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Abstract

Let G be a compact group. The aim of this note is to show that the only continuous *-homomorphism from
LY(G) to £>- @m B (H) that transforms a convolution product into a pointwise product is, essentially,

a Fourier transform. A similar result is also deduced for maps from L*(G) to £*- @[n] G By (Hy).
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1. Introduction

The study of the Fourier transform on function spaces over R” is a classical topic in
harmonic analysis and the behaviour of the Fourier transform under various operations
is well known. A most striking aspect is that these properties can also characterise the
Fourier transform. One of the well-known properties of the Fourier transform is that it
takes a convolution product into a pointwise product. So, it is natural to ask: suppose
that there exists a map which converts convolution products into pointwise products.
Does it have any relation to the Fourier transform?

In [1, 2], Alesker et al. tried to characterise the Fourier transform in this way. In [5],
Jaming proved such a characterisation for the Fourier transform on the groups Z, Z,,, R"
and T". A similar characterisation of the Fourier transform on the Heisenberg group
was proved by Lakshmi Lavanya and Thangavelu [6]. In fact, their work serves as a
motivation for the proof of the main results of this article.

Now let G be a compact group. In Section 3, after some preliminaries in Section 2,
we prove a similar result for the Fourier transform on a compact group. We also
characterise the Fourier transform on L*(G).

2. Preliminaries

Throughout this paper, G will always denote a compact group. It is well known that
G possesses a unique Haar measure dx such that fG dx = 1. The convolution of two
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functions f, g € L'(G), denoted f * g, is defined by
fre = [ foemdy. xeG
G

An irreducible unitary representation of G is always finite dimensional. Let G
denote the set of unitary equivalence classes of irreducible unitary representations of
G. Then G is called the unitary dual of G and G is given the discrete topology.

Given a representation 7 and u, v € H,, the mapping x — (m(x)u, v)4; is called a
coefficient function of n. Let &, denote the space of all coefficient functions of the
representation 7. The space &, depends only on the equivalence class containing 7 and
not on the choice of a particular representative.

Let {(Xa, || - llo)}aen be a collection of Banach spaces. For 1 < p < oo, we shall denote
by £7- P, X the Banach space

{owr e [TXe: Y lwalls < o)

equipped with the norm ||(x,)ll, 1= ( Xeen ||xa||§)1/ P Similarly, we shall denote by
£°- @aeA X, the Banach space {(xo) € [Toep Xa : SUPen lIXalle < 00} equipped with
the norm ||(xe)|leo := SUP,e, l1Xella-

TueOREM 2.1. Let G be a compact group.

(1) The coefficient function arising out of an irreducible unitary representation
belongs to L*(G).

(i)  (Schur’s orthogonality relations.) If [r],[0] € G and [7] # [o], then the spaces
Ex and E, are mutually orthogonal subspaces of L*(G).

(iii) (Peter—Weyl theorem.) The space L*(G) is equal to the closure of the direct sum
of the coefficient spaces of the irreducible unitary representations of G, that is,

12G) = - P&
[n1eG
DeriniTioN 2.2. Let f € LY(G). Then the Fourier transform of f is defined by
f(r) = dim(x) f for* (v dx, [r]€G.
G

Let 8,(H) denote the Hilbert space of all Hilbert—Schmidt operators on a Hilbert
space H, with the inner product defined by

(T, S)Bz((H) = tr(TS*), T,S € 82(7{)
As a consequence of the Peter—Weyl theorem, we have the following theorems.
Tueorem 2.3 (Plancherel theorem). The Fourier transform is a unitary map from L*(G)

onto £*- @[n]e(?BZ(q{") and

1 "
I£115 = . m||f(n)||§gz(m, feL*G).
[r]leG
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Tueorem 2.4 (Fourier inversion formula). Let f € L*(G). The inversion formula

fey =) a(fmnx)

[x1eG
holds in the L*(G) norm.

We refer to [3, 4] for more details of harmonic analysis on compact groups.

3. Characterisation of the Fourier transform

In this section, we characterise the Fourier transform on compact groups. The main
theorems of this section generalise the results of [5, 6] to the context of compact
groups. The idea behind the proof is analogous to the one given in [6].

Before stating the main theorem, we introduce some notation. For [7] € 6, let H,
be the representation space of 7 of dimension d, and {e], 7, ..., egn} an orthonormal
basis for Hy. For 1 <i, j < dp, let ET. be the linear transformation on H; given by
Efj(ej(r) =0 jer. Again, for 1 < i, j < d,, letm;; = (n(.)e’;, e?) be coeflicient functions of
n. Notice that the space &, is equal to span{n;; : 1 <, j < d,}. Further, the 7;; have the
following properties:

(D) 7op(0) = OoimEqy (1 < @, B < dy);
(il)  7ap * Myy = 0oty (1 < @, B,7,0 < dy).
Moreover, the space £ = span{n;; : [x] € 6 1 <i,j<d,}isdense in L'(G).

Turorem 3.1. Suppose that the map T : L'(G) — - @[n]eé By (H,) is nonzero
continuous and *-preserving and such that:

(i) T(f *)m) = T(HWT () for all f,g € L'(G); and

() TR.(x)=T()m)n*(x) forall f € LY(G),x € G,[n] € G.

Let E:={[n]€G: T(f)(n) # 0 for some f € L'(G)}. Then, for each [r] € E, T(f)(rr)
is equal to f(n) for all f € LY(G).

Proor. In order to prove the theorem, it is enough to prove it for a dense subset
of L(G). In the light of the comments above, we prove the theorem for the dense
subspace L. Again, as £ is just the span of all &, for [x] € G, it is enough to study the
action of 7 on each &;.

Since T is nonzero, there exist [7], [c] € G and f € &, such that T(f)(c") # 0. For
each 1 <«,B < d,, let Qgﬂ :=T(7p)(0). Note that Qgﬁ has the following properties:

Q) Q0% =60y Q:

(i) Q) = Q5.

Further, for each 1 < @ < d,, we claim that Q7, # 0. On the contrary, suppose that
7., = 0 for some o with 1 < @ < d,. Then, for any v € H,,

Qgﬁv = QgﬁanV =0 (1 Sﬁ < dﬂ')
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Similarly,

05,y =00,05,v=0 (1<B<dy).
Thus,

Q= 00505, =0 (1<7,8<dy).

This implies that T(f)(o) = 0 for f € &,, which is a contradiction. Therefore, by (i)
and (ii), it follows that Q9 is a nonzero projection on H, (1 < a < dy).

Let {ua -} be an orthonormal basis for the range of QY and let
aﬁo_ =07 ﬁu(m, 1 <B<d,.

The system {v is an orthonormal system for each fixed . Indeed,

(1,80'}

<voz,80" iy(r) Hr =<0 p’uau’vQ ) <Q7a/Q ﬁuaa'» ao—>H

= V["<Q¢mua,m ua/,0'>(}'{(r = 67ﬁ6/k'

Define the Hilbert space ‘HJ, = Span{vi o - 1 < < d,} and define the operator U, :
H, —> H! by Unrq(ep) = vé o Then U, is a unitary operator. Further, let S i,o( f):=
Upof(1)(Uy o) for f € E;. Then

S(]r,c(ﬁyn)(vtjw,o-) = Uﬂ,cr;_ryn(”)(Un,a')*(V(],ﬁ,a-)
= ﬂ,a';_ryn(”)eg = U;r,a'Errye;gr
= Uﬂ,o—éyﬁeg = 6),/;\/'(],,],0..
On the other hand,

T(ﬁyn)(a_)(v(j]ﬁ’o—) = Q;;;Qgﬁugy = 57/3an”({1 = 6yb’v(jn7,u"

Hence, for any f € &;, we have T(f)(0) = Uyr f(ﬂ)(U,m)*. Further, note that the
action of T(f)(o) on the orthogonal complement of 7—(({ in H, is 0.

We now claim that . is invariant under o. Since o is a unitary representation,
it is enough to prove that the complement (H))* is invariant under o To see this,
take v € (H))*. Then, for any f € &, T(f)(o)(v) =0. As &, is invariant under
translations, it follows that, for all x € G, T(R,f)(o)v = 0, which by our assumption is
equivalent to 7(f)(c)o*(x)v = O for all f € E; and x € G. Thus, o™ (x)v € ker(T (f)(0)).
Hence, (H;)* is invariant under o-. It now follows that U, is a unitary isomorphism
between H, and H,,.

We next claim that U, . is an intertwining operator between the representations m
and o. Note that, by our assumption, for any f € &; and x € G,

TR f)0) = T(f0)0" (%) = Up g f (1) (U)o ().
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On the other hand,
TR f)) = UroRof (D) Urs)* = U 0T () (Urr)".
Therefore, 1" (x)(Ur )" = (Urs)*0*(x) for all x € G, or equivalently,

Uron(x) =0(x)Uy forall xeG.

~

Therefore, [o] = [x] and T(f)(nr) = f(r) for all f € &,. Thus, if T|g, # 0, then, for
each f € &, T(f)(0) = Sigym f(x) for all [x] € G. o

Our next result is about maps from L2. It is worth mentioning that we do not assume
continuity of the map but, rather, this is one of the consequences.

CoroLLARY 3.2. Let T : L*(G) — £*- @[n]eé Br(Hy) be a surjective *-preserving
linear operator such that:

(i) T(f * & =TT (Q)n) for all f,g € LG); and
(1) TR, f)(m)=T(f)m)n*(x) forall f € [*(G),x€G,[n] €G.

Then T(f)(r) = f(n) for all [] € G, f € L*(G).

Proor. Although the proof given for the case of the Heisenberg group [6] works very
well in our case also if we assume boundedness of T, we would like to give a proof
based on Theorem 3.1.

We know that, by the Peter—Weyl theorem, L*(G) = {*- @meé &y Since T is
surjective, it is nonzero. Thus, there exists [7] € G such that T|g. # 0. Hence, by
Theorem 3.1, for all f e &;, T(f)(o)= 6[0][,,]f(0') for [o] € G. Again, since T is
surjective, it follows that T is nonzero on each &,. Hence, the proof is completed. O
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