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Abstract

In this article, we study the recent development of the qualitative uncertainty principle on certain Lie
groups. In particular, we consider that if the Weyl transform on certain step-two nilpotent Lie groups is
of finite rank, then the function has to be zero almost everywhere as long as the nonvanishing set for the
function has finite measure. Further, we consider that if the Weyl transform of each Fourier—Wigner piece
of a suitable function on the Heisenberg motion group is of finite rank, then the function has to be zero
almost everywhere whenever the nonvanishing set for each Fourier—Wigner piece has finite measure.
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1. Introduction

The uncertainty principle for the Fourier transform states that a function and its Fourier
transform cannot be concentrated simultaneously. Let Ly denote the set of Lebesgue
points of f e L'(RY). We call A r=1{xe€ RN Ly : f(x) # 0} the nonvanishing set
for f. It is well known that if f € L'(R?), then almost all points are Lebesgue points
of f. Therefore, without loss of generality, we write Ay = {x € RY: f(x) # 0} as the
nonvanishing set for f. A finer version of the uncertainty principle emphasizes that
the nonvanishing sets of a nonzero function and its Fourier transform cannot be of
finite measure simultaneously. In [4], Benedicks studied the ‘qualitative uncertainty
principle (QUP)’ on the Euclidean space R", and therefore extended the classical
Paley—Wiener theorem for the compactly supported functions to the class of integrable
functions on R”. More precisely, for f € L'(R"), let A = {x € R" : f(x) # 0} and
B={eR": f(f) # 0}. If 0 < m(A)m(B) < oo, then f = 0 almost everywhere (a.e.),
where m stands for the Lebesgue measure on R”. In [1], Amrein and Berthier proved
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the same result with some implications in a slightly different way by employing Hilbert
space theory.

In 1997, Arnal and Ludwig [2] extended the notion of QUP to unimodular groups.
Let G be a unimodular group and G be the unitary dual of G. Let v and Vv denote
the Haar measure and Plancherel measure on G and G, respectively. For f € L'(G),
if vixe G: f(x) # 0} < v(G) and fé rank(m(f))dv < oo, then f = 0 a.e. Let us denote
R* =R\ {0}. Then for the Heisenberg group H" (see [24]), the above conditions
from [2] boil down to the fact that the set {1 € R* : f (1) # 0} has finite Plancherel
measure in addition to almost all f () having finite rank. In [16], the authors obtained
a result on the Heisenberg group for partially compactly supported functions whose
Fourier transform is of finite rank. Later, Vemuri [26] relaxed the partial compact
support condition to finite Lebesgue measure of the nonvanishing set. However, the
above problem is of further interest if f € L'(H") is nonvanishing on a subset of H"
having finite Haar measure while £(2) satisfies some appropriate general conditions.
We are still clueless about this question. However, instead of this, a series of analogous
results related to Benedicks’ theorem has been obtained in various contexts, including
the Heisenberg group as well as the Euclidean motion group, see, for example [3, 9,
17, 19, 22]. There are many formulations of the uncertainty principle, and we refer
to an excellent survey article by Folland and Sitaram [7] and also the monograph by
Thangavelu [25].

We consider analogous results on certain step two nilpotent Lie groups related to the
Amrein—Berthier—Benedicks theorem in the sense of Narayanan and Ratnakumar [16].
That is, if the Weyl transform on step-two nilpotent Lie groups of MW-type is of finite
rank, then the function has to be zero almost everywhere as long as the nonvanishing
set for the function has finite measure.

It is well known that (H" = U(n), U(n)) is a Gelfand pair (for instance, see [5]).
So, the Fourier transform of a nonzero U(n)-bi-invariant integrable function f on
H" =< U(n) has rank one, irrespective of the support of f. Thus, an exact analog of
the Benedicks-type theorem on the Heisenberg group, as in [16], is not possible
for the Heisenberg motion group. However, a close observation reveals that the
Fourier—Wigner representation of the function thinly conflicts with the Peter—Weyl rep-
resentation in the following sense. That is, if g € L*>(C" = U(n)) is U(n)-bi-invariant,
then g need not fall into the trivial Fourier—Wigner representation in Equation
(4-5) as compared with the Gelfand pair argument. This has been illustrated in a
one-dimensional Heisenberg motion group H' > U(1) by Ghosh and Srivastava [8].
Thus, if the Weyl transform of each Fourier—Wigner piece of a suitable function on
the Heisenberg motion group is of finite rank, then the function has to be zero almost
everywhere as long as the nonvanishing set for each Fourier—Wigner piece has finite
measure. In the case of the Heisenberg motion group, Ghosh and Srivastava [8] have
proved a similar result using Hilbert space theory, however, the proof in this article is
different and we draw some comparisons through Remark 4.10.

We organize the paper as follows. In Section 2, we study a version of Benedicks’
theorem for the Weyl transform on the certain step two nilpotent Lie groups introduced
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by Moore and Wolf. In Section 3, we recall the necessary preliminaries regarding
group Fourier transform and the Plancherel formula on the Heisenberg motion
group. Finally, in Section 4, we explore the qualitative uncertainty principle for the
Heisenberg motion group.

2. Uniqueness results on certain step two nilpotent Lie group

2.1. Preliminaries. In this section, we study an analogous result of [16, Theorem
2.2] of Benedicks’ theorem for the Weyl transform on certain step-two nilpotent Lie
groups introduced by Moore and Wolf. A typical example of these groups are Métivier
groups (see [14]). When Métivier groups are quotiented by the hyperplane in the
center, they become Heisenberg groups. The Heisenberg-type groups introduced by
Kaplan (see [12]) are examples of Métivier groups. However, there are Métivier groups
which are distinct from the Heisenberg-type (or H-type) groups. For more details,
see [15].

Let G be a connected, simply connected, step-two nilpotent Lie group whose
Lie algebra g has the orthogonal decomposition g =b&3 with [b,b] C3 and
[, [9, g]] = {0}, where 3 is the center of g. Since g is nilpotent, the exponential map
exp : g — G is surjective. Thus, G can be expressed using exponential coordinates.

Consider an orthonormal basis {Vy,...,V,,Z,...,Z;} such that b is spanned by
{Vi,...,V,}over R and 3 is spanned by {Z,, .. ., Z;} over R. For any element g € G, we
can identify it with a point V + Z € b @ 3 so that g = exp(V + Z) and denote it by (V, Z).
Since [b,b] € 3 and [g, [g, g]] = {0}, by the Baker—Campbell-Hausdorff formula, the
group law on G can be expressed by

V2V, ZY=(V+V.,Z+Z +(1/2Q[V,V'])

forall V+Z, V' +Z" € b®3. Let dV and dZ be the Lebesgue measures on b and
3, respectively. Then the left-invariant Haar measure on G can be expressed by
dg = dVdZ.

Let 3" denote the dual of 3. Next, for every w € 3, consider the skew-symmetric
bilinear form B,, on b by letting

B,(X.,Y) = w([X,Y]).

Let m,, be the orthogonal complement of s, ={X € b: B,(X,Y) =0 forall Y b}
in b. Then B, is called a nondegenerate bilinear form when s, is trivial. Let
A ={w € 3" : dimm,, is maximum}, which is a Zariski open subset of 3*. If B, is
nondegenerate for all w € A, then G is called an MW group.

Since m,, is invariant under the skew-symmetric bilinear form B,,, it follows that the
dimension of m,, is even; let dim m,, = 2n. Then there exists an orthonormal almost
symplectic basis {X;(w), Yj(w) : i = 1,...,n} of b and d;(w) > 0 such that

0;di(w) whenX; # Y};
0 otherwise.

w[Xi(w), Yj(w)] = {
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Let £, = span{Xj(w) :i=1,...,n} and 5, = span{Yj(w) : j=1,...,n} be two real
vector spaces. Then we can write b = £, &7, and each (X,Y,Z) € G can be repre-

sented by
n n k
(X,Y,2) = 3" xi@)Xi(w) + ) yil@)Yi(w) + D t{(w)Zi(w),
i=1 i=1 i=1
where x = (x1,...,%,), y=(1,...,y,) are in R* and ¢ = (¢1,...,4) € R*. Hence, a

typical element (X, Y, Z) € G can be identified with (x, y, f), where x,y € R" and t € Rk,
That is, in these coordinates, G can be realized as R?***. Moreover, the left-invariant
Haar measure dg on G can be expressed by dg = dx dy dt, which is a Lebesgue measure
on R?*_For more details, we refer to [6, 13, 14, 20].

Next, we briefly introduce the unitary irreducible representation of the MW
group G. There are two types of representations of G. The trivial representations on
exp 3 can be parameterized by b*, which are basically scalars, and the nontrivial repre-
sentations of G on exp b can be parameterized by A, which appears in the Plancherel
formula. More precisely, each w € A induces an irreducible unitary representation r,,
of G on L*(1,,) by letting

(o (X, 3, DP)E) = & Zim @It EL AOEHAID50) g 4 )

where ¢ € L?(1j,,). We write v = (x,y). The group Fourier transform of f € L'(G) is
defined by

flw) = f f W, ), (v, 1) dvdt,
3Jb

where w € A. The Fourier inversion of f in the variable ¢ is given by f“(v) =
-k

fs ¢ 219 f(y, 1)dr. Then for suitable functions f and g on b, we can define the

w-twisted convolution of f and g by

[0 gv) = f FO =g DD gy
b
It is immediate that (f * g)* = f“ =, g”. Let p(w) :=II'_ dj(w) be the symmetric

function of degree n corresponding to B,. For any f € L' N L*(G), the Fourier
transform f(w) is a Hilbert—Schmidt operator that satisfies

p)lf@)llfs = 2m)" f LfC ) dbv.
b
If we write m,(v) = 7, (v, 0), the function f“ can be recovered from the identity

F20) = Q)" p(w) t(m, (00" f(w)).
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2.2. QUP for the Weyl transform. For w € A and h € L' N L*(b), the Weyl trans-
form W, (h) is defined by

W, (h) = fh(v)ﬂw(v) dv.
b

It is well known that W,,(h) is a Hilbert—-Schmidt operator on L?(1,,) which satisfies
the following Plancherel formula (see [18] for more general cases). For i € L?(b), the
following equality holds:

W (W)l = c(w) f lh()I* dv,
b

where c(w) = (21)" p(w)~!. Notice that for 4 € L' N L*(b), we have that W, (h*) =
W,,(h)* and hence W,,(h* ., h) = W, (h)*W,,(h), where h*(v) = h(v-1).

Next, we recall that for ¢,y € L*>(R"), the Fourier-Wigner transform of ¢,y is a
function on C" and is defined by

T(¢,Y)(z) = (m(2)¢, ¥).

It is observed in [10, 11] that Fourier—Wigner transforms of nontrivial functions will
never be nonvanishing on a set of finite Lebesgue measure in R?". This in turn (as
noted in [16]), implies that if the Weyl transform of function F € L'(C") is of rank one,
then the function has to be zero almost everywhere as long as the nonvanishing set for
the function has finite measure.

THEOREM 2.1 [10, 11]. For ¢, € L*(R"), write X = T(¢, ). If z € C" : X(z) # 0}
has finite Lebesgue measure, then X is zero almost everywhere.

By abuse of notation, we use the same notation for the Fourier—Wigner transform
on G. For ¢,y € L*(1,,), the Fourier-Wigner transform of ¢ and y is a function on b
defined by

(¢, ¥)(v) = (mu (), ).
Then the following orthogonality relation holds (see Wolf [27]).

LEMMA 2.2 [27]. Let ¢;,y; € L’(n,) be such that T(¢j,¥)); j=1,2 are square
integrable on b. Then

f;T(¢1, YDWT (@2, Y2)(v) dv = c(w){d1, p2)Y1, ¥2).

We observe that the functions 7(¢,y) form an orthonormal basis for L*(b). Let
{¢; : j € N} be an orthonormal basis for L*(1.,).

PROPOSITION 2.3. The set {T(¢;, ;) : i,j € N} is an orthonormal basis for L*(b).
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PROOF. It is immediate from Lemma 2.2 that {T(¢;, ¢;) : i,j € N} is an orthonormal
set. Now, it only remains to verify the completeness. For this, let f € L?(b) be such
that (f, T(¢;, ¢;)) = 0, whenever i,j € N. A simple calculation shows that

(Wo(Di, ¢y = (f, T(¢i,9)y =0

and hence W,(f) =0. Thus, by the Plancherel formula, f is zero almost
everywhere. |

The following analog of Theorem 2.1 for the Fourier—Wigner transform on G holds
true.

PROPOSITION 2.4. Let F = T(¢, ), where ¢, € L*(n,,). If the set {v € b : F(v) # 0}
has finite Lebesgue measure, then F is zero almost everywhere.

PROOF. The proof of Proposition 2.4 is similar to the proof of Theorem 2.1 and hence
we omit it here. u

Let & and ¥ be measurable subsets of ¢, and 7, respectively, such that
0 <m(Em(F) < co. Denote £ = E X F. The following result is crucial in proving
Theorem 2.6.

LEMMA 2.5. For hj € L*(n,), write K, (&) = jl\;1 hi(€ +y)hj(&), where y €n,. If
Ky(¢) =0 forally € n, \ ¥ and for almost all ¢ € n,,, then each h; is nonvanishing on
a set of finite measure.

PROOF. Since h; € L?*(n,,), the functions |;| are finite almost everywhere on 7,,. Define
a function y on 7, by y = (h1, ..., hy). Then, we get that

Ky(&) = (€ + ). x()ex
for almost every & € 7. By assumption, K, = O for all y € 5, \ F. Thus, it follows that

HE+ ), x(E)ey =0

for almost every £ € i, and y € 7, \ 7. In contrast, assume that the nonvanishing set
S:={{ eR": x({) # 0} has infinite Lebesgue measure. Since ¥ has finite measure,
there exists v € S N (n, \ F). Observe that y(v;) # 0 and

W€+ v, x())ev = 0.

Next, take v, € SN (7, \ (F +v1)), then y(v2) # 0, and since v, — vy ¢ F, it is imme-
diate that (y(& + vo — v1), x(&))cv = 0. In particular, (y(v2), x(v1))cvy = 0. In this way,
after m steps, we get that {v; : 1 < j < m} such that y(v;) # 0 and

WE+vi =) x@)ev =0 forl <j#j <m. (2-1)

If we consider vj41 € SN (1w, \ U(F +v))), then x (V1) # 0 and for j < m,
Jj=1

W&+ Vi1 =V x(E))ev = 0. (2-2)
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In particular, taking £ = vy in Equation (2-1) and & = v; in Equation (2-2),
W) xWi ey =0 forl <j#j <m+1.

For m = N, we obtain N + 1 nonzero mutually orthogonal vectors in CV, which is a
contradiction. It follows that S must have finite measure and hence all &; terms are
nonvanishing on S. ]

Next, we prove our main result of this section which is motivated by [16, Theorem
2.2].

THEOREM 2.6. Let h € L' N L*(b) be nonvanishing on X in b. If W,,(h) is a finite rank
operator, then h = 0 a.e.

PROOF. Let T = h* *,, h, where h*(v) = h(v~1). Then W,(T) = W, (h)*W,(h) is a pos-
itive and finite rank operator on L*(77,). By the spectral theorem, there exists an
orthonormal set {¢; € L*(ny) :j=1,...,N} and scalars a; > 0 such that

N
Wo(D)p = D ai(e, $)9),

J=1

whenever ¢ € L*(1,,). Now, for ¢ € L*(,,), the orthogonality relation gives

<Mﬁmw=N@mm@w>
" N
:dw”Z@Lﬂ¢wmﬂE@@w. 2-3)
Further, by definition of W, (7), j
<Mﬁmwzﬁmwwwww. (2-4)

Hence, by comparing Equation (2-3) with Equation (2-4) in view of Proposition 2.3, it
follows that

N
=" Tl y), (2-5)
j=1

where h; = c(w)™? \a@; ¢; € L*(1,). Now, for v = (x,y), write 7y(x) = 7(x,y). Then
Equation (2-5) becomes

o) = f ¢ T GOEHN K () dE .
Nw

Since 7 is nonvanishing on & X ¥, it follows that K, (£) = 0 for almost every £ and for
ally € n,, \ . Then in view of Lemma 2.5, it follows that each #; is nonvanishing on a
set of finite measure and hence each K, is nonvanishing on a set of finite measure.
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Since 7, is nonvanishing on &, whenever y € 1,,, we infer that 7, is zero for all
y € 1. Now, by the Plancherel formula, we conclude that 42 = 0. This completes the
proof. ]

REMARK 2.7

(1) For the rank-one case (that is, N = 1), instead of taking X = EX ¥ with 0 <
m(Em(F) < oo, if we assume that X has finite Lebesgue measure in b = £, ® 1,
in view of Equation (2-5), it is immediate from Proposition 2.4 that 7 = 0. Hence,
h=0.

(i) Instead of taking the set & X F in b, if we consider a finite Lebesgue measure set
% in b, then the projection of X on ¢, or 7, need not be a set of finite Lebesgue
measure. Thus, the idea of the proof of Theorem 2.6 does not work in this case.

3. Preliminaries on the Heisenberg motion group

The Heisenberg group H” = C" X R is a step two nilpotent Lie group having center
R equipped with the group law

(1) (w,8) = @+w,t+s+3Imz-W)).

By the Stone—von Neumann theorem, the infinite-dimensional irreducible unitary
representations of H"” can be parameterized by R*. That is, each A € R* defines a
Schrodinger representation 7, of H" via

it Gid(xg+(1 /2)xy)

Tz, Dp€) = e o +y),

where z = x + iy and ¢ € L*(R").

The Heisenberg motion group G consists of isometries of H" that commute with
the sub-Laplacian £ on H". Since the unitary group K = U(n) acts on H" by the
automorphism k - (z, ) = (kz,t), where k € K, the group G can be expressed as the
semidirect product of H" and K, that is, H" =< K. Hence, the group law on G can be
understood by

(@1, k) - (w, 5, 1) = (z + kw, 1 + 5 + LIm(z - kw), kh).

Since a right K-invariant function on G can be thought of as a function on H" and the
Lebesgue measure dz dt is the Haar measure on H", we infer that the Haar measure on
G is dg = dk dz dt, where dk stands for the normalized Haar measure on K.

For k € K, define a new set of irreducible representations of the Heisenberg group
H" through 7, (2, t) = ma(kz, t). Since 7, agrees with 7, on the center of H", it follows
by the Stone—Von Neumann theorem for the Schrodinger representation that myy is
equivalent to ;. Hence, there exists an intertwining operator y,(k) satisfying

ma(kz, 1) = pa(k)ma(z, Dpa (k)"

Also, p;(k) is unitary as well and could be chosen to represent K in L2(R"), known as
a metaplectic representation. Let ¢ (x) = |A]?¢,(V|Alx); @ € Z", where the ¢, terms
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are the Hermite functions on R". Then for each 1 € R*, the set {¢? : @ € Z"} forms
an orthonormal basis for L>(R"). By letting P, = span{¢? : |a| = m}, u, becomes an
irreducible unitary representation of K on P/ . Hence, the action of u, can be realized
on P} by

mlogs = >l og,
lyl=lal

where the nia terms are the matrix coefficients of w,(k). For details on the metaplectic
representation and spherical function, see [5]. Let (o, H,) be an irreducible unitary
representation of K, and {eJ‘T : 1 £j < d,} be an orthonormal basis for H,,. Denote the

matrix coefficients of o € K by
¢ (k) = (o (ke e ).

Define a set of bilinear forms ¢} ® ¢/ on L*(R") X H,; by ¢ ®e7 = ¢ ¢7. Then
B, ={pt®e” :1<i<d,aecN" forms an orthonormal basis for L*(R") ® H,.
Denote H? := L*(R") ® H,. Define a representation pt of G on H2 by

Pz 1, k) = ma(z, (k) ® o (k). (-

Then p! are all possible irreducible unitary representations of G that appear in
the Plancherel formula [21]. Thus, in view of the above discussion, we denote the
partial dual of the group G by G’ = R* X K. For (4, 0) € G’, the Fourier transform of
f € LY(G), defined by

A

f,o) = f f F@t, Pz t,k) dz dt dk, (3-2)
K JR JC

is a bounded linear operator on H2. Let f* be the inverse Fourier transform of
the function f in the variable 7 which is given by f(z,k) = [ f(z.7,k)e" dr. Then
Equation (3-2) reduces to

f(ﬂ,0)=ff [z k)p) (2, k) dz dk,
K JCr

where pl(z, k) = pt(z,0, k). Since B, is an orthonormal basis for H2, the action of
f(4,0) is given by

faongied)= > f

lal=hy ¥ K

Ty (k) fc @R, ® oke]) dzdk.

Moreover, if f € L' N L%(G), then f(1, o) becomes a Hilbert—Schmidt operator satis-
fying the Plancherel formula [21]:

f f@ kP dedrdk = 2" ) dy f I/ (2 o)lFslA"dA.
K JH" ek R\{0}
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4. Uniqueness results on the Heisenberg motion group

As in the case of a Heisenberg group, in a natural way, one can define the Weyl
transform on G* := C" x K. For (1, 0) € G’, define the Weyl transform W(i on L'(G*)
by letting

WA(F) = f f F(z,k)p(z, k) dz dk.
K JCr

Let f, g be two functions on the Heisenberg motion group G. Then the convolution of
f and g is defined by

(f xg)z, t.k) = ff F((zt, k) (=w, —s, h"))g(w, s, h) dw ds dh.

K

By the definition of the Fourier transform on G, it is easy to see that (m)(/l, o) =
f(4,0)8(A, o). Recall that f4(z, k) is the inverse Fourier transform of f in the variable .
A simple computation shows that

(f * 'z, k) = f Az = kw, k™ g (w, h)e PR gy, . 4-1)
K Cn

The right-hand expression in Equation (4-1) is called the A-twisted convolution of the
functions £, g%, and it is denoted by f* x, g'. Since f(1,07) = WA(f4), itis immediate
that WA(f* x, gY) = WA(FHW2(gY). In a more general way, the A-twisted convolutions
of F,H € L' N L*(G*) can be defined by letting

F X, H(z, k) = f f F(z — kw, kh™ YH(w, h)eDmGEEw) g0, ap.
K 'n

For A = 1, we use the notation F X H instead of F X; H and simply call it the twisted
convolution of F and H. A simple observation shows that W(i(F ") = W(i(F )*, where
F*(z,k) = F((z,k)™"), and WA(F x, H) = WA(F)W2(H). We identify W,, with the Weyl
transform on L'(G*) whenever A = 1. Next, we derive the Plancherel formula for W,,
and the general case follows similarly.

PROPOSITION 4.1. If F € L>(G*), then the following holds:

Zda'”WU'(F)”]Z-[S = (2n)" ff |F(z, k) dz dk.

ok ke

PROOF. Since L' N L*(G*) is dense in L*(G*), it is enough to prove the result for

L' 0 L*(G¥). For convenience, let ¢7 . = ¢ ® ¢ and ¢op = (21)"/ 2¢gﬁ whenever A = 1.
By the Parseval identity,
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dy
Wo(F) A = > > KWolF)B,, 45 )P

PEN" j=1

DN

BeNt =1 ' jaf=iyl VK

2
nyoz(k) f(c F(z, k)¢ap(2)(p;(k) dz dk| .

Recall that the matrix coefficient functions ¢} of a d,-dimensional unitary irre-
ducible representation (v, H,) of K satisfy the identity

dv dv dv dv
S (Dt Y a®) =Y can @2)
g=1 j=1 n=1 =1

where aj,c; € C;1 <j <d, and k € K. Also, the matrix coefficients of (v, H,) satisfy
the orthogonality condition

(Bl Bh) = S0 @3)

Let ny, represent the (@, ) th matrix coefficient of p14]p: . In view of Equation (4-2), it

follows that
Z ' Z Canya(k)'z = Z |Ca|2, (4-4)

lyl=m " lal=m lod=m

where k € K and ¢, € C. Now, by Plancherel theorem for L?(K) and the identity in
Equation (4-4), we infer that

2 delWo(Pligs = 0" ) fK

oek BryeNr

=Qn" )] fK

a,BeN"

2
dk

Z n?’a’(k) L" F(Z’ k)¢(yﬁ(z) dZ

=yl

2
f F(z, K)pop(z) dz| dk

= Q27" f |F(z, k)| dz dk. O
K CH

4.1. Fourier—-Wigner transform. For o € K, define the Fourier—Wigner transform
of f, g € H? on G* by letting

Vi@ k) = (po(z.K)f. &)
Then V‘;’. satisfies the following orthogonality relation.

LEMMA 4.2. For f;,g; € H2, | = 1,2, the following identity holds:

ff Vﬁll(z,k)sz(Z,k)dzdk:(2ﬂ)”d;1<f1,f2><gl,g2>.
K Jon
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PROOF. Since fj, g; € H2, we can express the functions f;, g; as
_ !
fi= 0, 2, hutroe
yeN" 1<i<d,
and

0= Y dmed. 1-1a

BN 15j<d,

where f] and géJ are constants. Thus, V' takes the form

Vi) = Qa2 Y 3TN f el ma(Odas(e ().

@BeN" 1<i j<dy lyl=lal

By orthogonality of the functions ¢,z and Equation (4-2), it follows that

Ay d
[ viaoVEGRd:= e 3 | Y e ) 7 o)

yBeNn =1 ij=1

On integrating the above equation with respect to k and using Equation (4-3),

o [ [ vierTEensa- (Y 3 A7) % Y ba)

yeN" 1<i<d, BeEN" 1<j<d,

= 2m)"(fi, {81, 82)-

O

Note that for f,g € H2, Lemma 4.2 implies that Vie L*(G*). Consider the set

Vy = span{V;‘Z : f,g € H2}. Since B, forms an orthonormal basis for H2, it follows
from Lemma 4.2 that

v,
VBO- = {ngj : WZ,,', l//;:] € BO’}

forms an orthonormal basis for V. We need to recall the following Peter—Weyl
theorem, see [23].

THEOREM 4.3. Let K be the unitary dual of a compact Lie group K. Then the set
{\/d_(,¢; :1<i,j <dy,o € K} is an orthonormal basis for L>(K).

PROPOSITION 4.4. The set Vg ={Vg_ :0 € k\} is a complete orthogonal set for
LX(G*). Moreover, LX(G*) = B V.

oek

PROOF. By Lemma 4.2 and Theorem 4.3, it follows that Vg is an orthogonal set. For
completeness, suppose F € V. Then
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We(FW 05y = f f ﬁ(z,k)vjéf(z,k)dzdk
K Jcr o

—(F,Viy =0,

a,i

whenever zﬁg’i, %’J € B,. Hence, W(,(I?) = 0 for arbitrary o € K. Thus, by Proposition
4.1, we conclude that F' = 0. Since Vg_ is a complete orthogonal set for V, LX(G) is
the direct sum of V. terms. O

4.2. QUP for the Heisenberg motion group. Let A and B be Lebesgue measurable
subsets of R” with 0 < m(A)m(B) < co. Write 7; = f4" x, f*, where g*(v) = g(v-1).
Then W{}(ﬂ) = f(4, o-)* f(4,0). From Proposition 4.4, we can express

T = @U,m (4-5)

oek

which we call the Fourier—Wigner decomposition, and t,, the Fourier—-Wigner
representation.

Those functions in L'(G) that are K-bi-invariant form a commutative convolution
algebra. Therefore, the Fourier transform of a K-bi-invariant integrable function has
rank one. However, these functions differ from the Fourier—Wigner transform in terms
of the Fourier—Wigner representations.

Though the decomposition in Equation (4-5) follows from the Peter—Weyl theorem,
it is finer than the usual Peter—Weyl decomposition of functions on K, which might be
due to the presence of the metaplectic representation. As an effect, even if f € L2(G>)
is K-bi-invariant on G*, it need not fall into the trivial Fourier—Wigner representation.
Thus, the question of uncertainty arises in the sense that if the Weyl transform of each
Fourier—Wigner piece of f € L?>(G*) is of finite rank, then f is zero almost everywhere
as long as the nonvanishing set for each Fourier—Wigner piece of f has finite measure.

The following QUP holds for the Heisenberg motion group.

THEOREM 4.5. Let f € L' N L*(G) be such that each T)o IS nonvanishing on the set

2o X K.

(1) If X, has finite measure, and each W(’}(‘r_/l)(-) =ap(:, p QY)p @ Y for some ¢ ®
W € H2 and ag > 0, then f = 0 a.e.

(i) IfZ, = A X B C R" x R" has finite measure, and each WA(Ty)(-) = jj\il ai-, i f
where a; >0 and {f; = ¢; ®y; € H2 : 1 <j< N} is an orthonormal set, then
f=0a.e.

As a corollary to Theorem 2.1, the following analog holds for the Fourier—Wigner
transform on G*.

PROPOSITION 4.6. Let f; = ¢;®h; € H2; j=1,2,and F = V;f. If for each k € K the
set{z € C": F(z,k) # O} has finite Lebesgue measure, then F = 0.
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PROOF. It follows from Equation (3-1) that

F(z, k) = (a(2)u(k) ® o(k)(d1 ® hy), dp2 @ h2)
= (m(@QuK)¢1, pa){T (k)1 ha)
= T(u(k)p1, p2) (@) (k)h1, ha),
= X(z, k){o(k)hy, hy),

where X(z,k) = T(u(k)¢1, d2)(2). If {o(k)hi,hy) =0, then F(., k) =0. However, if
(o (k)hy, hy) # 0 for some k € K, then T(u(k)d;, ¢») is nonvanishing on a set of finite
Lebesgue measure. Hence, Theorem 2.1 yields that F' = 0. ]

For proving our main results of Theorems 4.5 and 4.9, we need the following crucial
result.

PROPOSITION 4.7. Let ¢1,...,¢x € L>(R") and k € U(n). Define bi(k) = (o (), ),
where yj € H,. For z € C", let

N
(k) = ) bk, 6.
=1
Let &, F be two subsets of R" of finite Lebesgue measure. If ¥ is nonvanishing on
EXF x U(n), then y = 0.
PROOF. We prove the proposition in the following two steps.

Step 1. In this step, we show that all ¢;; 1 <j < N are nonvanishing on a set of finite
Lebesgue measure. Let k = e € U(n) be the identity matrix. Then u(e) = I, the identity
operator on L?>(R"). For z = x + iy € C", we introduce the function Uy (x) = Y(z, e).
Since ¢; € L?(R™), except on a set of measure zero, ;] is finite on R". Let us introduce
a function y on R” by ¥(&) = (W 1ll¢1(©), . . ., Wnllén(©)), and hence

N
Ky(€) = ) IWiIPG(E + 1)) = (€ + ), x(E)en
=1
for almost every £ € R”, so that

¢y(x) — fR,, ei(X'er(l/Z)x-y)Ky(é:) dé

is the Fourier transform of K, (up to the factor e*¥/2). By assumption, it follows that
Yy = 0 forall y € R \ . Hence, we infer that K, = 0. Thus, we have shown that

WE+ ), x(E)ery =0
for almost every £ e R" andy e R" \ F.
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Assume toward a contradiction that S := {{ € R" : y({) # 0} has infinite Lebesgue
measure. Since ¥ has finite measure, without loss of generality, there exists s; € S N
(R™\ ). Note that y(s;) # 0 and

(€ +51).x(E))ey = 0.

Next, take s, € SN (R"\ (F + s1)), then y(s7) # 0, and since s, —s; ¢ ¥, we have
that (y (& + 52 — 51), ¥(&))cv = 0. In particular, (y(s2), x(s1))cv = 0. In this way, after
m steps, we get that {s; : 1 <j < m} such that y(s;) # 0 and

K(E+5,—5)x@)or =0 for 1 <j#j <m. (4-6)

If we consider s,,.1 € SN (R"\ Uj”il(? +57)), then x(s,,+1) # 0 and for j < m,

<X(§ + Sm+l — Sj),/\/(f»czv =0. 4-7
In particular, taking ¢ = s; in Equation (4-6) and & = s; in Equation (4-7),
(s x(spey =0 for1 <j#j <m+ 1.

For m = N, we obtain N + 1 nonzero mutually orthogonal vectors in CV, which is a
contradiction. It follows that S must have finite measure and hence all ¢; terms are
nonvanishing on S.

Step 1I. From Step I, it follows that K, is nonvanishing on a set of finite Lebesgue
measure for all y € R". Since ¥, is nonvanishing on &, by Benedicks’ theorem on R",
we get that K, = 0 for all y € R". Hence, y(x + iy,e) = O for all x,y € R".

Let k € U(n) and for z = x + iy € C", consider the function ¥, x(x) = ¥ (z, k). If we
write

N
Hyx(&) = )" bik)u(k)g)(& + )¢;() for almost every £ € R",

j=1

then gy (x) = [, €2V H, (&) d€ is the Fourier transform of H, up to the factor
€™/ Recall that each ¢; is nonvanishing on a set of finite Lebesgue measure on
R", and H, is nonvanishing on a set of finite measure for all y € R". Since ¥ is
nonvanishing on &, by Benedicks’ theorem, we get that H, ; = 0 for all y € R". Hence,
Y(x +iy,k) =0forall x,y € R" and k € U(n). |

REMARK 4.8. Instead of the rectangle & X ¥ in R?"_if we consider a set E of finite
Lebesgue measure in R?", then the projection of E on R” need not be a set of finite
measure. Hence, the above proof of Proposition 4.7 does not work.

4.3. QUP for the Weyl transform. Let & and # be Lebesgue measurable sets in R”
satisfying the condition 0 < m(E)m(F) < co. We write ¥’ = EX F and F*(v) = F(v1).
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Recall from Proposition 4.4 that every T € L*(G*) can be expressed as 7 = 5 _ % 7o
Then the following QUP holds for the Weyl transform on the Heisenberg motion group.

THEOREM 4.9. Let fe L' NL*(G*) and let T = f* X f be such that each Ty, is
nonvanishing on the set of the type ¥’ x K. If for each o € K, the Weyl transform of T
has the form

N
We@) = D ai /),
Jj=1

where a; > 0 and BY = {f; = ¢;®y; € HZ : 1 <j < N} is an orthonormal set, then
f=0a.e.

PROOF. By hypothesis, W, (T) = W,(f)"W,(f) is a positive operator which satisfies
Wo(®)f; = a;f; witha; > 0 and f; = ¢; ® ;. Now, for f, g € H2Z, it is immediate that

N
Wo®)f.8) = ) ailf. ) @)
j=1
o i
= (2™ » V&(z, k)V (z, k) dz dk. 4-8
(2m) ;a,fl(fcnf(z)ﬁ(z)z (4-8)

In view of the decomposition 7 = GB 7, and by the definition of W,(7), we can

write

oekK

We(D)f,8) = ff (2, k)p) (2, k) f, &) dz dk
f f T, (2, k)Vg(Z, k) dz dk. (4-9)
Hence, by comparing Equation (4-8) with Equation (4-9), it follows that

-

Jj=1

, (4-10)

FF

where h; = 2n)"? \Ja;f; € Hz. Now, let hj = ¢;®y; for some ¢; € L*(R") and
Y; € H,. Then from Equation (4-10), we have that

N N
T2, k) = ) (oo by ) = " kXK, ),
j=1 j=1

where b;(k) = (o (k)ys;, ;). Since 7, is nonvanishing on a set of finite Lebesgue

measure in the C"-variable, by Proposition 4.7, it follows that 7, = 0, whenever o € K.
Thus, Proposition 4.1 yields that f = 0 a.e. o
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REMARK 4.10. (i) Observe that in Theorem 4.9, if we assume that f is nonvanishing
on the set EX F X K so that 0 < m(E)m(F) < oo, then T = f* X f is nonvanishing
on the set & X ¥ of finite measure, but from the decomposition 7 = @”el? T, €ach
Fourier—-Wigner piece 7, need not be nonvanishing on a set of finite measure.
In the case above, the proof of Theorem 4.9 does not work. Moreover, if each 7, is
nonvanishing on a set of finite measure, then 7 may or may not be nonvanishing on
a set of finite measure. Thus, the hypothesis of Theorem 4.9 is different as compared
with [16, Theorem 2.2], but still we have that f = 0 a.e.

(ii) If T € L*(G*) is K-bi-invariant and nonvanishing on a set of finite measure, then
7 need not be identical with 7, for any o € K. This fact is verified by considering the
example of the one-dimensional Heisenberg motion group H! = U(1) in the article by
Ghosh and Srivastava [8].

4.4. Proof of Theorem 4.5.

PROOF. (i) For f € L' N L*(G), since T; = f*" x f* and it is given that W4(7;) has
rank one, it is enough to show that f* = 0. Consider the case when A = 1, and for
simplicity, we use the notation 7 and 7, instead of 7, and 7,. By hypothesis, we
have that W, (T)h = (h, f1)f> for all h € 7—((%, where fi = ¢ ® ¢ and f, = ayf;. Hence,
for g, h € H2, Lemma 4.2 yields

<W0'(%)h7g> = <h’f1><f2’g>
= Q)" f f VE(z, )V (2, k) dz dk. (4-11)
K Jcr

Lett = @ 7., where 7, € Vp_. Then by definition of W,(7), it follows that

oek

(W (D)h, g) = f

K

f T (2, k)V; (z, k) dz dk. 4-12)

Now, by comparing Equation (4-11) with Equation (4-12) in view of Proposition 4.4,
we infer that 7, = 27)™" Vj{lz Since each 7, is nonvanishing on X, X K, it follows from
Proposition 4.6 that 7, = 0 for all o € K. That is, 7 = 0 and hence f' = 0. Similarly,
we can show that f4 = 0 for all A € R*. Thus, we conclude that f = 0 a.e.

(i) For A = 1, it follows from Theorem 4.9 that f! = 0. Similarly, it can be shown
that 4 = 0 for all A € R*. Thus, we conclude that f = 0 a.e. ]
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