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SEMILINEAR ELLIPTIC PROBLEMS WITH PAIRS OF
DECAYING POSITIVE SOLUTIONS

EZZAT S. NOUSSAIR AND CHARLES A. SWANSON

1. Introduction. Our main objective is to prove the existence of a pair of
positive, exponentially decaying, classical solutions of the semilinear
elliptic eigenvalue problem

Lu = M (x, u), x € Q,
D u,e = 0. lim u(x) =0

[x[—00

in a smooth unbounded domain  C RN, N = 2, where A is a positive
parameter and L is a uniformly elliptic operator in € defined by

v
L=~ 2 Dlafx)D] + b(x). x € Q.

ij=1
D, = 0/0x, i=1,....N.

The nonlinearity f(x, u) is assumed to be bounded, as described in detail
below. For some numbers A, and A*, 0 < A, = A*, the main Theorems 3.2
and 4.1 establish that (1.1) has at least two distinct positive solutions in
with exponential decay at co for all A > A*, but no nontrivial nonnegative
solutions for 0 = A < A,. Parallel results also hold for the analogue of
(1.1) in the entire space RY, ie.,

Lu = \f(x,u), x € RY,
(1.2) Iim wu(x) = 0.

|x]—00

The hypotheses on L are: Each g, € Clot®®), b € CL Q) for some
a € (0, 1), each a;, D,(a,_.,)x_/, and b are bounded in £, b(x) = b, > 0, and
L is uniformly elliptic in ©. The hypotheses on the nonlinearity f(x, u) are
listed below:

(f) £ U 092) X R, — R is locally Lipschitz continuous and
f(x,0) = 0 for all x € @, where R = [0, co).

(f,) There exists a number 7 > 0 such that f(x, t) < 0 forallz > T,
x € Q.
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(f5) F(xy, ty) > 0 for some (x,, t,) € & X [0, T], where

t
F(x,1) = | f(x, s)ds.
(fy) fis bounded on @ X [0, T] and f(x. 1) = o(t) as t — O uniformly

on €.

(fs) lim sup M

[x|—c0 t

= 0 uniformly on [0, T].

For problem (1.2), it is understood that @ = R" and 0% is deleted. For
example, all these conditions are satisfied in the case of the equation

(13)  —Au + b(x)u = Au[p(x) lu]’ — q(x) [uf). x € R",

where 0 < y < B, and b, p, g are appropriate nonnegative functions
in RY.

Condition (f,) implies that (1.1) has a “bounded nonlinearity”. This is
crucial for our method in Sections 2 and 3 for establishing two distinct
decaying positive solutions. Condition (fs) is not needed for the
nonexistence results in Section 4, but it is essential in Section 3 for our
procedure for proving the multiplicity Theorem 3.2 via Lemma 3.1. The
key exponential decay estimates in this lemma, for two distinct sequences
of local solutions, are obtained from the fact that these local solutions
satisfy linear elliptic inequalities of type (3.2) as a consequence of (f,) and
(f5). Of course our results neither preclude other possible multiplicity
theorems under conditions replacing (f,)-(fs), nor generalize known
multiplicity theorems for special equations. For example it is well
known that the “critical exponent” Lane-Emden (associated with Yang-
Mills) equation

—Au = fNTVNZD G RV N =3

has an uncountable infinitude of radially symmetric positive solutions
u(1x]) = O()x)> ™) in RN (but u & LARY)). see, e.g.. [3. p. 370; 4]. As
far as we are aware, multiplicity results for positive decaying solutions of
our type for (1.1) have not been obtained previously, even for the case
of constant coefficients. We do not know to what extent our existence
results remain true if (f5) is weakened.

Solutions u(x) of (1.3) of course provide stationary states ¢"“'u(x) of the
corresponding wave equation, called the Klein-Gordon equation in
nonlinear quantum field theory [11]. In the case of constant coefficients b,
p, ¢ and in some radially symmetric cases, the existence of a positive
decaying solution of (1.3) in R" has been proved by Berestycki and Lions
[2] and Strauss [11], in particular. Existence theorems guaranteeing
infinitely many distinct radial solutions (not necessarily positive) of
equations including (1.3) have been obtained by Berestycki and Lions [3],
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Jones and Kiipper [S5] and Strauss [11]. A remarkable and powerful
“principle of concentration-compactness” has been developed by Lions
[6, 7, etc.] as a method in the Calculus of Variations capable of attacking
equations with variable coefficients. Jones and Kiipper [5] employ a
dynamical systems approach to obtain radial solutions of an equation of
the type Au + f(u) = 0 with exactly m zeros in [0, c0]. Many additional
related results can be found in the bibliographies of the References cited,
especially [3].

On the basis of the variational method of Ambrosetti and Rabinowitz
[1], distinct local solutions u, and v, of Lu = Af(x, u) in bounded
domains
(14 Q,={xe |xl<n}, n=12...
are obtained in Section 2 for sufficiently large A. It is then shown in
Section 3 that {u,} and {v,} have subsequences which converge locally
uniformly in C%(Q) to distinct solutions u and v of (1.1) (or (1.2)) with
exponential decay at oco. Section 4 contains theorems guaranteeing

nonexistence of nontrivial nonnegative solutions of (1.1) and related
problems for all A in some interval [0, A,).

2. Existence of local solutions. With T as in (f,) we define
0 ift <0,
QD firx,t) =13 f(x,1) f0=:t=T,
f(x, T) ift > T;

1
(22) F(x,1) = ,/0 Jr(x,s)ds, 1t =0 x € Q.
Then f7 is locally Lipschitz continuous in (2 U 0Q) X R, by (f,), and
E(x, 1) = F(x, t) for all x € Q, 0 = ¢t = T by (f;). Consider the
eigenvalue problem
(23)  Lu = Mpx,u), x € Q,, ulyQ, =0,
where @, is defined by (1.4), for integers n = ny, 2, # 6. We note that a
nonnegative solution u, (x) of (2.3) must satisfy
24 O0=u,x)=T, x€Q,

for if u,(xy) > T is a positive maximum of u,(x) at x, € €, then in
suitable coordinates

}\fT(XOs u,,(xo)) = (Lun)(x()) = bOuu(XO) > 0’

contradicting (f,). It follows from (2.4) that a nonnegative solution of (2.3)
also is a solution of

(2.5 Lu=M(xu), x€Q, uyQ, =0.

n
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Let E, denote the Sobolev space WyX(,), with norm || ||. Let H,, 1,
and J, be the functionals on E, defined by

1 N
(2.6) H,(u) = 2 Ln LJE:I a;(x)DuDu + b(x)uz(x) dx;
Q7 L) = [2 Fr(x. u(x) )dx;
2.8 J,u, N =H,(u) — Al(u), u€E,
For p > 0 define

B

np

S,p = {u € E,: |lull = p}.

{u € E;: lull < op};

I

Lemma 2.1. If (f))-(fy) hold, for arbitrary N > O there exist positive
numbers p and o, independent of n, such that

J,(u, X) > 0 for all u € B, \{0}:
J,(u,\) Z o forallu € S,,

Proof. For a fixed number p € (0, 4/(N — 2)), condition (f,) implies
that

|B(x, )| = et + Clt?™?, x € Q,

for all ¢ > 0 and for all real ¢, where C = C(e) is a positive constant. By
2.7),

L) = elull; + Cllull3y5 forallu € E,

where || IIq denotes the norm in L9(2,). Since 2 < 2 + p < 2N/(N — 2),
the Sobolev embedding E, <> LY(Q,) for 2 = ¢ < 2N/(N — 2) implies
that

2.9 L) = K(lull*> + CllulP*?), ueE,

for some positive constant K independent of n. The uniform ellipticity of
L and (2.6)-(2.9) show that

J,u, N) = (Ky — AeK — ACK||ull”) ||l

for all u € E,, where K|, is another positive constant independent of n.
With the choice ¢ = K;/4AK, the conclusion of Lemma 2.1 follows if

1
p = (Ko/4NCK)''P, o = EKOpz.

LeEMMA 2.2. If (£))-(f,) hold, there exists \* > 0, a positive integer M, and
a function z € E, for all n = M such that J,(z, \) < 0 for all A > X\*.
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Proof. By (f3) there exists ¢ € C;(R,,). for M sufficiently large, such
that 7,,(¢) > 0. Let A* be defined by the condition

H,w(‘i’) - A*IM(Q’))-

e, Jy (¢, A*) = 0, and let z(x) be the extension of ¢(x) to & defined to be
0 outside ©,,. Since 2,, € Q, for n > M, it follows that J, (z. A) < 0 for all
n= M, N> \*

Let H, I, J denote the functionals on E = W(l)‘Z(Q) corresponding to
(2.6), (2.7), (2.8), respectively, i.e.,

1
My = 3 ﬁz

I(u) = L Fr(x, u(x) )dx;
Ju, N) = H(u) — N(u), u € E.

TueoreM 2.3, Suppose that (f))-(fy) hold, and let N* and M be as in
Lemma 2.2. Then there exist two distinct sequences {u,} and {v,} in E with
the following properties:

(1) Each u, and v, has support Q,,;

(i1) u, and v, are distinct positive solutions of (2.3) in Q,, for alln = M.
A > A% and

(i) J(u, o N) = J(u, A) = J(z.A) < 0,

JO, ) =IO =26 >0
Soralln = M, X > \*.

Proof. Since S, separates 0 and z by Lemmas 2.1 and 2.2, (f,)-(f,) imply
by a theorem of Ambrosetti and Rabinowitz [1, Theorem 3.35] that (2.3)
has at least two distinct positive solutions u,, v, in £, for all n = M.
A > A* such that

(2.10)  J(u,, A) = inf{J (u, \):u € E,},
(2.11) J,.N) = inf max J,(g(1), ).
=1

gel, 0=r=

N
2 a,(x)DuDu + b(x)uz(x) dx;

ij=1

n

where
[, ={g e C(0. 1]. E,): g(0) =0, g(l) = z}.

Extensions of u,, v, to  are defined to have support {,, and also are
denoted by u,, v,. Thus J,(u,, A) = J(u,. A) in (2.10), and similarly in
(2.11). We note that assumption (p5) of [1] is not needed here since it was
used in [1] only to construct z € E, satisfying J,(z, A) = 0. The monotony
properties (iit) follow from the variational definitions (2.10) and (2.11)
since 2, € €,,,. n = M. The property
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Jo.N) =06 >0

is a consequence of Lemma 2.1 since S, , separates 0 and :.

3. Pairs of positive solutions of (1.1). The following notation will be
used:

AI
A(x) = X772 g x0xx;:

=1

}\/
B(x) = _21 Djla,(x) Ix;:
L=

A = sup A(x).

xel

The next lemma enables us to show that the sequences in Theorem 2.3
have subsequences which converge locally uniformly in CQ).

LEMMA 3.1, Suppose that (f))-(fs) hold. Let {u,} and {v,} be the
sequences in Theorem 2.3, and let 8 be any number satisfying

0 <8 < Vby/A.
Then there exists a positive constant K, independent of n, such that
G u,(x) = Ke My (x) = Ke N
forallx € Q. n = M.

Proof. Choose € > 0 such that b(x) — € > 6°A forall x € Q. For R > 0,
n > R, define

Qor = {x € Ulx| > R} Q,p={x € ;x| >R}
By (f,) and (f5), R can be chosen large enough that
Mx, 1)y =a forall x € Q. t = 0.

Theorem 2.3 (ii) shows that u, is a solution of (2.5) and hence satisfies the

inequality
(3.2)  (Lu, — eu)(x) = M(x, u,(x)) — eu,(x) =0, x € Q, p.
For any positive constant C, a calculation shows that w(x) = Ce

satisfies

L —

(L_gv_)(_x_) = [b(x) — € — 82A(x)]

w(x)
P
+ —| 2 a(x) + B(x) — AW)|.

x| L=
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and therefore a sufficiently large number R exists for which
(33) (Iw —ew)x) =0, x € Qyp.
Define
(34) C =Tk
Then by (2.4) and (3.2)-(3.4),
Lw—u,) —ew—u,)=0 inQ ,
w—u, =0 on 0%, r,

implying that w — u, = 0 throughout Qn'R by the maximum principle.
Thus

u,(x) = Ce M forall x € Q4

since u, has support ,, establishing the uniform estimate (3.1) in  x.
The same estimate is obvious if [x| = R by (2.4). The conclusion for v, (x)
is proved in exactly the same way.

THEOREM 3.2. If (f))-(f5) hold, there exists a number N* > 0 such that
(1.1) has at least two positive solutions u and v in Q satisfying

Jw, ) <0 <o =Jw, N foral X > A\*.

These solutions are both bounded above by a constant multiple of exp(—¥6|x| )
in Q for some 8 > 0. Parallel statements apply to problem (1.2).

Proof. Since the sequence {u,(x) } is uniformly bounded in € by Lemma
3.1, a standard argument via I[’”-estimates, Schauder estimates, and
Sobolev embedding theorems (see, e.g. [9, pp. 124-126] ) establishes that
{u,} has a subsequence {u}} which converges locally uniformly in C Q)
to a nonnegative solution u(x) of

Lu = N (x, u), ulQ = 0.

An interior Schauder estimate for this equation in any bounded
subdomain implies that

ue Clzoif“(ﬂ) for some a € (0, 1).

In view of property (iii) of Theorem 2.3,
Jw AN =J(E, AN) <0 forallm = M, A > \*.

n

Since u* satisfies (2.3) and has support £, integration by parts yields

Jur \) = /S;

=J(@z N < 0.

1
Eu,’f(x)fr(x, wi(x)) — AE5(x, uf(x))|dx
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The uniform estimate (3.1) and the pointwise convergence of {uf(x) } to
u(x) guarantee an estimate

u(x) = Ke oW
in  for a constant K > 0. Then the dominated convergence theorem
implies that
lim J@s AN =J(w, A =J(, N <0,
showing that u(x) is not identically zero.
To prove that u(x) > 0 in £, define

3.5) . 1) flx, )/t ift >0
. x, t) =
8 ifr =0;

g'(x) = max{g(x, u(x)), 0};
g (x) = min{g(x, u(x)), 0}, x € Q.
Then
S ux)) = [g7(x) + g (x) ux), x €L,

and consequently u(x) is a nontrivial nonnegative solution of the linear
elliptic inequality

Lu — Ag (x)u = }\g+(x)u =0, x € .

Since g (x) = 0 in {, the strong maximum principle implies that
u(x) > 0 throughout .

The corresponding properties of v(x) are proved in the same way. Since
J(v, A) > 0, it follows that u(x) and v(x) are distinct positive solutions of
(1.1) in Q. The proof for (1.2) is essentially the same.

CoroLLARY 3.3. If (f)-(fs) hold and 0 < & < \/by/A, both solutions
u and v in Theorem 3.2, and in addition \Vu| and |Vv|, are bounded above by
constant multiples of exp(—38|x|) in Q.

The estimates for u, v follow from Theorem 3.2, and these imply the
estimates for the gradients via standard interior Schauder estimates.

Remarks 3.4. Suppose that hypothesis (f,) is strengthened to (f) below:
(f;) fis bounded on & X [0, T] and f(x, t) = O(¢") as t — 0 uniformly on
Q, for some » > 1.

Also, assume that a,, > 0, where

N

a, = ITS]LIOT 100 1§1 a(x) + B(x) — A(x)|.

Then the estimate in Corollary 3.3 can be sharpened to
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(3.6)  u(x) = K|x| ¢ exp(— Vby/Alx]), x € Q

for any d < a,/2 and some constant K > 0. The same type estimates (3.6)
hold for v(x), | (Vu)(x) |, and | (Vv)(x) |. The proof is a slight elaboration
of that given in Lemma 3.1.

In the special case L = —A + b(|x]), x € RY, so A = 1, it can be
shown that (3.6) holds with d = (N — 1)/2. This is accomplished by use of
estimates for the Green’s function for —A + 1 in RY together with
arguments of Gidas, Ni, and Nirenberg [4].

4. Nonexistence theorems. The number A* in Theorem 3.2 cannot be
replaced by 0. In fact, Theorem 4.1 below shows that a nonnegative
solution of (1.1) of (1.2) must be identically zero for all A in some interval
[0, A4). Theorem 4.3 contains, in particular, the stronger statement that a
nonnegative solution of Lu = Af(x, u) in R" is identically zero for all such
A. Condition (f5) is not needed for any of the nonexistence theorems.

THEOREM 4.1. If (f))-(f,) hold, there exists a number Ny > 0 such that
neither (1.1) nor (1.2) has any nontrivial nonnegative solution u for any

A €0, Ay).
Proof. Let g(x, t) be as in (3.5), and define

Wy = sup sup g(x, 1); Ay = b(),u*_'.

xeQ =0

Conditions (f,)-(f;) show that 0 << A, < oo. A nonnegative solution of
(1.1) satisfies the linear equation

(4.1 —%l Dla,(x)Du] + Q(x. Nu = 0, x € .
ij=
where
Q(x, A) = b(x) — Ag(x, u(x)), x € Q.
If A < Ay, then
O, N) = by = My = Ay — My >0
in §. Since

uly =0 and lim u(x) = 0,

|x|—00

the maximum principle for (4.1) implies that u(x) is identically zero in €.
The proof for (1.2) is similar.

A theorem of this type was obtained in [10, p. 186] in the special case
= —A + b(x).
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For r > 0, define
={x e RV: x| > r).

Let © be an exterior domain in R, i.e., G, C Q for some p > 0. Followmg
[8], we define an antibarrier for L at oo to be a solution h € C* (GR) of
Lh = 0 in Gg, for some R = p, such that

lim %{x) = +oo.

|x]—00

THEOREM 4.2. Suppose that L has an antibarrier h(x) at oo. Ifue CZ(Q)
is any solution of Lu = 0 in an exterior domain & C RY such that u = o(h)
uniformly at co, then

4.2) hm sup u(x) = max(0, M),

| x[—00
where

M = max u(x).
xeof)

Results of this type appear in the literature (see, e.g., [8] ), but we could
not locate the exact statement of Theorem 4.2 for the operator L under
consideration here. A sketch of the proof is given below.

Proof. Choose R = p large enough that ~(x) > 0 for all |x] = R. For
arbitrary n > 0 define

vo(X) = u(x) — Mp — nh(x), x € G,
where

Mj = max u+(x).
|x]=R

Then
Lv, =0 in Gy
v(x) <0 onlxl =R,

lim sup v A(x) <0,

[x[—00

implying that v,(x) < 0 in Gg by the maximum principle. Since 7 is
arbitrary, u(x) = My, for all [x| 2 R. Now consider u(x) in the annulus
Q,x. Since Lu = 01in Q,p, u(x) = My on |x| = 2R, and u(x) = M on 04,
it follows from the maximum principle that

max u(x) = max{My, M}.
|Ix]=R

This implies that M, = max(0, M), from which
u(x) = max(0, M) for all [x] = R,
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proving (4.2).
In the case of an exterior domain £, consider the following variant of
(1.1), without the decay condition at co:

Lu = M(x,u), x € Q,
ul3 = 0.
The corresponding problem in RV is
(4.4)  Lu = M(x,u), x € R".

THEOREM 4.3. If (f))-(f,) hold, there exists A, > O such that neither (4.3)
nor (4.4) has any nontrivial nonnegative solution for any A € [0, A).

(4.3)

Proof. Let € be as in the proof of Lemma 3.1. By (f,) and (f,) there exists
Ay > 0 such that

M, t)=e forallx € Q1= 0,0 = X < A,.
Then a nonnegative solution u(x) of (4.3) satisfies

N
45 (L—ou=— 2 Dlayx)Du] + [b(x) — eu = 0

ij
ij=1

in ©, where b(x) — € > 0in Q. As in Lemma 3.1 it is easily seen from (4.5)
that u(x) must be bounded in ©. The calculation preceding (3.3), with §
replacing —8, shows that h(x) = €™ is an antibarrier for L — € at co.
Theorem 4.2 applied to (4.5) then gives
lim sup u(x) = 0.
[x|[—00
Since u|4©2 = 0, the maximum principle for (4.5) implies that u(x) = 0 in
Q, proving the theorem in the case (4.3).
If u(x) is a nonnegative solution of (4.4), u(x) satisfies (4.5) in Gy for
any R > 0, and Theorem 4.2 gives
lim sup u(x) = max u(x).
|x|—c0 |x|=R
By the maximum principle, u(x) must be a nonnegative constant, which
can only be 0 by (4.5).
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