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|deas from Zariski Topology in the
Study of Cubical Homology

Tomasz Kaczynski, Marian Mrozek, and Anik Trahan

Abstract. Cubical sets and their homology have been used in dynamical systems as well as in digital
imaging. We take a fresh look at this topic, following Zariski ideas from algebraic geometry. The
cubical topology is defined to be a topology in R? in which a set is closed if and only if it is cubical. This
concept is a convenient frame for describing a variety of important features of cubical sets. Separation
axioms which, in general, are not satisfied here, characterize exactly those pairs of points which we
want to distinguish. The noetherian property guarantees the correctness of the algorithms. Moreover,
maps between cubical sets which are continuous and closed with respect to the cubical topology are
precisely those for whom the homology map can be defined and computed without grid subdivisions.
A combinatorial version of the Vietoris—Begle theorem is derived. This theorem plays the central role
in an algorithm computing homology of maps which are continuous with respect to the Euclidean
topology.

1 Introduction

Representable sets, in particular, cubical sets, and their homology have proved to
be useful geometric structures in a variety of applications from the Conley index in
dynamical systems [9, 13, 16, 17] to image and pattern recognition in digital imaging
(2, 3, 9]'. We take a fresh look at this topic, following Zariski ideas from algebraic
geometry. Recall from [4, 8] that the Zariski topology in the Euclidean space R? is
defined by declaring that a proper subset of R? is closed if and only if it is algebraic.
The cubical topology is a topology in R? in which a proper subset is closed if and only
if it is cubical.

It seems foolish at first to abandon the standard Euclidean topology and introduce
one which is not only not metrizable, but which does not even satisfy any separa-
tion axiom. Nevertheless, the points which we want to distinguish in a cubical set
are exactly those which belong to different cells or different elementary cubes, i.e.,
the points separated by the cubical topology. In digital imaging, computer scien-
tists seem to have a hard time deciding if they prefer to interpret pixels as unit size
squares or as isolated points in a square grid. The cubical topology permits these two
interpretations to co-exist on mathematical grounds.

Cubical topology has some more interesting features. A crucial property of the
Zariski topology used in algebraic geometry is that it is noetherian, that is, every de-
creasing sequence of closed sets eventually becomes constant. That the cubical topol-

Received by the editors November 12, 2004; revised October 24, 2005.
The research of the first author was supported by a grant from NSERC. The research of the second
was supported by Polish KBN grant no. 2 PO3A 041 24
AMS subject classification: Primary: 55-04; secondary: 52B05, 54C60, 68W05, 68W30, 68U10.
(©Canadian Mathematical Society 2007.
'The homology used in the cited papers is cubical but it differs from the classical singular cubical
homology [5, 10] in the same way that the singular homology differs from the simplicial homology.

1008

https://doi.org/10.4153/CJM-2007-043-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-043-3

Ideas from Zariski Topology in the Study of Cubical Homology 1009

ogy is noetherian is quite obvious, but the simplicity of this observation does not
diminish its importance. In fact, all algorithms which construct isolating neighbor-
hoods and index pairs in dynamics are based on this property. Also, irreducible closed
sets are precisely elementary cubes. Moreover, maps f: X — Y between cubical sets
which are continuous and closed with respect to the cubical topology are precisely
those for which the homology map H.(f) can be defined and computed without
grid rescaling (the concept of rescaling is defined in [9]) or equivalently, without grid
subdivisions. Although this class of maps, called cubical maps, seems somewhat re-
strictive, its study leads to algorithms for constructing homology of maps which are
continuous with respect to the Euclidean topology.

This paper is organized as follows. In Section 2, definitions and properties of cu-
bical sets, cubical chain complexes, and representable sets are recalled from [9]. Note
that the cubical chain complex studied here is a combinatorial concept, in contrast
with a well known, but less suitable for algorithms, concept of singular cubical com-
plex presented for instance in [10, 5]. In Section 3, definition and properties of cubi-
cal topology are presented. For some routine proofs we refer to [18]. In Section 4, we
define the class of cubical maps as the class of maps on cubical sets which are contin-
uous and closed with respect to the relative cubical topology. We discuss the relation
of this definition to the one given in [6], and give an explicit formula for a cubical
map in terms of its coordinate functions. Using that formula, the homomorphism
induced in homology by a cubical map is constructed.

In Section 4.3 we present a combinatorial version of the Vietoris—Begle theorem
with a direct elementary proof. The classical version of that theorem has motivated
extensions of homology theory to various classes of multivalued maps (see [7] and
references therein) and is also used as a justification of a combinatorial procedure
for computing homology of single-valued maps via their multivalued enclosures [1].
This approach has been further developed in [9]. The Vietoris—Begle theorem is at
the heart of the explicit algorithm presented in [11]. Unfortunately, the role of that
theorem in the construction presented there is hidden by many technicalities needed
for the efficiency of the algorithm. Also, that paper uses the classical version of the
theorem, but the elementary version presented in this paper is sufficient. For this
reason, in Section 5 we provide a brief review of [11] in terms of our combinatorial
Vietoris—Begle theorem. The reader interested in details is referred to [11].

2 Preliminaries

We recall here basic terminology related to cubical sets, cubical chain complexes, and
representable sets [9]. The proofs of all statements of this section can be found in [9],
except for Proposition 2.1 which is proved in [18].

2.1 Cubical Sets

An elementary cube is a finite product of intervals

(1) Q=L xLx---xI; CR?,
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where [; is either a unit interval [I;,]; + 1] or a point (degenerated interval) [I;,];] =
(] := {L}, and I; € Z, where Z is the set of all integers. The set of all elementary
cubes is denoted by K, and the set of those which are in R¥ for a specific d is denoted
by K. The number d in (1) is called the embedding number of Q and is denoted by
emb Q. The dimension of Q is the number of non-degenerated intervals I; of the form
[l;,1; + 1] in (1) and is denoted by dim Q. We put

K ={Qe X |dmQ=k}, K¢:=%Kn%K.

Let Q,P € K. If Q C P, then Qisaface of P. If Q C P and Q # P, then Qs a proper
face of P.

Proposition 2.1  Let Q € K¢. Then Q has 3 faces.

A set X C R is cubical if X can be written as a finite union of elementary cubes.
Given a cubical set X C R?, we denote by K(X), respectively Ki(X), the set of those
Qe X4, respectively Q € 3{‘;, such that Q C X. If Q € K(X) is not a proper face of
some P € K(X), then it is called a maximal face in X. The set of maximal faces in X
is denoted by XK., (X).

2.2 Cubical Chain Complex

The group Cg of k-dimensional chains of R? (k-chains for short) is the free abelian
group generated by X¢. By definition, the elements of C{ are functions c: X¢ — 7
such that ¢(Q) = 0 for all but a finite number of Q € UCf. We distinguish between
the geometric objects, elementary cubes Q € K¢, and the corresponding algebraic
objects, their duals Q: 5(‘,3 — 7, defined on any P € K¢ by

2) ap) = {1 ifP=Q,

0 otherwise.

Theset {Q| Q € K¢} is the canonical basis for C¢. We put C{ = 0ifk > d, k < 0,
or d < 0. In order to define the chain complex structure for the collection of groups
{C{}xez, we first need the following auxiliary operation.

Given P € KZ and Q € fKZ,/,wehaveP X Qe UCZIZ,/. Setﬁoa := P x Q. This
definition extends to arbitrary chains ¢; € C{ and ¢, € C,‘f,/ by

o= Y. q (P)c,(Q)P x Q.

PeXy
QGka/

The chainc; ¢ ¢, € C,’f:,’f,/ is called the cubical product of ¢; and c,.
Given k € 7, the cubical boundary map 9y: C{ — C{_| is a homomorphism

defined on generators Q, where Q € iKZ, by induction on the embedding number d
as follows.
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Firstletd = 1. Then Q = [I] € K} or Q = [I,1+ 1] € K] for some | € Z. Define

5 _Jo if Q= [,
. {[ﬂ\u — [ ifQ=(L1+1].

Letd > 1and Q = Hfl:l I;, where I; are intervals (some possibly degenerate) in R.
Put] =I,and P = H;-i:z I.. Then Q = I o P. Define

(3) HQ = O ToP+ (=)™ To g P,

where k; = dim [ and k; = dim P. Finally, we extend the definition to all chains by
linearity. It is shown in [9] that cubical boundary maps satisfy the algebraic condition
for a boundary map in an arbitrary chain complex, that is,

(4) Ok 0 Okr1 = 0,

for all k € 7. Thus € := {Cy, O }rez is a chain complex. We shall now localize this
chain complex to cubical sets. The support of a chain ¢ € C{ is the cubical set

e[ :== U{Q € K{ | «(Q) # 0}
Given a cubical set X C R?, we define
(5) Cv(X) = {c € C,‘f | le| X} .

Ci(X) is a finitely generated free abelian group and the set {é | Q € Ki(X)} is abasis
called its canonical basis. We also have 9y(Cx(X)) C Ci_;(X). Hence, the restricted
boundary map 9 : Cx(X) — C_1(X) is well defined and €(X) := {Cx(X), %}kel
is a chain complex called the cubical chain complex of X. When X is clear from the
context, we will use the notation 9y for the restricted map (’“),}f .

The homology of X is the collection H,(X) = {Hi(X)}rez of quotient groups
Hi(X) = Zp(X)/Bi(X), where Zi(X) := ker 9} is the group of k-cycles of X and
Bi(X) := im 8, is the group of k-boundaries of X.

2.3 Representable Sets

Note that any cubical set X C R? is closed and bounded. Intersections and finite
unions of cubical sets are cubical. We want to obtain a larger class of sets, closed
under the subtraction X \ Y.
Given any elementary cube Q = I; x I, X - - - X Iy, the corresponding elementary
cell .
Q:IOI ><f2><---><10d

is the set obtained by replacing all non-degenerate closed intervals I; = [I;,]; + 1] in
the expression for Q by the open ones Iol- = (;,I; + 1), while Iol- = Lif L = [L].
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Proposition 2.2 Elementary cells have the following properties:

(i) R=U{Q] Qe X

(i) IfA C R is bounded, then the set {Q € K | QNA# @} is finite.

(iii) FP,Qe X thnPNQ=@orP=Q.

(iv) Forevery Q € XK, cl QO =Q.

(v) Q€ X9 implies that Q = U{lg | P € K¢ such that P C Q}.

(vi) If X is a cubical set and QO N X # & for some elementary cube Q, then Q C X.

AsetY C R is called representable if it is a finite union of elementary cells. The
family of representable sets in R? is denoted by R

Proposition 2.3  Representable sets have the following properties:

(i)  Every elementary cube is representable.

(ii) IfA,B€ R then AUB,ANB,A\B¢& R

(iii) A set X C R? is cubical if and only if it is closed and representable.

(iv) A bounded set A C R is representable if and only if for every Q € K¢, éﬁA #* O
implies é C A

Let A C R? be a bounded set. Then the open hull of A is

(6) oh(A) == J{Q| Qe X,QNA # o},
and the closed hull of A is
7) ch(A) :=J{Q| Qe X,QnA # z}.

Proposition 2.4  Assume A C RY. Then

(i) oh(A) ={U e R? | Uisopenand A C U}.
(ii) ch(A) = N{B € R | Bisclosed and A C B}.

3 Cubical Topology

It is obvious that a union of a finite family of cubical sets in R? is a cubical set and
easy to show that the intersection of any family of cubical sets is a cubical set. Thus
the following definition makes sense.

Definition 3.1  The cubical topology in R? is defined by the family V* of closed sets
given by V¥ := {X C R? | X is a cubical set} U {@, X}. More precisely, the family
T4 of open sets called the cubical topology in R? is given by U € T4 if and only if
RI\U € V.

Note that open sets, the complements of cubical sets, are unbounded. In partic-
ular, representable sets which are open with respect to Euclidean topology are not
open in cubical topology. This slight inconvenience may be avoided by restricting the
topology to a fixed cubical set X C R, which is always done in practical applications.
Let Ty := {U N X | U € T} be the relative cubical topology of X. The following is
easily verified.
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Proposition 3.2 Let X be a cubical set. A set U C X isin Tx if and only if U is
representable and open in the relative Euclidean topology of X.

It is easy to see that the cubical topology does not satisfy any separation axioms.
For example, points in the open interval (1,2) C R cannot be separated in the sense
of any axiom. We introduce the following refinement to two axioms of interest to us.

Definition 3.3 Let (X, T) be a topological space and x, y € X.

(i) Thepointsx and y are Ty-separable if there exists U € T which contains exactly
one of those two points.

(ii) The points x and y are T -separable if there exist U, W € T such that U contains
x and not y and W contains y and not x.

(iii) The points x and y are T,-separable or Hausdorff-separable if there exist
U,WeTsuchthat UNW =@, xe€Uandy e W.

Proposition 3.4  Consider the cubical topology T¢ and let x,y € R?.

(i)  The points x and y are Ty-separable if and only if they are in distinct elementary
cells 13, é

(ii) The points x and y are T -separable if and only if they are in distinct elementary
cells IO’, Qo, such that neither P C Q nor Q C P.

(iii) Let X be a cubical set with the restricted cubical topology T|x and let x, y € X. The
points x and y are T,-separable in X if and only if oh(x) N oh(y) = @.

Proof (i) Suppose that x and y are T, separable, and let U € T be a set withx € U,
y ¢ U. ThenY = R?\ U is a cubical set containing y. By Proposition 2.2(i) and
Proposition 2.3(iii), both U and Y are unions of elementary cells, hence there exist
P,Q € K such that x € PCUand y € COQ C Y. Since U and Y are disjoint, so are p
and é

Now suppose that there exist distinct cells Pand (5 such that x € P and y € (3 If
x ¢ Q, then we may take U = R?\ Q. Thenx € U and y ¢ U. If y ¢ P, then we
may take U = R? \ P, and the conclusion follows the same way. If neither of these
assumptions hold, thenx € QN Pand yePN é Then Proposition 2.3(iv) implies
that P C Qand é C P. By Proposition 2.2(iv), P = Q, a contradiction.

(ii) Suppose that x and y are T) separable;let U € Tbeasetwithx € U,y ¢ U
and W € Tbeasetwithy € W,x ¢ W. Thenx € U\ Wand y € W\ U.
Since U and W are both unions of elementary cells, there are cells Pand é such that
xebcC U\Wandy € Qc W\ U. It remains to show that P ¢ Qand Q ¢ P.
We have é NU = @. Since U is open in 7, it is also open in the Euclidean topology,
and since Q = ¢l QO, it follows that QN U = @. If P C Q, we get a contradiction to
P CU. The argument for Q ¢ P is analogous.

Now suppose that there exist distinct cells Pand (02 such thatx € 13, y € (02, PZ Q,
and Q ¢ P.Ifx ¢ Qand y ¢ P, then we may take U = R?\ Q, W = R? \ P and the
conclusion follows as in the proof of (i). If one of these assumptions fails, for example
x € Q, then we show, as in (i), that Pc Q,soP = dPc Q, a contradiction.
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(iii) By Proposition 2.4(i), oh(x) and oh(y) are the smallest open (in the Euclidean
topology) representable sets containing, respectively, x and y. Therefore the conclu-
sion follows from Proposition 3.2. [ ]

Cubical topology has analogous properties to Zariski topology. This analogy is
exhibited in the following definitions and propositions.

Definition 3.5 A topological space (X, T) is called noetherian if, given any decreas-
ing family V; DV, D V3 D - - - of closed sets, there exists an integer #n > 1 such that
Vy=Vyyjforall j € N.

Proposition 3.6  The space (R?, T%) is noetherian.

Proof Consider a decreasing sequence Vi D V, D V3 D --- of closed sets. If
V; = R for all i or V,, = & for a sufficiently large n, the conclusion is obviously
satisfied, so we may assume that there exists k such that X; is a cubical set for all i > k.
In particular, Xj can be written as X = UT:] Qj, where Q; € K. By Proposition
2.1, there exists at most 734 elementary cubes included in Xj and at most m' o
proper cubical subsets of X;. Thus V;1; = V; for all but finitely many i, and the
conclusion follows. [ |

Definition 3.7 Let (X, T) be a topological space. A closed set V' C X is irreducible
if, given any decomposition V = V; U V, with V7, V; closed, we must have V = V;
orV =V,

Proposition 3.8 LetV € V. ThenV is irreducible if and only if V.= R or V is an
elementary cube.

Proof First, observe that R? is irreducible, because all other elements of V¥ are cu-
bical sets. Cubical sets are bounded and R? is not, so it cannot be a union of two
cubical sets. Let V' C R? be an irreducible closed set. If V/ #* IR?, then V is a cubical
set, so it may be written as a union of n elementary cubes, V = U?Zl Q;, Q; € X1
We argue by induction on # that V' is an elementary cube. If n = 1,V = Q is an ele-
mentary cube. If n > 1, consider the decomposition V = V; UV, with V; = Q; and
V, = U:':z Q;. Since V is irreducible, either V. = V; or V = V, and the induction
hypothesis applies to both cases.

Suppose that V = Q is an elementary cube and consider its decomposition Q =
V1 UV, to two closed, hence cubical, subsets. Then the cell é intersects either V; or
V,, and the conclusion follows from Proposition 2.2(iv). [ |

Proposition 3.9  For any V. € V¥ there exists a unique family of irreducible sets
{Vitkmrp,..n such that Vi & Vi for j # kand V = J;_, Vi.
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Proof The set V = R? is irreducible, so we may assume that V is a cubical set, so it
can be written as a finite union of elements of . By the definition of a maximal face,
it can be writtenas V = |J{Q € X | Q € Knox(X)}. This union extends over a finite
set, and it remains to show that it is unique. Suppose that V' = (J;_, Vi, where V;
are irreducible and V; ¢ V. By Proposition 3.8, V} is an elementary cube for each k.
We need to show that {V | k = 1,...,1} = K,(V). Suppose that Q € K., (V).
Since UZ:I Vi = V, there exists k such that Q N Vi # @. By Proposition 2.2(vi),
Q C V4. Since Q is maximal, Q = V. Thus

(8) Kuax(V) C{Vic | k=1,...,n}.

The reverse inclusion is shown by contradiction. Suppose that V; ¢ XK. (V) for
some j. Then there exists Q € K,,.«(V) such that V; is a proper face of Q. By (8),
Q = Vi for some k. But V; ¢ Vy, a contradiction. [ |

We end this section with a remark that the statements of all propositions in this
section hold true for relative cubical topology in a given cubical set.

4 Cubical Maps and Their Homology
4.1 Cubical Maps

Having recalled the definition of homology of a cubical set in Section 2, we now
want to extend this definition to maps f: X — Y where X, Y C R? are cubical sets.
Following [6], we will define the homomorphism H..(f) induced in homology for a
class of maps satisfying the following two conditions:

(1)  f(Q) € K(Y) for every Q € K(X).
(i)  The restriction f|q to every Q € K(X) is affine linear.

These conditions somewhat mimic the definition of simplicial maps in the simplicial
homology theory. The difference between these two classes of maps is that vertices
of a simplex are affine independent, whereas vertices of an elementary cube are not.
Thus, any simplicial vertex map admits a unique linear extension to each simplex,
and the passage from a combinatorial concept of a simplicial vertex map to a topo-
logical concept of a piecewise continuous map is very natural. This is not true for
maps defined on vertices of elementary cubes, which cause condition (ii) to be re-
strictive and not natural. However, the only purpose of this condition is to obtain a
continuous map. When the cubical topology introduced in Section 3 is considered,
condition (ii) is not necessary and the definition of a cubical map can be stated as
follows.

Definition 4.1 Let X, Y be cubical sets. A map f: X — Y is called a cubical map
if it is a continuous and closed map with respect to the relative cubical topology in X
andY.

Here is a more explicit equivalent formulation.
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Proposition 4.2 Let X, Y be cubical sets. A map f: X — Y is a cubical map if and
only if

(i) f~HQ) is a cubical set for every Q € K(Y),

(i)  f(Q) € K(Y) for every Q € K(X).

Proof By definition of the relative cubical topology, f is continuous if and only if
f~'(A) is a cubical set in X for every cubical set A in Y. Since every cubical set is a
finite union of elementary cubes and a finite union of cubical sets is a cubical set, this
is equivalent to (i).

Again by definition, f is a closed map if and only if f(A) is a cubical set in Y
for every cubical set A in X. By the previous arguments, this is equivalent to the
condition that f(Q) is a cubical set for every Q € K(X). We show, by contradiction,
that f(Q) must be an elementary cube. Suppose that f(Q) is a cubical set which
is not an elementary cube. By Proposition 3.8, there are two cubical sets R and S,
neither equal to f(Q), such that f(Q) = RUS. Then Q = f~}(R) U f~1(S). Since
Q is irreducible and f~!(R) and f~!(S) are cubical, we must have Q = f~!(R) or
Q= f~S),s0 f(Q) = Ror f(Q) = S, a contradiction. [ |

The following property of cubical maps will be used later.

Proposition 4.3  Let X, Y be cubical sets and f: X — Y a cubical map. For any
Q € X(X) dim f(Q) < dim Q.

Proof We argue by induction on the dimension k = dim Q. If k = 0, Q is a sin-
gleton and so is f(Q), hence dim f(Q) = dim Q = 0. Suppose that the conclusion
holds for a given k > 0. Let Q € Ky (X) and m = dim f(Q). If m = 0, we are
done. If m > 0, there are two opposite faces P, and P_ of f(Q) of dimension m — 1.
Since P, and P_ are disjoint elementary cubes, f ~!(P,) and f~!(P_) are two disjoint
proper cubical subsets of Q. Therefore, dim f~!(P;) < kand dim f~'(P_) < k. By
induction hypothesis, k < m — 1,s0dimQ = k+ 1 < m = dim f(Q). [ |

The identity map idx obviously is a cubical map, and it is easy to check that the
composition go f of two cubical maps is a cubical map. Thus we may form a category
Cub whose objects are cubical sets and morphisms are cubical maps.

Note that cubical maps are not necessarily continuous with respect to the Eu-
clidean topology. For example, any surjective function f: [0,1] — [0, 1] such that
f~'({0,1}) = {0, 1} is a cubical map. We can modify values of a cubical func-
tion inside elementary cells freely, as long as images of elementary cubes remain the
same. Therefore it makes sense to define an equivalence relation for cubical maps
f,g: X — Y by setting f ~ g if and only if f(Q) = g(Q) for all Q € K(X).
The equivalence class of f is called the cubical class of f. We will soon see that any
cubical map contains in its cubical class a representative which is continuous and
whose restriction to any elementary cube is affine linear, that is, a linear map possi-
bly composed with a translation. Before proceeding further, it is helpful to have some
examples of cubical maps.
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Example 4.4  An inclusion of cubical sets i: A — X is a cubical map. The fol-
lowing maps of the Euclidean space, when restriced to a cubical set and its image,
become cubical maps:

(i)  Projection, p: R4 — RI—L) p(x) = (%2, %3, ...,%4);

(ii) Coordinate immersion, j: R* — R j(x) = (m, x1, %, ...,%), m € Z;

(iii) Translation, X — m + x, where m € 74;

(iv) Transpose, (xi, Xi+1) — (Xit1,Xi);

(v) Inversion, x; — —x;.

A composition of cubical maps is a cubical map, hence more maps can be gener-
ated from the above examples. We proceed towards an explicit formula which im-
plies, in particular, that any cubical map can be obtained by composing the maps
listed in Example 4.4, up to the cubical equivalence class.

In the sequel, the following notation is be helpful. We first put N; = {1,2,...,d}.
Next, given an elementarycube Q = I x I, X ... X I; € X4, we put

ess(Q) := {i € Ny | I; is non-degenerate}.

Theorem 4.5 LetX C R? andY C RY" be cubical sets. The cubical class of any cubical
map g: X — Y contains a map f with the following property. For all Q € K(X), the
restriction to Q of f = (fi, f2, - - ., far) can be expressed coordinate-wise by the formula

9) fi(x) = m; + €ixu,

wherei € Ny, m; € Z, ¢; € {—1,0,1} and p is a function from Ny to Ng. Moreover,
€; and m; are uniquely determined by i, p(i) is uniquely determined by i unless ¢; = 0,
and the function vy g: ess(f(Q)) — ess(Q) such that vy q(k) = (k) is injective and
uniquely determined by f and Q. Conversely, any map defined on elementary cubes in
X by (9) is a cubical map.

Proof The construction of f on each elementary cube Q proceeds by induction on
k =dimQ.
Let k = 0. Then g(Q) € ng (Y) by Proposition 4.3, so we may write

dl
gQ =[Jul, ez

i=1

Hence fi(Q) = I; + 0 is a unique function of the form (9) except that p is arbitrary
because ¢; = 0. The function v q is not defined in this case, because ess(g(Q)) =
& = ess(Q). Thus we may put fq = gjo-

Suppose that the construction is done for all elementary cubes of dimension k > 0
so that the restriction of g and f to the k-th skeleton of X,

X® ={Qe Ki(X) | i <k},

satisfies the conclusion of the theorem. Consider Q € X (X).
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Ifess(g(Q)) = &, we getas previously, g;(Q) = li+0and fq 1= gjo. Ifess(g(Q)) #
o, choose n € ess(g(Q)) and let g,(Q) = [r,, 7, + 1]. Put

P =g(Q),
Py =g1(Q) x £(Q) X -+ x g,-1(Q) X [ry] X gur1(Q) X -+ X g4/(Q),
Qo =QnNg '(Py).

Since P, is a proper face of P, Qy € Q. It follows from Proposition 3.8 that Qy is an
elementary cube. Indeed, suppose that R;, R; are cubical sets such that Qy = R; UR,.
Then g(Ry) Ug(R,) = Py, but g is a cubical map and Py is an elementary cube, hence
g(Ry) = Py or g(R;) = Py. Consequently, Ry = Qg or R, = Q,. Hence, Qy is
an elementary cube and a proper face of Q. We show that dim Q, = k. Indeed, if
dim Qy < k, there exists Ry (X) such that Qy C Ry € Q, and then g(Qy) = Py €
g(Ro) € g(Q) = P. This is impossible, because the three sets are elementary cubes
and dim g(Q) = dim Py + 1. Thus dim Qy = dim Py = k.

By the induction hypothesis, fq, is defined coordinate-wise by formulas f;;(x) =
Mo; + €0iXpy(i) for i € Ny, and €g;, m0;, and pio(7) are uniquely determined by i. Since
dimg, = k, there is a unique j € ess(Q) such that j ¢ ess(Qp). The j-th component
I; of Q can be written as I; = [I;,[; + 1], and the j-th component Iy; of Q is either
(L;] or [I; +1].

In the case Iy; = [I;], we put fi(x) = foi(x) foralli # nand f,(x) = r, — I; + x;.
This uniquely determines m, = r, — I;, ¢, = 1 and pu(n) = j.

In the case Iy; = [[; + 1], weput f; = fy; foralli # nand f, = r, + 1 +; — x;.
This uniquely determines m,, = r, + 1 +1;, €, = —1 and u(n) = j.

We show that vy q: ess(f(Q)) — ess(Q) such that v¢ (k) = p(k) is an injective
function. Consider a,b € ess(f(Q)), a # b. If a # nand b # n, then a,b €
ess(f(Qp)) and, by induction hypothesis, a # b implies v(a) # v(b). Ifa = n # b,
then v(a) = v(n) = jand b € ess(f(Qp)). However, j is not in the image of vy q,,
hence v(a) # v(b).

The converse statement is obvious. [ |

Note that the coordinate function f; in the formula (9) for a given elementary cube
Q depends only on one coordinate of x, namely x,,;. Thus, we may introduce cubical

functions f: I,;) — J; defined on elementary intervals appearing in Q = H{j’:l I;,
f(Q) =TIL, Ji given by
(10) fit) = m; + et

With the help of these one-dimensional functions, the formulas (9) for i € Ny can
be replaced by the formula

(11) £ = (G @) - f* ().

It is clear that the maps defined by (9) and (11) are affine linear on each elementary
cube, and since the formulas coincide on common faces of elementary cubes, they
extend to amap f: X — Y which is continuous in Euclidean topology. Thus every
cubical class contains a representative which is continuous in the traditional sense.
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4.2 Induced Chain Maps

We shall now proceed towards the definition of H,(f), the homomorphism induced
by a cubical map f. First, let us introduce the following notation. Given A,B C N
and a function o: A — B, we define its sign by

{pqymwwmfmﬂw} if o is bijective,
sgno =

0 otherwise,
where card stands for the number of elements of a set.

Definition 4.6 Let f: X — Y bea cubical map, X C R?and Y C R?’ cubical sets.
The homomorphism induced by f on k-chains fu : Cx(X) — Ci(Y) is defined on the
generators Q € sz (X) by induction on d as follows.

(i) Letk=o0andd = 1. Then Q = [/] for some [ € 7 and we put

ﬁ#o(m): [f(/m

(i) Letk=1landd = 1. Then Q = [I,]+ 1] for some [ € 7 and we put

—[uwgas it < fae,
SallbIFID =3 _rav 0, f@) i) > fa+,
0 if f() = f+1).

(iii) Letd >1,Q = H?zl L, dim f(Q) = n,andlet]; <, < --- < I, be the indices
in ess(f(Q)). We define

(12) M@:meQm@w»

where sgn(f, Q) := sgn(vyq) is defined in Theorem 4.5, and f' is defined in
(10).

Note that the image of a k-chain is always a k-chain because if dim Q # dim f(Q),
then sgn(f, Q) = 0.

Theorem 4.7  The family of homomorphisms f; := { fur}: C(X) — C(Y) is a chain
map, that is, it commutes with the boundary operator. More explicitly, for any k €
N, k # 0 we have

(13) Ok o fak = fek—10 Ok
Proof Obviously it is enough to verify (13) on elements of the canonical basis Qe

C(X). If emb Q = 1, the verification is straightforward. Thus assume Q = Hle L
withd > 1. Let[; = [a;, b;] forsomea; € Zand b; € {a;,a;+1}. Let u: Ny — Ny be
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asin Theorem 4.5. Let A := ess(Q), B := ess(f(Q)) and v := v(f, Q) = p: B — A.
If v is not a bijection, then one easily verifies that both sides of (13) are zero. Thus
assume that v is a bijection. For i € B put

“n

i=card{v(j)€A|j<i}=card{j€B|j<i},
pi:=card{j € B| j<iandv(j) > v(i)},
n;:=card{j € B|j >iandv(j) < v(i)},

;i=card{j € B|v(j) < v(i)} = card {v(j) € A | v(j) < v(i)},
B; :== B\ {i},

~+

r; := card {(l, m) € B | 1 < mand v(l) > I/(m)} ,
;= (_1)23;1 dim £/ (T,(5)
€ = sgn(f, Q)i

Since v is bijective, dim f(I,;)) = dim I, therefore
7 = (~DX Ao = 1y,

Let

Hlxa]x HIk, QbeIx [b;] x HIk

k=i+1 k=i+1

Note that ess(Q)) = B; = ess(QZ), therefore sgn(f, Q\) = (—1)" = sgn(f, QZ).
Denote this common value by ¢;. We have

sgn(f Q) — ( l)card{ m)EB? |l<mandy()>u(m)} — (_l)r,+p,'+n,'.
Therefore ; = (—1)" = sgn(f, Q)(—1)?*"_ Consequently,
= sgn(f, QP ()" = (~1)".

From equation (3) and Definition 4.6 we get

h=i+1

d
@0 Q) =& Qiﬁh@(m)) 0 dfi (i) o ( o f @)
i=1 -
i— ~ d ~
=S a0 @) o fahe (O fiw)
icB h=1 h=i+1

=) el <> @) o fiam)) (<> @)

icB h=1 h=i+1
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i1 _ i
= Z €i5i,ﬂ#( (h<:>1 L) ¢ builo( O L/(h)))

icB h=itl
Sl 10, )
= f#(;(—l)” (;g Lay) © 0l © (h§+1f:f<h)) )
g i )

d RSN NN il
= (-0 EHI(G R 00e (9 1)
I=1 -

h=I+1

= fzo0 8(6)

The correctness of the following definition is a standard consequence of the prop-
erty (13) of any chain map on chain complexes.

Definition 4.8 Let f: X — Y be a cubical map and f;: C(X) — C(Y) the in-
duced chain map. The homomorphism Hy(f): Hy(X) — H(Y) induced by f; on
quotient groups is called the the k-th homology of f. The family of maps H.(f) =
{Hi(f)}: Hi(X) — H,(Y) is called the homology map of f.

Lemma 4.9 The definition of a chain map induced by a cubical map is functorial, in
the following sense.

(i)  Given a cubical set X, (idx)s = idc,(x) for all k.
(ii) Given two cubical maps f: X — Y and g: Y — Z on cubical sets, gux © fax =
(g o fu forall k.

Proof LetX C RLY C R? and Z ¢ R?". It is enough to verify (i) and (ii) on
elements of the canonical basis Q € Kf(X). PutQ = H?:l I.
(i) Since v44,, : Ng — Ny is the identity, we have

~

N d N d .
(idx)#(Q) = sgn(idx, Q) gl(idx)#llu(i) = ,<:>1 I =Q.

(ii) Firstletd = d’ = d" = 1. If dim Q = 0 then Q = [/] for some ! € 7 and

— ~

(g:0 © fio) 11 = g [F (D] = [(g 0 D] = (g0 Nioll).
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Ifdim Q = 1,then Q = [I,I+1] forsomel € Z. Puta = f(I),b = f(I+1),c = g(a),
and d = g(b). We have

gnla,b] ifa<b,
(g0 fe)(LI1+1)) = { —gu[bral ifb <a,
410 ifa="0,
[/c,?] ifa<bandc<d,
—[g,?] ifa<<bandd < ¢,
= _[E:?] ifb<aandd<c¢
m ifb<aandc<d,
0 otherwise,

le.d] ifc<d,
=< [d.q ifd<e

0 otherwise,
= (go Nu(L1+1)).

Now let d,d’,d"" > 1, not all equal to 1. We use abbreviations vy = vy, and
v = vpg Weletk < k; < --- < kg be the essential indices of f(Q) and
L < <--- <1, the essential indices of g(f(Q)).

By the linearity of g; and by (12),

(get © u(Q) = ga(s8n(£. Q) O Fil )
= sgn(vy) gak i§1 fil )
ve(l)

n 1 ~
= sgnlvy) sgn(v) O ga(ful " ) -
ps

Since sgn(o o 7) = sgn(o) sgn(7) for any permutations o, 7, using the result proved
inthe cased =d’ = d’' = 1, we get

(s © far)(Q) = sgn(vs o ug>(j<:>1<glf o F"Dslyson,7))
n 1 =~
= sgn(vy o Vg)(jgl(g °© f)#]kIVfO'/g(lj))

— sgn(Vgor) (j<i>l(g o oL ay) = (g0 n

By standard homological algebra arguments, Lemma 4.9 implies the following.
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Theorem 4.10  H, is a functor from Cub to the category of graded groups. More ex-

plicitly:

(i)  Given a cubical set X, H,(idx) = idm, x).

(ii) Given cubical maps f: X — Y and g: Y — Z on cubical sets, H.(g) o H.(f) =
H.(go f).

The following examples are related to first three maps in Example 4.4.

Example 4.11 Assume A C X are cubical sets. If i: A — X is the inclusion map,
thenis: C(A) — C(X) is also an inclusion map.

Example 4.12  Consider the elementary cubes Q = [0, 1]%, Q" = [0,1]¢"! and the
projection map p: Q — Q' given by p(x,x2,%3,...,%4) = (%2,%3,...,%4). Any
face P of Q can be written as P = I; x P’, where I can be [0, 1], [0], or [1], and
P’ = p(P) is a complementary face of P. The induced chain map px: C(Q) — C(Q’)
is given by

(14) mar(P) == {Pl if; = [0] or I; = [1],

0  otherwise.
Example 4.13 Let Q and Q' be as in Example 4.12. The map j: Q' — Q given by
j(xl7x27x37 s 7xd71) = (0>x17-x2> s 7xd71)

is a cubical map, and the induced chain map p;: C(Q’) — C(Q) is given by

o~

jak(c) == [0] o c.

Note that pj = id, therefore psjs = (pj)s = ide(q/). Next, jzps = (jp)s is chain
homotopic to ide(q), with the chain homotopy Dy: Ci(Q) — Ci41(Q) given by

[0,1]0 P ifl, = [1],
ifI; = [0]7
lfII = [071]7

Di(P):=< 0
0
where P = I; x P’ € X(Q) is as in Example 4.12. It follows that H,(pj): H.(Q') —

H,(Q)istheinverse of H,(pj): H«(Q) — H,.(Q’). Consequently, H,(Q") = H,(Q).

From the result presented in Example 4.13, one can conclude, by induction on d,
that Q = [0, 1]% is acyclic, that is, its homology is isomorphic to homology of a point:

7 ifk=0,

0 otherwise.

Hy(Q) = {

That is probably the simplest way of proving it without using the homotopy invari-
ance theorem, whose proof is more involved.
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4.3 Combinatorial Vietoris Theorem

Here is a combinatorial version of the Vietoris theorem [7].

Theorem 4.14  Let X,Y be cubical sets and f: X — Y a cubical map. If f is sur-
jective and f~1(Q) is acyclic for each Q € K(Y), then fi: Hy(X) — H,(Y) is an
isomorphism.

Proof We construct by induction a chain map ¢ = {¢} : Cx(X) — Ci(Y)} and we
prove that it is a homological inverse of f..

For k = 0, let CAQ € Co(X) be an elementary 0-chain. Since f is surjective and
cubiAcal, there exists a P € Ko(X) such that f(P) = Q. Then f#(ﬁ) = @ and we put
%o(Q) :=P.

Suppose now that k > 1 and that ¢;: C;(X) — C;(Y) has been constructed for
i=1,2,...,k— 1sothat

(15) [¥:(Q)| € f7H(Q) forall Q € K;(Y),
(16) Yi10; = 0i);.

Note that then for any Q € K (Y),
[e1(0Q)] € £71(10Ql) < f71(1QN) € F1(Q.

By the induction hypothesis, wk_laé € Zr 1 (f7HQ)). Since f~H(Q) is acyclic, its
reduced homology H.(f~!(Q)) is zero. Therefore, there exists a ¢ € Cr(f~1(Q))
such that Oc = wk,lf)‘é\. In the case k > 1, this is straightforward. In the case k = 1,
it follows from the fact that Q is an interval so, by the definition of Wy, woaé isa
difference of two vertices, thus it is a reduced cycle. We put wké =c

Thus the map 1) is constructed. We will show now that

(17) ﬁ¢ [¢] d) = idc(y) .

The proof is again by induction. For k = 0, the assertion follows immediately from
the definition of ¢y. Suppose that ¢4 o ¢; = id¢,v) for 0 < i < k — 1. Given any
Q € Xi(Y), we have

0Q = far—1 0 Y—1(0Q) = d o fur 0 Yu(Q)
and, by the definition of 1,
[fa 0 (Q)] € F(B(Q) € F(F Q) C Q.
Therefore fy © (Q) is a k-chain which has the same boundary as Q. Tt follows that

far 0 Y(Q) — Qs a cycle in Q. However, H,(Q) = 0, hence, every k-cycle in Q is
a boundary. Since dim Q = k, the only (k + 1)-dimensional boundary in Q is zero.

Thus fi 0 (Q) = Q.
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In the last step, we will show that ¢ o f; is chain homotopic to id¢(x). To do this
we construct by induction a chain homotopy D = {D;: C;(X) — C;;+1(X)} such that

(18) Oip10D; + Dj_y 0 0; = ;o fai — ide,(x),
(19) IDi(c)] C f~1(Q) forany c € Ci(f~(Q)) and Q € K;(Y).

Let k =0 and take any P € AIKO(X). Let Q := f(P) and leAt c = wo(a). Then
oo fe(P) = c. Since |c| U |P| C f~Y(Q), we have |c — P| C f~}(Q). Since
H.(f~1(Q)) = 0, there exists a ¢’ € C;(f~1(Q)) such that

o' =c—DP= (Yo 0 fao —idcy0) (P).

We put Do(P) := ¢'.

Now suppose that fori = 0,1,2,...,k — 1 the maps D;: C;(X) — C;1(X) are
constructed so that properties (18) and (19) are satisfied. Take any P € K(X). Let
Q:= f(P) and let ¢ := 14 (Q) = ¥ (fs(P)). Since both |P| and |c| are in f~!(Q), the
induction hypothesis (19) and the subadditivity of support in [9, Ch. 2, Proposition
2.19(iv)] imply that

e = P — D1 04P| C |e| U |P| U D1 0kP| C f7H(Q).
Since H,(f~'(|Q|) = 0, there exists a ¢’ € Cy41(f~(Q)) such that

86/ =C— }/)\— Dk_lﬁkﬁ: (’(/)k o ﬁgk — ide(X) —Dk_lak) (ﬁ)
It remains to define Dk(l/’\) := ¢’. Then (18) is obviously satisfied, and (19) follows
when the construction is completed for all cubes P in f~!(Q). [ |

5 Application to Computing Homology of Maps

From now on, by a continuous map we mean a map which is continuous with re-
spect to the Euclidean topology. As we pointed out in Section 4.1, the class of cubical
maps is small. In particular, it is too small to obtain a counterpart of the theorem
stating that every continuous map may be approximated by simplicial maps. Since
this approximation theorem is crucial in the definition of simplicial homology of
continuous maps, one can see that there is no way to carry over the definition of
the homology of a continuous map from the simplicial case to the cubical case by
means of approximation. One way to overcome this difficulty is by considering cu-
bical multivalued maps and their homology. This approach is presented in [9]. The
main difficulty of this approach does not lie in the construction of the multivalued
map itself, but in the construction of the so-called chain selector of the multivalued
map. In particular it requires solving a large linear equation for each elementary cube
in the domain of the multivalued map.

However, it turns out that approximation, which is convenient in the case of sim-
plicial homology, may be replaced by a Cartesian approach, which is natural for cu-
bical homology. This approach is used in [11] to present a new algorithm for com-
puting homology of continuous maps. Since the presentation there is technical and
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oriented on efficiency, in this section we will describe the Cartesian approach without
the technicalities that hide the main idea.

The construction is based on the definition of the homology of a multivalued map
via projections from the graph given in [7] together with an idea from [1]. Let X, Y
be two cubical sets, and let f: X — Y be continuous in Euclidean topology. Our goal
is to define the homology of f in terms of homology of some cubical maps. Recall
that the graph of f is the set graph(f) := {(x,y) € X x Y | y = f(x)}. Obviously,
graph(f) is not a cubical set unless f is locally constant. However, we may consider
a cubical set Z C X X Y such that graph(f) C Z. Let pz: Z — Xandqz: Z — Y
denote projections to X and Y, respectively. Then we have the following commutative
diagram of continuous maps.

(20) Z

We know from Example 4.4 that p, and g are cubical maps and therefore their ho-
mology is well defined. Since homology is functorial, the homology of f must satisfy
H.(f) o H.(pz) = H.(qz). This may be solved for H,(f) if H.(p) is an isomor-
phism. Since obviously p is surjective, by Theorem 4.14 H,.(pz) is an isomorphism
if

(21) Vx € X theset p, ' (x) = {x} x Y N Zis acyclic.

The simplest candidate for Z is ch(f), the closed hull of f in X x Y. In practice, it
often fulfills the acyclicity condition of (21). In the case when the acyclicity condition
of (21) fails, one has to go through the process of subdivision or, similarly to the
multivalued approach presented in [9], so-called rescaling (changing units). One
can prove that with a sufficiently fine rescaling the closed hull of the graph satisfies
the acyclicity condition of (21).

We now turn our attention to the algorithm computing H, (f).

First observe that computing the homology of a cubical map is very simple: via
formulas in Definition 4.6 one obtains the associated chain map, which reduces the
problem to elementary linear algebra.

In order to find an algorithm computing the homology of a continuous map one
has to answer first the fundamental question what does it mean to have a continuous
map on input of an algorithm. Algorithms can process only finite amounts of data,
which suggests that the continuous maps must be somehow coded with some finite
code. A possibility is to restrict the class of considered maps to polynomials with
rational coefficients and to feed the algorithm with the coefficients. However, such
an approach is very restrictive, because in many problems the continuous maps of
interest are not polynomials. Even worse, the necessity of coding may lead to the
incorrect conclusion that it is necessary to restrict the algorithm to some countable
class of continuous maps.
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Fortunately, the homology of maps is preserved under homotopy, which suggests
searching for a coding which could be shared by many maps having the same homol-
ogy. Exactly this type of coding is provided by the closed hull of the graph of the map.
The construction of the closed hull may be done in many ways and we do not want to
go into detail here. The typical approach is based on interval arithmetic [12]. Some
ways to achieve this task for certain classes of continuous functions are discussed in
[9, 14, 15].

Therefore the outline of the algorithm is as follows. Given a continuous map
f:X—-Y:

(1.) Fixagridscalein X x Y.

(2.) Construct the closed hull Z of the graph of the map f.

(3.) Compute the projections px: Z — X and py: Z — Y.

(4.) Verify the condition (21) and if it fails, take a smaller grid scale and go back to 2.
(5.) Compute the homology maps p%: Z — Xand py: Z — Y.

(6.) Compute the inverse px ' (the inverse exists by Vietoris—Begle theorem).

(7.) Compute and return the composition pjp% .

As we already stated, the strength of this algorithm lies in the fact that one avoids
solving the large number of large linear equations needed in the algorithm presented
in [9]. However, a direct application of this algorithm would not be efficient for
another reason. The problem is that with introduction of the graph one raises the
dimension of the problem from the maximum of dimensions of the cubical sets X and
Y to the sum of these dimensions. The solution is to perform some preprocessing,
which allows one to replace the graph by another set in X x Y whose dimension is the
same as the dimension of X. The preprocessing is quite complicated but leads to an
algorithm which has been implemented and performs well in concrete applications.
The details of the algorithm outlined in this section together with all the technicalities
which make it efficient are presented in [11].
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