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Abstract

We show that continuous group homomorphisms between unitary groups of unital C*-algebras induce maps between
spaces of continuous real-valued affine functions on the trace simplices. Under certain K-theoretic regularity con-
ditions, these maps can be seen to commute with the pairing between K, and traces. If the homomorphism is
contractive and sends the unit circle to the unit circle, the map between spaces of continuous real-valued affine
functions can further be shown to be unital and positive (up to a minus sign).

1. Introduction

Unitary groups of C*-algebras have been long studied, and for many classes of operator algebras they
form a complete invariant. In [14], Dye studied the unitary group isomorphism problem between
nonatomic W*-algebras, with the assumption of weak bicontinuity of the isomorphism. He later showed
that the unitary group, this time as an algebraic object, determined the type of a factor [15] (except for
type I,,). He showed that such group isomorphisms were the restrictions of a *-isomorphism or a con-
jugate linear *-isomorphism multiplied by a possibly discontinuous character ([3, Appendix A] gives
exposition). Sakai generalized Dye’s results to show that any uniformly continuous unitary group iso-
morphism between AW*-factors comes from a *-isomorphism or conjugate-linear *-isomorphism [35]
(see also [40] for general AW*-algebras which have no component of type 7,).

Dye’s method was generalized to large classes of real rank zero C*-algebras by Al-Rawashdeh, Booth
and Giordano in [2], where they applied the method to obtain induced maps between K-theory, with a
general linear variant being done by Giordano and Sierakowski in [22]. The stably finite and purely
infinite cases were handled separately. The unital, simple AH-algebras of slow dimension growth and
of real rank zero were classified by the topological group isomorphism class of their unitary groups
(or general linear groups), and the unital, simple, purely infinite UCT algebras were classified via the
algebraic isomorphism classes of their unitary groups (or general linear groups). These results made use
of the abundance of projections in real rank zero C*-algebras (at least to show there were isomorphic K-
groups) and made use of the Dadarlat-Elliott-Gong [10, 20] and Kirchberg-Phillips [31] classification
theorems, respectively (see Theorems 3.3.1 and 8.4.1 of [34] for each respective case).

In [28], it was proven by Paterson that two unital C*-algebras are isomorphic if and only there is
an isometric isomorphism of the unitary groups, which acts as the identity on the circle. In a similar
vein, the metric structure of the unitary group has also played a role in determining the Jordan *-algebra
structure on C*-algebras. In [24], Hatori and Molnar showed that two unital C*-algebras are Jordan *-
isomorphic if and only if their unitary groups are isometric as metric spaces, not taking into account
any algebraic structure.

Chand and Robert have shown in [9] that if A and B are prime traceless C*-algebras with full square
zero elements such that U°(A), the subgroup of unitaries, which are path connected to the identity, is
algebraically isomorphic to U°(B), then A is either isomorphic or anti-isomorphic to B. In fact, the group
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isomorphism is the restriction of a *-isomorphism or anti-*-isomorphism which follows from the fact that
unitary groups associated to these C*-algebras have certain automatic continuity properties that allow
one to use characterizations of commutativity preserving maps [4] (see [1]). Chand and Robert also show
that if A is a unital separable C*-algebra with at least one tracial state, then U°(A) admits discontinuous
automorphisms. Thus, the existence of traces is an obstruction to classification via algebraic structure
on the unitary groups—at least an obstruction to unitary group homomorphisms being the restrictions
of *-homomorphisms or anti-*-homomorphisms.

In this paper, we show that uniformly continuous unitary group homomorphisms yield maps between
traces which have several desirable K-theoretic properties—especially under stricter continuity assump-
tions. Namely, that the homomorphism sends the circle to the circle and is contractive, which would be
automatic if it had a lift to a *-homomorphism or conjugate-linear *-homomorphism.

We state our main results. Recall that if A is a unital C*-algebra, T(A) denotes the simplex of tracial
states, and Aff T(A) is the real Banach space of continuous affine functions 7(A) — R.

Theorem A (Corollary 3.6). Let A, B be unital C*-algebras. If 9 : U°(A) — U°(B) is a uniformly contin-
uous group homomorphism, then there exists a bounded R-linear map Ay : At T(A) — Aff T(B) such

that
71 (U°(4)) —> AffT(4)
, @l lA” (1.1)
71 (U°(B)) — i AffT(B)

commutes.

Here m,(0) is the map between fundamental groups induced by 6, and, for a C*-algebra A, A 1 is the pre-
determinant (used in the definition of the de la Harpe-Skandalis determinant associated to the universal
trace) that takes a piece-wise smooth path in U°(A) beginning at the unit to an element of Aff T(A). See
Section 2.2 for details.

Recall that the K,-group of a unital C*-algebra can be identified with the fundamental group
T (U2 (A)). Restricting to C*-algebras with sufficient Ky-regularity—Dby this we mean C*-algebras whose
K,-group can be realized as loops in the connected component of its unitary group—we get a map
between Kj-groups and a map between spaces of continuous real-valued affine functions on the trace
simplex which commute with the pairing.

Corollary B (Corollary 3.6). Let A, B be unital C*-algebras such that the canonical maps
7 (U°(A)) — Ky(A) and 7, (U°(B)) — Ky(B) (1.2)

are isomorphisms. If 0 : U°(A) — U°(B) is a continuous group homomorphism, then there exists a
bounded linear map A, : Aff T(A) — Aft T(B) such that

Ky(d) s AFfT(4)

K0 l l“ (1.3)

Ky (B) —— AffT(B)

commutes, where Ky(0) is the map induced by m,(0) together with the isomorphisms of (1.2).

C*-algebras satisfying the above hypothesis are quite common—for example, C*-algebras having stable
rank one [32] or that are Z-stable [25] have this property. Viewing Aff T(A) and Aff T(B) as partially
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ordered real Banach spaces (under the uniform norm) with order units, it is not, however, true that A, is
unital or positive (see Example 3.4). This is remedied by adding stricter continuity assumptions on the
homomorphism 6 (and possibly by replacing Ay with —Ay).

When 6 : U(A) — U(B) is contractive, injective, and sends the circle to the circle, then we show
(Lemma 4.3) that either A, or —A, is unital and positive, and therefore, 6 induces a map between
K-theory and traces in such a manner that respects the pairing (which in turn gives a map between
Elliott invariants for certain simple C*-algebras). As a consequence, we can identify certain unitary
subgroups with C*-subalgebras by using K-theoretic classification of embeddings [6].

Theorem C (Corollary 4.13). Let A be a unital, separable, simple, nuclear C*-algebra satisfying the
UCT which is either Z-stable or has stable rank one and B be a unital, separable, simple, nuclear
Z-stable C*-algebra. If there is a contractive injective group homomorphism U(A) — U(B) that maps
the circle to the circle, then there is a unital embedding A — B.

This paper is structured as follows. In Section 3, we use a continuous unitary group homomorphism
to construct a map between spaces of continuous affine functions on the trace simplices and use the de
la Harpe—Skandalis determinant to show that this map has several desirable properties with respect to
the map induced on the fundamental groups of the unitary groups. In Section 4, we discuss how our
map between spaces of affine functions respects or flips the order under certain continuity assumptions
on the unitary group homomorphism. In Section 5, we discuss a slight general linear variant. We finish
in Section 6 with some open questions.

2. Preliminaries and notation
2.1. Notation
For a group G, we denote by DG the derived subgroup of G, that is
DG := (ghg™'h™" | g, h € G). .1)

If G has an underlying topology, we denote by CG the closure of DG and G° the connected component
of the identity.

For a unital C*-algebra A, U(A) denotes the unitary group of A, while U°(A) denotes the connected
component of the identity in U(A). For n € N, we write U,(A) := U(M,(A)), U(A) := U°(M,(A)), and
we set

U,(A):=1limU,(A4), (2.2)

to be the inductive limit with connecting maps U,(A) > u+—> u @ 1 € U, ,(A). This makes U,,(A) both a
topological space (with the inductive limit topology) and a group.! We have general linear analogs by
replacing U with GL, where GL(A) denotes the group of invertible elements of A. Similarly, we define
M,.(A) =1im M,(A) (as an algebraic direct limit) with connecting maps x — x @ 0. If E is real Banach

space and 7 : A,, — FE is a linear map that is tracial (i.e., t(a*a) = t(aa*) for all a € A), we extend this
canonically to (M (A)),, by setting t((a;)) := >_, t(a;) for (a;) € (M,(A),,.

We write y(X) for the space of connected components of a topological space X, and m,(X) for the
fundamental group of X with distinguished base point. In our case, we will usually have X = U, (A) or
X= US(A), for n € N U {oo}, with the base point being the unit.

For a unital C*-algebra A, we let Ky(A), K,(A) be the topological K-groups of A. We will often use
the identification of K,(A) with the fundamental group 7,(U2 (A)) (see e.g., [33, Chapter 11.4]). The
set of tracial states on A will be denoted T'(A), which is a Choquet simplex [36, Theorem 3.1.18], and

' As pointed out in footnote 58 of [6], Uso(A) is not in general a topological group since multiplication is not in general jointly
continuous in this topology.
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we denote by Aff T(A) the set of continuous affine functions 7(A) — R, which is an interpolation group
with order unit (see [21, Chapter 11]). For unital A, the pairing map p, : K,(A) — Aff T(A) is defined as
follows: if x € K,(A), we can write x = [p] — [¢g] where p, g € M, (A) are projections, and then

pax)(7) = 1(p —q), TET(A. 2.3)

2.2. The de la Harpe—Skandalis determinant and Thomsen’s variant

We recall the definition of the unitary variant of the de la Harpe—Skandalis determinant [12] (see [11]
for a more in-depth exposition). By a bounded trace, we mean a bounded linear map 7 : A,, — E, where
E is a real Banach space, such that t(a*a) = t(aa*) for all a € A. For n € NU {oo}, a bounded trace
T :A,, — E, and a piece-wise smooth path & : [0, 1] — U,(A), set

- : 1
ALE) = f T (Té’(t)é(t)"> dr, 24
0 Tl
where this integral is just the Riemann integral in E.> We state the unitary variant of [12, Lemme 1].

Proposition 2.1. Let t: A, — E be a bounded trace and n € NU {oo}. The map A", which takes a

piece-wise smooth path in U%(A) to an element in E, has the following four properties:

Pl

1. it takes pointwise products to sums: if &, &, are two piece-wise smooth paths, then

A& &) = A(E) + A'(E), (2.5)

where §,&, is the piece-wise smooth path t — &,(£)&,(¢) from &,(0)§,(0) to &,(1)&,(1);
2. ifE@) — 1] < 1 forallt€[0,1], then

2miA(§) =T (log £(1) — log £(0)); (2.6)

w

A"(é ) depends only on the continuous homotopy class of &;
4. if p € M,(A) is a projection, then the path §, : [0, 1] — U°(A) given by &,(f) := pe*™™ + (1 — p)
satisfies A”(p) =1(p).

The de 1la Harpe—Skandalis determinant associated to t (at the n™ level) is then the map

A" U (A) — E/A" (m, (U0(A))) Q2.7)

given by A(x) := [A”(%‘ )] where &, is any piece-wise smooth path &, : [0, 1] — U°(A) from 1 to x. This
is a well-defined group homomorphism (using Proposition 2.1) to an abelian group and therefore factors
through the derived group, i.e., DU(A) C ker A”. For the n = oo case, we just write A, and A, for A°°
and A%, respectively.

We will often be interested in the universal trace Tr, : A,, — Aff T(A), which is given by Tr,(a) := a,
where a € Aff T(A) is the function given by a(t) := t(a) for T € T(A). We note that in this case, for
[x] € Ky(A), we have that Tr(x) = p,([x]). When considering the universal trace, we will write A" and A
for AT and AY, respectively. If the C*-algebra needs to be specified, we write A} or A,.

Proposition 2.2. Let n € NU {o0}. Every continuous path & : [0, 1] — U,(A) is homotopic to a piece-
wise smooth path (even a piece-wise smooth exponential path if we are in U’(A)). Moreover, there exists
a € A,, such that A" (&) = w(a) whenever ® : A,, — E is a bounded trace.

In particular, as A" is homotopy invariant, it makes sense to apply A" to any continuous path.

*Note that &'(£)&(¢) is skew-adjoint by [30, Proposition 1.4] so that zmé (ODEM ™" is self- adjoint.
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Proof. This is essentially [12, Lemme 3]. Take a continuous path & : [0, 1] — U,(A) and choose k

such that
=\ ()
Ng (7) : (i)‘l
_ I
a; = 2m_log<§( - ) $<k>>,1_1,...,k, (2.9)

& will be homotopic to the path

1 o S
() =& (JT> gHita—i+hay ¢ ¢ |:J_ £i| J=1,... .,k (2.10)

<lforallj=1,...,k. (2.8)

Then taking

We note that A;‘(n) = Z%

1 T(a)). Indeed, for simplicity denote by

— 1 .
X:= ¢ (J—k > and ¥, = ¥t @11)

Then
A"(&) = A”(n)

=Y t(@). (2.12)

j=1

If we take a := tr(a"), where a' = Z;{:] a; (here tr: M,(A) — A is the unnormalized trace), we see that

A (&) = w(a). O

Let A, consist of elements a € A, satisfying t(a) =0 for all T € T(A). This is a norm-closed real
subspace of A, such that A, C [A, A], and there is an isometric identification A, /A, =~ Aff T(A) sending
an element [a] to @. Indeed, it is not hard to see that the map A,,/A, — Aff T(A) given by [a] — a is a
well-defined R-linear map. Moreover [8, Theorem 2.9], together with a convexity argument, gives that
this is isometric identification. To see that we have all the real-valued affine functions, we note that the
image of this map contains constant functions and separates points, so [21, Corollary 7.4] gives that the
image is dense and therefore all of Aff T(A) (since this is an isometry). We freely identify A,,/A, with
AffT(A).

2.3. Thomsen’s variant

Thomsen’s variant of the de la Harpe—Skandalis determinant is the Hausdorffized version, taking into
account the closure of the image of the homotopy groups. For a bounded trace t : A,, — E, we consider
the map

A" UNA) — E/Ar (7, (U(4D))), (2.13)
given by Aﬁ(x) = [Aj(éx)] where &, : [0, 1] — U°(A) is any piece-wise smooth path from 1 to x €

U°(A). This is similar to the map A”, except the codomain is now the quotient by the closure of the
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image of the fundamental group under the predeterminant (i.e., the Hausdorffization of the codomain).
When considering the universal trace, we just write A" for Ay, and A for Zﬁ If the C*-algebra needs
to be specified, we write A, or A,.

If one considers the universal trace, the kernel of A" can be identified with C U°(A) (where the closure
is taken with respect to the inductive limit topology in the n = oo case).

Lemma 2.3 (Lemma 3.1, [39]). Let A be a unital C*-algebra. Then
ker A" = CU(A). (2.14)
Itis not in general true that the kernel of A" can be identified with the derived group DU’(A), although
there are several positive results [13, 26, 27, 38].

It immediately follows that the quotient of U°(A) by the closure of the commutator subgroup (under
the inductive limit topology in the n = oo case) can be identified with a quotient of Aff T(A).

Theorem 2.4 (Theorem 3.2, [39]). A" gives a homeomorphic group isomorphism
UY(A)/CU(A) ~ AR T(A)/ A (i, (U%(A))) 2.15)
for every n € NU {oo}. In particular,
U (A)/CU° (A) =~ AF T(A)/ ps(Ko(A)). (2.16)

2.4. The KT, invariant
Following [6], for a unital C*-algebra, we let
KT, (A) := (Ko(A), [14]0, Ki(A), pa, AfT T(A)) (2.17)

be the invariant consisting of the K, group, the position of the unit in K,, the K; group, the pairing
between K, and traces, and the continuous real-valued affine functions on the trace simplex (viewed as
a partially ordered Banach space with order unit). For two unital C*-algebras A, B, a KT, morphism

(o, 1, y) : KT, (A) — KT,(B), (2.18)

will be a triple (¢, &1, ) consisting of ¢ : Ko(A) — Ko(B) a group homomorphism such that ag([14]) =
[15]o, o : Ki(A) = K;(B) a group homomorphism, and y : Aff T(A) — Aff T(B) is a unital positive map

such that
Ko(4) 24— AffT(A)
l l}, (2.19)
Ko (B) —— AfTT(B)

commutes.

We note that for large classes of unital simple C*-algebras—for example, the class of unital,
simple, separable, nuclear Z-stable C*-algebras satisfying the UCT—KT,(-) recovers the Elliott
invariant.

3. Continuous unitary group homomorphisms and traces

Throughout, A and B will be unital C*-algebras with nonempty trace simplices, and 6 : U°(A) — U°(B)
will denote a uniformly continuous group homomorphism between the connected components of the
identities in the respective unitary groups. We will specify any additional assumptions as we go along. As

https://doi.org/10.1017/S0017089523000447 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089523000447

Glasgow Mathematical Journal 7

6 is a continuous group homomorphism, it send commutators to commutators and limits of commutators
to limits of commutators. Thus, there are induced group homomorphisms

U(A)/CU°(A) — U(B)/CU°(B) and
U°(A)/DU°(A) — U°(B)/DU°(B). 3.1

Thomsen’s isomorphism [39, Theorem 3] then brings about maps between quotients of Aff 7(A) and
AffT(B):

U%(4)/CU°(4) —=— AFFT(4)/ A\ (7, (U(4)))

l l (3.2)

U°(B)/CU"(B) —— AffT(B)/A L (m1(U°(B))).

In a similar vein, when DU°(A) =ker A} and DU°(B) =ker A}, there is a purely algebraic variant of
the above diagram:

UY(A)/DU °(4) —=— AFFT(A)/A L (z1(U°(4)))

l l (3.3)

U°(B)/DU °(B) —— AFfT(B)/A ) (m1(U°(B))).

In fact, there is always a diagram as above with DU°(A) and DU°(B) replaced with ker A} and ker A},
respectively, by Proposition 3.5(3). That is, whether or not the kernel of the determinant agrees with the
commutator subgroup of the connected component of the identity, we have:

U%(A)/ker Ay —=— AffT(A)/AL (71 (U°(A)))

4
l l (3.4)

U(B)/ker Ay —z— ARET(B)/AL (m (U°(B))).

The diagram in (3.3) is just a special case of (3.4).
In the setting where 7, (U°(A)) — Ko(A) and 7, (U°(B)) — K,(B) are surjections, we have induced
maps between quotients

AfFT(A)/ pa(Ko(A)) — AFT(B)/ ps(Ko(B)),
AfFT(A)/ pa(Ko(A)) — A T(B)/ pp(Ko(B)) (3.5)

in the respective Hausdorffized and non-Hausdorffized settings.

One question to be answered is whether or not we can lift the maps on the right of (3.2) and (3.4) to
maps Aff T(A) — Aff T(B). These spaces have further structure as dimension groups with order units
[21, Chapter 7], so we would like to be able to alter the lift to get a map which is unital and positive. We
show that we can always lift this map, and altering it to be unital and positive is possible under a certain
continuity assumption on 6.

If we further assume that Ky(A) ~ 7, (U°(A)) and K,(B) = 7, (U°(B)) in the canonical way (which
is true in the presence of Z-stability by [25] or stable rank one [32]), we would like this map to be
compatible with the group homomorphism

Ky(9) : Ko(A) — Ko(B) (3.6)
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arising from the diagram

Ko(4) —— m,(U(4))
Ko <e)l lm Q) @-7)
Ko (B) —— 71 (U°(B)).

By compatible, we mean that

Ko(4) 2 AffT(A4)

m (ﬂ)l l (3.8)

Ko(B) —5— AffT(B)

commutes, where the map on the right is the lift coming from maps induced by (3.2) and (3.4). If our map
between spaces of affine continuous functions is not unital and positive, but we can alter it accordingly,
we must do the same to our map between K,. We would still have a commuting diagram as above, but it
would give that maps induced on Ky( - ) and Aff 7( - ) respect the pairing.

Stone’s theorem [7, Section X.5] allows one to recover from a strongly continuous one parameter
family U(¢) of unitaries a (possibly unbounded) self-adjoint operator X such that U(r) = ¢™* for all r € R.
If it is a norm-continuous one parameter family of unitaries, one can recover a bounded self-adjoint oper-
ator X, and X will lie in the C*-algebra generated by the unitaries. The use of Stone’s theorem to deduce
that continuous group homomorphisms between unitary groups send exponentials to exponentials is not
new. Sakai used it in the 1950s in order to show that a norm-continuous group isomorphism between
unitary groups of AW*-algebras are induced by a *-isomorphism or conjugate-linear *-isomorphism
between the algebras themselves [35]. More recently, this sort of idea has been used to understand
how the metric structure of the unitary groups can be related to the Jordan *-algebra structure of the
algebras [24].

Lemma 3.1. Let A, B be unital C*-algebras and 6 : U°(A) — U°(B) be a continuous group homomor-
phism. Suppose that a € A,, and represent B C B(H) faithfully. Then (9 (ez”i’“))teR is a one-parameter
norm-continuous family of unitaries, and consequently is of the form (ez”"’b)tem for a unique b € B,,.

Proof. Using the fact that 6 is a norm-continuous homomorphism, # — 6 (ez’”’“) is anorm-continuous
one-parameter family of unitaries. Stone’s theorem gives that there is a unique self-adjoint b € B(H)
such that 0 (ez””“) = e>™ for all t € R. The boundedness of b follows from norm-continuity, and the
uniqueness follows from the fact that b = ﬁ log 6 (ez”i“’o) for sufficiently small 7, > 0. This also gives
that b € B by functional calculus. O

Let S, : A,, = B,, be defined via the correspondence given above:

9 (eZnila) — Y@ for all t € R. 3.9

Then S, is a bounded R-linear map (see [24, 35], or note that it is easy to see that its kernel is closed).
It is also easily checked to respect commutation, and that its canonical extension to a map from A to B
actually sends commutators to commutators, although we will not explicitly use this. Recall that for a
C*-algebra A, A, denotes the set of self-adjoint elements that vanish on every tracial state.

Lemma 3.2. If 0 : U’(A) — U°(B) is a continuous group homomorphism, then S, is a bounded linear
map and the following hold.

1. If 0 is injective, then Sy is injective.
2. If 0 is a homeomorphism, then Sy is bijective.
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Proof. As already remarked, S, is bounded. Assuming that 6 is injective, suppose that Sy(a) = S, (b).
Then
0 (62711'[(1) —0 (eZNitb) (310)

for all £ € R. Injectivity of 8 gives that > = ¢ for all t € R. But this implies that a = b since we can
take t appropriately close to 0 and take logarithms.

Now if we further assume that 6 is a homeomorphism, then (6! (62’”’”) )er € U°(A) is a norm-
continuous one-parameter family of unitaries which we can write as (ez””“)teR for some a € A,,. But
then

0 (eZTZittl) =0o e—l(enitb) — eZnitb. (31 1)
Thus, Sy(a) = b by the uniqueness in Lemma 3.1. O

Recall that a linear map 7 : A;, — E, where E is a real Banach space, is a bounded trace is if it is a
bounded R-linear map such that t(a*a) = t(aa*) for all a € A. Note that this is equivalentto t o Ad, =t
for all u € U(A) — to see this, follow the steps in [33, Exercise 3.6] together with a complexification
argument. This is further equivalent to T o Ad, = 7 for all u € U°(A) (as one can write every element
in a C*-algebra as the linear combination of four unitaries, each of which can be made to not have full
spectrum).

Proposition 3.3. Let 6 : U°(A) — U°(B) be a continuous group homomorphism, E be a real Banach
space and T : B,, — E a bounded trace. Thent o S, : Ay, — E is a bounded trace. In particular, Sy(A,) C
By and S, induce a bounded R-linear map

Ay AFT(A) — A T(B). (3.12)

Proof. Observe that, for a € A, and u € U°(A), we have
2miSeluan®) _ g ( ezmmau*)

— 9 (uleritau*)

_ 9(u)ez”itse(”)0(u)*

— eZﬂitH(u)Sg(a)()(u)* (3.13)

for all 7 € R. Therefore, Sy(uau*) = 6(u)Sy(a)0(u)*, and applying 7 yields
T o Sy(uau™) =t (0(u)Se(a)0(u)*)
= 1(S4(a)), (3.14)

i.e., T 0 S, is tracial.
Thus, if a € Ay, it vanishes on every tracial state (hence on every tracial functional), and so 7 o Sy(a) =
0 for all T € T(B). Therefore, S,(A,) C B, and so Sy factors through a map

Ay : AFT(A) > A,,/Ay — B,,/By, >~ Aff T(B), (3.15)
where we identify A,,/A, >~ Aff T(A) and B,,/B, >~ Aff T(B). O
One cannot expect Ay (or Sy) to be unital or positive, as the following examples show.
Example 3.4.
1. Consider a continuous homomorphism 0 : T — T = U%C) = U(C). By Pontryagin duality,
0(z) = 7" for some n € Z. We then have that S, : R — R is given by Sy(x) = nx. Ifn # 1, clearly S,
is not unital. If n < 0, then S, is not positive since it sends 1 to n < 0. An important observation,

however, is that if n <0, —Sy : R — R is positive, and —ﬁS is unital and positive.
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2. Consider 0 : T> — T given by 0(z, w,v) =zwv. The corresponding map S, : R* — R is given
by

Sq(a,b,c)=—a+b+c. (3.16)

Clearly (1,0, 0) € C? is a positive element; however, Sy(1,0,0) = —1 < 0. This map is, however,
unital.

3. Let 6:U, — T be defined by 6(u) =det (u). Then S, : (M,),, — R is defined by S4(A) =trA,
where tr is the unnormalized trace. Clearly this map is not unital, but it is positive.

4. Let 60 : U, — U; be defined by O(u) =u @ 1. Then Sy : (M), — (M3),, is given by Sy(A) =A &
0, which is again not unital, but is positive. The induced map A, : R — R is given by Ay(x) = %x
forxeR.

5. Let 6 : T — U, be defined by

A
o\) = ( A) . (3.17)
Then Sy is a unital, positive isometry and Ay gives rise the identity map
R=AffT(C) > AfT(M,) =R. (3.18)
6. Let 0 : T — U, be defined by
o1 = ()‘ X) . (3.19)

Then Sy : R — (M,),, is defined by

S(x) = (x _x> (3.20)

and Ay is identically zero.

The above examples are important. If (T) € T, which is a moderate assumption (e.g., if & was the
restriction of a unital *~-homomorphism or an anti-*-homomorphism), we can restrict the homomorphism
to the circle to get a continuous group homomorphism T — T. We understand such homomorphisms
by Pontryagin duality [17, Chapter 4].

We now use (pre-)determinant techniques in order to show desirable relationships between our maps.

Proposition 3.5. Let A, B be unital C*-algebras, 0 : U°(A) — U°(B) be a uniformly continuous homo-
morphism, E a real Banach space, and t : B,, — E a bounded trace.

1. Let&:[0, 1] — U°A) be a piece-wise smooth path with £(0) = 1. Then
Al E)=AL608). (3.21)

In particular, Alosg (m (UO(A))) - Al(nl (UO(B))).
2. The following diagram commutes:

71 (U°(A)) LNy
- <e>l lﬁd (3.22)
ﬂ](UO(B )) A—]> E.
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3. The following diagram commutes:

U°(4) A—S’B E/A . (m(U(A)))

TOSg

| !

UNB) — = E/ AL (m(U(B))),

11

(3.23)

where the map on the right is the canonical map induced from the inclusion Al (711 (UO(A))) -

T0Sp

Al(m (UO(B))) coming from (1). In particular, 0 (ker Alosg) Cker Al

The analogous diagram commutes if we consider Thomsen’s variant of the de la Harpe—

Skandalis determinant associated to t and Tt o S, in (3.23).

Proof. By the proof of Proposition 2.2, we can find k € N and ay, . . ., a; € (M,(A)),, such that £ is

homotopic to the path 5 : [0, 1] — U(A) given by
— -] 1 2mi(kt—j+1aj .] 1 ]
t == R /’te —_—, =
nn=§ ( A ) e T

k

AnE)=ALm=>_oa)

Jj=1

and we have that

whenever w : A,, — F is a bounded trace to a real Banach space F.

Now 6 o & is homotopic to 6 o , which has the following form, forj=1,...,kand 7€ [}

—1 I
Bon(t)y=0o0& <]T> 0 (ezﬂl(ktf‘]ﬂ»l)aj)
=0o& <]__1> 2k DS0(@)
k

By taking X;:= 6 0§ (=*) and ¥, := ™ ®7/#1%@) jn (2.12), we see that

k

Al o&)=AlOom =7 1 (Sa)),

=1

and this last quantity is just Aiosa (§) by (3.25).
As for parts (2) and (3), they follow from (1). Indeed, (2) is obvious and to see (3) we let

q:E/AL (m(U°(A)) —> E/AL (7 (U°B)))

ToSp

be the canonical surjection. If &, : [0, 1] — U°(A) is a path from 1 to u, then we have that

g (Al ) =g (AL, &)+ Al (m (U°@))
=Al €N+ A (1 (UVB))
D ANG o, + Al (m, (U°B)))
= AL(B()).

The remark about Thomsen’s variant is obvious.
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Corollary 3.6. The following diagram commutes:

2(UO(A)) —>2 s AFET(A)

T (9)1 l/\e

mi(U(B)) —— AFfT(B).

In particular, when the canonical maps
7 (U°(A)) = Ko(A) and 7, (U°(B)) — Ky(B)
are isomorphisms, we have that

Ko(4) -2 AFfT(4)

Ko ( H)l l/\e

Ko (B) —5— ATET(B)

commutes, where Ky(0) : Ky(A) — K,(B) is the map induced from the diagram

Ko(4) —— m(U°(4))

Ko(a)l le’](a)

Ko(B) —=— m1(U’(B)).

(3.30)

(3.31)

(3.32)

(3.33)

Proof. By definition, we have that Ay o Try =S, o Trz and so if & : [0, 1] — U°(A) is a (piece-wise

smooth) path, we have?
5 1
Ay (A%A(E)) = Ay (/ Try (5/(05(071) df)
0
1
=[ AgoTr, (E'(EM™") dt
0

1
_ / Try oS, (8060 ") di
0

= Ariyos, (6).
Now we note that the diagram

AffT(4)

A BOSy
T (U%(4)) s AffT(B)
T (ﬁ)l lid
71 (U°(B)) = + AffT(B)

B

(3.34)

(3.35)

*If X, ) are Banach spaces over the same base field, f : [0, 1] — X is a Riemann integrable function and T : X — 2) is a bounded

linear map, then 7' of : [0, 1] — ¥) is Riemann integrable with T’ ( fol f (t)dt) = fol T o f(t)dt.
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commutes, where the top triangle commutes by the (3.34) and the bottom square commutes by
Proposition 3.5(2). This gives that (3.30) commutes.
The second part follows since if £ is a (piece-wise smooth) path in U,(A) and m > n, then

A" (E @ 1,.,) = Al(E). (3.36)

Proposition 3.7. Let A, B be unital C*-algebras. Then the map A, is a lift of the map
A T(A)/A)(m, (U°A))) — AR T(B)/ Ay (7, (U°(B))) (3.37)
as described in (3.4).

Proof. Let us label the maps in the diagram (3.4):

UO(A)/ kerAl —2y ARET(A)/A L (1 (U(4))

él lP (3.38)

U°(B)/ kerA }, — AffT(B Y AL (m (U°(B)))

where O([u]) := [0(w)], 8}([¢*"™]) := [al, 8} is defined similarly, and
P=5Lobo(s)) . (3.39)
But then we have that
P([a)) =8} 060 (5})" (a)

=800 ([¢7])

=3, ([0 (¢™)])

—sp s

5

=[As(@)] (3.40)

In particular, the diagram

AffT(4) EEIEN AFT(4)/ A (z, (U0 (4)))

AHJ l“’ (3.41)

AffT(B) —— AffT(B)/&,}3 (1 (U°(B)))
9B

commutes, where ¢, and g, are the respective quotient maps. O

Proposition 3.8. Let A, B be unital C*-algebras and 0:U°(A) — U’(B) be a continuous group homo-
morphism. Then, A, : Aff T(A) — At T(B) is a lift of the map

AfFTA)/A}(r, (U°(A))) — A T(B)/ A} (mr, (U(B))) (3.42)
as described in (3.2).
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Proof. One can mimic the proof above or apply the above result and appeal to the commuting diagram

AFET(A)/ A (m(U(A4))) —— AFET(4)/A L (z,(UO(4)))

l l (3.43)

AfT(B)/ A} (m1(U(B))) —— AffT(B)/AL (z1(U(B))),

where the vertical maps are defined via the diagrams from (3.4) and (3.2), respectively, and the horizontal
maps are the canonical surjections. O

In particular, assuming some K,-regularity gives that Ay is a lift of a map between quotients of spaces
of continuous real-valued affine functions by images of K.

Corollary 3.9. Let A, B be unital C*-algebras such that the canonical maps
71 (U°(A)) = Ko(A) and 71, (U°(B)) — Ko(B) (3.44)

are surjections. If § : U°(A) — U°(B) is a continuous homomorphism, then A, is a lift of the maps on
the right of the following two commutative diagrams:

U%A)/CUYA) —=— AfT(A)/ ps(Ko(A4))

l l (3.45)

U(B)/CU*(B) — ATfT(B)/ps (Ko(B))

and

U°(4)/ ker Al —=—+ AFFT(4)/p 4 (Ko(4))

| | (3.46)

U'(B)/ kerAl —— AffT(B)/p 5 (Ko(B)).

Further, if ker A}, = DU°(A) and ker AL, = DU°(B), then Ay is a lift of the map induced by the diagram

U%(4)/DU °(4) —=— AffT(4)/ps (Ko(4))

l l (3.47)

U’(B)/DU °(B) —— AfET(B)/pp (Ko(B)).

C*-algebras satisfying the last condition arise naturally—for example, unital, separable, simple, pure
C*-algebras of stable rank 1 such that every 2-quasitracial state on A is a trace have this property [27].

4. The order on AffT(-)

We now examine when the map induced on Aff 7'(-) is positive in order to compare K-theory, traces,
and the pairing. As we saw in Example 3.4, the map we get between spaces of affine functions on the
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trace simplices need not be positive nor unital in general. In this section, we will be able to use the map
Ay to construct a unital positive map, under some extra assumptions on 6.

We record the following results as they give us necessary and sufficient conditions for the A, to be
positive. We use the C*-algebra-valued analog of the fact that any unital, contractive linear functional
is positive, along with the fact that completely positive maps are (completely) bounded with the norm
determined by the image of the unit. Recall that an operator system is a self-adjoint unital subspace of
a C*-algebra. The following is a combination of Proposition 2.11, Theorem 3.9, and Proposition 3.6 in
[29].

Proposition 4.1. Let S be an operator system and B a unital C*-algebra.

1. If ¢ : S — B is a unital contraction, then ¢ is positive.
2. If B=C(X) and ¢ : S — B is positive, then it is bounded with ||¢| = ||¢(1)]].

Lemma 4.2. Suppose A, B are unital C*-algebras and 0 : U°(A) — U°(B) be a continuous group
homomorphism such that O(T) =T. If 0|y is injective, then Sy(1) € {1, —1}.

Proof. The restriction 6|p: T — T is a continuous group homomorphism, hence by Pontryagin
duality is of the form 6(z) = 7" for some n. Injectivity implies that n € {1, —1}. We then have that

eZﬂng(l)I — 9 (eZUit) — elninl (41)
for all # € R. This implies that Sy(1)=n-1€ {1, —1}. O

In the sequel, we will be interested in the case that T(A) # . The map Sy will still descend to a map
Ay 1Ay /Ao — By, /B, regardless of their being tracial states on either C*-algebra, but these quotients
are zero if there are no traces. If we take the zero Banach space to be partially ordered with order unit
trivially, then one can speak of unital and positive maps Aff T(A) — Aff T(B), regardless of whether
T(B) is empty or not (any map from a partially ordered Banach space with order unit to the zero Banach
space will be unital and positive). However, if T(A) = ¥ and T(B) # 4, then our map A, would have no
chance of being unital. We identify the zero Banach space with Aff () = Cr(¥) and with the complex
analogs as well. However, the following lemma is true regardless of whether T(A) is empty or not.

Lemma 4.3. Suppose A,B are unital C*-algebras and 0 : U°(A) — U%(B) is a continuous group
homomorphism such that O(T) = T. If 0 is injective, the following are equivalent:

1. one of Ay or — A, is positive;
2. Ay is contractive.

Proof. First suppose that T(A), T(B) # . By Lemma 4.2, we know that S,(1) € {1, —1} and conse-
quently Ag(l) € {1 —1} (where we recall that, for a € A,,, a € Aff T(A) is the affine function a(t) =
7(a)). By replacing A, with — Ay, we can without loss of generality assume that A, is unital. Using the
fact that Aff T(A) 4+ iAff T(A) € C(T(A)) is an operator system and the canonical extension

AS : AfFT(A) + iAff T(A) — AfF T(B) + iAff T(B) € C(T(B)) 4.2)

is a unital linear map with abelian target algebra, this is an easy consequence of the two parts of
Proposition 4.1.

Finally, if T(A) = ¢, then any map from Aff T(A) is both contractive and positive trivially. The same
is true of any map with codomain Aff T(B) if T(B) = @. O

Lemma 4.4. Suppose A,B are unital C*-algebras and 0 : U°(A) — U°(B) is a continuous group
homomorphism. Suppose that T(A) # 0.
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L 1Agll = 1186l
2. IfK > OQis such that ||60(u) — 0()|| < K|ju — v|| for all u, v € U°(A), then ||Sy|| < K and || Aq|| <
K.

3. If 0 is a homeomorphism, then Ay is bijective with bounded inverse being Agy-1.
4. If 0 is isometric, then so is Sy. If 0 is a surjective isometry, then A, is a surjective isometry.

Proof. As S4(Ay) € By, we have

”Af)(&)”AffT(B) = ||S9(a)||AffT(B)

= inf ||S,(a) + b
beBy

< inf |Sy(a) + D]
beb(Ap)

= inf [So(a) + Sp(a)|
a €Ay

< |8yl inf |la+d'||

a'eAg

= IS |l ”a”AﬁT(A) (4~3)

whenever a € A,. This gives that || Ag|| < ||Ss|l-
The fact that S, is an isometry whenever 6 is an isometry follows from an argument in [24]; we
exemplify said argument to show the bound condition. We use the observation that

eZm'ta -1 )
- — 2mia “4.4)

as t — 0. Since
e — 1] < K|le™ — 1] 4.5)
for all € R, we can divide both sides by ﬁ |t| and take t — O to get that
1Se(@)l = Klall- (4.6)

Thus, ||S, || < K. It then follows from (1) that || Ay|| < K as well.

If 0 is a homeomorphism, S; and Sy-1 are both defined and its clear that ;' = Sy-1.

The surjectivity of 6 implies the surjectivity of S, and thus if b € B,,, we can find a € A, with S,;(a) =
b. But then Ay(a) = m =b.In particular, A, is surjective. Now if 0 is a surjective isometry, we
identify Aff T(A) ~ A,,/A, and Aff T(B) ~ B,,/B,, noting that S,(A,) = B,, and that A, will preserve the
quotient norms. O

Corollary 4.5. Suppose A, B are unital C*-algebras and 0 : U°(A) — U°(B) is a continuous group homo-
morphism. Suppose that T(A) # . If Sy(1) =n and ||S,|| = |n|, then iSe is a unital contraction, hence
positive. In particular, if 0(T) = T and 0| is an injection, then either Ay or — Ay is unital and positive.

Proof. The first part follows from the above lemma. If 6 is an injection with 6(T) =T, we have that
So(1) € {1, —1} and that A, is contractive, so one of Ay or —Ay is a unital contraction, hence positive
by part (1) of Proposition 4.1. O

Theorem 4.6. Suppose A, B are unital C*-algebras and 0 : U°(A) — U°(B) is a contractive injective
homomorphism such that 6(T) =T. Suppose that T(A) # (. Then there is a continuous affine map
Ty : T(B) = T(A) such that Ag(f) =f o Ty or —Ao(f) =f o T,, depending on whether Ay or —A, is
positive.

Proof. This follows from the fact that the induced map A, : Aff T(A) — Aff T(B) will have the prop-
erty that A, or — A, will be a unital positive map. Therefore, by contravariant identification of compact
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convex sets (of locally convex Hausdorff linear spaces) with the state space of the space of continu-
ous real-valued affine valued functions on them [21, Chapter 7], there exists a continuous affine map
T, :T(B)— T(A). [

Theorem 4.7. Suppose A, B be unital C*-algebras and 0 : U°(A) — U°(B) is a contractive topological
group isomorphism such that 6(T) = T. Suppose that T(A) # @. Then the map Ty : T(B) — T(A) induced
by Ay is an affine homeomorphism.

Proof. AsO(T) =T, S,(1) € {—1, 1}. Let £ A, : Aff T(A) — Aff T(B) be either A, or — Ay, depending
on which is unital, positive, contractive and surjective by combining Lemmas 4.4, 4.3 and 3.2(2). By
the duality of (compact) simplices and continuous affine functions on them, the map 7, : T(B) — T(A)
is an affine homeomorphism. O

Theorem 4.8. Let A, B be unital C*-algebras and 0 : U(A) — U(B) be a contractive injective homomor-
phism such that 6(T) = T. Suppose that T(A) # 0. If

m(U(A)) ~ K, (A) and 7(U(B)) ~ K,_,(B) fori=0, 1,* 4.7)
via the canonical maps, then there is an induced map

KT,0): KT, (A) — KT,(B). (4.8)

Proof. Let

o A= AQ‘U% cAffT(A) — A T(B),

o Oy:m (UO(A)) — (UO(B)) be the map induced on fundamental groups by 6|0,

o K,(9) be the map induced on K, by 6, together with (4.7) fori =1,

o 0 :1(U(A)) — mo(U(B)) be the map induced by 6 on connected components (so that

0,([u]-,) =[0,(w)]-,) and
o K;(0) be the map induced by 6, together with (4.7) for i = 0.

Then
(£ Ky(0),K,(0),£A):KT,(A) — KT,(B) 4.9)

is a KT,-morphism, where £A is either A or —A depending on which one is unital and positive, and
+K,(0) is either Ky(f) if A is positive or —K(f) if —A is positive. Indeed, +K,(0), 6;, £A are all
appropriate morphisms, and we have that

Ko(4) 24 AffT(4)
iKo(t‘))l liA (4.10)
Ko(B) —;— AffT(B)
commutes’® by Corollary 3.6. O

Corollary 4.9. Let A, B be unital C*-algebras, 0 : U°(A) — U°(B) is a contractive topological group
isomorphism such that 6(T) =T, and suppose that T(A) # @. If

mi(UA)) =~ K;_(A) and m;(U(B)) =~ K,_(B) fori =0, 1, 4.11)
via the canonical maps, then KT,(A) ~ KT,(B).

*Note that 1 (U(A)) = m (UO(A)) and 71 (U(B)) = m; (UO(B)) since we are taking our base point to be the identity in each case.
*The map —Ko(9) will take a piece-wise smooth loop & to the loop —6 o & defined by ( — 6 o £)(r) = 6(£( — t)). From here its
obvious that the diagram commutes.
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Proof. By Corollary 4.8, we have an induced KT,-morphism. This map is necessarily an isomorphism
since 6 is. O

Corollary 4.10. Let A, B be unital C*-algebras which are either Z-stable or of stable rank one and
suppose that T(A) # 0. Let 0 : U(A) — U(B) be a contractive injective homomorphism such that 0(T) =
T. Then there is an induced map

KT,(0): KT,(A) — KT,(B).

Proof. C*-algebras which are Z-stable or have stable rank one satisfy the hypotheses of Theorem 4.8
by [25] and [32], respectively. So Theorem 4.8 applies. 0

Remark 4.11. The strict ordering on Aft T(A) is given by f > g if f(t) > g(z) for all t € T(A). IfA, B
are unital with T(A) # 0 and 0 : U°(A) — U°(B) is a contractive injective homomorphism such that
0(T) =T, then £A, : Aff T(A) — Aff T(B) is a unital positive contraction by Lemma 4.3 (again A,
is Ay or — N, depending on which is positive). We moreover have that

A > EA() = > g (4.12)

Indeed, let us show that f > 0 if and only if its image is >> 0. As £ A, has the form £Ay(a) = m),
it suffices to show that if o(a) > 0 for all o € T(A), then t( % S¢(a)) > 0 for all T € T(B). But this is
trivial because t o £S, : A,, — R extends canonically to a tracial state A — C by Proposition 3.3, so
evaluating it against a must give that it is strictly positive.

The above says the following: for certain C*-algebras, we can read off positivity in K, thinking of it
as the fundamental group of the unitary group, from the strict positivity of the predeterminant applied
a the loop. Precisely, a nonzero element x € Ky(A), where A is a unital, simple C*-algebra with strict
comparison, is in the positive cone if and only if the corresponding loop &, satisfies A, (&,) > 0 for all
T eT(A).

Although the following is known, for example, by very strong results in [1, Chapter 6] pertaining
to certain prime C*-algebras, we give the following as a corollary by using K-theoretic classification
results.

Corollary 4.12. Let A, B be unital, separable, simple, nuclear Z-stable C*-algebras satisfying the UCT.
Then A >~ B if and only if there is a contractive isomorphism U(A) >~ U(B).

Proof. Its clear that two isomorphic C*-algebras have isomorphic unitary groups. On the other hand,
if U(A) >~ U(B), then since these C*-algebras are Z-stable, Corollary 4.9 applies. As KT,( - ) recovers
the Elliott invariant, which is a complete invariant for the C*-algebras as in the statement of the theorem
(by [5, Corollary D], [16, 18, 19] and the references therein), A >~ B. O

Using the state-of-the art classification of embeddings [6], there is an enlarged invariant of KT,( - ),
which is able to classify morphisms between certain C*-algebras. Any K7,-morphisms automatically
has a lift to this larger invariant [6, Theorem 3.9], and so under the assumption that the K7,-morphism
is faithful (i.e., the map T(B) — T(A) induced by the map Aff T(A) — Aff T(B) sends traces on B to
faithful traces on A), there is a *-homomorphism witnessing the KT,-morphism. Therefore, as a corollary
of their main theorem, we have that for an abundance of C*-algebras, there is an (contractive) embedding
of unitary groups if and only if there is an embedding of C*-algebras.

Corollary 4.13. Let A be a unital, separable, simple nuclear C*-algebra satisfying the UCT which is
either Z-stable or of stable rank one and B be a unital, separable, simple, nuclear Z-stable C*-algebra.
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If there is a contractive injective homomorphism 6 : U(A) — U(B) such that 0(T) =T, then there is an
embedding A — B.

Proof. Assuming such a 6 exists, it gives rise to a KT,-morphism
KT,(0): KT,(A) — KT, (B) (4.13)

by Corollary 4.10. As A, B are simple, the map T;, : T(B) — T(A) necessarily maps traces on B to faithful
traces on A, and thus the K7,-morphism K7,(0) is “faithful.” Therefore, KT, () induces an embedding
A — B by [6, Theorem B]. O]

5. A slight general linear variant

Here, we briefly describe a slight general linear variant of some of the results above. Unfortunately, the
maps we get at the level of A, B and complex-valued continuous affine functions are not C-linear in
general (see Example 5.3). In the presence of a continuous homomorphism 6 : GL°(A) — GL°(B), we
have corresponding maps

GL(4)/CGL °(4) —=— (A/ W ]) /AL (2 (U0(4)))

l l (5.1)

GL(B)/CGL “(B) — (A/ A A ]) /AL (2 (UY(B))).

Again, by modding out by algebraic commutator subgroups when DGL’(A) =ker A} and DGL’(B) =
ker A} (both with respect to the general linear variant of the de la Harpe—Skandalis determinant, as
originally introduced in [12]), instead of closures of derived groups, there is a purely algebraic variant
of the above diagram:

GL(4)/DGL °(4) —=— (A/ [4,4 ]) /AL (2, (GL (4)))

l l (5.2)

GL(B)/DGL °(B) —— (A/ [B, B ]) /AL (71(GL (B))).

Thinking of K,(A) as the Grothendieck group of the semigroup of equivalence classes of idempotents
and Ky(A) >~ 7,(GL?_(A)), we would like to lift the maps on the right of (5.1) and (5.2) to a map

A/lA,A]l — B/|B, B] (5.3)

(the latter holding true when A, B are C*-algebras whose determinant has appropriate kernel).
We can always achieve a bounded R-linear map.

Proposition 5.1. Let A, B be unital C*-algebras and 6 : GL°(A) — GL°(B) be a continuous group
homomorphism. Then there is a continuous R-linear map

G, :A/[A, Al — B/[B, B] (5.4)

which lifts the maps on the right of (5.1) and (5.2) (the latter holding when DGL"(A) =ker A} and
DGL(B) = ker Ay).
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Proof. We define G, : A — B given by
Go(a) := lim —— log 6 (¢*"'%) (5.5)
n 2mi

We note that the sequence on the right is eventually constant: choose N large enough such that n > N
implies that

6 () — 1] < 1. (5.6)
‘We then have forn > N,

n ‘a n i Na
_1 9 2miy :_] 9 ( 2mm>
2mi 08 (e ) 2mi AN

=—1log# (ez’”ﬁ)” (5.7

To see that the map is additive, one can use the Lie product formula
b . a b k
et =1lim (efe?> (5.8)
k

(see for example [23, Theorem 2.11]), along with the fact that 6 is a continuous homomorphism. From
here, it is clear that G, is continuous and QQ-linear, hence R-linear. Moreover, one can use the formula

b

k2
. —a b a b
el =1im (e ke ekek) (5.9
k

(a variation of the argument given in the proof of [23, Theorem 2.11] will give the desired formula),
together with 0 being a continuous group homomorphism, to show that it respects commutation. Note
that the same proof indeed shows that S, respects commutation, although we never explicitly used this.
From here, G4([A, A]) C [B, B], and consequently, G,([A,A]) € [B, B] by continuity. Thus, there is an
induced R-linear map

G, :A/TA, Al — B/[B, B]. (5.10)

The fact that G, is a lift of the maps on the right of (5.1) and (5.2) follows from the same arguments as
in Propositions 3.7 and 3.8. O

Remark 5.2. We note that G, could have also been defined in the same manner as Sy. In particular,
there is a correspondence

0 (e27rita) — e27Ting(ﬂ)’ teR. (51 1)

One can use this to show that 0(ker A}) C ker A}, as in Proposition 3.5 by using G, in place of S,, along
with the fact that G,([A, A]) C [B, B]. So there will always be a general linear variant of the commuting
diagram (3.4).
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Let us use (5.11) to show that the maps G, and G, in Proposition 5.1 are not always C-linear.

Example 5.3. Consider A=B=C and 0 : C* — C* given by 0(z) = |z|“"?7z" where o, B € Rand n €
Z. It is easy to see that 6 is a continuous group homomorphism. However, the map G, is not C-linear.
Indeed, we have that

. . . Nl a1 . .

0 (eZnAt(a+bz)) — |e2mt(a+b1)| eZmrn(a-Hn)
_ a+pi : r
— (e 211[1)) eantn(a+hl)

— e—2m‘hoce—Zntlﬁtl)eZﬂlln(n+bl)

— leril((na—ab)-%—i(n—ﬁ)b. (5 1 2)

In particular, thinking of C as R* with I and i corresponding to the basis vectors (1,0) and (0, 1),
respectively, we have that G, : R*> — R? is the map

-6 )0

In this example, the map G, is C-linear if and only if « = B =0. We do note, however, that 0 sends
unitaries to unitaries and 0|1(z) = 7".

In general, it is clear thatif 8 : GL(A) — GL(B) sends unitaries to unitaries, then we can use techniques
in Section 4 to get maps between spaces of continuous affine functions on the trace simplices. If one
had that 6 was the restriction of a *-homomorphism or a conjugate-linear *-homomorphism, then this
would be true.

6. Final remarks and open questions

An alternate way to construct the map Ay, using duality of traces, is as follows. Denote by T,(A) the
set of all tracial functionals on A. Suppose that A, B are unital C*-algebras with T'(A), T(B) # @, and
0 : U°(A) — U°(B) is a continuous homomorphism. Define, for a € A, and T € T,(B),

F(r)(a):= lim 7 (5= logh (7). ©.1)

Proposition 6.1. For t € T (B), the map F(t) : A,, = R is a well-defined, bounded, self-adjoint, tracial
Sfunctional. Moreover, F : T (B) — T,(A) given by t +— F(t) is a bounded R-linear map.

Proof. Using the same arguments as in Proposition 5.1, it is clear the formula (6.1) is well defined
and gives rise to a bounded R-linear map F : T(B) — T (A). O]

One can identify (A,,/Aq)" =~ T,(A) (see, e.g., [8]), and so we can use duality to get a map [\9 =
F*: T (A)" — T(B)* and restrict it to the dense set A,,/A,. One can check that the image lies in B,,/B,
and that the restriction is just the map A, that we got before.

We finish by listing some open problems.

1. There are classes where topological isomorphisms between U(A) and U(B) (or even U°(A)
and U°(B)) come from *-isomorphisms or anti-*-isomorphisms. For example, if A, B are prime
traceless C*-algebras containing full square zero elements, this is true by results in [9].

If A is a unital, separable, nuclear C*-algebra satisfying the UCT and B is a unital simple sepa-
rable nuclear Z-stable C*-algebra, then unital embeddings A <— B are classified by an invariant
KT,(-),whichis an enlargement of KT, [6]. Thus, any isometric unitary group homomorphism
U(A) — U(B) will give a KT,-morphism K7,(6) and therefore there will be an embedding
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¢ : A — B such that KT,(¢) = KT,(0). However, it is not clear that ¢ satisfies ¢ |y, = 6. More
generally though — in the tracial setting — are there continuous group homomorphisms which
do not have lifts to *-homomorphisms or anti-*-homomorphisms?

Note that in [1, Chapter 6], Lie isomorphisms between certain C*-algebras are shown to
be the sum of a Jordan *-isomorphism and a center-valued trace. Is there a result for general
(injective) Lie homomorphisms between certain classes of C*-algebras?

2. This enlargement of KT, discussed in [6] contains K-theory with coefficients (along with appro-

priate pairing maps—the Bosckstein maps discussed in [37]). So we ask: do continuous group
homomorphisms induce maps between K-theory with coefficients?

3. For a general continuous homomorphism 6 : U°(A) — U°(B), does the norm ||Sy || determine a

Lipschitz constant for 6?7 We clearly have that
ISy ]l <inf{K | 6 is K-Lipschitz} (6.2)

by Lemma 4.4. Is this equality?

4. For A simple (or prime), is it true that any continuous injective homomorphism 6 : U°(A) —

U°(B) is isometric? Contractive? What if B is simple (or prime)?

5. In the initial draft of this paper, we claimed that any continuous group homomorphism in

Proposition 5.1 gave rise to a C-linear G,. This is clearly false by Example 5.3. Is there a
way to guarantee that the map G, is C-linear? Or can one alter it accordingly for this to hap-
pen? Or alter it to get a map between unitary groups, which would then allow one to use the
results in Section 4? Maybe if one starts with an injective, contractive group homomorphism
GL’(A) — GL°(B) which sends C* to C*, one can say something.
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Thanks to the authors of [6] for sharing a draft of their paper. Finally, thanks to the referee for asking for clarification on the
general linear variant, which led me to consider a counterexample to C-linearity.

References

(1]
(2]

(3]
[4]

[5

—

(6]
(71
(8]
[9]
[10]
[11]
[12]

[13]

[14]
[15]

P. Ara and M. Mathieu, Local multipliers of C*-algebras, Springer Monographs in Mathematics (Springer, London, 2003).
A. Al-Rawashdeh, A. Booth and T. Giordano, Unitary groups as a complete invariant, J. Funct. Anal. 262(11) (2012),
4711-4730.

A. Booth, The unitary group as a complete invariant for simple unital AF algebras, Master’s thesis (University of Ottawa,
Canada, 1998).

M. Bresar, Commuting traces of biadditive mappings, commutativity-preserving mappings and Lie mappings, Trans. Am.
Math. Soc. 335(2) (1993), 525-546.

J. Castillejos, S. Evington, A. Tikuisis, S. White and W. Winter, Nuclear dimension of simple C*-algebras, Invent. Math.
224(1) (2021), 245-290.

J. R. Carri6n, J. Gabe, C. Schathauser, A. Tikuisis and S. White, Classifying *-homomorphisms I: Unital simple nuclear
C*-algebras, arXiv:2307.06480 (2023).

J. B. Conway, A course in functional analysis, Graduate Texts in Mathematics, vol. 96 (Springer, New York, 1985).

J. Cuntz and G. K. Pedersen, Equivalence and traces on C*-algebras, J. Funct. Anal. 33(2) (1979), 135-164.

A. Chand and L. Robert, Simplicity, bounded normal generation, and automatic continuity of groups of unitaries, Adv.
Math. 415 (2023), PaperNo.108894,52.

M. Dadarlat, Reduction to dimension three of local spectra of real rank zero C*-algebras, J. Reine Angew. Math. 460
(1995), 189-212.

P. de la Harpe, Fuglede—Kadison determinant: theme and variations, Proc. Natl. Acad. Sci. USA 110(40) (2013), 15864—
15877.

P. de la Harpe and G. Skandalis, Déterminant associé a une trace sur une algébre de Banach, Ann. Inst. Fourier (Grenoble)
34(1) (1984), 241-260.

P. de la Harpe and G. Skandalis, Produits finis de commutateurs dans les C*-algebres, Ann. Inst. Fourier (Grenoble) 34(4)
(1984), 169-202.

H. A. Dye, The unitary structure in finite rings of operators, Duke Math. J. 20 (1953), 55-69.

H. A. Dye, On the geometry of projections in certain operator algebras, Ann. Math. (2) 61 (1955), 61-89.

https://doi.org/10.1017/S0017089523000447 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089523000447

[16]
[17]
(18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
(26]
[27]
(28]
[29]
[30]
(31]
[32]
(33]
(34]
(35]
[36]
(37]
[38]

[39]
[40]

Glasgow Mathematical Journal 23

G. A. Elliott, H. L. Guihua Gong and Z. Niu, On the classification of simple amenable C*-algebras with finite
decomposition rank, II, arXiv:1507.03437 (2015).

G. B. Folland, A course in abstract harmonic analysis, Textbooks in Mathematics, 2nd edition (CRC Press, Boca Raton,
FL, 2016).

G. Gong, H. Lin and Z. Niu, A classification of finite simple amenable Z-stable C*-algebras, I: C*-algebras with
generalized tracial rank one, C. R. Math. Acad. Sci. Soc. R. Can. 42(3) (2020), 63—450.

G. Gong, H. Lin and Z. Niu, A classification of finite simple amenable Z-stable C*-algebras, II: C*-algebras with rational
generalized tracial rank one, C. R. Math. Acad. Sci. Soc. R. Can. 42(4) (2020), 451-539.

G. Gong, On inductive limits of matrix algebras over higher-dimensional spaces. I, II, Math. Scand. 80(1) (1997), 41—
55,56-100.

K. R. Goodearl, Partially ordered abelian groups with interpolation, Mathematical Surveys and Monographs, vol. 20
(American Mathematical Society, Providence, RI, 1986).

T. Giordano and A. Sierakowski, The general linear group as a complete invariant for C*-algebras, J. Oper. Theory 76(2)
(2016), 249-269.

B. Hall, An elementary introduction, in Lie groups, Lie algebras, and representations, Graduate Texts in Mathematics,
vol. 222, 2nd edition (Springer, Cham, 2015).

O. Hatori and L. Molndr, Isometries of the unitary groups and Thompson isometries of the spaces of invertible positive
elements in C*-algebras, J. Math. Anal. Appl. 409(1) (2014), 158-167.

X. Jiang, Nonstable K-theory for Z-stable C*-algebras, arXiv preprint math/9707228 (1997).

P. W. Ng, The kernel of the determinant map on certain simple C*-algebras, J. Oper. Theory 71(2) (2014), 341-379.

P. W. Ng and L. Robert, The kernel of the determinant map on pure C*-algebras, Houston J. Math. 43(1) (2017), 139-168.
A. L. T. Paterson, Harmonic analysis on unitary groups, J. Funct. Anal. 53(3) (1983), 203-223.

V. Paulsen, Completely bounded maps and operator algebras,Cambridge Studies in Advanced Mathematics, vol. 78
(Cambridge University Press, Cambridge, 2002).

N. C. Phillips, The rectifiable metric on the space of projections in a C*-algebra, Int. J. Math. 3(5) (1992), 679-698.

N. C. Phillips, A classification theorem for nuclear purely infinite simple C*-algebras, Doc. Math. 5 (2000), 49-114.

M. A. Rieffel, The homotopy groups of the unitary groups of noncommutative tori, J. Oper. Theory 17(2) (1987), 237-254.
M. Rgrdam, F. Larsen and N. J. Laustsen, An introduction to K-theory for C*-algebras, London Mathematical Society
Student Texts,, vol. 49 (Cambridge University Press, Cambridge, 2000).

M. Rgrdam, Classification of nuclear, simple C*-algebras, in Classification of nuclear C*-algebras. Entropy in operator
algebras, Encyclopaedia Math. Sci., vol. 126 (Springer, Berlin, 2002), 1-145.

S. Sakai, On the group isomorphism of unitary groups in AW*-algebras, Tohoku Math. J. (2) 7(1955), 87-95.

S. Sakai, C*-algebras and W*-algebras (Springer, Berlin, 2012).

C. Schochet, Topological methods for C*-algebras. IV. Mod p homology, Pac. J. Math. 114(2) (1984), 447-468.

K. Thomsen, Finite sums and products of commutators in inductive limit C*-algebras, Ann. Inst. Fourier (Grenoble) 43(1)
(1993), 225-249.

K. Thomsen, Traces, unitary characters and crossed products by Z, Publ. Res. Inst. Math. Sci. 31(6) (1995), 1011-1029.
T. Yen, Isomorphism of unitary groups in AW*-algebras, Tohoku Math. J. (2) 8 (1956), 275-280.

https://doi.org/10.1017/S0017089523000447 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089523000447

	Introduction
	Preliminaries and notation
	Notation
	The de la Harpe"2013`Skandalis determinant and Thomsen"2019`s variant
	Thomsen"2019`s variant
	The KT_u invariant

	Continuous unitary group homomorphisms and traces
	The order on "026E30F textrmAff"026E30F , T("026E30F cdot )

	A slight general linear variant
	Final remarks and open questions

