheses in Corollary 3.6 and
∫ ρ(b)

a
q(t) ∆t ≥ 0. Then

every absolutely continuous function u on T such that u∆ ∈ L2
∆

([a, b) ∩ T) and

uσ(a) ·

∫ ρ(b)

a

(q · uσ)(t) ∆t ≤ 0,

satisfies the following Wirtinger-type inequality:

∫ ρ(b)

a

[

q · (uσ)2
]

(t) ∆t ≤

∫ ρ(b)

a

(u∆)
2
(t) ∆t.
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Finally, we allow the eigenfunctions corresponding to the eigenvalues of problem

(3.1) to change sign at one point in the interval. Suppose that v ∈ C2
rd([a, ρ(b)) ∩ T)

is such that v(a) > 0, v(b) < 0, v is non-increasing on T and decreasing on (a, b)∩T,

then there exists a unique point t̄ ∈ T such that (v · vσ)(t̄) ≤ 0; by reasoning as in

Theorem 3.1 with function w := u − u(t̄) and each of the subintervals [a, ρ(t̄)) ∩ T,

[ρ(t̄), t̄)∩ T, [t̄, σ(t̄)) ∩ T and [σ(t̄), b) ∩ T, we obtain the following result, which for

T = [0, a] with a ∈ R is given in [6, Theorem 1.2].

Corollary 3.8 Assume that problem (3.1) with p ≡ 1, r ≡ 0, λ0 = 0 and q ∈

Crd([a, ρ(b)] ∩ T) with
∫ b

a
q(t) ∆t ≥ 0 has a solution v ∈ C2

rd([a, ρ(b)) ∩ T) such that

v(a) > 0, v(b) < 0, v is non-increasing on T and decreasing on (a, b) ∩ T. Then every

absolutely continuous function u on T such that u∆ ∈ L2
∆

([a, b) ∩ T) and

uσ(a) ·

∫ b

a

(q · uσ)(t) ∆t ≤ 0,

satisfies the following Wirtinger-type inequality:

∫ b

a

[

q · (uσ)2
]

(t) ∆t ≤

∫ b

a

(u∆)
2
(t) ∆t +

[

q · µ · (uσ)2
]

(t̄),

where t̄ ∈ (a, b) ∩ T is the unique point in T such that (v · vσ)(t̄) ≤ 0.

Moreover, equality holds if and only if u = u(t̄) + Kv on ([a, ρ(t̄)] ∪ [σ(t̄), b]) ∩ T

for some constant K ∈ R, with u(t̄) = 0 whenever either
∫ b

a
q(t) ∆t > 0 or

∫ b

a
(q · uσ)(t) ∆t < 0 and K = 0 whenever either v∆(a) = 0 or v∆(ρ(b) = 0.
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