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Mixed Perverse Sheaves on Flag
Varieties for Coxeter Groups

Pramod N. Achar, Simon Riche, and Cristian Vay

Abstract. In this paper we construct an abelian category of mixed perverse sheaves attached to any
realization of a Coxeter group, in terms of the associated Elias—-Williamson diagrammatic category.
This construction extends previous work of the first two authors, where we worked with parity com-
plexes instead of diagrams, and we extend most of the properties known in this case to the general
setting. As an application we prove that the split Grothendieck group of the Elias-Williamson dia-
grammatic category is isomorphic to the corresponding Hecke algebra, for any choice of realization.

1 Introduction

1.1 Categorifications of Hecke algebras

Let (W, S) be a Coxeter system and let Hy be the associated Hecke algebra. When
W is crystallographic, i.e., is the Weyl group of a Kac-Moody group G, a fact of fun-
damental importance, going back to 1980, is the existence of a remarkable geometric
categorification of Hyy: it can be realized as the split Grothendieck group of the ad-
ditive monoidal category of B-equivariant semisimple complexes (with complex co-
efficients) on the flag variety G/B of G, where B c G is the Borel subgroup [KL2,Sp].!
The main point of this categorification is that it realizes the Kazhdan-Lusztig basis of
Hw as the classes of simple perverse sheaves.
In the 2000s, this categorification was generalized into two different directions:

o Soergel [So3]showed that semisimple complexes on flag varieties can be replaced
by Soergel bimodules, thereby providing a categorification of H for any Coxeter
group.

o Juteau-Mautner-Williamson [JMW] introduced parity complexes, which pro-
vide the appropriate replacement for semisimple complexes when we take coefficients
in an arbitrary field (this leads naturally to the notion ofp-canonical bases).
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IThe papers [KL2] and [Sp] only mention finite or affine Kac—-Moody groups. However, thanks to
the subsequent development of the general theory of Kac-Moody groups [Ku, Ti], their methods now
apply in this generality.
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These two generalizations were recently united by the introduction of the Elias—
Williamson diagrammatic category [EW2]: a certain monoidal category attached to
any Coxeter group equipped with a realization. For certain realizations (coming from
reflection faithful representations), this category is equivalent to the category of So-
ergel bimodules. On the other hand, for realizations constructed from Kac-Moody
root data, one recovers the corresponding category of parity complexes on the asso-
ciated flag variety. (This result was suggested in [EW2, JMW], and formally proved
in [RW, Part 3].) Let us note that the reflection faithful requirement is rather restric-
tive, justifying the interest of a construction avoiding this condition.

1.2 Triangulated Categories

The categorifications considered above take us away from the very comfortable
world of perverse sheaves. The main goal of the present paper is to explain how
perverse sheaves can be reintroduced into the picture. This paper draws inspira-
tion from [ARI], which, in the setting of parity complexes on flag varieties, in-
troduced the notions of mixed derived category and mixed perverse sheaves. These
notions have since found important applications in modular representation theory
[ARL, ARd2,MaR, AR2, AMRW?2].

The first step is to embed the diagrammatic category in a suitable triangulated cat-
egory. This was done by Makisumi, Williamson, and the first two authors [AMRWI].
That paper defines the biequivariant derived category BE(h, W) attached to a Cox-
eter group W and a realization § as the bounded homotopy category of the Elias-
Williamson category. The same paper also defines the right-equivariant derived cat-
egory RE(f, W), which plays the role of the B-constructible derived category of G/B
in the usual picture.

1.3 Perverse Sheaves

In the present paper, we build on this approach and construct the perverse t-structure
on BE(h, W) and RE(h, W). One would like to follow the model of [AR1], but that
paper exploits the fact that parity complexes are already defined in terms of sheaves
on some topological space, where it makes sense to restrict to or push forward from
a locally closed subspace. Thus, one key step in the present paper is to understand
the correct analogue of locally closed subspace in the diagrammatic setting. The so-
lution, explained in Section 4 and inspired by [ARdl], is to work with certain naive
subquotients of the diagrammatic category.

The proof that these subquotients have the appropriate behaviour relies on some
properties of the double leaves basis for morphism spaces, introduced by Libedin-
sky [Li] for Soergel bimodules, and studied in the context of the diagrammatic cate-
gory in [EW2, §6, 7]. From our point of view, this study provides another illustration
of the power of these methods.

Once we have made the correct definitions, we will construct a recollement formal-
ism for these categories (following essentially the same ideas as in [AR1]), and use it
to define the desired t-structure.
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1.4 Standard and Costandard Objects

An important property of B-equivariant perverse sheaves on G/B is that the standard
and costandard objects (the *- and !-extensions of the constant perverse sheaves on
Bruhat strata) are perverse sheaves. In the usual topological context, this property
follows from the fact that the embeddings of these strata are affine morphisms. A
different argument was needed for the mixed derived categories of [AR1]. The proof
given there is based on the study of pushforward to and pullback from partial flag
varieties.

In the context of the present paper, we have no analogue of sheaves on partial flag
varieties,? so some new ideas are needed, which, once again, rely to some extent on
the properties of the light-leaves basis. The proof that standard and costandard objects
are perverse in the diagrammatic setting appears in Section 7.

1.5 Some Other Properties

Let PBE(h, W) and PRE(h, W) denote the hearts of the perverse t-structures on
BE(h, W) and RE(h, W),

respectively. These categories share many properties with their traditional counter-
parts. In particular, we prove the following.

o In the case of field coefficients, the simple objects in the abelian categories
PBE(h, W) and PRE(h, W) can be described in terms of !+-extensions (Sections 8.1

and 9.5).

« The forgetful functor PBE(h, W) — PRE(h, W) is fully faithful (Proposi-
tion 9.4).

« Ifk is a field, the category PRE(h, W) has a natural structure of highest weight
category (Theorem 9.6).

o Ifkisafield and W is finite, one can construct a Ringel duality, exchanging pro-
jective and tilting objects in PRE(h, W); moreover, the indecomposable tilting object
associated with the longest element in W is both projective and injective (Section 10).

1.6 Applications

One classical motivation for studying mixed perverse sheaves on flag varieties (with
complex coeflicients) is that they provide a mixed version of (a regular block of) the
Bernstein-Gelfand-Gelfand category O associated with a semisimple complex Lie al-
gebra [BGS, Sol]. In this spirit, PRE(f, W) may be thought of as a generalized mixed
category O attached to W and b.

As a more concrete application of our results, we prove that for any realization
of W, the split Grothendieck group of the Elias—Williamson diagrammatic category
is isomorphic to the Hecke algebra J{y,. (Note that in [EW2] this result was proved
only in the case that the base ring k is a field or a complete local ring.) This application

2A definition of such a category would require a diagrammatic version of the singular Soergel bi-
modules of [W]; no definition of such objects is available at the moment.
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illustrates the interest in our formalism for the study of the diagrammatic category,
beyond the simple game of defining perverse objects.

One of the main results of [AMRW?2] is that when the realization h comes from a
Kac-Moody root datum, there is an equivalence of triangulated categories between
RE(h, W) and RE(h*, W), known as the Koszul duality. The main reason for the
restriction to the Kac-Moody setting is that some of the arguments make use of the
perverse t-structure from [AR1]. We expect that the methods developed in the present
paper will allow one to drop this restriction.

1.7 Relation With Previous Work

As mentioned already, the idea of using the recollement formalism in this kind of
setting comes from [AR1]. Makisumi [Mak] showed how to adapt the constructions
of [ARI] to the setting of sheaves on moment graphs. In general, this notion, which
arose as a kind of combinatorial model for torus-equivariant geometry, takes us away
from the world of Coxeter groups, but it overlaps with the results of the present pa-
per in the following special situation: for a Coxeter group equipped with a reflec-
tion faithful representation, the category of Soergel bimodules (and hence the Elias-
Williamson diagrammatic category) is equivalent to the category of sheaves on the
Bruhat moment graph. In this setting, Makisumi’s constructions and ours are equiv-
alent. Under the further assumption that Soergel’s conjecture holds for the represen-
tation under consideration, this t-structure can also be defined purely in terms of So-
ergel bimodules [Mak, Remark 5.7]. Because moment graphs are closer to geometry
(both in spirit and because of the existence of moment graphs modelling partial flag
varieties), the arguments in [Mak] avoid some of the difficulties mentioned in Sec-
tions 1.3, 1.4.

Separately, a different approach to defining a category O for a general Coxeter
group was proposed by Fiebig [Fi] in terms of sheaves on the Bruhat moment graph,
and studied further by Abe [Ab]. Compared to their point of view, ours is Koszul dual;
in their picture the indecomposable Soergel bimodules correspond to projective ob-
jects, whereas for us they correspond to parity objects, i.e., semisimple complexes
when k is a field of characteristic 0.

1.8 Contents

Section 2 contains notation and conventions related to graded modules, and Section 3
contains background on the Elias—-Williamson diagrammatic category and on the cat-
egories BE(h, W) and RE(h, W). In Section 4, we study the diagrammatic analogues
of parity complexes on locally closed subsets of the flag variety. This is needed in order
to formulate the recollement theorem, which is proved in Section 5. Next, Section 6
is devoted to the study of standard and costandard objects. This section also contains
the proof of the categorification result mentioned in §1.6.

The definition and some basic properties of the perverse t-structure on BE(j, W)
appear in Section 7. In Section 8, we specialize to the case of field coeflicients. Much of
the work in this section is aimed at understanding the composition factors of standard
and costandard perverse objects.
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In Section 9, we turn our attention to RE(h, W). Many statements carry over from
BE(h, W), but there are two new results here: one about the full faithfulness of the for-
getful functor, and another about the highest weight structure on PRE(h, W) for field
coeflicients. One may then ask what the Ringel dual of this highest weight category is.
We conclude the paper in Section 10 with a proof that PRE(f, W) is self-Ringel-dual.

2 Preliminaries

2.1 Graded Categories

Let k be a commutative ring, and let &7 be a small k-linear category that is enriched
over Z-graded k-modules. Recall that this means that for any X, Y in 7, the set of
morphisms from X to Y in &7 is a graded k-module

Hom$,(X,Y) = @ Hom?,(X,Y),
nez

and that composition is defined by morphisms of graded k-modules, which implies
that identity morphisms have degree 0. To such a category one can attach a category
2/ ° whose objects are symbols X (n), where X is an object of o/ and n € Z, and whose
morphisms are defined by Hom - (X (n), Y(m)) := Hom’, " (X, Y) (with the com-
position defined in the obvious way). This category admits a natural autoequivalence
(1) sending the object X (n) to X(n+1); we will denote its j-th power by () for j € Z.
Moreover, each orbit of the group {(j) : j € Z} on the set of objects of 2/° admits a
distinguished representative X(0).

On the other hand, let # be a small k-linear category endowed with an auto-
equivalence (1), whose j-th power will be denoted (j), and a set of representatives
of the orbits of { (j) : j € Z} on the set of objects of Z. Then one can define a category
%" enriched over graded k-modules as follows. The objects of % are the represen-
tatives considered above, and the morphisms are defined by

Hom},: (X, Y) := EDZHomgg(X, Y(n)).

It is not difficult to check that the assignments o7 + 7° and % > %~ are in-
verse to each other, in the sense that there exist canonical equivalences (.7°)% = .o
and (#%)° = % of categories enriched over graded k-modules and of k-linear cat-
egories, respectively. For this reason, in the body of the paper we will sometimes
not be very careful about the distinction between these points of view, and write
e.g., Hom% (M, N) for @,z Homg(M, N(n)).

2.2 Tensor Products With R-modules

Letk and % be as in Section 2.1. We also let R be a commutative Z-graded k-algebra,
and assume that R acts on the objects of the category %~ in the sense that for any M
in % and r € R", we have morphisms p™: M — M(n) and AM: M — M(n) such
that

pr M opM=pM and AN oAM =AM,
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for r € R” and r’ € R™, and that satisfy pfw(l) = pM(1) and AMO - AM(1), for any M
inZandreR", pNof=(f(n))opMand AN o f = (f(n)) o AM for any M, N in
B, reR" and f € Homg(M, N), and finally that if r is in the image of k in R® and
M is in %, then pM = AM is the action given by the k-linear structure on 2.

If X is in & and if M is a Z-graded left R-module that is free of finite rank, then
we define X®, M as the object representing the functor

Y — (Hom% (Y, X) ®g M)°,
where the superscript 0 means the degree-0 part, and where the right action of R on
Hom?, (Y, X) is defined by f-r = (f(n)) oA} = AxOm) o f for f e Hom%(Y, X) and
r € R". Then we have a natural isomorphism
(2.) Hom?(Y,X ®, M) = Hom(Y,X) ®r M.

In practice, any choice of a graded basis (e;);c; of M as a left R-module defines
an identification X® , M = @;<; X(—deg(e;)). Moreover, if (f;) je is another graded
basis of M, then there exist unique homogeneous coefficients a; ; € R such that e; =

. . (1 X(~degf; . . .
Yjai,j- fj for any i, j, and the matrix (Aaé egf]))je],iel gives an isomorphism

iEBX(—deg(e,-)) SN ]%X(—deg(fj)).

The morphisms /\i@RM and pf@RM are induced in the natural way by 1 and p}¥,
respectively.
Now let X, Y be in #8. We consider the left R-action on Hom$,(X, Y) given by

r-f = AYm o f for f e Hom7,(X,Y) and r € R". (In other words we consider the
same action as before, but now considered as a left action.) We assume that this action
makes Hom$, (X, Y) a graded free left R-module. We claim that in this situation there
exists a canonical morphism
(2.2) X ®p Hom%(X,Y) - Y.
In fact, if (¢;) jer is a graded basis of the left R-module Hom$; (X, Y), then this choice
identifies the left-hand side with @;.; X (- deg(¢;)), and (2.2) can be defined as

@ i (- deg(¢:))-

i€l

It can be easily checked that this morphism does not depend on the choice of basis,
and hence is indeed canonical. For any Z in 4, the induced morphism
Hom?,( Z, X ®; Hom%(X,Y)) — Hom%(Z,Y)

identifies, via (2.1), with the morphism induced by composition in Z.
2.3 Derived Category and Free Modules

For some results in this paper we will impose the following assumptions on our (com-
mutative) base ring k.

(1) kis an integral domain;

(2) kis Noetherian and of finite global dimension;

(3) every projective finitely generated k-module is free.
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Here Assumption (1) is needed in order to apply the results of [EW2].> Assumption (2)
is standard, and ensures that the bounded derived category of finitely generated k-
modules has favorable behavior (and similarly for graded modules, and for rings of
polynomials with coefficients in k). Finally, Assumption (3) allows us to describe
an appropriate derived category in terms of free modules; see Lemma 2.1 below. Of
course, these assumptions are satisfied if k is a field or the ring of integers in a finite
extension of Q, or a finite localization of Z. (These are the typical examples the reader
can keep in mind.) Assumption (3) is also known to hold when k is local [Ma, Theo-
rem 2.5]. (Note that here we only need the trivial special case of Kaplansky’s theorem
when the module is of finite type.)

So, in this subsection we assume that k satisfies properties (2)-(3) above. We let
V be a left graded k-module that is free of finite rank and concentrated in positive
degrees. Then we denote by R the symmetric algebra of V, which we consider as a
graded k-algebra. We will denote by Mod™®?(R) the abelian category of finitely gen-
erated graded left R-modules, and by Free'®Z(R) the full subcategory whose objects
are the free finitely generated graded left R-modules.

Lemma 2.1 The natural functor K®Free®”(R) — D*Mod™®”(R) is an equivalence
of triangulated categories.

Proof Sincek has finite global dimension, the same property holds for R. Hence any
bounded complex of graded R-modules is quasi-isomorphic to a bounded complex
of projective graded R-modules, and to conclude, it suffices to prove that any finitely
generated projective graded R-module is, in fact, graded free. However, if M is a
finitely generated projective graded R-module, then k ®z M is a finitely generated
projective graded k-module (where k is concentrated in degree 0, and R acts on k
via the quotient R/V - R = k), and hence is graded free by Assumption (3). Then we
deduce that M is graded free by the graded Nakayama lemma. ]

2.4 Terminology

In the body of the paper we will use the following terminology. If (X, <) is a poset,
we will say that a subset Y ¢ X is closed if for any x,x” € X with x’ € Y and x < x’
we have x € Y. A subset Z c X will be called open if X \ Z is closed. Finally we will
say that Y c X is locally closed if it is the intersection of an open and a closed subset
or, equivalently, if Y is open in Y = {x € X | 3y € Y such that x < y} or, equivalently,
if Y is closed in X \ (Y \ Y). A basic observation that we will use repeatedly is that
if x € X, then x is minimal for < if and only if {x} is a closed subset of X, and x is
maximal for < if and only if {x} is an open subset of X.

In this context, if x € X, we will write {< x}, resp. {< x}, for {z € X | z < x},
resp. {z € X | z < x}; these subsets are closed in X.

3This assumption is not explicit in [EW2] but, as noted in particular in [AMRW], Footnote on p. 10],
it is in fact needed.
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3 The Elias-Williamson Diagrammatic Category
Henceforth, we let k be an integral domain.
3.1 Notation and Terminology Regarding Coxeter Systems

For the rest of this paper we fix a Coxeter system (W, S) with S finite. Then W is
equipped with the Bruhat order < and the length function ¢.

A word w in S will be called an expression. The length £(w) of an expression w is
the number of letters in this word. We will by denote 7(w) the corresponding element
in W (obtained as the product in W of the letters of w); then we will say that w is an
expression for (or that w expresses) m(w) € W. Recall also that an expression w is said
to be reduced if £(w) = €(m(w)).

Ifw = (s1,...,8,) is an expression, a subexpression of w is defined to be a se-
quence e = (ey,...,e,) of 0s and 1s. Such a datum determines an expression v =
(Siy>--->Si, ), wherel < i} < --- < i, < n are the indices such that {i},...,i,} =
{ie{1,...,n} | e; = 1}. Ina minor abuse of language, we will also say that e expresses
n(v). If x € W, we will denote by M(w, x) the set of subexpressions of w expressing
X.

With this terminology, the Bruhat order on W can be described as follows: if w
is a reduced expression for w € W, then v < w if and only if v is expressed by some
subexpression of w.

3.2 The Elias-Williamson Category

Leth = (V,{a) : s € S},{a, : s € S}) be a balanced realization of (W, S) over k
that satisfies Demazure surjectivity in the sense of [EW2] (see also [AMRW]I, §2.1]).
In particular, V is a free k-module of finite rank, {a) : s € S} is a subset of V, and
{as:s €S} isasubset of V* := Hom (V, k).

We let R be the symmetric algebra of V*, considered as a graded ring with V*
in degree 2. Following Elias-Williamson [EW2] (see also [AMRWI, §2.2]), we asso-
ciate a k-linear monoidal category with (W, S) and b as follows. First, one defines a
k-linear monoidal category Zgs(h, W) enriched over graded k-modules as follows:

* objects are the symbols B,, for w an expression, with the monoidal product de-

fined by B, x By, = By;

+ morphisms are generated (under composition, monoidal product, and k-linear

combinations) by the following elementary morphisms:
- for any homogeneous f € R, a morphism

from By to itself, of degree deg(f);
- forany s € S, dot morphisms

T and l
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from B; to By and from By to Bj, respectively, of degree 1;
- for any s € S, trivalent morphisms

N N N

Y and )\

N N N

from B; to By 5) and from By, ;) to By, respectively, of degree —1;
- for any pair (s, t) of distinct simple reflections such that st has finite order
ms; in W, a morphism

tst t tst K
>< if mg; is odd or >< if my; is even
sts s sts t

from By, ;,..) to B(y,...) (Where each expression has length m;, and letters
alternate), of degree 0,
subject to a number of relations [EW2] [AMRW]I, §2.2].

Then we set Zps(h, W) := ( @Bs(h, W)) ° (where we use the notation from §2.1). We
will also denote by Z5 (h, W) the additive hull of Zgs(h, W).

Typically, a morphism in Zgs(h, W) or in Zs(h, W) will be written as a linear
combination of (equivalence classes of) diagrams, where horizontal concatenation
corresponds to the monoidal product and vertical concatenation corresponds to com-
position. Such diagrams are to be read from bottom to top. We will sometimes omit
the labels “s” or “#” in the diagrams for morphisms when they do not play any role.

Note that for X, Y in Zgs(h, W), the graded k-module

(3.1) Homé}i(h)w) (X,Y):= HEPZHom@l;es(h)W)(X, Y(n))

has a natural structure of a graded R-bimodule, where the left, resp., right, action of
f € R" is induced by adding a box labelled by f to the left, resp., right, of a diagram.

N4 U-Y

These morphisms induce morphisms of functors
(Bs * (—)) o (Bs * (—)) —id and id— (Bs * (—)) o (BS * (_))

which make (B * (=), Bs = (-)) an adjoint pair. Similarly, ((=) » B, (=) * B) is an
adjoint pair in a natural way. Let us recall also, from [EW2, (5.14)], the isomorphism

(3.2) B, * B = B,(1) ® By(-1).

This category has another symmetry that turns out to be very useful. We denote
by D: 2&(h, W) - P (h, W)°P the anti-involution that fixes each B,, and flips
diagrams upside-down [EW2, Definition 6.22]. Notice that D o (1) ~ (-n) o D.
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3.3 The Double Leaves Basis

One of the main results of [EW?2] states that for any two expressions v, w, the graded
R-bimodule Homg, (b,w)(Bx’ B,,) is graded free of finite rank as a left R-module
and as a right R-module [EW2, Corollary 6.14]. In fact, following an idea of Libedin-
sky, Elias and Williamson provided a way to produce a set LL, ,, of homogeneous
morphisms, called double leaves morphisms, which constitutes a graded basis of

Hom.@Bs(h,W) (By, Bw),

both as a left R-module and as a right R-module. This construction is algorithmic in
nature, and depends on many choices. We will not repeat the construction here, but
we will recall certain properties that we will need below.

The set ILL, ,, is in natural bijection with the set Uyew M(w,x) x M(v,x). In
fact, if e and f are subexpressions of v and w, respectively, expressing the same el-
ement x € W, then the procedure of [EW2, §6.1] produces homogeneous elements
LLy € Homg, (1) (By,Bx) and LL, ¢ € Homg, (1) (Bw, Bx) for a certain re-
duced expression x for x (which can be chosen arbitrarily), and then one defines

LL %, ==D(LL,¢) oLL, .

x,f,e

and sets LL, ,, = {]L]Lf”%e :(f,€) € Uyew M(w,x) x M(v,x)}.
Note in particular that if v and w are reduced expressions, then the element x above
must satisfy x < 7(v) and x < n(w).

Example 3.1. Let s € S. The (left or right) R-modules Hom‘%s(h,w) (Bs, By) and
Hom’%s(h)w) (Bg, Bs) are of rank 1, with generators

S

T and l R

respectively.
3.4 The Biequivariant and the Right Equivariant Categories

In [AMRW1], Makisumi, Williamson and the first two authors of the present paper
studied various triangulated categories constructed out of Zgs(f), W). The two cases
that we will mainly consider in this paper are:

» the biequivariant* category BE(j, W), which can be defined as
BE(h, W) := K®Zg5 (b, W);
« the right-equivariant category RE(f, W), which can be defined as
—o
RE(h, W) := K°Zgg(h, W).

Here, §§s (b, W) is the additive hull of the category Zgs (b, W) obtained by the pro-
cedure (—)° of Section 2.1 out of the category obtained from Zgs(h), W) by applying

“The motivation for our terminology comes from geometry; see [AMRWI] for details.
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k ®r (—) to morphism spaces (where again k is in degree 0, and R acts via the quo-
tient R/V - R = k). For an expression w, we will denote by B,, the image of B,, in
Tus(0, W).

The category BE(f, W) has a natural monoidal structure, which extends the prod-
uct x on Z5s(h, W), and whose product will be denoted x; see [AMRW1, §4.2] for
details. (This construction involves some rather delicate sign conventions, which will
not be recalled in detail here.) As in Section 3.2, the pairs of functors

(Bsx(=),Bsx(-)) and ((-)*Bs, (-)xBs)

form adjoint pairs in a natural way. The unit for this product is Bg. The category
RE(h, W) is in a natural way a right-module category over BE (), W); this operation
is also denoted . There also exists a natural forgetful functor Forpe: BE(h, W) —
RE(h, W) induced by tensoring morphism spaces with k (over R); this functor satis-
fies

(3.3) ForgE(F x4) = Forpe (F) =94

for #,% in BE(h, W).

The cohomological shift functors on the triangulated categories BE(h, W) and
RE(h, W) will be denoted [1]. These categories possess two other shift autoequiv-
alences denoted (1) and (1). Here (1) extends the operation on Z%(h, W) denoted
similarly in the following way: it sends a complex (%", d") ez to the complex

(F"(1), =d" ) nezs

and we have (1) = (-1)[1]. The m-th power of [1], resp., (1), resp., (1), is denoted [m],
resp., (m), resp., (m).

4 Diagrammatic Categories Associated With Locally Closed
Subsets of W

We continue with the setting of Section 3. In particular, k is only required to be an
integral domain.

4.1 The Diagrammatic Category Attached to a Closed Subset

Let I ¢ W be a closed subset. We define the category Zgs (5, W) as the full subcat-
egory of Zgs(h, W) whose objects are of the form B,,(n) for n € Z and w a reduced
expression for an element in I. We will also denote by Zg ;(h, W) the additive hull
of Dgs,1(h, W); this category identifies in a natural way with the full subcategory of
2&,(h, W) whose objects are the direct sums of objects of the form B,, (n) with w a
reduced expression for an element in I.

Remark 4.1. We warn the reader that in the case I = W, it is not clear (and most
probably false) that the category Zg 1, (h, W) is equivalent to Zg (b, W), since the
latter contains objects B,,, where w is not a reduced expression. Nevertheless, we will
see later on that their homotopy categories are equivalent (Remark 6.3 (1)).
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Note that the anti-involution I stabilizes the subcategory 7 (b, W) its restric-
tion will be denoted D;. As in Zg (b, W), for B, B in Z (h, W) we set

Hom.@.?s,,(h’w)(B’B') - ;%Hom@%)l(h,w)(&g’(n)).
If B, B are objects of Zg(h, W), we will denote by
51(B, B") € Homa ;4 (B, B)

the submodule of morphisms that factor through Zg; (b, W).

Lemma 4.2 Ifv and w are expressions, then §;(By, By, ) is the R-span (under either
the left or right action) of the double leaves morphisms ]L]Li”%e with x € I.

Proof To fix notation, we consider the left action of R. It is clear from the definition
thatif x € I, then L]Li”%e € §1(By, By). In particular, the R-span under consideration
is contained in §7(By, By ). a

For the opposite containment, we will prove that for any reduced expression y
for an element of I, any morphism that factors through a shift of B, belongs to the

R-span of the light-leaves morphisms L]Li”fﬂ’e with x € I. Let y be as above, and let

f € Hom,e (b, W) (B,,B,,) be a morphism that factors through a shift of B,. Since
Bs\> - - =

the light-leaves morphisms form an R-basis of Hom? e (By, By ), we can assume
BS - =

(b, W)
v,

that f = g]L]L;%e for some subexpressions e,f of v and y, respectively, expressing

some element x. Here x < 7(y), and hence x € I. By [EW2, Claim 6.21], f is then an

R-linear combination of light-leaves morphisms LI},  for some subexpressions f’

of w expressing x, and some light-leaves morphisms corresponding to subexpressions

expressing certain elements x’ < x. Here again x” € I, so the result follows. ]

4.2 The Diagrammatic Category Attached to a Locally Closed Subset

Let Iy ¢ W be a closed subset, and let I; c I be closed. Then I is also closed in W,
so that we can consider the categories Zg | (h, W) and g | (h, W). We set

91?5,10,11([7’ W) := -@1?5,10([% W)//gées,h([% W),

where the naive quotient on the right-hand side is defined as follows: its objects are
the same as those of @gas, I (b, W), and its morphisms are defined by

. 0
(., w) (B, B') = (Hom@l%lo(b’w)(B, B")/31,(B,B"))

for B, B’ in Zg | (h, W), where the superscript “0” means the degree-0 part. Note
that the objects B,, with w a reduced expression for an element in I; have trivial images
in 28 1, ,(h, W). In particular, every object of Zg | | (h, W) is a direct sum of
(images of) objects of the form B,, (m), where m € Z and w is a reduced expression
for an element in I \ I;. B

Of course the shift equivalence (1) induces an autoequivalence of the category
Dgs.15.1,(h, W), which will be denoted similarly. If B, B' are in Zgg ; (h, W), the

Hom 2@

BS,Ig,I;
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left and right actions of R on Hom7, L, (0.) (B, B’) descend to actions on

Homga  (o.w)(B> B) = @ Homge . (h.w) (B, B'(n)).
Moreover, if B = B, and B’ = B,, where v, w are reduced expressions for elements

of Iy, then it follows from Lemma 4.2 that Homj@ (6, W) (B,,By,) is free as a left
BS,Io,I; \V? - =

and as a right graded R-module, and that the images of the light-leaves morphisms
IL]L%% o With x € Iy \ I; form a graded basis of this space (both as a left and as a right
R-module). More generally, this implies that for arbitrary B, B'in Zg | | (h, W), the
space Hom?, 9,10 (W) (B, B") is graded free both as a left and as a rlght R-module.
Lemma 4.3 Up to canonical equivalence, the category Zgy | | (b, W) only depends
on the locally closed subset Iy \ I.

Proof LetI:= Iy~ I;. Then Iy contains I := {z € W | 3x € I, z < x}, so that we have
a natural inclusion of categories @;95 7(b’ W) c Zgs 1, (b, W) that induces a functor

@ées,fjxl(b’ W) - S JIo, Il(h W)

The description of morphism spaces in 91?5, Toul, (b, W) in terms of light-leaves mor-
phisms considered above implies that this functor is fully faithful. By the remarks
above, it is also essentially surjective, and hence an equivalence. ]

From Lemma 4.3 it follows that it makes sense to define, for any locally closed
subset I ¢ W, the category Zg ;(h, W) as

BS I(h W) BS I, Il(b W) BS Io(h W)// SIl(b’W)’

where I; c I, are any closed subsets of W such that I = I \ I;. Of course, if I is
closed, the category we obtain coincides with the category defined in Section 4.1. It is
clear that the autoequivalences Dy, and (1) of Zg | (b, W) induce autoequivalences
of 755 ;(h, W) that will be denoted D; and (1), respectively.

4.3 The Case of a Singleton

In this subsection we consider the special case I = {w} for w € W. (This subset is
obviously locally closed in W.) For any choice of a reduced expression w for w, we
can consider the image of the corresponding object B,, in @g’& {W}(b, W). If w'is
another reduced expression for w, then w and w’ can be related by a rex move, i.e., a
sequence of braid relations (meaning the replacement of a subword (s, ¢,...) by the
word (t,s,...), where the words have length the order m;; of st and their entries
alternate between s and t). See [EW2, §4.2] for details. A morphism in Zg(h, W) is
associated (by definition) with each such braid relation; composing these morphisms
we obtain a rex move morphism B,, — B,s. By [EW2, Lemma 7.4, Lemma 75], the
image of this morphism in 7, 55, () (h, W) does not depend on the choice of rex move,

and is an isomorphism. In particular, the images of B,, and B,,» in 7, BS, {w }(b W) are
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canonically isomorphic. Hence they define a canonical object in @1?5, (w1} (h, W) that
will be denoted b,,.

Lemma 4.4 There exists a canonical equivalence of categories
Y Tty (0, W) > Free®%(R)

such that y(b,,) = R. Under this equivalence, the autoequivalence (1) identifies with
the shift of grading autoequivalence of Free®”(R) defined by (M(1))" = M"*.,

Proof It follows from the definition and the comments above that any object of
7 BS, {w} (b, W) is isomorphic to a direct sum of shifts of b,,. Moreover, since we have

End@l? o (W) (byw) = R by Lemma 4.2, we deduce that the functor
y = Homgi(w)(b)w)(bw,—)

provides the desired equivalence. ]

4.4 Closed and Open Inclusions

Let I ¢ W be a locally closed subset, and write I = Iy \ I; for some closed subsets
I, c Iy ¢ W. Anysubset ] c I thatis closed as a subset of I can be written as Jo\ (JonI1)
for some closed subset Jo c Iy. There exists a natural embedding

-@gs,]o(b’ W) c -@1?5,10(5) W),
which induces a functor

Dgs,10(0s W) Dss gt (0 W) — D 1, (0, W) [| Dy 1, (5, W).

The description of morphism spaces in terms of light-leaves morphisms in Section 4.2
shows that this functor is fully faithful. As explained in Section 4.2, the categories
involved here do not depend on the choices of Iy and Jy. It is clear that, under these
identifications, the functor does not depend on these choices either; it will be denoted

(’]) BS](h W) — BS 1([7 w).

It is clear that this functor satisfies (i]). o D; = D; o (i]), and that this construction
is compatible with composition of closed inclusions in the obvious way.

Now let K c I be a subset that is open in the order topology on I. Let ] = I \ K
be the complementary closed subset, and write J = Jo ~ (Jo N I;) as above, so that
K = Iy \ K3, where K; = ]y u I;. Then by definition there exists a natural full functor

91?5,10(5) W)//gﬁes,zl(h) W) - 91?5 Io(h’ W)//-@I?S,Kl (b’ W)-
Once again, this functor does not depend on the choices of Iy and Jo; it will be denoted
(ié)*: 91?5,1([]: W) — -@gas,K(b’ w).

This functor satisfies (i%)* o D; = Dk o (ik)*, and this construction is compatible
with composition of open inclusions in the obvious way.
It is clear from this construction that if J c I is closed, we have

(4.0) (if;)* o (i)« = 0.
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Example 4.5. Let I ¢ W be a locally closed subset and let w € I be a minimal ele-
ment. Then the subset {w} c I is closed. Let us fix a reduced expression w for w.
If x and y are reduced expressions for elements of I, then by Lemma 4.2 (see also
Section 4.2) the subsets {LL;’}, : e € M(x,w)} and {]LL%%] f e M(y,w)},
where 1 means the subexpression consisting only of I's, form R-bases of the mod-

ules Hom'@ées,l (h,w)(Bi’ B,) and HOH].@,;‘; : (h,w)(Bm’ By), respectively, both for the
left and for the right actions. Moreover, composition induces a morphism

Hom'@%,l(b,w)(Bﬂ, BZ) ®Rr Hom’Q&J(h)W)(Bﬁ, By) — HOIn.@?s,z(b’W)(Bi’ BX)’

where the right R-module structure on Hom? e (6, W) (By,By) and the left R-mod-
BS,I\")> - =
ule structure on HomJ e (0, W) (By, By,) are both given either by adding a box to the
Bs,1\')> - -
right of diagrams, or by adding a box to the left of diagrams. Considerations of the

light-leaves basis from Section 4.2 also show that this morphism is injective for both
choices of conventions for R-actions.

Remark 4.6. LetI ¢ W be alocally closed subset, and let J c I be a subset that is both
open and closed. Then from the definitions we see that (i])* o (i]). = id.

Moreover, using the light-leaves basis for morphisms in 7 ,(h, W) (Section4.2),
it is not difficult to check that for any B in Zgs,;(h, W) and B" in Zg; | (b, W)
we have Hom@ﬁs,,(b,w)((i})*B’ (if;)«B’) = 0. It follows that any object B of
Pgs.1(b, W) has a canonical decomposition B = (i]).B" @ (if.;)-B" with B’ in
P8, (b, W) and B” in Zg (b, W), and that we have B’ = (i})*B and B" =
(if.;)*B. From this we deduce that the pairs ((i])*, (i]).) and ((i])., (i])*) are
adjoint pairs of functors.

5 Recollement

We continue with the setting of Sections 3 and 4. Our goal in this rather technical
section is to construct a recollement formalism (in the sense of [BBD, §1.4.3]) for
the category BE(h, W) that will allow us to describe this category in terms of local
versions associated with locally closed subsets of W.

5.1 The Biequivariant Category Associated With a Locally Closed Subset

If I ¢ W is alocally closed subset, we define the triangulated category BE;(h, W) by
setting BE;(h, W) := Kbgges)l(h, W). As for BE(h, W), this category admits “shift”
autoequivalences [n], (n), (n) defined as above (for n € Z). The contravariant au-
toequivalence D of @ées) (b, W) also induces a (contravariant) autoequivalence of
BE;(h, W) that will be denoted similarly. By definition we have Dyo [n] = [-n] oDy,
Djo(n)=(-n)oDr,and Do (n) = (-n) o Dy.

If J c Iis a closed subset, then the functor (i]). defined in Section 4.4 induces a
fully faithful functor from BE;(h, W) to BE;(h, W) that will also be denoted (i7)..
Whenever convenient, we will identify BE;(f, W) with its image in BE;(f, W), and
omit the functor (i])..
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Similarly, if K c I is an open subset, then the functor (i%)* defined in Section 4.4
induces a functor from BE;(h, W) to BEx(h, W) that will also be denoted (i} )*. As
in Section 4.4, we have

(5.1) (i})* ODIZDIO(I';)*, (ié)*ODIZDKO(Z‘f{)*.

Note that the functors (i]). identify the category BE;(h, W) with the inductive
limit of the categories BE;(f), W), for J c I a finite closed subset. This observation
will allow us to generalize some of our constructions below from finite subsets of W
to arbitrary subsets.

5.2 Closed Embedding of a Singleton

In this subsection we fix a locally closed subset I ¢ W and a minimal element w € I,
so that {w} is a closed subset of I. Our goal is to prove Lemma 5.1 below.

The statement of this lemma involves the “+” operation from [BBD, §1.3.9]. We
recall the definition of this notation: if D is a triangulated category, and if A, B ¢ D
are two full subcategories, then A * B denotes the strictly full subcategory of D whose
objects X are those that fit into a distinguished triangle

]

A—X—B—

with A € A and B € B.

Lemma 5.1 The functor (i}\{w})* admits a left adjoint (if\{w} )1 and a right adjoint
(i1« )+ Moreover, the adjunction morphisms

(itepuy) (itogy)s —id and  id — (i1 1,y)* (i1 )

are isomorphisms, and we have

BE1(B, W) = (i1 {3 ) (BEr fuy (B, W) x (if,3)« (BE(uy (B, W),
BE;(h, W) = (i{,})« (BE(uwy (0, W)) % (if. ) )+ (BEr (w3 (B, W)).

The proof of this lemma will use the following construction. We fix once and for
all a reduced expression w for w. Then for any reduced expression x for an element
in I~ {w}, we consider the complex B} given by

i () — BK@R Hom.@%I(h,W)(Bﬂ’Bi) — B£—> 0—> -,

where B,,® , Hom? 5 (By, By) is in cohomological degree -1, B, is in coho-
Z=R BS,I(h’W) - - -

2,
mological degree 0, all the other terms are 0, and the only nontrivial differential is
given by the morphism defined in (2.2). (In particular, the R-module structure on

Hom’@e; (b, W) (Bw, B, ) that we consider here is as defined before (2.2).) Note that
BS,I 4 - -
we have a canonical distinguished triangle

. (1]
(5.2) B, — B, — B, ®, Hom@?s,,(h,W) (Bw,Bx)[1] —

in BE;(h, W).
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Lemma 5.2 If x is a reduced expression for an element in I ~ {w} and y is a reduced

expression for an element in I, then for any n, m € Z, the functor (i}\{w})* induces an
isomorphism

Homgg, (n,w) (B By (m)[n]) —
HomBEI\{w}(b)W)((i}\{w})*BZ’ (1;\{W})*B;(Wl)[l’l])

Moreover, these k-modules are zero unless n(y) # w and n = 0, in which case they are

isomorphic to Hom@%’[\{w}(bjw) (By, Bx(m)).

Proof It is clear that in the morphism under consideration, the left-hand side van-

ishes unless n € {-1,0} and the right-hand side vanishes unless n = 0, because

(if\{w})*Bg = (i}\{w})*Bi’ In particular, the claim is obvious, unless n € {-1,0}.
From (5.2) we deduce an exact sequence

0 — Homgg, (5, w) (By, By (m)[-1])

— Hom@%)l(h,w)(BZ, B, ®, Homé}i’l(h)w) (By,By)(m))

— Homge
BS.

’,(h,W)(BZ’ By (m)) — Homge, (y,w)(By, By (m)) — 0.
Now by definition (Section 2.2) the term on the middle line identifies with
L] L] 0
(Homg}%l(h’w)(BZ, By (m)) ®r Homys oy (Bu, By))
and the differential to Homge 4 w) (By, B (m)) identifies with the natural compo-
sition morphism. As explained in Example 4.5 this map is injective. It follows that
Homgg, (y,w)(By, By (m)[-1]) = 0, proving the desired isomorphism in this case.
The fact that our morphism is an isomorphism when n = 0 also follows from this
exact sequence, together with the light-leaves basis considerations in Section 4.2. W

Proof of Lemma 5.1 We will explain the construction of the functor (i}, {W})* and
prove that it satisfies the desired properties; then in view of (5.1) the functor

(5.3) (i) ) = Dro (i gy)+ © Drcguy

will also satisfy the corresponding properties.

Let D* c BE[(h), W) be the full graded, i.e., stable by (1), triangulated subcategory
generated by the objects B} for all reduced expressions x for elements in I\ {w}, and
leti: D* — BE;(h, W) be the inclusion. By Lemma 5.2 and using the five-lemma, it
follows that the functor (i}, {W})* induces an isomorphism

(5.4) Homgg,(h,w)(Y,1X) — Homge, ., (5,w) (i1« f1) " Ys (i1 y) “1X)
for all X in D* and Y in BE;(fj, W). In particular, this shows that the functor
(l{\{w})* ol

is fully faithful. Moreover, since this functor sends By (m) to Bx(m) for any re-
duced expression x of an element in I \ {w}, and since these objects generate D*
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and BE [, (h, W), respectively, as triangulated categories, we even obtain that

(if\{w})* ol

is an equivalence of categories. This fact allows us to set

. . * -1
(l}\{w})* =10 ((lf\{w}) ° l) : BEI\{W}(b’ W) - BEI(h’ W)
What remains to be proved is that this functor satisfies the desired properties.
By definition we have a canonical isomorphism (if y,,,)* © (if ()« 2 id. To
prove that (i) is right adjoint to (if_,,,)*, we need to prove that the composi-

tion

. (it )"
Homgg, (p,w) (X, (zl\{w})*Y) —
Homge, (., (6, w) ( (<)) X0 (i) (i gy Y)
2 HomBE,\{W}(h,w)((if\{w})*x Y)
is an isomorphism for all X in BE;(h, W) and Y in BE ¢, (h, W). In fact, this is

clear from the isomorphism (5.4).
To conclude, it remains to prove that

(55)  BEi(h, W) = (i{,yy)«(BE(yy (B, W)) * (i1 1,3)+ (BEr fuy (B, W)).

However, by construction we have
(56) (if\{w})*Bing

for any reduced expression x for an element in I\ {w}. In view of the triangle (5.2) and
the comments at the beginning of Section 4.3, it follows that the triangulated category
BE;(h, W) is generated by the essential images of the functors ( if\{w} ). and ( i%w} )s.
Since there exists no nonzero morphism from an object of ( iiw} )« (BEguy (b, W)) to
an object of (i}\{w} )+ (BE w1 (b, W)) (by adjunction and the fact that (i}\{w})* o
(i%w})* =0, see (4.1)), we deduce (5.5). [ ]

Remark 5.3. The claims in Lemma 5.1 about the adjunction morphisms amount to
saying that the functors (i, () )« and (i}, () ), are fully faithful.

Example5.4. Letw € W and s € S be such that ws > w. Then {w} is closed in {w, ws},
and its open complement is {ws}. If w is a reduced expression for w, then there exist
canonical distinguished triangles

(5.7) By (1) — (i{w¥*)) Bus — Bus =
69 Bus — (i0057)  Bue — Bul1) 2>
in BEy,, .53 (h, W). In fact, the R-module Hom'@}%{w,ws}(h,w)(Bm, B, ) is generated
by
idg,, * i )
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which has degree 1. Hence (5.8) is a special case of the triangle (5.2), and (5.7) is
deduced by applying Dy, . (see also (5.6)).

Below we will need the following technical result.

Lemma 5.5 LetIandw beasinLemma5.1, and let ] c I be a closed subset containing
w. Then there exist canonical isomorphisms

(ifegup)ro Gotu)e = (i) o (i )i (ilup)e o G td).

112

(i;)* © (i}\{w})*-

Proof As for Lemma 5.1, we only prove the second isomorphism; the first one fol-
lows by composing on the left with D and on the right with D ,,y (see (5.1), (5.3)).
We consider the subcategories Dy c BE;(h, W) and Dy c BE;(h, W) constructed
in the proof of Lemma 5.1 (applied to the “ambient” locally closed subsets I and J,
respectively), and the corresponding embeddings 17 and ;. It is clear that the functor
(i)« o 1y factors through a functor (ij)1: Dj — Dj. Itis clear also that (if ;)" ©

(i)« = (l;:xi)* o (i;\{w})*. We deduce that

(ifepwy) oo (i) = (i tw ) o (i) () 0 .
Composing on the left with (i}\{w} )i =110 ( (if\{w})* o 11) ! and on the right with
( (i}\{w} )*o15) ', we deduce the desired isomorphism. [ |
5.3 Recollement

We now formulate and prove the main result of the section.

Proposition 5.6 Let I c¢ W be a locally closed subset, and let ] c I be a finite
closed subset. Then the functor (if ;)*: BE;(h, W) — BEr (b, W) admits a left ad-
joint (if ;)1 and a right adjoint (i] ;). Similarly, the functor (i}).: BE;(h, W) —
BE;(h, W) admits a left adjoint (i])* and a right adjoint (i])'. Together, these func-
tors give a recollement diagram

(in* (it
/\ /\
BE;(h, W) (ip)s—=BE(h, W) —(ir.,)*—= BE;(h, W).
\_/ v
(i)' (it )

Proof We begin by showing, by induction on |J|, that

« the functor (if, ;) exists;
« the adjunction morphism id — (i{.;)* o (i]. ;): is an isomorphism;
* we have

(5.9) BE;(h, W) = (if;):(BEr (b, W)) * (i])«(BE;(h, W)).
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If |J| = 1, these assertions are part of the statement of Lemma 5.1. If |J| > 1, we pick
w € J minimal. By induction the functors

(i) BEp gy (5, W) —> BEr(h, W)
and

(i gwy)": BE1(h, W) — BEr u1.(h, W)
In{w}

INJ
which is (i],;)* (Section 4.4), also admits a left adjoint (i, ;);, and we have

(if ) = (il guy)ro Gt

From the corresponding claims for the embeddings i;:;w} and i]_ (wy itis not difficult
to deduce that the adjunction morphism

(5.10) id - (i{\])* ° (i}\])!

is an isomorphism. Finally, by induction we have
BE sy (B W) = (i} )1 (BEr (b, W) * (2 £23) (B (B, W),

BEI(’), W) = (i}\{w})!(BEI\{w}(b’ W)) * (liw})*(BE{w}(fL W))

Using the associativity of the operation “x” [BBD, Lemme 1.3.10], Lemma 5.1, and
Lemma 5.5, we deduce (5.9), which finishes the induction.

Now we prove the existence of the functor (zf )* and construct a distinguished
triangle

admit left adjoints (i )1 and (if, {W})!, respectively. Hence their composition,

(5.11) (W) T — T — (D). (il 7

for any .7 in BE (b, W). We first observe that both the functors (i]). and (i] ;) are
fully faithful (see Section 5.1 for (i}).; for (if. ,): this follows from the invertibility
of (5.10).) Using (5.9), it then follows that for any .% € BE[(h, W) there exist unique
objects F' € BErj(h, W) and .#" € BE;(h, W) and a unique distinguished triangle

1
(5.12) (T — F — (iD,7" 5

(Here, the uniqueness claims follow from [BBD, Proposition 1.1.9]). Since we have
(it ) (i])« = 0and (if.;)* (if.,): = id (see (4.1) and (5.10), respectively), we have a
canonical isomorphism (i, ;)*.# = .Z'. We set (i])*.# := .Z". Another application
of [BBD, Proposition 1.1.9] shows that this defines a functor (i)*. Then this func-
tor is left adjoint to (i]). thanks to the distinguished triangle (5.11) and the fact that
(i) (i)« = 0.

Finally, we remark that (i})*(i})*g > & for all ¢ € BE;(h, W) by uniqueness of
the distinguished triangle (5.12). Composing with the appropriate duality functors,
from the existence of the functors (if. ;) and (i})*, we deduce the existence of the

functors (i, ;). and (i})' (see (5.1)), and from the properties we proved for the former
functors, we deduce similar properties for the latter functors; this finishes the proof
of the proposition. ]
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Remark5.7. Once the recollement formalism is constructed, we see from [BBD, Prop-
osition 1.4.5] that if I = Iy \ I; with I; c I, ¢ W closed subsets and I, finite, then
the functor (i°)* identifies the category BE;(h, W) with the Verdier quotient of
BE, (b, W) by the full triangulated subcategory BE[, (h, W). This remark provides
an alternative perspective on BE;(h, W), separate from that coming from Section 4.2.

Let us point out once again that in the setting of Proposition 5.6 we have canonical
isomorphisms

(513) ]D)IO(I.%\])] = (l.f\j)*ODI\] and D]O(lg)! = (l.;)*ODI.

Also, our functors are compatible with composition of inclusions in the sense of the
following lemma.

Lemma 5.8 LetI c W be a locally closed subset and let J' c J c I be finite closed
subsets. Then for t € {!, *} we have canonical isomorphisms

(iDTe (i) =)' (irg)ro (i) )r = (i)

Proof The claim follows by adjunction from the corresponding properties for the
functors (i]). and (i],;)* (and the similar functors for the other embeddings); see
Section 4.4. [

Remark 5.9. (1) Assume that I is a finite locally closed subset of W, and that J c I
is both open and closed. Then we have the naive functors (i]). and (i])* defined as
in Section 5.1, and also the functors constructed (by adjunction) in Proposition 5.6,
which we will denote provisionally (]) (4, (i) 1) (i]) (), and (i;)(!). It follows from
Remark 4.6 that we have canonical isomorphisms

(iD= (D 2 (e and (O 2 (@O = (@),

so that we can stop distinguishing these functors.

(2) We note for later use that if w is minimal in I, then for any B in Zgs (), W)

1 'n ~ . s . .1 I s

we have (1{W}) B =b,®, Hom%‘fs),(h,w)(Bﬂ’B) (so that, in particular, (z{w}) Bis
isomorphic to a complex concentrated in degree 0). In fact, it suffices to prove this
isomorphism when B = B, for x, a reduced expression for an element in I. If this
element is not w, then the isomorphism is obtained from the triangle (5.2). If now

x is a reduced expression for w, then the isomorphism follows from the fact that
(iiw})!(iiw})* ~ id (because (i{w})* is fully faithful).

5.4 Pushforward and Pullback Under Locally Closed Inclusions

Our next goal is to define pullback and pushforward functors for any finite locally
closed inclusion J c I, where I is locally closed in W.

Lemma 510  Let I be a finite locally closed subset of W, let ] c I be a closed subset,
let K c I be an open subset, and let L c ] n K be a subset that is open in ] and closed in
K. Then for t € {!, » } there exist canonical isomorphisms

(i)t o (ip)w = (ip)s 0 (i) (ip)" o (ix)" = (i) o (ip)".
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Proof We will show, by induction on |I|, the first isomorphism for ¥ = !. Then,
as in the proof of [AR], Lemma 2.6], the other isomorphisms follow by duality and
adjunction.

We need to consider three cases. First we assume that I = ] = K. Then L is open
and closed in I, and the desired isomorphism follows from Remark 5.9 (1).

Now we assume K # I. Let w € I \ K be minimal, so that {w} is closed in I \ K,
and hencein I. Then I’ = I~ {w} isopeninIand J' := JnI' = J\ {w} is closed in
I'. By induction we have (ik), o (iX), = (zf,’)* o (i{)!, so to conclude, by Lemma 5.8
it suffices to prove that (i},), o (z}: « 2 (i) 0 (i;,)!. If w € ], then this isomorphism
was proved in Lemma 5.5. If now w ¢ ], then J' = ] and J is both open and closed in
Ju {w}. By Remark 5.9 (1), this implies that (i;U{W})* ; (i;u{W})l, and then using
Lemma 5.5, applied to J U {w} instead of J, that

(i5)r0 () 2 (il py)e o (70 2 (i )e 0 (1770), 2 (i)

Finally, we consider the case I = K, but J # I. Then L is closed in I, and hence also
in J, and by assumption it is also open in J. Hence by Remark 5.9 (1) we have

(i) 2 (i)«

and the desired isomorphism follows from the compatibility of pushforward functors
(for closed embeddings) with composition. ]

Lemma 5.10 allows us to define pullback and pushforward functors for any locally
closed embedding when I is finite. More precisely, let I ¢ W be a finite locally closed
subset, and let J c I be a locally closed subset. Then we can write | = Jo \ J; with
J1 € Jo c I closed subsets. (Here, since ] is fixed, J; is determined by Jo, and J, is
determined by J;.) By Lemma 5.10 we have a canonical isomorphism

(i}O)* o (i{O)* = (if\h)* o (lf\h)*-

Moreover, we claim that these functors do not depend on the choice of J, or J; (up to
canonical isomorphism). In fact, for any choice we have J, > J, where

Ji={wel|3xe],w<x}
Lemma 5.10 applied to the diagram
J——To

|

J—]
implies that (i,°) . = (i;")*(i;)H from which we deduce that
(1)« © (i) = (i)« © (]

which clearly does not depend on J,. These considerations show that it is legitimate
to set (i]). := (i )« © (i}0 ). Similar arguments show that one can also set

(iD= (i)« 0 (6 (i) = (i) 0 (i) (1) 5= (i) o (i)
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i.e., that these functors do not depend on the choice of ], or J;, and can be expressed
in a way where open and closed embeddings play an opposite role. Moreover, the
pairs ((i])1, (i])") and ((i])*, (i])+) are adjoint pairs of functors.

In view of (5.1) and (5.13), we have canonical isomorphisms
(5.14) Dro (i) 2 (ij)«oD; and Djo (i) = (i7)* o Dy.

Moreover, since this is true for open and closed embeddings (by the axioms of rec-
ollement), the adjunction morphisms

(5.15) (i))* o (i)« —id and id — (i})" o (i)

are isomorphisms; in other words, the functors (i]). and (i]), are fully faithful (see
in particular Remark 5.3). Finally, we note that

(5.16) (i)« = (ij)1 ifJ c Iis closed
and
(5.17) (i)' = (i})* ifJ c Iis open.

Remark 5.11. Recall that an adjoint of a triangulated functor is triangulated [N, Lem-
ma 5.3.6]. Thus, all six functors in Proposition 5.6 are triangulated. Since the functors
(i})«> (i})1» (i])*, and (i])' defined above are all compositions of functors coming
from Proposition 5.6, they are again triangulated.

These constructions are also compatible with composition in the sense of the fol-

lowing lemma.

Lemma 512 LetI c W be a finite locally closed subset, and let ] c I and K c ] be
locally closed subsets. Then there exist canonical isomorphisms

(i)« 0 (i)« 2 (ik)er  (ip)ro (if)r 2 (ig):
(i) o (i) = (ix)", (i) o (i) = (ix)".

Proof One can choose closed subsets J; ¢ Jo c I and K; c K c I such that
J=Jo~x]J1, K=Ko\Ki;, J1cKicKpcJo.

(For instance, with Jo = J and Ko = K U (J \ J), these conditions are satisfied.) Then
we have a diagram of embeddings

K—>KonJ——=]
Pl
KOC%JOCHC-I

« »

where the arrows decorated with “0” are open embeddings, and those decorated with
“c” are closed embeddings. (To justify the claim about the embedding K c Ko n ], we
observe that the complement of this embedding is K; n J, which is closed in Ky N J.
For the embedding Ky n ] c Ky, one simply observes that Ko n J = Ko \ J;.) Then
the desired isomorphisms follow from Lemma 5.10, the compatibility of pushforward
under closed embeddings, and pullback under open embeddings with composition
(Section 4.4), and Lemma 5.8. [ |
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6 Study of Standard and Costandard Objects

6.1 Generation of the Categories by Reduced Expressions

We begin with the following lemma. Recall the notion of rex moves [EW2, §4.2], [RW,
§4.3] and the associated morphisms in Z5(h, W).

Lemma 6.1 Let x and y be reduced expressions for an element w € W. Consider a
rex move x ~ y, and denote by f: By — B, the associated morphism. Then the cone of
f belongs to BE;,,, (b, W).

Proof Consider also the reversed rex move y ~ x, and denote the associated mor-
phism g: B, — B,. Then by [EW2, Lemma 74, Lemma 7.5], there exists an ob-
ject B in @ BS {<W}(b W) and morphisms h;: By - B and h,: B — B, such that
gf =idp, +hy o hy. Then we can consider the morphisms of complexes

8f

rl% wl%

0 ldB +h hz 0

It is not difficult to check that the images of these morphisms are inverse isomor-
phisms in BE(h, W). In particular, the cone of g f belongs to BE,,1(h, W). Similar
arguments show that the cone of fg belongs to BE(.,,, (h, W), and this implies that
the image of f in the Verdier quotient BE(h, W)/BE .,,; (b, W) is an isomorphism,
i.e., that the image of the cone € of f in BE(h, W)/BE.,,; (h, W) is trivial. In view
of [Kr, Proposition 4.6.2], this means that there exists an object Z in BE,1 (b, W)

such that the identity of &€ factors as a composition ¢ - .% — €. We deduce that
(zgﬁ) % = 0. By the recollement formalism (Proposmon 5.6) it follows that €
belongs to BE.,,1(h, W), as desired. [ |

Let us denote by “x” the Hecke product on W [BM, §3]. (Recall in particular that
this product is associative.) For an expression w = (sy,...,s,), we set

*Wi=§ k-5, €W,

Lemma 6.2  For any expression w, the object B, belongs to BE..,,; (b, W).

Proof We argue by induction on ¢(w). Of course, the claim is obvious if w is a
reduced expression, and, in particular, when £(w) = 0. Now let w be a nonempty
expression, and assume the claim is known for expressions of strictly smaller length.
Write w = ys for some s € S; then by induction we know that By € BE (.., (h, W).

In view of the definition of BE ., 7} (h, W), we therefore need to show that if z is a
reduced expression for an element z < xy, then B;; € BE .,y (h, W).
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If £(z) < €(y), then £(zs) < €(w); so by induction we know that B belongs to
BE<.(zs) (h, W). On the other hand, by [BM, Proposition 3.1], we have *(zs) = z*s <
(*y) * s = *w, and hence the desired claim follows in this case.

Assume now that £(z) = €(y); so that z = *y and y is a reduced expression for z.
If zs > z, then *w = (%y)s and zs is a reduced expression for *w; hence the claim is
clear from definitions. Now assume that zs < z, so that *w = z. Choose a reduced
expression z’ for z ending with s, and a rex move z ~ z’. By Lemma 6.1, the cone of
the associated morphism f: B, - B,/ belongs to BE{<Z}(IJ, W); as above, using the
induction hypothesis, this implies that the cone of f » B, belongs to BE(,,,1 (b, W).
Since B,/ » B = B,/(1) ® B,/ (~1) by (3.2), such that B, » B, belongs to BE;.., (h, W),
and since z = *w, we finally deduce that B, belongs to BE .}, as desired. ]

Remark 6.3.

(1) Note that Lemma 6.2 implies in particular that the category BE(h, W) is gen-
erated (as a triangulated category) by the objects B,,, where w is a reduced expression;
in other words the canonical embedding BEyw (h, W) — BE(h, W) is an equivalence
of categories. (Of course, this fact follows readily from [EW2, Theorem 6.26] when
this result applies, i.e., when k is a field or a complete local ring.) In the rest of the
paper we will identify these categories without further notice.

(2) Statements closely related to Lemma 6.2 and the comment in (1) appear as [RW,
Lemmas 5.23, 5.24]. But the proof in [RW] has a gap, since a variant of Lemma 6.1 is
asserted without details. It turns out that the recollement formalism exactly provides
the tools needed to fill this gap.

Below we will also use the following consequence of Lemma 6.2.
Corollary 6.4 LetI c W be a closed subset, and let s € S be such that I is stable under

the map x — xs. Then the subcategory BE (), W) of BE(h, W) is stable under right
multiplication by Bs.

Proof We need to prove that if w is a reduced expression for an element in I, then
By, * B; = B, belongs to BE;(h, W). However Lemma 6.2 implies that this object
belongs to BE <. (s)} (h, W). Under our assumption *(ws) € I, so {< *(ws)} c I,
and the claim follows. ]

6.2 Inclusions of Singletons

Let I ¢ W be a finite locally closed subset. Then for any x € I, the subset {x} c I is
locally closed. Hence we can consider in particular the functors associated with this
inclusion, which for simplicity will be denoted (il)., (il),, (il)*, and (il)".
Lemma 6.5 If] c Iisa closed subset and if x ¢ ], then

(i) o (il)e =0 and (i) o (if), =o.
Proof Using (5.14) and (5.16), the first equality follows from the second one by du-

ality. And to prove the second equality, we remark that (i})* = (if>))* o (i],;)* by
Lemma 5.12, so that (i%)* o (i]). = (i™)* o (i].;)* o (i])« = 0 by (4.1). [ |
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Lemma 6.5 implies that if x # y are both in I, we have
(6.1) (i) o (i5) =0, (i) o (iy)1 =0,
because (i}). = (iizeng},} )« o i}{,zellzsy} )« and similarly for (i});. On the other hand,
for any x € I we have
(6.2) (i) o (i), zid, (i2)* o (il), 2id.

For the first isomorphism we remark that (il), = (iizeng})! o (iizeﬂzgx} )« by Lem-

mas 5.12 and (5.16), and (il)' = (ifFellz=xbyeg (ifzengx} )! by Lemmas 5.12 and (5.17).
Then the claim follows from the invertibility of the morphisms in (5.15).

6.3 Definition of Standard and Costandard Objects

Now recall the object b,, of .@ées) ) (h, W) defined in Section 4.3. Identifying this
object with the complex concentrated in degree 0 and with 0-th term b, it can be
considered as an object in BEy,,} (h, W'). The corresponding standard and costandard
objects in BE;(h, W) are defined by Al := (il),b,, and V., := (il),b,. The main
property of these objects is the following.

Lemma 6.6 Let I c W be a finite locally closed subset, and let x, y € I. Then we have
R™ =8"™2(V*) ifx =yandm=-ne2ZLs,

H AL V! =~
omgg, (n,w) (8> Vy (n)[m]) {0 otherwise.

Proof This follows from adjunction, isomorphisms (6.1), (6.2), and Lemma 4.4. W

Example 6.7. (1) If w is minimal in I, then AL, = V1 by (5.16), and this object is
the image of B,, in BE;(h, W), where w is any reduced expression for w. In particular,
if I contains the neutral element e € W, then AL = V! is the image of B.

}

(2) Lets € S. In view of Example 5.4, the complex AL} coincides with the com-

plex
!

s
-0 — B, —>B@(1) —0---,
where the nonzero terms are in degrees 0 and 1, respectively. Similarly, Vs{e’s} is the

complex
s

l

...0 —>B@(—1) — B, —0---,
where the nonzero terms are in degrees —1 and 0, respectively. These complexes, in
fact, describe Al and V! for any I containing e and s. In particular, our present nota-
tion is compatible with that used in [AMRW1, Example 4.2.2].

It will sometimes be convenient to have standard and costandard objects also when
I is not finite. For a general I and any w ¢ I, we define Al and V! by

Af«/ = (i})*Aiv and Vﬂ, = (i})*V{V,
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where J c [ is any finite closed subset containing w. It is easy to check that these
objects do not depend on the choice of ], up to canonical isomorphism, and that
Lemma 6.6 still holds in this generality. When I = W, we will sometimes omit the
superscript in this notation.

6.4 First Properties

Lemma 6.8 LetIc W be afinite locally closed subset, and let ] c I be a locally closed
subset. Then for any w € ], we have (i])1A), = A}, and (i]).V), 2 V1, and for any
w e I, we have

112

0 otherwise.

(if)° Ay, = {Mv Iweh iy, {V{” el
0  otherwise,
Proof The first two isomorphisms follow from Lemma 5.12. For the other isomor-
phisms, we treat the case of (i])*Al; the case of (i])'V}, is similar. It suffices to
prove these isomorphisms when J is either closed or open. First assume that J is
closed. If w ¢ ], then the desired vanishing follows from the first isomorphism in
Lemma 6.5 and adjunction. If w € J, then we have (i])* A}, = (i])*(i}).AJ, by (5.16)
and Lemma 5.12, and the claim follows from the invertibility of the first morphism
in (5.15). Now assume that J is open. If w € ], then using (5.17) we have

(i))*AL = (i) (iphA], = AL,

And if w ¢ J, then (i])*Al = (i])*(if.,)+ A’ and the desired vanishing holds
by (4.1). n

Another important property of standard and costandard objects is provided by the
following observation.

Lemma 6.9  For any locally closed subset I ¢ W, the category BE[(h, W) is generated
as a triangulated category by the objects of the form AL (m) with w € I and m € Z, as
well as by the objects of the form V', (m) withw € I and m € Z.

Proof We treat the case of the standard objects; the other case is similar or follows
by duality. We can clearly assume that I is finite, and proceed by induction on [1|.

When |I| = 1, the lemma is clear from Lemma 4.4. Now assume |I| > 1, and choose
w € I minimal. Then any object .% in BE[(h, W) fits in a distinguished triangle

(i o (i) 7 — F — (i) (i) 7 2

By induction (i], (w})"Z belongs to the triangulated subcategory of BE. (,,} (h, W)
generated by the objects Ai\{W}(m) with x € I\ {w}. Since (if\{w})!Ai\{W} ~ AL for
such x (Lemma 6.8), we deduce that (if\{w} )i ( Z{\{w} )*Z belongs to the triangulated

subcategory of BE;(h, W) under consideration. It is easy to see that (il ), (il )*.#
belongs to the triangulated subcategory generated by the objects AL (m) = Vi (m),
and the proof is complete. ]
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6.5 Convolution of Standard and Costandard Objects

Lemma 6.10 Letw € W and s € S be such that ws > w. Then there exist distinguished
triangles

(1] (1

Aw<_1> - Aws - AwiBs ) vwiBs - sz - Vw<1) -
in BE(h, W), in which the third arrows are generators of the free rank-1k-modules
Homgg(p,w) (Aw % Bs, Aw(-1)[1]) and Homgg(p,w)(Vw(l), Vi x Bs[1]),

respectively.

Proof We will construct the first triangle; the second one can then be obtained by
duality or by similar arguments. We set I := {z € W | z < ws}. In this triangle all
the objects live in BE;(f, W) (see Corollary 6.4 for the third term); therefore, we can
perform all the computations in this subcategory. To simplify notation, we will also
set J := I\ {w,ws}, a closed subset of I.

Let w be a reduced expression for w, and recall the triangle constructed in Ex-
ample 5.4. Applying the functor (z% wows) )1, we deduce (Remark 5.11) a distinguished
triangle

(63) A{v<_1> - Afvs - (iiw,ws})!(Bﬂs) ﬂ)

in BE;(h, W), where we write B, for the image of this object in the category
BE{w,ws} (b’ W)

Hence, to conclude the construction of the triangle, it suffices to construct an isomor-

phism

(6.4) (i wsy )1 (Bus) = A, % By
First we remark that

(6.5) (i))* (A}, = Bs) = 0.

In fact, if .7 belongs to BE;(h, W) we have
HomBE,(h,W)( (1}) *(Aﬂ,iBs),f) ~ HomBE,(h,W)(AﬁyiBs) (1})*57)
= HomBEz(b,W)(A11w ((i})*y)iBs)-

It follows from Corollary 6.4 that ((i])..#) * B, belongs to the essential image of
BE;(h, W), and then from (4.1) we deduce that

Homgg, (y,w)((i]) (A}, % B),.7) =0,

which implies (6.5).
From (6.5) we deduce that adjunction induces an isomorphism

(iiw,ws})!(iiw,ws})*(A{v 1BS) — A{v *Bs.
Hence, to prove (6.4), it suffices to prove that

(6.6) (iwsy) (A, % B) 2 By
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in BE{,,, 51 (b, W). However there exists a natural distinguished triangle

AL - B, — (i1).(i})*By by

w

Applying the functor (i iw’ws} )*(— = By) and Corollary 6.4 once again, we deduce the
isomorphism (6.6), and hence finally (6.4).
To conclude the proof, it remains to prove that the k-module

HomBE(h)W)( (ifw,ws})! (BKS)’ A{v(_n[l])

is free of rank 1, and generated by the morphism appearing in (6.3). However, as
noted after (5.15), the functor (i iw)ws})! is fully faithful. Hence it suffices to prove the
corresponding claim for Homge,, ., (o, w) (Bws> Bw{(-1)[1]). This claim is clear from
the construction in Example 5.4. |

The next proposition answers a question raised in [AMRW1, Remark 4.2.3].

Proposition 6.11 Letwe W.

(i) If (s15...,s,) is a reduced expression for w, then we have
AngsliAszi"'iAs,’ Vi 2 Vs x Vs, *--- x Vs,

(ii) We have isomorphisms Ay, x V-1 2 Vo1 x Ay, 2 By

Proof We will prove the claims by induction on £(w). We note here that (ii) holds
when €(w) = 1 by [AMRWI, Lemma 4.2.4]. In particular, it follows that (ii) is a
consequence of (i) (applied to w and w™).

Of course, if £(w) = 0, there is nothing to prove. Now let w € W~ {e}, and assume
the claims are known for elements of length strictly smaller than that of w. We will
prove the first isomorphism in (i) for w; the second one can be proved similarly or
follows by duality, and as noted above (ii) will follow. Let (sy,...,s,) be a reduced
expression for w, and let y := s;---s,_; and s := s,, so that w = ys. Using (i) for y,
which is known by induction, we know that A, = Ay x Ay, x --- x A, . Hence to
conclude, it suffices to prove that A,, = A, x A,.

The special case of Lemma 6.10 for the neutral element e provides a distinguished

triangle By(-1) > A; — B 1, in which the third arrow is a generator of
Homgg (p,w) (Bs, Bo(-1)[1]),
a free rank-1 k-module. Now (ii) for y implies that the functor
Ay x(-): BE(h, W) — BE(h, W)

is an equivalence of triangulated categories with quasi-inverse V-1 * (—). Hence ap-
plying this functor, we obtain a distinguished triangle

(1]
Ay(-1) — Ay x Ay — Ay x By —

in which the third arrow is a generator of Homgg(p,w) (A, * Bs, A, (-1)[1]), a free
rank-1k-module. Comparing with the triangle of Lemma 6.10 (now for y), we deduce
the isomorphism A,, = A, x A, as expected. [ |
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Remark 6.12. (1) Proposition 6.11(i) shows that the objects A,, (w € W) are gen-
eralizations of the Rouquier complexes [Rou] associated with canonical lifts of ele-
ments of W to the braid group of (W, S). More precisely, consider a reflection faithful
representation V of (W, S) over k = R as constructed by Soergel or arising from a
symmetrizable Kac—-Moody group [R2, Proposition 1.1]. Then, as explained in [EW2,
Example 3.3(2)-(4)], there exists a natural realization § of (W, S) with underlying
vector space V. Moreover, by [EW2, Theorem 6.30] there exists a canonical equiv-
alence of graded additive categories between the Karoubian envelope of Zg (b, W)
and the associated category of Soergel bimodules. Under the induced equivalence be-
tween bounded homotopy categories [AMRW1, Lemma 4.9.1], Proposition 6.11 shows
that A,, corresponds to the Rouquier complex (as defined in [Rou, Proposition 9.4])
associated with the canonical lift of w to the braid group. From this point of view,
Lemma 6.6 is a generalization of the main result of [LW].

(2) Proposition 6.11(i) suggests a different approach to our study, starting with a
direct definition of standard and costandard objects. However, from such a definition
it seems to be difficult (at least to the authors) to prove that such objects have the
properties they ought to possess such as independence of the reduced expression, or
Lemma 6.6.

6.6 Application

In this subsection we apply the results of this section to describe the split Grothendieck
group of the additive category Zg(h, W). If A is an essentially small triangulated
category, resp., additive category, we denote by [A]a, resp., [A]e, the Grothendieck
group of A, resp., the split Grothendieck group of A. Recall also the Hecke algebra
H(w,s) associated with the Coxeter system (W, S), where we follow the conventions
of [So2]. With this notation introduced, we can state our result more precisely.

Theorem 6.13  There exists a unique ring isomorphism Hw sy = [28(h, W)]e
sending v to [Bg(1)] and H, = Hs + v to [Bs], for any s € S.

Remark 6.14. When k is a complete local ring, this result appears as [EW2, Corol-
lary 6.27], where the result is stated in terms of the Karoubian hull of Zg(h, W).
However, it is easy to deduce from [EW2, Theorem 6.26] that under their assumption
the natural functor from Zg (h, W) to its Karoubian hull induces an isomorphism on
split Grothendieck groups. The fact that our methods might allow one to generalize
this result was suggested to one of us by G. Williamson.

The proof of Theorem 6.13 will use the following lemma that is the main result
of [Ros].

Lemma 6.15 For any essentially small additive category A, the natural group mor-
phism [Alg — [KPA]a is an isomorphism.

Proof of Theorem 6.13 In view of Lemma 6.15, the natural morphism

[Z5s(b, W)]e — [BE(h, W)]a
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is an isomorphism. Moreover this morphism is clearly a ring morphism. Therefore,
to prove the theorem we only have to prove that there exists a unique isomorphism

H(w,s) — [BE(h, W)]a

sending v to [Bg(1)] and H+v to [ B,]. Uniqueness is clear, since J{(yy,s) is generated
(as a ring) by v and the elements H; + v for s € S.

To prove existence, we first remark that the classes of the standard objects [A,, (m)]
form a Z-basis of [BE(h, W)]a. In fact, Lemma 6.9 and Remark 6.3(1) imply that
these classes span [BE(h, W)]a. On the other hand, assume for a contradiction that
there exists a relation

Z Ax,m : [Ax(m)] = Z Ay,n ’ [Ay(n)]

xeY, yeY,
meZ nez

for some disjoint finite subsets Y1, Y, ¢ W (with Y; # @ and A, ,,, # 0 for at least one
x € Yy and m € Z) and some integers A, , € Zyq (with A, ,, = 0and A, , = 0 for all
but finitely many m’s and n’s). Then, if we set
OAyn
2= @ (Ae(m)) ™", Za= @ (Ay(n)) ",

xeY; yeY2
meZ nez

by [Th, Lemma 2.4] there exist objects €, €’, ¢’ and distinguished triangles

®Ax,m

co2—¢ —3" U ver, ¢ e
There exists a finite closed subset I ¢ W such that all the objects above belong to

BE;(h, W). Then choose x € Y; such that A, ,, # 0 for at least one m. Applying (il)*
and using Lemma 6.8 we obtain distinguished triangles

(1) ® (i) 2 — (i£)"6" — (i)' %" =,
(1) — (i1)¢" — (1) 6" .
Hence the class of (i})* 2} in [BE(} (h, W)]a vanishes. But Lemma 4.4 and Lem-
ma 6.15 imply that the classes [by ()] with m € Z form a basis of [BE;,y (h, W)]a,
and by construction, the coefficient of (il)*.2] on [b,(m)] is Ay,m. One of these
coeflicients is nonzero, providing the desired contradiction.

We now prove that the assignment v — [By(1)], Hy — [Ay] (w € W) induces a
ring morphism Hy gy = [BE(h, W)]a. For this we need to prove that

(6.7) ([AD)? = [A] +[A(-D)] - [As(1)]
for s € S and that for x, y € W such that £(xy) = €(x) + £(y) we have
(6.8) [Axy] = [Axx Ay ].

Here (6.8) follows from Proposition 6.11, while (6.7) follows from the fact that [A] =
[Bs] - [Ac(1)] (Example 6.7(2)) and the isomorphism (3.2).

Finally we argue that our morphism J(yy sy — [BE(h, W], is invertible because
it sends a Z-basis of H(y,s) to a Z-basis of [BE(h, W)]a; moreover it sends v to
Bg(1) by definition, and H, +v to [ B] since, as already noticed above, we have [A;] =
[B] - [Ae(1)] in [BE(H, W) .
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Remark 6.16. Let us notice that, viewed as an isomorphism Hyys) = [BE(h, W)]a,
the isomorphism of Theorem 6.13 is very explicit: it sends H,, to [A,,].

7 The Perverse t-structure

Henceforth, we assume that k satisfies the assumptions of Section 2.3. The goal of this
section is to endow the biequivariant category BE(), W) with a bounded t-structure
and investigate its heart.

7.1 t-structure for Categories Associated With Singletons

We start by considering singleton sets in analogy with [ARI, Lemmas 3.1, 3.18]. Recall
the equivalence y of Lemma 4.4. Passing to bounded homotopy categories, we obtain
an equivalence BE g,y (h, W) = KPFree®®”(R). Composing with the equivalence of
Lemma 2.1, we deduce an equivalence of triangulated categories

(71) BE,; (h, W) = D"Mod®*(R).

Here the autoequivalence (1) of BE,,;(h, W) corresponds to the autoequivalence
of D’Mod™®”(R) sending a complex (M",d") ez, to the complex (M" (1), —d" ) pez,
where (1) is as in Lemma 4.4. This autoequivalence will also be denoted (1).

Now let us recall the linear Koszul duality construction of [AR2, Section 4] (see
also [MR] for a slightly different and more general construction). Let A be the differ-
ential graded algebra defined as the exterior algebra of the free k-module V placed
in degree —1 with trivial differential. We will consider A as a Z-graded dg-algebra
(sometimes called a differential graded graded (dgg) algebra or a G, -equivariant dg-
algebra), where V is in degree -2 for this new grading. Then composing the Koszul
duality equivalence of [AR2, Theorem 4.1] with the regrading equivalence denoted &
in [AR2, §4.2], we obtain an equivalence of triangulated categories

D’Mod™®*(R) > DE(A),

where the right-hand side is the derived category of Z-graded A-dg-modules whose
cohomology is finitely generated over k.> Composing with (7.1), we deduce an equiv-
alence

(72) BE(,; (b, W) - DE(A).

Since A is concentrated in nonpositive cohomological degrees, the right-hand side
has a canonical t-structure defined by

<0 S
(DB(A))™ = {M e DE(A) |[H*(M) =0},
>0 <
(DE(A))™ = {MeDE(A) [HO(M) = 0}.
The perverse t-structure on BEy,, (h, W), denoted
(PBE(wy (b, W)™, PBE () (5, W)™),

5In [AR2], for simplicity this claim is stated only when k is a field. But the same arguments apply in
the present generality; see [MR] for similar constructions.
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is defined as the transport of the t-structure on D%(A) considered above along the
equivalence (7.2). It can be checked from the definitions that, under this equivalence,
the autoequivalence (1) of BEy,, (h, W) corresponds to the autoequivalence of the
category D;g (A) sending a Z-graded dg-module M to the same dg-module, with
degree-j part (for the “extra” Z-grading) the degree-(j—1) part of M. The latter equiv-
alence is clearly t-exact; hence, so is the autoequivalence (1) on BE,,,(h, W).

Itisalso clear that the object b,, considered in Section 6.3 belongs to the heart of the
perverse t-structure on BEy,,; (h, W). In fact, this object characterizes the t-structure
in the following sense.

Lemma 7.1 The subcategory PBE,,, (h, W)=* is generated under extensions by the
objects by, (m)[n] with m € Z and n € Zs,.

Proof The equivalence (7.2) sends b,, to k (the trivial A-dg-module, concentrated
in degree 0). Hence the statement amounts to the claim that (D;g(A))SO is generated
by the dg-modules that are concentrated in one cohomological degree n < 0, and free
as a graded k-module. However, using truncation functors, we see that any object of
(DfZg (A))=? is an extension of dg-modules concentrated in one cohomological degree
n, where n varies in Zy. Choosing finite free resolutions of these k-modules, which
exist under our assumptions, we obtain the desired claim. ]

7.2 Definition of the t-structure
We are now ready to introduce our main definition, following [ARI, Definition 3.18].

Definition 7.2  Let I be a finite locally closed subset of W. The perverse t-structure
on BE;(, W) is the bounded ¢-structure given by

PBE;(h, W)=° ={.F e BE;(h, W) | Vw e I, (iy,)*(F) € ’BE, (h, W)=},
PBE;(h, W)= ={.Z e BE{(h, W) | Yw e, (i},)'(F) € ’BE, (h, W)*°}.

Here, the fact that this pair of subcategories indeed forms a bounded t-structure
follows from the general theory of recollement [BBD, Théoréme 1.4.10] together with
Lemma 5.12.

Lemma 7.3  The following functors are t-exact:

(i) (1)

(ii) (i])« for I ¢ W a finite locally closed subset and ] c I a closed subset;
(iii) (ik)* for I ¢ W a finite locally closed subset and K c I an open subset.

Proof The case of (1) is an immediate consequence of the special case when I is
a singleton, which was justified in Section 7.1, and the case of (ik)* follows from
Lemma 5.12 and (5.17). To justify the exactness of (i])., it suffices to prove that for
w € I we have
TN
(ifv)*(i;)*z{ () Hte)
0 otherwise.

(i1)* ifwe],

0 otherwise,

and (ifv)!(i})* =~ {
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Here the isomorphisms on the right-hand side follow from those on the left-hand side
by duality. For the left-hand side, if w € J, then (i},)* (i]). = (i},)*(i])* (i)« = (i},)*
by Lemma 5.12 and the invertibility of the first morphism in (5.15). If w ¢ J, then the
claim follows from Lemma 6.5. ]

Using Lemma 7.3, the definition of the perverse t-structure can be generalized to
any locally closed subset I ¢ W as follows. By definition, BE;(f, W) is the direct
limit of the categories BE;(f, W) for J c I a finite closed subset (for the embeddings
(i}')*: BE;(h, W) — BE;(h, W) for ] c J' c I closed subsets). Since under these
embeddings we have

PBE;(h, W)=* = BE;(h, W) n”BEy (b, W)=’,
PBE;(h, W)*° = BE;(h, W) n”BE; (b, W)*"

(see in particular Lemma 7.3), we can define ?BE;(h, W)<* and ”BE;(h, W)>° as the
direct limits of the categories BE;(h, W)<® and PBE;(h, W)=, respectively, for |
running over finite closed subsets of I. It is clear that Lemma 7.3 then also holds
without the assumption that I is finite.

Let us immediately note the following consequence of the existence of the perverse
t-structure, in view of the main result of [LC].

Corollary 7.4  For any locally closed subset I ¢ W, the category BE (b, W) is Karou-
bian.

The subcategory BE;(h, W)<? can be described in more concrete terms as fol-
lows.

Lemma 7.5 LetIc W be alocally closed subset.

(i) The subcategory PBE;(h, W)=C is generated under extensions by the objects
AL (m)[n] withw e W, m € Z, and n € Zs,.

(ii) The subcategory PBE[(h, W)=° contains the objects V1 (m)[n] with w € W,
m €7, and n € Zy.

Proof We can assume that I is finite. Observe first that (6.1) and (6.2) imply that AL
belongs to BE;(h, W)= and that v/, belongs to BE;(h, W)>°.
Since (1) is a t-exact equivalence (Lemma 7.3), we deduce the containments

(AL(m)[n]:w e W, m € Z,n € Zso)ext € PBE(h, W)=C,
(VE(m)[n]:w e W,m e Z,n € Zy)ext © PBE1(h, W),

where the left-hand side denotes the subcategory generated under extensions by the
objects indicated.

We prove the reverse containment by induction on |1|. If |I| = 1, then the desired
claim was proved in Lemma 71. Then for a general I, choose w € I maximal, so that
{w} is open, and for .# in PBE;(h, W)<’, consider the distinguished triangle

(LWL T > F —> (il oy (il ) T
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From the definitions we see that (i},)*.% belongs to ?BE,,, (h, W)=* and (if\{w} )*
belongs to ”BE;. ) (b, W)=’ Using induction and Lemma 6.8, we deduce that .#
belongs to (AL (m)[n]:w e W, m € Z,n € Zsg)exs» as desired. [ |

Remark 7.6. When k is a field, Lemma 7.5 can be made symmetric: in that case,
PBE;(h, W)= is generated under extensions by the objects V1 (m)[n] with w € W,
m € Z, and n € Z, (and as a consequence, the functor Dy is t-exact). But this state-
ment is not true for general coefficients. Indeed, it can fail already when I is a single-
ton.

7.3 Standard and Costandard Objects Are Perverse

The heart of the t-structure on BE;(h, W) constructed in Section 7.2 will be denoted
PEE(h, W). (When I = W, the subscript will sometimes be omitted.) The objects
which belong to this heart will be called perverse.

Our next goal is to show that standard and costandard objects are perverse.

Lemma 7.7 Ifw e W, then we have the following.

(i) The functors (=) *x V,, Vy *(=): BE(h, W) — BE(h, W) are right t-exact
with respect to the perverse t-structure;

(ii) the functors (=) x A, Ay x (=): BE(h, W) — BE(h, W) are left t-exact with
respect to the perverse t-structure.

Proof (i) We prove the right exactness of V,, x (-); the other functor can be treated
similarly. In view of Proposition 6.11 we can assume that £(w) = 1, i.e., that w = (s)
for some s € S. Then Lemma 7.5 shows that to conclude, it suffices to prove that for
any w € W, we have V, x A, € PBE(h, W)=°. If sw < w, then VA, = Ay, by
Proposition 6.11, so the claim is clear in this case. If sw > w, then we use the triangles
of Lemma 6.10 (for w = e) to deduce distinguished triangles

(1] (]
BSIAW—)VSIAW—)AW(D - Aw(_1>—)AsiAw—)BsiAw_)'

In the second triangle, the second term is isomorphic to A, by Proposition 6.11, so
that the third term belongs to ’BE(h, W)=°. Once this information is known, the first
triangle shows that V, x A,, belongs to ’BE(h, W)=?, as desired.

(ii) The left exactness of our functors follows from the right-exactness of their in-
verses (proved in (i)) in view of [KS, Corollary 10.1.18]. [ |

Proposition 7.8 Ifw,y e W, then A, xV, and V, x A,, are perverse. In particular,
A,, and V,, belong to PBE(h, W).

Proof Lemma 75 (i) and Lemma 77 (i) imply that A,, x V, belongs to the subcat-
egory PBE(h, W)=<’, and Lemma 7.5 (ii) and Lemma 7.7 (ii) imply that Ay *V, be-
longs to PBE(h, W)°. Hence this object is perverse. Similar considerations show
that V, x A,, is perverse. The final claims are obtained by setting y = e. ]

Once Proposition 7.8 is established, its final claim can be extended to the categories
BE;(h, W), as follows.
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Corollary 7.9  For any locally closed subset I ¢ W and any w € I, the objects AL and
V1 are perverse.

Proof We can assume that I is finite. Choose some finite closed subset ] ¢ W con-
taining I and in which I is open. Then, since the functor (i;"). is t-exact (Lemma 7.3)
and does not kill any object (since it is fully faithful), we see that for any w € W the
object A/, belongs to P]BE (h, W). Then, since the functor (i])* is t-exact (Lemma 7.3),
we obtain the desired claim. ]

8 The Case of Field Coefficients
In this section we assume that k is a field.
8.1 Simple Perverse Objects

In the present setting where k is a field, the recollement formalism provides a de-
scription of the simple objects in PEE(f, W) [BBD, Proposition 1.4.26]. More pre-
cisely, for any w € I, by Lemma 6.6 there exists (up to scalar) a unique nonzero mor-
phism Al - V! If we denote the image of this morphism (in the abelian category
PEE(h, W)) by £, then . is simple, and the isomorphism classes of simple objects
in PPE(h, W) are in bijection with I x Z via the map (w, n) = Z(n). Moreover, the
same proof in [BBD, Théoréme 4.3.1(i)] shows that PEE(h, W) is a finite length cate-
gory. With this in hand, for any closed subset J c I one can identify P]BE(['), W) as the
Serre subcategory of PPE(f, W) generated by the simple objects £ (n) with n € Z
and w € J; in this setting we will sometimes consider .# as an object of P,BE([), Ww).
As usual, when I = W, we sometimes omit it from the notation.

By the general recollement formalism, the object . is characterized by the con-
ditions that it belongs to BE{<,,nr(h, W), that

(8.1) (ilswinhy* 2l v p,,
and that for any y € I such that y < w we have
82) (il gl e PBE(, (b, W)=, (if=™)'.Z, € PBE(,, (h, W),

see [BBD, Corollaire 1.4.24]. From this characterization, we deduce in particular that
if ] c I'is an open subset containing w, then we have (i])*.%, = .Z).

Example 8.1. When w = s, it is easy to check that B; satisfies conditions (8.1) and (8.2).
Therefore, %, = B;.

8.2 More Properties of Standard and Costandard Objects

It is easy to see that .%, is the head of A,, and the socle of V,,. Let us record the
following fact about the other possible composition factors of these objects.

Lemma 8.2 Ifw e W, all the composition factors of the kernel of the surjection
Ay > £, and the cokernel of the embedding £, — V,, are of the form £, (n) with
n e Z andv € W, which satisfies v < w.
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Proof By definition, A, and V,, belong to P'{BSEW} (h, W). Moreover, the image of the

canonical morphism A,, - V,, under (ifVSW} )* is the identity map of b,,. Hence the

kernel of the surjection A,, - .7, and the cokernel of the embedding of £, -~ Vv,
are annihilated by (iiSW} )*> so they belong to BE.,, (h, W). Since they are perverse,
they in fact belong to P{BEW} (b, W), which finishes the proof. [ |

We will now prove the following claim, which is an analogue of a well-known result
in the usual category & (see [Hu, §§4.1-4.2] for an algebraic proof and [BBM, §2.1]
for a geometric approach).

Proposition 8.3 Letwe W.

(i) The socle of A,, is isomorphic to £,(—€(w)), and the cokernel of the inclusion
Zo(—t(w)) = A, has no composition factor of the form £, (n).

(ii) The head of V,, is isomorphic to .£,(€(w)), and the kernel of the surjection
Vi = Z.(€(w)) has no composition factor of the form £, (n).

The proof of Proposition 8.3 will exploit two lemmas.

Lemma 8.4 Letw e W ands € S be such that ws > w. Then A,, x B is perverse, and
there exists a short exact sequence A, (1) = A,,s - A,, * B in PBE(h, W).

Proof Recall the first distinguished triangle in Lemma 6.10. By Proposition 7.8 the
first two terms in this triangle belong to PBE(h, W), so the third term must lie in
PBE(h, W)=%. On the other hand, by Example 8.1, B, belongs to PBE(h, W), so
Lemma 7.7(ii) tells us that A,, * B, belongs to PBE(h, W)=°. We conclude that A,, * B,
in fact belongs to PBE(h, W), and that the triangle under consideration is a short ex-
act sequence in PBE(f, W). [ |

The following lemma is more subtle; its proof will be given in Section 8.5.

Lemma 8.5 Letw € W ands € S be such that ws > w. Then all the composition
factors of A, x B are of the form £, (n) with ys < y.

Proof of Proposition 8.3 We will prove (i) by induction on &(w); then (ii) follows
by duality.

If w = e, we have A, 2 .Z,; see Example 6.7 (1). Thus, there is nothing to prove in
this case. Now let w € W ~ {e}, and assume the claim is known for elements y € W
with £(y) < &(w). Choose s € S such that ws < w, and consider the exact sequence
Ays(-1) = A, > A, * B provided by Lemma 8.4. By induction we know that there
exists an embedding Z,(—€(w)) = A,s(-1) whose cokernel has no composition
factor of the form %, (n). On the other hand, Lemma 8.5 ensures that A, x B has no
composition factor of this form either. Hence, we obtain an embedding %, (—€(w)) <
A, whose cokernel has no composition factor of the form .Z, (n). To finish the proof,
it suffices to show that A,, has no subobject of the form ., (n) with x # e.

Assume for a contradiction that there exists an injective morphism %, (n) < A,,
with x # e. Using induction we see that this morphism does not factor through
A,s(-1); hence its composition with the surjection A,, - A, * B, is nonzero. In
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view of Lemma 8.5, this implies that xs < x, and hence that A, 2 A, x A; (Proposi-
tion 6.11). Proposition 6.11 also shows that the functor

(8.3) (=) *xAs: BE(h, W) — BE(h, W)
is invertible; in particular, it induces an isomorphism
Hompee (g, 1) (Axs (1), Ays) —> Hompee 5, wy (Ax(n), Ay).

By induction we know that any nonzero subobject of A,,; must admit £, (—€(ws)) as
a composition factor. Applying the induction hypothesis to A also, we deduce that
any nonzero morphism A, (n) — A, must be injective. Since (8.3) is left t-exact
(see Lemma 7.7 (ii)), we finally obtain that any nonzero morphism A,(n) — A, is
injective. However, since by assumption there exists an embedding %, (n) < A,,, we
can construct a nonzero and noninjective morphism of this form as the composition
Ay(n) » Ly (n) = A, where the first morphism is the natural one. This provides
the desired contradiction. ]

For completeness we record the following consequence of Proposition 8.3.

Proposition 8.6 Letw,y e W. Then

1 ifw<yandn=1~£(y)-€(w),

dim Hom Ay, A {n)) =
BE(b’W)( v y( ) {0 otherwise.

Moreover, if w < y, any nonzero morphism A,, — A, (€(y) — €(w)) is injective.

Proof Ifw ¢ y, then the Hom-space under consideration vanishes by adjunction
and Lemma 6.5.

Assume now that w < y and set m = £(y) — &(w). If f: A,, - A, (n) is a nonzero
morphism, its image must admit .%Z,(n — £(y)) as a composition factor; therefore its
kernel cannot contain the socle of A,,. This means that the kernel is trivial, and f is
injective. Moreover, we must have n — &(y) = —€(w), i.e., n = m.

To conclude, it remains to show that dim Homgg(p, ) (Ay, A, (m)) =1 (where, as
above, we assume that w < y and set m = £(y) — €(w)). We proceed by induction on
2(y), the case £(y) = 0 being obvious. Assume that £(y) > 0 and choose s € S such
that ys < y. If ws < w, then as in the proof of Proposition 8.3 we have

Hompse (g w) (Aw, Ay(m)) = Hompee 1) (Awss Ays(m)),

and the result follows from the induction hypothesis. If now ws > w, then the exact
sequence of Lemma 8.4, applied to ys, induces an exact sequence of k-vector spaces

0 — Hompee g, ) (A, Ays(m —1)) —> Hompee g ) (A, Ay(m))
— Hompee (4, ) (Aw, Ays x Bo(m)).

Here the last space must vanish, because A, x B(m) does not admit .}, as a com-
position factor (Lemma 8.5). We deduce that

HOmPBE(h)W)(AW, A},S(m - 1)) = Hompss(h,w)(AW, Ay(m)),

and again the desired result follows from the induction hypothesis. |
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By duality we have analogous properties for costandard objects.

Proposition 8.7 Letw,ye W. Then

) 1 ifw<yandn=~8e(w)-£(y),
dimH , =
im Homge g, w) (Vy (1), Vi) {0 otherwise.

Moreover, if w < y, any nonzero morphism ¥V ,(€(w) — €(y)) = V,, is surjective. W

8.3 A Category Attached to a Simple Reflection.

The goal of Sections 8.3-8.5 is to prove Lemma 8.5. These results will not be used
in the rest of the paper. Most of our constructions could be performed for general
coeflicients; but for simplicity we continue to assume that k is a field.

We denote by BE(h, W|s) the full triangulated subcategory of BE(h, W) gener-
ated by the image of the functor (—) » B; and we fix s € S. Our first objective is to
endow this category with the same kind of structure (local versions, recollement, and
perverse t-structure) as for BE(h, W).

Let W* = {w € W | ws < w}. A locally closed subset I ¢ W is said to be right
s-stable if w € I implies ws € I.

Recall from Corollary 6.4 that if I is closed and right s-stable, then the full subcate-
gory BE[(h, W) of BE(h, W) is stable under the functor (—) x B;. If I ¢ W is now lo-
cally closed and finite, one can write I = Io\I; with I; c Iy c¢ W finite, closed, and right
s-stable. By Remark 5.7, the category BE;(f, W) identifies with the Verdier quotient
BE;, (b, W)/BEy, (h, W). Then the functor (-) » B;: BEj, (§, W) — BE, (h, W) in-
duces an endofunctor of BE;(h, W) that will also be denoted (—) » B,. This functor
is clearly self-adjoint.

In this setting, we define BE;(h, W]s) to be the full triangulated subcategory of
BE;(h, W) generated by the image of the functor (-)  B;.

Lemma 8.8 Letw € W°, and let w and w' be two reduced expressions for w. The
images of By, and B, in BE,; ,,\ (b, W) are canonically isomorphic.

Proof We will use the calculations from Example 5.4. Let us rewrite the triangle (5.7)

as
{ws,w} (1
bys(-1) — AY — B, —.

There is another version of this triangle in which the third term is replaced by B,,.
We claim that there exist unique vertical maps p and q making the following diagram
commute.

bus{-1) —= A" — B, ——

| I,

bws<_1> —_— AEVWS’W} —_— Bﬂr _
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According to [BBD, Proposition 1.1.9], the existence and uniqueness of p and g would
follow if we knew the following two claims:

HomBE{ws,w}(f])W)(bw.s(_l),Bﬂ/) =0,
HOmBE{ws,w)(h,W)(bws(—l),Bm/[_l]) =0.

The first one is obvious for degree reasons. The second one is equivalent to the van-
ishing of Hom(b,,s, B,(—1)). As we observed in Example 5.4, the R-module

Hom{,e (h,W)(bWS’Bﬂ’)

BS,{ws,w}

is generated in degree 1; in particular, it contains no nonzero element of degree -1, as
desired.

The same reasoning with the roles of w and w' reversed leads to a similar diagram
with vertical maps in the opposite directions. Using the uniqueness of the various
vertical maps, one concludes that p and q are isomorphisms, as desired. u

Henceforth, for w € W*, we set b;, = (ig:”i})*Bm for any reduced expression w

for w. (By Lemma 8.8, this definition is independent of the choice of w.) Choosing
for w a reduced expression of the form ys (with y a reduced expression for ws), light-

leaves considerations show that the R-module Hom? ¢, (b5,,b3,) is free of
D, sy (W) L7027

rank two, and generated by the identity (of degree 0) and the degree-2 morphism

idBy *

“w——e o—u

In the course of the proof of Lemma 8.8, we saw that there are distinguished triangles

(84)  bus(-1) — Al o B e Ly

Lemma 8.9 Forany w € W, the triangulated category BE,, .\ (b, W|s) is gener-
ated by the objects of the form b,(m) with m € Z.

Proof The category BEy, (b, W) is clearly generated by the objects of the form
bys(m) and b}, (m). It follows that BEy,, .,y (h, W|s) is generated by the objects

bys(m)*Bs 2 b, (m) and b, (m)xB,2b,(m+1)ab,(m-1),
where the latter isomorphism follows from (3.2). [ |

8.4 Recollement

We now show that the categories BE;(h, W|s) (with I right s-stable) satisfy the same
recollement formalism as the categories BE;(h, W).

Proposition 8.10 Let I c W be a finite locally closed right s-stable subset and let ] c 1
be a closed right s-stable subset. Then the restriction of the functors from Proposition 5.6
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gives a recollement diagram

(l;)’r (ii\])!
A /\
BEI([)’ W|5) (i;)*ﬂ BEI([)’ W|5) (";\/)*‘> BEI\I(bs W‘S)
\_/ \_/

(in' (i)

Proof We need to show that the six functors from Proposition 5.6 take the subcate-
gory generated by (-) x B, to the subcategory generated by (-) * B;. This is obvious
for (i) and (i];)*.

Now we consider the functors (i7)* and (i], ;). Let & € BE;(h, W), and set .7 :=
& x B,. Then we have a distinguished triangle

(8.5) (W (i) F — F — (D). F 5

On the other hand, we can also form the distinguished triangle

86)  ((irgh(itg)'Y) £Bs — 4 x B — ((i)«(i})*¥) x B, .

We claim that the triangles (8.5) and (8.6) are canonically isomorphic. This would
follow from [BBD, Proposition 1.1.9] if we knew that

(8.7) Homgg, (5, w) (i1 )1 (i1 ;)" Z, ((i])«(i])*¥) = Bs[n]) = 0,
(8.8) Homge, (p, w) (((if.))1(i1 ) *9) = Bs, (i) (i])* F[n]) = 0,

for all n € Z. (Actually, we only need this for n € {0,-1}.) Now ( (i}).(i})*¥) » B,
belongs to BE;(h, W), so (8.7) holds by adjunction and basic properties of recolle-
ment. For (8.8), because (-) x B; is self-adjoint, we have

Homge, (5, w) ( ((i1)):1(i1)) ") £ Be, (i) (i) F[n])
= Homge, (5, w) ( (it )1 (i)"Y ((i7) (i) " F) % Bs[ n]) .

This vanishes by the same reasoning as above.
This result implies that for any 7 in BE.;(h, W) we have

(i) (A > Bs) = (i1 )i() » B
We deduce that (i], ;), sends BE;.;(h, W|s) to BE;(b, W|s). Similarly, since the func-
tor (i]) is fully faithful and commutes with the functors (=) » B, we obtain that
(i1)* (¢ = By) = (i])*(¢) = Bs.

Again, this implies that (i])* sends BE;(h, W|s) to BE;(h, W|s).
The analogous claims for (i])" and (i], ;). can be proved similarly, or deduced by
duality, which finishes the proof. ]

Now let I ¢ W and J c I be finite locally closed right s-stable subsets. In view
of Proposition 8.10, we can also define the pushforward and pullback functors (1} )%,

(i})", (i])«» (i}): for the categories BE;(h, W/|s) and BE;(h, W/s) as the restriction
of those in Section 5.4. Then these functors also satisfy the properties of Lemma 5.12.
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8.5 The Perverse t-structure

We will denote by C the full subcategory of BE 5,y (h, W|s) whose objects are direct
sums of objects of the form b3 (n), n € Z.

Lemma 8.11 Letw € W*. Then if we set

PBE{ws,w}(h) W|S)SO = pBE{ws,w}(h’ W)SO n BE{ws,w}(h’ W|S)’
pBE{WS,W}(h’ W|S)20 = pBE{ws,w}(h’ W)ZO n BE{ws,w}(h’ W|S)’

the pair (PBE s .3 (B, W[s)=, PBE s s} (b, W[s)>°) is a t-structure on the category
BE{yws,wy (b, Wls), whose heart is C.

Proof We claim that C is an admissible abelian subcategory of BEy,, ,,1 (h, W|s) in
the sense of [BBD, Definition 1.2.5]. It can be checked from the triangles in (8.4)
that b3, lies in P{BE,WS}([), W) (and thus that C is a subcategory of P?E,ws}(b’ Ww)).
It follows immediately that Homge,, ., (o, wis) (b3, by, (n)[m]) = 0if m < 0. Hence,

w> Yw

C satisfies [BBD, §1.2.0]. On the other hand, to check that any morphism in C is
admissible, we must check that [C] * [C[1]] c [C[1]] * [C], as explained in [BBD,
Exemple 1.3.11(ii)]. However, the objects whose class belongs to [ C]*[C[1]] are exactly
the cones of morphisms in C. From the remarks in Section 8.3 we see that such a
morphism is a direct sum of morphisms of the form b%, — 0,0 — b, or b, — b,. It
is easily checked that the class of the cone of such morphisms belongs to [C[1]] * [C],
and the claim follows.

Since Homgg, (5, wis) (F,>¥[1]) = 0for 7, % in C, this subcategory is also sta-
ble under extensions. Since C generates BEy,, ,,} (h, W|s) as a triangulated category
(Lemma 8.9), applying [BBD, Proposition 1.3.13], we obtain a t-structure

(PBE{ws,w}(h’ W|S)SO’PBE{WS,W} (b’ W|S)ZO)

on BE¢,,, s} (h, W|s) whose nonnegative, resp., nonpositive, part is generated under
extensions by the objects of the form .#[n] with .% in Cand n < 0, resp., n > 0.
To conclude, it remains to prove that

pBE{ws,w}(h’ W|S)S0 = PBE{ws,w}(hs W)SO n BE{WS,W}(b’ W|S)’
pBE{ws,w}(h) W|S)20 = pBE{ws,w}(h’ W)ZO n BE{ws,w}(b’ W|5)

First we noted above that C c P?E,ws}(b’ W), so each left-hand side above is con-
tained in the corresponding right-hand side. Now, let .7 € PBEy,,; (b, Ww)<? n

BE{ys,wy (b, Wls). Consider the truncation triangle 7<o(.#) - # — 7.0(F) )
for the t-structure we have just constructed on BE,,; ,,1 (b, W/s). From the contain-
ments we have already proved, we see that this triangle identifies with the truncation
triangle for the perverse t-structure on BE,, ,,1(h, W). From our assumption we
deduce that 7, (.#) = 0, or in other words, that .7 belongs to ?BE{,,,,} (h, W/|s)<’.
The remaining equality can be proved similarly. ]

https://doi.org/10.4153/CJM-2018-034-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-034-0

Mixed Perverse Sheaves on Flag Varieties for Coxeter Groups 43

For any finite locally closed right s-stable subset I ¢ W, we now set
PBE;(h, W|s)=*
= {7 € BE1(h, Wls) | Yw e In W* (if,; y) " (F) € PBE ey (B, Ws)=},
PBE; (b, Wls)*°
= {7 € BE/(h, Wls) | Yw e TN W*, ({0 ) (F) € PBE {5,y (B, W1s)*°}.

The recollement formalism ensures that this defines a t-structure on BE;(h, W1s),
which we will call the perverse t-structure. The same arguments as in the proof of
Lemma 8.11 show that we have

PBE;(h, W|s)=® = PBE;(h, W)=* n BE;(h, W]s),
PBE;(h, W[s)*® = PBE;(h, W)=* n BE;(h, Ws).
In particular, the heart of this t-structure is PEE(h, W) n BE;(h, W|s). As for
PPE(b, W),

any object in this abelian category has finite length.

We now investigate the simple objects in this heart. Once again by the recollement
formalism [BBD, Proposition 1.4.26], these objects can be classified as follows. For
any w € W*n1, there exists a unique simple object £ in PEE(f, W) nBE;(f, W|s)
that belongs to BE(,,3~;(h, W|s) and satisfies (iiw)ws})*fé" ~ b3,. Moreover, any

simple objectin PEE(f, W)NBE;(h, W|s) is (up to isomorphism) of the form £ (1)
forwe W nlandne€Z.

Lemma 8.12 Foranyw € W*n I, we have L1 =~ L1,

Proof We will show that .#2* satisfies the properties (8.1)-(8.2) that characterize
71,

First, by definition we have (zi Ws’w})*.,iﬂvf’s = b}, Using the triangles in (8.4) we
deduce that (il )* £5< = b,,, so that £* satisfies (8.1), and that

(i)™ 20" 2 bus(-1)[1], (i)' " = bus(1)[-1].

Hence .1 satisfies (8.2) for y = ws. Now if y € I'n {< w} and y # ws, by the
analogue of (8.2) for .Z2* we have

(153;1)*314{5 € pBE{yS,y}(h’ W|5)S_1 c pBE{ys,y}(b’ W)S_l'
Therefore, (i}{,SW}m)*XJ;S € PBE¢,; (h, W)="1. One proves similarly that
(i}{’Sw}mI)!gé,s c pBE{y}(h) W)zl’
which concludes the proof. ]

We can finally prove Lemma 8.5.

Proof of Lemma 8.5 By Corollary 6.4, A,, x B; belongs to BE.,,;(h, W|s), and
Lemma 8.4 ensures that it also belongs to PEE(l, W). Therefore, it belongs to the
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heart of the perverse t-structure on BE.,,s; (h, W|s). By Lemma 8.12, any finite fil-
tration of this object (in the abelian category given by the heart of this t-structure) with
simple subquotients can also be viewed as a finite filtration with simple subquotients
in PBE(h, W), and as such these subquotients are of the form .%, (n) with ys < y. W

8.6 Description of Some Simple Objects

Under the present assumption that k is a field, [EW2, Theorem 6.26] provided a de-
scription of the isomorphism classes of indecomposable objects in the Karoubian en-
velope Z(h, W) of Z5(h, W): for any w € W there exists a unique indecomposable
object B,, (up to isomorphism) which is a direct summand of B,, for any reduced
expression w for w, but which is not isomorphic to a direct summand of an object
of the form B, (n) with n € Z and vy an expression such that £(v) < €¢(w). More-
over, the assignment (w,n) — B, (n) induces a bijection between W x Z and the
set of isomorphism classes of indecomposable objects in 2 (), W). The natural func-
tor BE(h, W) — K*2(h, W) is an equivalence of triangulated categories [AMRW1,
Lemma 4.9.1]; in particular, using this identification we can see the objects B, asliving

in BE(h, W).
Recall the ring isomorphism
(8.9) Hiw.s) — [BE(h, W)]a

constructed in Section 6.6. Recall also the Kazhdan-Lusztigbasis (H,,:w € W) consi-
dered in [So2]. We conclude this section with the following claim, which provides a
description of .%), in a favorable situation.

Proposition 8.13 Let w € W, and assume that the image of H,, under (8.9) is the
class of By,. Then B,, = %,

Remark 8.14. 'The assumption in Proposition 8.13 is always satisfied if £(w) < 2, or
if W is finite and w is the longest element in W. In the latter case, this property
follows from the fact that we have B,, » B; = B, (1) ® B,,(-1) for any s € S [So2,
Proposition 2.9]. See [JW] for more examples of situations when this condition is
satisfied or not satisfied, (in the case when (W, S) is crystallographic).

Another setting where this assumption is known (for any w € W) is the one con-
sidered in Remark 6.12 (1). Namely, the equivalence between 2 (5, W) and the cate-
gory of Soergel bimodules considered in this remark sends B,, to the indecomposable
Soergel bimodule B,, attached to w. In view of this identification, the condition in
Proposition 8.13 becomes Soergel’s conjecture for V, which was proved in [EW1].

Proof of Proposition 8.13 Recall the characterization of ., given by (8.1)-(8.2). We
will show that the object B,, satisfies the first condition in (8.2); the second one can
be either proved similarly or deduced by duality; (8.1) is easy and left to the reader.
Let y € W be such that y < w. Writing { y} as an intersection {< y} n I where I c
{< w}isopenand yis minimal in I and using Remark 5.9 (2), we see that (i;sw} )*B,,
is isomorphic to an object of the form @ ez (b, (m))®* for some coefficients A,, €
Zso (with A,, = 0 for all but finitely many m’s). In terms of this decomposition, the
class of this object in [BE(,; (h, W)]isthen 3 ,,cz Am - [by(m)] = X ez v A - [ by ].
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On the other hand, the coefficient of H,, on H, (in the standard basis) belongs to
vZ[v]. Hence our assumption implies that A,, = 0 for m < 0, so that

(i) "By = 9 (by{=m)[m])®*.

Here the right-hand side belongs to PBE ¢, (b, W)="1, and the desired claim is proved.
|

9 The Right-equivariant Category

Recall the categories 9?5 (b, W) and RE(h, W) introduced in Section 3.4. The goal of
the present section is to briefly indicate how most of the results considered so far adapt
to these categories, allowing us to define the category PRE(h, W) of right- equivariant
perverse objects.

9.1 Diagrammatic Categories Attached to Locally Closed Subsets

In Sections 9.1-9.2, k is an arbitrary integral domain.
Let I ¢ W be a closed subset. We define @;I(h, W) to be the full subcategory

of @f:s(h, W) whose objects are direct sums of objects of the form B,,(n) with w a
reduced expression for an element in I. The autoequivalence (1) of Zg¢(h, W) in-

duces an autoequivalence of @is(b, W) that in turn restricts to an autoequivalence
of §§s, (B, W). All of these autoequivalences will be denoted similarly, and we will
use the notation Hom®* in these categories with the same conventions as in (3.1).
If J c I c¢ W are closed subsets, then there exists a natural embedding
(i) D, (0, W) — Ty 1 (0, W).

IfI ¢ Wisalocally closed subset, and if we write I = I\ I; with I; ¢ I, ¢ W closed,
then we set §§s,1(h’ W) := @gs)lo(b, W) //@is’h(b, W), where the symbol “/” has
the same meaning as in Section 4.2. The natural functor Z&(h, W) — @e;s(h, w)
restricts to a functor Zg | (h, W) - @;‘;& 1, (b, W) that in turn induces a functor
D1 (b, W) > @:S’ (B, W). From the definitions we see that this functor, which we
will denote M — M, induces an isomorphism

k ®gr Hom@g;&[(h’w)(M, N) — H0m§ffs,,(h,w)(M’ N).

Using this, the considerations of Section 4.2 show that the category @e;s, (b, W) does
not depend on the choice of Iy and I; (up to canonical equivalence), and that the
morphism spaces in this category are free of finite rank over k.

If w € W, we denote by b,, the image of b,, in @is,{w}(h, W). Lemma 4.4 also
implies the following claim.

Lemma 9.1 There exists a canonical equivalence of categories

7 Das. gy (0 W) —> Free®” (k)
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such that y(b,,) = k. Under this equivalence, the autoequivalence (1) identifies with the
“Shift of grading” autoequivalence of Free®” (k) defined by (M(1))" = M"*',

Finally, if ] c I is a closed, resp., open, subset, then there exists a natural functor
I =9 —o e =9 —o
(1})*: @Bs,l(h) W) - ng,I(h’ W), resp., (1;) : @Bs,l(h> W) - @BS,](hr W). We
also have a duality functor D; on @:S’ 1(h, W), and compatibility properties similar
to those stated in Section 4.4.

9.2 Right-equivariant Categories Attached to Locally Closed
Subsets and Recollement

If I ¢ W is alocally closed subset, we set RE;(h, W) := K‘@;,(h, W). All the
constructions of Section 5.1 adapt to this setting, and we obtain functors that will be
denoted by the same symbol as in the case of BE;(h, W). We also have a natural
forgetful functor ForEE : BE;(h, W) — RE;(h, W).

Proposition 9.2 Let I c¢ W be a locally closed subset, and let ] c I be a finite
closed subset. Then the functor (if.;)*: RE;(h, W) - REL;(b, W) admits a left ad-
joint (if ;)1 and a right adjoint (i]. ;). Similarly, the functor (i]).: RE;(h, W) —
RE;(b, W) admits a left adjoint (i})* and a right adjoint (i})'. Together, these func-
tors give a recollement diagram

(in* (i)t

/_\ /\
RE;(h, W) (ip«—= RE[(h, W) ——(ir,)*— REr;(h, W).
v \/

(' (i)

Proof The proof is identical to that of Proposition 5.6, starting with the case |J| = 1
and then using induction on |J|. Details are left to the reader. In the case where
J = {w}, we replace the complex B} by its image E; in RE;(h, W), which fits into
a distinguished triangle - -

=+ = = (1]
B£—>B£—>Bﬂ®kHom ° (. W)( m’Bi)[l] -,

BSI

where the third term is defined in the natural way. ]

Starting with Proposition 9.2, we can define as in Section 5.4 the functors (i})*,
(i})", (i)« (i}): for any locally closed embedding J c I of finite subsets of W. These
functors satisfy the appropriate analogue of Lemma 5.12. Moreover, there exist canon-
ical isomorphisms

(i))* o ForBE = ForBe o (iN)*,  (i))'o ForBE = ForgE o (in)'
(if)« o ForBE = ForBt o (i)« (ij)ro ForBE = ForgE o (i)

where in each case the functor on the left-hand side is defined for RE categories, while
the functor on the right-hand side is defined for BE categories. In fact, it suffices
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to prove these isomorphisms when ] is either open or closed in I. In this case, the
claim is either obvious or follows from the construction. For instance, we observe
that in the construction for Lemma 5.1 and its counterpart for the RE categories, the

subcategories D* c BE;(f), W) and D' c RE;(h, W) satisfy Forpe (D*) c D
9.3 Perverse t-structure

Henceforth we assume that k satisfies the conditions of Section 2.3. Then, as in Lem-
ma 2.1, we have a canonical equivalence of triangulated categories

(9.1) K°Free®” (k) — D°Mod™®” (k).

This gives rise to an equivalence RE,,\(h, W) = D"Mod™®” (k) analogous to (71).
However, there is also a different equivalence, described in the following lemma,
which has no direct analogue in the setting of BE,,, (h, W).

Lemma 9.3 Letw ¢ W. There exists an equivalence of triangulated categories
RE{, (h, W) — D*Mod™®” (k)
such that the autoequivalence (1) of RE,,\ (b, W) corresponds to the autoequivalence

D®((-1)) of D®Mod™®7 (k), where (~1) is the inverse of the shift of grading autoequiv-
alence of Mod™®” (k) defined as in Lemma 4.4.

Proof We consider the composition

b
RE ey (5, W) 2> KPFree®® (k) 2 DPMod™®? (k) > DPMod'®” (k),
where ( is the equivalence sending a complex (M™™) ¢z of graded k-modules (where
M™™ means the part in cohomological degree n and internal degree m) to the com-
plex with {(M)™™ := M"~"™ and the same differential. It is straightforward to check
that this equivalence has the required property with respect to the functor (1). ]

We now define the perverse t-structure on RE,,; (h, W) as the transport of the
tautological t-structure on DbModfg’Z(k) under the equivalence of Lemma 9.3. Un-
der the equivalence (71) and that induced by the equivalence of Lemma 9.1, the functor
ForRg corresponds to the functor k ®k (~). Hence, in view of [AR2, Proposition 4.4],
we deduce that Forpg: BE{wy(h, W) — REy,; (b, W) is t-exact for the perverse t-
structures; more precisely, an object .7 of BEy,,(h, W) is perverse if and only if
ForSE(.#) is perverse in RE{,y (B, W).

Once the perverse t-structure is defined on REy,,, (h, W) for any w € W, as in
Section 7.2, using recollement we can define a perverse t-structure on RE;(f, W) for
any locally closed subset I ¢ W. The heart of this t-structure will be denoted by
PRE(l, W). The remarks above show that Forgg : BE;(h, W) — RE;(h, W) is t-exact
for the perverse t-structures; in fact an object . of BE;(h, W) is perverse if and only
if ForpE (. ) is perverse in RE; (b, W).

We define the standard and costandard objects in RE;(f, W) by

—I —
A, =Forge(AL), ¥, :=Forhe(Vl).
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Corollary 7.9 and the t-exactness of ForSg imply that these objects belong to
PFE(D, W).
Moreover, the same proof as for Lemma 6.6 shows that for x, y € I we have

k ifx=yandm=n=0,

—I —I
9.2 H A =
(9.2) OmRE,(h,W)( x Vy<”>[m]) {o otherwise.

9.4 Right-equivariant and Biequivariant Perverse Sheaves
The goal of this subsection is to prove the following claim.

Proposition 9.4 LetIc W be a locally closed subset. Then the functor
PPE(b, W) — P1=(b, W)
obtained by restricting ForRe to perverse objects is fully faithful.

The proof of this proposition will rely on the following lemma from homological
algebra. We regard [AMRW1, §3.2] R as a Z-graded dg-algebra® with generators in
bidegree (2,2). Consider also A := Sym(V*(-2)[1]), so that A is the exterior algebra
of V*, regarded as a bigraded ring with generators in bidegree (1, 2). For any Z-graded
R-dg-module M, the bigraded k-module A ®, M admits a natural structure of Z-
graded k-dg-module, with (Koszul-type) differential given by

k
d((r1A~--/\rk)®m):Z(—l)j_l-(rlA--~/\?}/\~--Ark)®(rj~m)
j=1

+ (D5 (A Ar) ®@d(m).
Itis clear that the assignment m — 1®m defines a morphism of Z-graded dg-modules
M — A®y M.

Lemma 9.5  Assume that H°(M) = 0. Then the morphism M — A ®; M induces
an isomorphism H'(M) = H°(A ®, M).

Proof Let us fix a basis (ey,...,e,) of V*. Then any homogeneous element x of
A ® M can be written uniquely as a sum
(9.3) x = Do (e Ane)@my

1<iy<-<ig<m

with m;, .. ;, homogeneous, of cohomological degree deg(x) — k.

First we prove that our morphism is surjective. For this, assume that x has coho-
mological degree 0 and that d(x) = 0, and choose a sequence i := (iy, ..., iy ) with k
maximal such that m;, _; # 0. If k = 0, then the class of x belongs to the image of
our morphism. Otherwise, let y := x — (e;, A--- A e;, ) ® m;. Then d(x) equals

k
d(y)+ Y (-1) - (ej A~ A& A Nep ) ® (e -mi)+(—1)k-(ei1 A--Aep ) ®d(m;).

Jj=1

SIn what follows, the “internal” grading will play no role, and hence can be forgotten.
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Since d(x) = 0, the maximality of k implies that d(m;) = 0. Now m; has strictly
negative cohomological degree, so by our assumption there exists 7 i in M such that
m; = d(n;). We then set x’ := y— Zj;l(—l)k*j’l (e A nE N e ) ® (e 1),
The element x — x’ equals

k
(e, Ao~ Nej)@mi+ Z(—l)k“‘1~(e,-1 A NEG AN ) ® (e - ny)
=t

= d((-)*- (eq n-oney) @ n).

Hence d(x') = 0, and x and x’ have the same image in H’(A ®; M). Repeating
this procedure if necessary, we can decrease the number of terms in the decomposi-
tion (9.3) attached to sequences of length k, and then decrease the maximal length of
a sequence j such that m; # 0, and obtain finally that the image of x in H’(A ®x M)
belongs to the image of H’(M).

Now we prove the injectivity of our morphism. Let x € M° be such thatd(x) = 0,
and assume that the image of x in H’(A ®, M) vanishes, or in other words that x =
d(y) for some y in (A ®, M)~'. Write y as in (9.3). If we assume that there exists
a sequence i := (i,..., ;) with k > 0 such that m;,__; # 0, then we choose such
a sequence with k maximal. The fact that d(y) = x implies that d(m;) = 0, and, as
above, y = y' + d(z) for some z in (A ®; M) 2. Then x = d(y'), and repeating this
procedure if necessary, we obtain that the class of x vanishes in H°(M). ]

Proof of Proposition 9.4 In this proof we assume the reader has some familiarity
with the constructions of [AMRW1, Chapter 4].

Asin [AMRW1], one can define the notion of a Zgy (b, W)-sequence and, for any
such sequences .7 and ¢, consider the bigraded k-module Homgg ;(.#,%). Then
as in [AMRW]I, §4.2] one can describe the category BE[(h), W) as the category of
pairs (%, §) with § in Homge ,(#, F)(19) which satisfies 8 o 8 = 0, with appropri-
ately defined morphisms. As in [AMRW]I, §4.3], one also has a similar description for
RE;(h, W), replacing Homg ; (.7, %) with k®r Homgg (7,9 ). Finally, replacing
Homg ,(F,9) with A®, Homgg (., %), one obtains the category LM;(h, W) of
left-monodromic complexes [AMRW1, §4.4]. With this notation, the functor Forpg
factors as a composition

BE LM
BE (b, W) — LM, (b, W) — RE; (b, W).

Moreover, as in [AMRWI, Theorem 4.6.2], the functor Forky is an equivalence of
categories.

Now let .#,% be in PBE(h, W). Then the morphisms from .Z to shifts of & can
be computed as the cohomology of the complex of Z-graded R-dg-modules

Homgg (F,9).

Since .% and ¥ belong to the heart of a t-structure, this complex has no negative
cohomology. On the other hand, with the same conventions as above, the complex

A ®; Homge ((F,9)
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computes the morphisms from For25(.%) to shifts of Forpg (). Hence Lemma 9.5
shows that For2¥; induces an isomorphism

Homage, (5, w) (F, %) — Homuw, (5, w) (Fortn (), Fori (4)).
Since ForRY is an equivalence of categories, the claim of the proposition follows. M

9.5 The Case of Field Coefficients

In this subsection we assume that k is a field. In this case, as in Section 8.1, the rec-
ollement formalism provides a description of the simple objects in the abelian cat-
egory PRE(h, W). In fact, t-exactness of ForEE implies that, up to isomorphism,
these simple objects are exactly the objects yi(n) with (w,n) € W x Z, where
g; := Forpe(:Z1).

The following result is the main reason that motivates the generalization of our
constructions to the RE categories. It uses the concept of (graded) highest weight cat-
egory due Cline-Parshall-Scott; see [AR], Definition A.1] for the definition we want
to use, except that we replace Axiom (1) by the weaker condition that for any s € ./
the set {t € .7 | t < s} is finite.

Theorem 9.6 Let I ¢ W be a locally closed subset. The category PRE(h, W) is a
graded highest weight category with weight poset (I,<), normalized standard objects

(va :w € I), and normalized costandard objects (ﬁ; twel).
Proof The first axiom is obviously satisfied. For the second one, we observe that the
surjection Ki, - y,{, and the injection yi, > ?ﬁ, induce an embedding
—I — —I
HomP$E(h,W) ("%w’ gw(")) e HomPfE(h,W) (Aw’ vw("));

then the desired claim follows from (9.2). To check the third axiom, we consider J c I
closed and w € ] maximal. Then Kfv belongs to (the essential image of) P]RE(f), w),
and if M belongs to PR (h, W) we have

~I ~ T
Ext},;zE(h,W)(Aw,M) = Homge, (5, w) (A,,» M[1]) 2 Homge,,, (o,w) (bw» (i},)*M[1]),
which vanishes since (i/,)* M is a perverse object. One checks similarly that

1 =I
EXtPIRE(h,W)(M’ Vw) =0.

The fourth axiom follows from Lemma 8.2. Finally, the fifth axiom in the definition
of highest weight categories follows from (9.2) and [BGS, Lemma 3.2.4]. ]

Once Theorem 9.6 is established, one can consider the tilting objects in the highest
weight category PRE (b, W), i.e., the objects that admit both a standard filtration and a
costandard filtration [AR], Definition A.2]. As in [AR1] we will use the notation (.7 :

Ki,(n)) (or (T : V{V(n))) for multiplicities of standard (or costandard) objects in a
standard (or costandard) filtration. The indecomposable tilting objects are classified
in the following way. For any w € W, there exists a unique, up to isomorphism,
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indecomposable tilting object 7,1 in PRE(h, W) that satisfies (7! : K;) = land

(F! :Zi(n)) #0 = x < w). Moreover, the assignment (w, n) ~ Z1(n) induces a
bijection between I x Z and the set of isomorphism classes of indecomposable tilting
objects. (See [ARL, Proposition A.4], and [R1, Theorem 7.14] for more details in the
ungraded setting.) By uniqueness, we have D;(.7,!) = ;. Moreover there exists a
surjection

1
(9.4) Tl v,

resp., an embedding Zi, < ZI, whose kernel, resp., cokernel, admits a costandard,
resp., standard, filtration.

The study of such objects is particularly important in view of the following result,
which follows from [AR], Lemma A.5, Lemma A.6]. Here we denote by TiltRE (b, W)
the full subcategory of PRE(h, W) consisting of tilting objects.

Theorem 9.7  The natural functors KPTiltRE (h, W) — DPPRE(h, W) — RE;(h, W)
are equivalences of triangulated categories.

We conclude this section by noting that, with the theory we developed here in
hand, the results obtained in [AMRW1, §§10.5-10.7] generalize to the present setting.
In particular, the tilting objects in PRE(h, W) can be produced via a Bott-Samelson
type construction.

10 Ringel Duality and the Big Tilting Object
In this section we assume that W is finite, and denote by w, the longest element of W.
10.1 Ringel Duality

By Proposition 6.1 (ii), the functor R := (=) x A,,: RE(h, W) - RE(h, W) is an
equivalence of triangulated categories, with quasi-inverse

R!.= (—)1VW0: RE(f), W) — RE(f), W)
Lemma 10.1 Foranyw e W, we have R(V,) = Ay,

Proof The desired isomorphism follows from the sequence of isomorphisms

R(Vi) = Ve x Ay, = ForEE(inAWO)
= FOrBE (Ve * Mgt * Ay ) 2 FOrEE(Ayy) 2 Brwos

where the first isomorphism is a special case of (3.3), and the second and third ones
follow from Proposition 6.11. ]

10.2 Projective and Tilting Perverse Objects

Henceforth, we assume that k is a field. Then the category PRE(h, W) has enough
projective and injective objects, and any projective, resp., injective, object admits a

https://doi.org/10.4153/CJM-2018-034-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-034-0

52 P.N. Achar, S. Riche, and C. Vay

standard, resp., costandard, filtration [ARI, Theorem A.3]. For x € W, we will de-
note by &y, resp., .Z, the projective cover, resp., injective hull, of .Z . Recall the
reciprocity formula

(10.1) (P20 (n) = [Vy(n): Zs],

where x, y € W and n € Z; see remarks after [BGS, Theorem 3.2.1].

It is a direct consequence of Lemma 10.1 that if .# is a perverse object that admits a
costandard filtration, then R(.#) is also perverse, and it admits a standard filtration;
moreover, we have

(10.2) (R(A): Ay (1)) = (M :V (1)),
forallx e Wand n € Z.

Proposition 10.2  For any x € W, we have

R(Z:) 2 Prwes R(Ax) 2 Taw,-

Proof Let .7 be a tilting object in PRE(h, W). Then R(.7) is perverse by the com-
ments before the proposition. We claim that R(.7") is projective. In fact, by Lem-
ma10.1, for y € W and n, m € Z, we have

Homge (n, wy (R(7), Ay(n)[m]) = Homgey,w) (> Vyw, (n)[m]).

Since .7 admits a standard filtration, (9.2) implies that this vector space vanishes un-
less m = 0. Using the analogue of Lemma 7.5 for the right-equivariant category, we
deduce that Homgg gy, w)(R(7),.#) = 0 for any .# in PRE(h, W)<°. In particular,
this shows that EXt};RE(h’W) (R(T),.A) = 0forany.# in PRE(h, W), and hence that
R(7) is projective, as claimed.

If now J = 7, then, since R is an equivalence of categories, R(.7; ) is indecom-
posable. Moreover, the kernel of the natural surjection .7, — V, admits a costan-
dard filtration; hence its image R(.Z;) — A, under R is surjective. This shows that
R(Z;) surjects to Z,y,, and hence that R(.7;) 2 Py, -

Very similar arguments show that R™}(.7,,, ) belongs to PRE(h, W), is indecom-
posable, and injective therein, and contains .Z; as a simple subobject. Therefore, as
above, we have R™( Z,, ) 2 #x, which concludes the proof. [ |

10.3 The Big Tilting Object

The following theorem is an analogue of a well-known result in category & that is the
starting point of the Soergel-theoretic analysis of this category.

Theorem 10.3  There exist isomorphisms
(10.3) Two 2 Pe(l(wo)) = I (—8(wo)).
Moreover, for any x € W, we have

1 ifn=~£€(xwy),
0 otherwise.

(10.4) (%0 :gx(_n» = (ywo ZEx<1’l)) = {
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Proof First we note that (%, :A,(-n)) is L if n = £(x) and 0 otherwise by the reci-
procity formula (10.1) and Proposition 8.3. Then, using (10.2), Proposition 10.2, and
the fact that D(.%,,) = ,,, we obtain (10.4). In particular, we deduce that for all
x € W, we have

1 ifn=2(xwp),

10.5 dimy, Hom Two» Vx(n)) =
(10.5) 1my pre (5, w) (Fiwn» V(1)) 0 otherwise.

We now claim that any nonzero morphism f: 7, — V. (€(xwy)) is surjective. In
fact, since the corresponding Hom-space is one-dimensional, it suffices to prove that
there exists a surjective morphism from .7, to V,(£(xwp)). Such a morphism is
provided by the composition .7, = V., = V.(€(xwq)), where the first morphism
is given by (9.4) and the second one is provided by Proposition 8.7.

This claim implies that .7, has no quotient of the form .Z,(n) with y # e, since
otherwise we would obtain a nonzero and nonsurjective morphism .7, - V,(n) as
the composition .7, > £, (n) = V,(n). In view of (10.5), we deduce that the head
of F,, is Z.(€(wy)), and hence that there exists a surjective morphism

%(f(Wo» — -

Since these objects have the same length, namely, the sum of the lengths of all ob-
jects A, with x € W, this surjection must be an isomorphism, which proves the first
isomorphism in (10.3). The second isomorphism follows by duality. ]
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