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ABSTRACT 

In order to describe geometrical facts in geodesy, geodynamics, 
or astronomy, one must have suitable reference frames. This 
paper deals with some basic concepts for the definition of both 
terrestrial and celestial systems which make it possible to 
describe position and motion of mass elements of the earth or 
stars, respectively. It is suggested to use such frames with 
respect to which coordinate changes of points on the earth's 
surface or of stars, respectively, become minimal. The rotation 
vector should be defined by applying the rotation operator on 
the velocity field. 

1. GENERAL REQUIREMENTS OF REFERENCE FRAMES, CLASSIFICATION IN 
LOCAL, GLOBAL, AND UNIVERSAL FRAMES 

The use of the expression "motion" requires a statement as to 
what is regarded as fixed. Such a definition is necessary to 
identify points or directions at the present epoch with respect 
to points or directions at an earlier epoch. There are two ex­
treme choices to define what is fixed: 1) Local: The mass on 
which one is standing or on which one has a geodetic point and 
the observational instrument is regarded as fixed. Then all 
other mass elements of the deformable earth and all other 
celestial bodies will move with respect to this fixed point. 
2) Universal: The axes of an inertial system can be considered 
as universally fixed. However, a strict practical realization of 
an inertial system is hardly possible. Later on, a certain ap­
proximation will be introduced. 
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Neither of these two choices is satisfying the needs of geodesy 
or geodynamics. For the deformable earth, one needs something 
that is earth-fixed in some "average" sense over the whole globe. 
Let us call this "globally fixed". After one has defined what is 
to be regarded as fixed, one can establish a reference frame, by 
defining for one epoch the origin and the direction of the axes. 
This is in principle quite arbitrary; but once one has done this, 
the frame will be defined for all subsequent epochs. The special 
frame one may choose will, however, be less important in this con­
tribution, since all frames which do not move with respect to each 
other are equivalent. 

2. PRINCIPLES OF DEFINING WHAT IS FIXED, IN GEODESY AND 
ASTRONOMY 

2.1 Global Concepts for the Earth 

If we exclude such principles which privilege a single point or 
few points of the earth surface, there remain essentially two 
concepts: a dynamical one and a geometrical one. For a dynamical 
definition, one can take the mass centre and the principal axes 
of inertia. Any system with respect to which these elements do 
not move is globally fixed in the dynamical sense. The practical 
disadvantages of this definition are well known, namely that the 
mass centre is not directly accessible, that the equatorial axes 
are ill defined, and that both have motions with respect to the 
earth surface that may be larger than the relative motions of 
different parts of the surface. 

These circumstances favour the geometrical concept: Every geode-
sist would be happy if the crust of the earth were rigid because 
coordinates of terrestrial points would not change in this case. 
Therefore, it is a good choice to fix one's reference frame in 
such a way that the square sum of coordinate changes or, equiva-
lently, the square sum of the displacements of all points of the 
earth surface becomes minimal from one epoch to the immediately 
following. This means that the square sum of all velocities v is 
minimal. 

II |v|2 da = min (la) 
E ~ 

where £ = surface of the earth and do = element of 2. Taking 
into consideration that along the edges of crustal plates mass 
flows out or sinks into the interior, one could extend the inte­
gration area: 

II |v|2 dw = min (lb) 
W 
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where W = earth crust and a certain domain below the crust, 
dw = element of W. This is, of course, in practice not strictly 
realizable, because observations would have to continuous both 
in space and in time. This leads to the approximation: 

Zp. |x.(t.) x.(t. ) | 2 (lc) 

where x is the position vector, i a discrete point, j the dis­
crete epoch, p. a positive weight factor. 

Thus, if at an initial epoch tn a reference frame has been de­
fined and coordinates x(tn) been computed, the frame can be up­
dated from one epoch to the next. Therefore, it is necessary to 
determine for each epoch ti preliminary coordinates y(t^) in an 
arbitrary free frame from geodetic observations at epoch t.. 
Then the transformation parameters 01,62,63 (for rotation) and 
82,82,83 (for translation) from the free frame are determined 
from the adjustment condition 

?Pi R(e1,e2,e3) z±(t ) 

using Cartesian coordinates. 

.s3 
^ 3 - ,) 12 _ (2) 

Let the solution, for which the minimum is achieved, be 
sx = sj, (k,l = 1,2,3); then 

k' 

x i ( t j ) R(6i,e2) *i(t3 
) + 

will be the corrdinates in the updated globally fixed frame at 
epoch t.. It should be noted that this frame at epoch tj and 
that at epoch tj-j are by definition identical. Only the coor­
dinates have changed a little due to deformation. The establish­
ment of the frame at the initial epoch tg should be done in such 
a way that it coincides then with a traditional frame, as, for 
example, the one defined by the mass centre, the CIO, and the 
meridian of Greenwich. We shall call such a frame an earth-
fixed one. 

2.2 Generalization and Specialization of the Minimum Principle 

The same problem of deformation as on the earth arises "in the 
sky"; for the relative positions of the stars, too, change in 
time (2- or 3-dimensional proper motion). Therefore, eq. (2) can 
be applied for defining a "fixed" celestial frame (as an approx­
imation to an inertial frame) in the same way as for an earth-
fixed frame. The index i denotes then the star (including 
quasars) instead of the point. The fact that the proper motion 
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one can either take the rotation of the earth-fixed frame or the 
average of all local rotation vectors. These two choices will in 
general not coincide. 
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