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Abstract

For an increasing weight w in B, (or equivalently in A ), we find the best constants for the inequalities
relating the standard norm in the weighted Lorentz space A”(w) and the dual norm.
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1. Introduction

Let 1 < p < co. Throughout this paper (R, i) denotes a o -finite nonatomic measure
space, and w a nonnegative and locally integrable function on R;. We recall the
definition of the weighted Lorentz space A”(w) (see [3]):

00 1/p
AP (w) = {f Nl = (/O O w() dt) - oo},

where f* is the nonincreasing rearrangement of f on (R, p). Itis known that || - || 5w
is a norm if and only if w is a nonincreasing function [12, 13]. Also, it was proved
in [15] that A?(w) is equivalently normable if and only if w € B, which is a condition
that also characterizes the boundedness of the Hardy operator on the cone of L? (w)
decreasing functions (see [1]):

o0 t
/ wx) dx§£/ w(x) dx. (1.1)
t tP 0

xP

In this case, the usual equivalent norm is given in terms of the maximal function
(see [6] for more information):

1 13
[ =~ f fH(x) dx.
tJo
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00 1/p
||f||";,,w=(f0 f**(t)”w(t)dt) ,

then for w € B), (see [4]),

1A lpw CilfIlw  and NfI5 0w < Coll fllpws (1.2)

If we set

where, writing W (r) = [y w(1) dt,

» W)
C| =sup =
>0 W)+ 1P [Zx~Pw(x) dx

1 l/p
C = / (sup W(r/x)) dx
0 r>0 W(r)

The constant C; is sharp (for example, if w(t) = 5/P=1 and hence A*(w) = LP**,
then C; = (p/)~'/% < 1, where 1/p + 1/p’ = 1). Also, for power weights w(r) = 1<,
when —1 < o < p — 1, we have that C, = (p/(a + 1))’ is also sharp (this follows by
Hardy’s inequalities).

In a recent paper [2], the authors considered, for the case of an increasing power
weight (that is, for the classical LP>* spaces with p < s), other types of estimates with
respect to the so-called dual and decomposition norms, and they also found the best
constants for the equivalence of these norms (the case s < p is trivial since both norms
coincide with the Lorentz norm). In this work we will extend this result in the case of
the dual norm, for more general increasing weights. As we mentioned above, since we
need the space A”(w) to be normable, we will necessarily have to assume that w € B),
(see (1.1)).

So, from now on, we will consider w to be an increasing weightin B, 1 < p < oc.
Hence || - ||, is not a norm but it is equivalent to a norm (see (1.2)).

Denote & = w! =7’ (observe that @ is a decreasing weight). We consider the dual
norm, defined in terms of Kothe duality, as follows:

and

”f”;;,w =Sup:[R fedu: ||g||p/’w = 1}

It is easy to see that || - ||/p’w is a norm, equivalent to || - || 5. Observe that, since
w is increasing, we have W(¢)/t < w(t) and hence w is a regular weight (see [5,
Definition 2.4.11]). Therefore, using [5, Theorem 2.4.12] (see also [15]), we get

[AP(w)] = AP (D).

Our main result (Theorem 2.9) shows that the best constant for the equivalence
between || - ||, and || - ||’p’w depends, in fact, on the A, norm of w. Recall that
A, is the classical Muckenhoupt class associated to the boundedness of the Hardy—
Littlewood maximal function (see [14] and Definition 2.7). This condition appears
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naturally when dealing with level functions (see Theorem 2.6), which is one of the

main tools used in the proof of Theorem 2.9. The key argument to prove sharpness of
the constant is Proposition 2.8.

2. Main result
We begin with a few lemmas.

LEMMA 2.1. Let 1 < p < o0, and let w be any weight and f € AP (w). Then

1A = 11
PROOF. For the proof, see [3, pp. 45-49]. |

LEMMA 2.2. Let0 < p <q < ooandletv, w be general weights. Then the inequality

0o 1/q 00 1/p
(/ FLHw@) dt) < C(/ fP@v(r) dt) 2.1
0 0

holds for all positive decreasing functions f if and only if

t 1/q t -1/p
sup(/ w(s) ds) (/ v(s) ds) < 00
t>0 0 0

t 1/q t -1/p
C= sup(/ w(s) ds) </ v(s) ds)
t>0 0 0

is the best constant in (2.1).

and

PROOF. For the proof see, for example, [4, p. 408]. O

The following corollary will be useful to find the dual norm of the characteristic
function of an interval.

COROLLARY 2.3. Let u be a decreasing weight and let r > 0. Then, the inequality

/‘r f@)dt<C /‘r f@®u(t)dt (2.2)
0 0

holds for all positive and decreasing functions f, and
r
C=——""-
Jo u(s)ds
is the best constant in (2.2).

PROOF. Take p =¢q =1 and w(t) = xj0.-1(t), v(t) = xj0,-,1(*)u(t) in (2.1). Observe
that r( for u(s) ds)~Vis an increasing function. |
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LEMMA 2.4. Letr >0, h(t) = x[0,,1(t), and p > 1. Suppose that w is an increasing

weight function. Then
) ro —-1/p
Al w = r(/(; w(t) dt) .

PROOF. To evaluate the dual norm of 2, we assume that g € Ap/(ﬁ), g >0, and
lgll 7. = 1. Applying Corollary 2.3 (with u = w) and Holder’s inequality we get

r r =1 ,r
/g*(t)dtfr(/ w(s)ds> fg*(s)@(s)ds
0 0 0
r -1 r 1/p
§r</ w(s)ds) ||g||p/,a</ w(s)ds)
0 0
r —1/p'
=r</ ﬁ(s)ds) )
0

On the other hand, if

x10,1 (1)
gty = ——"LU—
I X011l o,
then U
r r —1/p
X10,r1(1) ~
1101111, zf Lah:r(/ W) dt) ,
o lIxo.nllpy.o 0

which completes the proof of the equality. O

LEMMA 2.5. If f is a monotone function on [a, b] and [«, B] C [a, b] is an interval

for which
1 p 1 b
_ﬂ_a/ rwdr= [ raar

then, for every convex function ¢,

1 p 1 b
—/ d(f (1) dt < —/ ¢(f () dt.
B—a Jy b—aJ,
PROOF. This result is a corollary of [9, Theorems 249, 250] and can be found in [11,
Lemma 6]. O

Given f, the notion of the level function f° was first introduced by Halperin [8],
and it is essentially the derivative of the least concave majorant of the primitive of f.

THEOREM 2.6 [8]. Assume that f is a nonnegative measurable function on Ry and
that

t
/ fw)ydu=o() ast— oo.
0

Then there exists a nonnegative function f° on R satisfying the following conditions:

(a) the function f° decreases on R ;

(b) fof < [fof°forallt>0;
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(c) up to a set of measure zero, the set {t e Ry : f(t) # f°(t)} is the union of
bounded disjoint intervals Iy, such that

F ) du =/ £° () du,
Iy Iy

and f°(t) is constant on I.
DEFINITION 2.7 [14]. Let p > 1. A weight w on R, is said to belong to the A,

class if
1 b 1 b , I=p
/ w(t)dt <C —f w!=P (1) dt
b—a J, b—a J,

for some constant C and any 0 < a < b < 0o. We also denote by

1 b 1 b , p—1
lwlla, = sup f w(t) dt —/ w!' P (1) dt
’ O<a<b b—a a b—a a

the optimal constant in the above inequality.

PROPOSITION 2.8. Let w be a monotone weight in A, for some p > 1. Then,

(" 1 (" , p=1
||w||A,,=sup<—f w(t)dt><—/ wi=r (t)dt) .
0<r \7" JO r Jo

PROOF. It suffices to prove the case when w is decreasing (if w is increasing, we
consider v =w € A,y). Let us show that we can assume, without loss of generality,
that w is a strictly decreasing weight: let w.(x) = (1 +¢&/(1 + x))w(x). Then
we(x) > we(y) if x < y (observe that necessarily w(x) > 0, since A, weights satisfy
the doubling property and by monotonicity). Also, if we call

1 1 / p-1
||w||Ap0=sup<—/ w(t)dt)(—/ w!' =P (t)dt) ,
' 0o<r \7 Jo rJo

then it is easy to prove that [|wella,, = lwlla,, and [lwella, = llwlla,, as ¢ —> 0.
Thus, assume that w € A, is strictly decreasing. It is clear that ||u)||Ap4,0 <lwla,,so

let us prove the converse inequality. Fix 0 <a < b < co. Set

1 [ 1 [
wo = lim — w@)dt and we = lim —/ w(t) dt.
0

r—0r Jo r—oo r
Then
wo=limw() and we = lim w(r),
t—0 t—00
and, since

1 b
w0>—/ w(t) dt > Weo,
b—a J,

there exists a unique r > 0 such that

1 (" 1 b
- / w(t)dt = —— / w(t) dt.
r Jo b—a J,
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Let us show that » > b. Assume, for contradiction, that » < b. Then, since w is
decreasing,

b

1 L[ 1 [P
—_— w(t) dt = —/ w(t)dt>—/ w(t) dt
rJo b Jo

b—a J,
1 a b
= —(/ w(t)dt-l—/ w(t)dt),
b 0 a

and hence we reach the contradiction:
1 b 1 [
w(a) > —— / w(t)dt > — / w(t) dt > w(a).
b—a J, aly

Therefore, since [a, b] C [0, r], we can use Lemma 2.5 with ¢ (t) = 177" to obtain

| | A
—_— w P ()dt < - w P (1) dt,
b—a J, r Jo

which finally gives us the estimate:

1 b 1 b 1 p—1
<—b_a/a w(t)dt)(—b_a/a w (t)dt>
([ Loy r-l
<|- [ wdt)(- [ w @) adt <llwlla,qs
rJo rJo

thatis, [wlla, < lwlla,,- O

We now find the optimal constants for the inequalities relating both the Lorentz
and the dual norms. We observe that the A, condition, for monotone weights, is
equivalent to w € B, (see [7]), and hence there is no loss of generality in assuming
that w € A,. Observe also that the only increasing w € B), for which || - ||, is a
norm is the constant weight w = C.

THEOREM 2.9. Let p > 1 and w € A, be an increasing weight. Suppose that f €
AP(w). Then
1A < U Flpaw < Cpwll FIy (2.3)

where

1
Cpuw=lwll{7.

The constants in the inequalities (2.3) are optimal.

PROOF. The left-hand-side inequality in (2.3) is just a consequence of Holder’s
inequality and the Hardy—Littlewood rearrangement inequality. We have equality for
functions f such that ¥ (1) = f*(£)?~'w(r) is nonincreasing (for example, f*(t) =

w!' =P () x0,11(1).
By Lemma 2.1, it is enough to prove the right-hand-side inequality in (2.3) for
positive nonincreasing functions f. Denote

Y= fF@O)" w(r)
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and take ¥ °(¢) to be the level function of ¥r. Applying Theorem 2.6(b) and the Hardy—
Littlewood—Pdlya relation (see Hardy’s lemma in [3, Proposition 3.6]), we obtain

o0 (o.¢]
171 = [ rww®d = [ rowee d
0 0
< I wll f Iy -
Hence, to show the right-hand-side inequality it suffices to prove that

-1
”‘//o”p’,@ = Cp,w”f”g,w .

Let E={t e Ry | ¥°(¢) =¥ (¢)}. Then, up to a set of measure zero,
R\E =@, bo),
k

where (ay, by) are bounded disjoint intervals such that

by

Yo = V() du ¥t € (ak, by).

bk — dg ag

By Holder’s inequality, the definition of ¥ and the hypothesis, we obtain

1 by 1/p bk 1/p
(/ w(u) du) ( FPwwu) du)
br — ak \J o ax
1/p bi =1/p" / pby 1/p
=< ||w||Ap (/ w(u) du> </ fPuwyw(u) du)
ay ai

for all t € (ay, by). Thus
by

vot) <

, b
Yo B dr < wly f Cpriow) d.

ak Ak

On the set E, we also have
/ YeWr B dr = / Y ()P (1) dr
E E

:/ fP@Ow(@) dt.
E
Since [[wlla, = 1,

p
11w < 1921y mll f Il

by 1/p
< ||w||i(,f’(Z / FPOw) dr + fE FPOw) dt) 11
k Ak

1 -1
= IIwIIA/ppIIfllﬁ,w A1 0

and we obtain the right-hand side of (2.3), when 1 < p < co.
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Taking f = x[0,-] and using Lemma 2.4, we see that

1 r Up rpr 1/p
Cpo = 1X0ANpw —(/ w(t) dt) ([ () dt)
Ixwo.rillpw 7 \Jo 0
and hence, using Proposition 2.8,

1 1
Cpw = Iwl” = lwll”,

which shows that ||w||l‘/pp is sharp. O

REMARK 2.10. Ifw(r) = /P!, then A*(w) = LP*. Hence, if | < p <s < 00, then
w is an increasing weight and
-1
P p/ s
lwiia, =2(%)
s\s

1/s N\ 1/s
14 14
I fllp,s < (;) <?> (WAl

which is [2, Theorem 4.4].

Therefore,

REMARK 2.11. An interesting application of Theorem 2.9 is the following uniform
estimate in the triangle inequality: if p > 1 and w € A, is an increasing weight, then

N 1 N

)4
YA =l Il
j=1 j=1

In fact, if f =Y"Y_| f;. then

pw

N
1/p / 1/p N
1A pw = w1 < Tl 4 E 1 I Fillpw
J=

N
1
< 1wl Y 1 fillpw
j=1
Using Proposition 2.8 and [10, Theorem 3], one can prove that this estimate is optimal.
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