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ASYMPTOTIC FORMULAE FOR THE EIGENVALUES
OF A TWO PARAMETER SYSTEM OF ORDINARY
DIFFERENTIAL EQUATIONS OF THE
SECOND ORDER

BY
M. FAIERMAN

1. Introduction. The origin and importance of multiparameter Sturm-Liouville
problems in mathematical physics has recently been discussed by Atkinson [1,
sects. 3 and 4], [2, introduction]. In spite of the importance of such problems, and
in spite of the work done in this field by such early investigators as Klein and
Hilbert, Atkinson points out that in recent years this field has been relatively
neglected in contrast to the single parameter case. As an example, he states that as
opposed to the one parameter case, the detailed behaviour of the eigenvalues and
eigenfunctions in the multiparameter Sturm-Liouville case is still far from clear.

In light of the above remarks, we wish to present here some results concerning
the asymptotic developments for the eigenvalues of the simultaneous two param-
eter systems

(1a) Y1+ (Aay(x)+uby(x)+q1(x1)y. = 0, 0<x<L1, " = dfdx,,
¥1(0)cos o; — y1(0)sin a; = 0, 0Ly <m,

(1b)
y1(Dcos By —yi(Dsin g, = 0, 0< B L,

and

(2a)  yz+(Aas(xs)+ubs(x5)+qa(x2))ys = 0, 0<x<1, "= d[dx,,
y2(0)cos a,—y;(0)sin a, = 0, 0Ly <,

ya(1)cos By—ys(1)sin B, = 0, 0< B L,
where we shall assume, unless otherwise stated, that for i=1, 2, a,, b;, and ¢, are
real-valued, continuous functions in 0<x,;<1. Furthermore, it is also assumed
that

3 [a:(x1)ba(x5) —as(x2)by(x1)] > 0

for0<x;<1,i=1, 2; and since this implies that for at least one 7, b;#0in 0<x;<1,
we see that there is no loss of generality in assuming in the sequel that 5,>0 in
0<x,<1. For clearly this can always be achieved, if necessary, by interchanging
the order of systems (la, 1b) and (2a, 2b) as well as introducing an obvious or-
thogonal transformation in the parameters 4 and u. In section 2 we summarize

(2b)
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known results for systems (1a, 1b), (2a, 2b) which we utilize in section 3 to arrive at
our main result, namely theorem 5.

2. Preliminaries. We now collect some well-known facts concerning systems
(1a, 1b), (2a, 2b) which we require for later use. We first need the following defini-
tions. We shall call the tuple (1%, u*) an eigenvalue of system (la, 1b) (resp.
(2a, 2b)) if (1a) (resp. (2a)), with A=A* and u=pu*, has a non-trivial solution
satisfying (1b) (resp. (2b)); if both A* and u* are real, then we shall call (1%, u*)
a real eigenvalue. Furthermore, for i=1, 2 and for arbitrary values of the param-
eters 4 and u, we shall denote by y,(x;, 4, u) the solution of (ia) satisfying
(0, 2, p)=sin o, y;(0, A, w)=cos «,, where '=d/dx;.

2.1. System (2a, 2b). We know from the Sturm theory that for each 1, —co <
A< 00, the totality of values of u which renders (2a, 2b) soluble, and with a corre-
sponding non-trivial solution, form a countably infinite set of real numbers which
we shall denote by {u, (1)}, Where uo(A)<p(A)< ..., and p,(A)—>00 as n—oo.
From Richardson [8, sects. 2 and 3] and [9, sect. 2] we then have the following
information (we remark that Richardson considers the case where a,, b,, and ¢,
are analytic in [0, 1] and «,=0, f,=m; however for the results stated below, his
arguments are in no way vitiated for the system under consideration here). For
n>0, u,(4) is analytic in —o0<A<oo; and if c,={(4, u,(1) ]—oo <i<oo},
then the totality of the real eigenvalues of system (2a, 2b) is precisely the union
of the disjoint subsets c,, n=0, 1, ..., of E, (real Euclidean 2-space). Moreover,
if (A%, u*) € c,, then y,(x,, A*, u*) is a solution of (2a, 2b) having exactly n
zeros in (0, 1).

We may now look upon the sets c, as curves in the (4, u)-plane. In this plane
we introduce angle in the usual way, and denote by ¢ the angle which a ray ema-
nating from the origin makes with the positive 2-axis. Put

g(x) = (ax(xy)/by(x2)), 0<x<1,
G = sup g(xy), G*= inf g(xy),
0<z, <1

0=z,=<1 2
¢, =tan"{—G}, and ¢, =tan{—G*},
where the principal branch of the inverse tangent is taken. Denoting by c,(4)

the point of ¢, having 2 as abscissa, we have

THEOREM 1. Let & be any number satisfying 0<e< min{(¢;+/2), (—$;+/2)}.
Let n be any nonnegative integer. Then there exists the positive number Al(e) such
that c,(2) lies in the sector (¢, —e) << (p,+¢) for 1> (e).

Proof. Consider the solution y(x,, 4) of the equation y”+ [A(ax(xs)+A(X2))+
ga(x2)]y=0, 0<x,<1, '=d|dx,, which satisfies the initial conditions y(0, )=
sin oy, ¥'(0, A)= cos a,, and where A(x,) =b,(x,)tan(¢, +¢). Observing from above
that (@,+A)>0 in at least some proper subinterval of [0, 1], we conclude from
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[7, p. 227] that the number of zeros of y in (0, 1) exceeds » for all 4 sufficiently
large. Hence if {4;};2, is an increasing sequence of positive numbers tending to
infinity with j such that u,(4,)>4; tan(é,+¢) for each j, then we know from the
Sturm comparison theorem that the number of zeros of y,(x,, 4;, ¢,(4;)) in (0, 1)
exceeds n for all large j. Since this is impossible, we conclude that c,(4) lies in the
sector —7[2<¢<(¢;,+¢) for all A sufficiently large. In a similar manner me can
also show that c,(4) lies in the sector (¢, —&)<¢p<w/2 for all A sufficiently large,
and the theorem follows.

From theorem 1 we conclude that for n>0, {x,(1)/A}—>—G as 2—c0. In [4]
we have sharpened this result by imposing certain restrictions on the coefficients of
(2a); and we have

THEOREM 2. Let both a,(x,) and b,(x,) belong to Cy in [0, 1]. Let g(x,)=G at
precisely the finite set of points {h;};_,, where p>1, 0<h;<h,<---<h,<1, and
g'(h))=0, g"(h)<0, j=1,...,p. Then for each n>0 there exists the numbers
G; ., i=1,2,3, such that

pn(A) = —=AG+2%Gy,,+ 2y p+ Gy ut0(1)
as A—o0, (and not uniformly with respect to n).

2.2. System (la, 1b). Noting from (3) that w(x;, ¢)=1(a,(x,)+b;(x)tan $)>0
in 0<x;<1 and ¢, <Pp<L Py, it then follows from the works of Richardson cited
above that the totality of the real eigenvalues of system (la, 1b) is the union of a
countably infinite number of disjoint analytic curves in E, which we shall denote
by S,, n=0,1,.... Moreover, if (2*, u*) € §,, then y,(x;, A*, u*) is a solution
of (1a, 1b) having exactly » zeros in (0, 1); and if d, denotes the minimum distance
from the zero element of E, to S,,, then d,—o0 as n—c0.

We now choose the numbers ¢y and ¢;, where —m/2<df <, < b <y <7/2,
so that >0 in 0<x,<1 and ¢ <$< 5. Hence, from Richardson we know that
if 7 <p< 3, then in the (4, u)-plane a straight line through the origin with slope
tan ¢ intersects each S, in exactly one point, which we denote by (4, (¢), g.(4)),
n=0,1,...,where Ay(¢)<A,($)< ..., and 4,(¢)—>c0 as n—>o0. Moreover, for
n>0, 1,(¢) and u,(¢) are analytic in [¢], ¢5]; and if N, denotes the smallest
integer greater than the number of zeros of y;(x;, 0, 0) in 0<x, <1, then 4,($)>0
for n>N;. Finally, we observe that if for n>N; we denote by S, the subset of S,
lying in the sector ¢; << 5, then S is a Jordan arc and can be represented para-
metrically by putting 1=1,($), p=p.($), i <$<¢;.

2.3. Systems (la, 1b), (2a, 2b). Referring to the simultaneous systems (1a, 1b),
(2a, 2b) as system (1-2), we shall call the tuple (1*, ©*) an eigenvalue of this system
if, with A=A* and u=u*, (ia) has a non-trivial solution satisfying (ib) for i=1, 2.
From the results of Atkinson [3, p. 551, problem 16 and pp. 160-168] (see also
[7, pp. 248-251]) it readily follows that the eigenvalues of system (1-2) form an
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infinite subset of E,, and moreover, if p; and p, are any pair of nonnegative in-
tegers, then there is exactly one eigenvalue of system (1-2), say (4*, ©*), such that
yi(x;, A%, p*) has precisely p; zeros in 0<x,<1, i=1, 2. We see from this that the
set of eigenvalues of system (1-2) may be denoted by {(4;;, u; ;)}ij—0, Where
y1(x1, A5 5, ps.;) has precisely i zeros in 0<x; <1, and y,(x,, 4; ;, u; ;) has precisely
J zeros in 0<x,<1. Furthermore, it now follows (see Richardson [8, sect. 4])
that the eigenvalues of system (1-2) and the points of intersection of the sets S,
with the sets ¢, are identical. Indeed, if i and j are any pair of non-negative integers,
then S; intersects c; in precisely one point, namely at the eigenvalue of system
(1-2), (2455 p,5)-

Finally, for a further discussion of the results of section 2 we refer to [5, chapts.
2 and 3].

3. Main results. In this section we shall fix the non-negative integer m and use
the results of section 2 to obtain asymptotic developments for 4, ,, and y, ,, as
n—co.

From theorem 1 we see that there is a positive number A" such that c,,(2) lies
in the sector ¢ <<y for A>At. Also, from subsection 2.2 we note that if d,
is the minimum distance from the zero element of E, to S, and d(4) the distance
from the zero element to c,,(4), then we can choose the integer N>N, large
enough so that d,>2d(A") for n>N.

THEOREM 3. For n>N, (A, ms Mn.m), the unique point of intersection of S, with
Cms lies in the sector ¢1 <p<bs. Moreover, 0< A <Ay <Anit.m<Aniom< -« -»
and 2, ,—>00 as n—oo.

Proof. Referring to subsection 2.2, we see that for n>N we may introduce into
E, the Jordan curve y,, given by:

A=3,(¢1), w=3tp,(d), 0Lt
A=281), pm=p®), ) =Q2-30$F+Ct—1y, 1 <t<3,
A=301-04,($3), p=301-0u,(¢3), <t

We observe that the arc obtained by restricting the parameter ¢ to the interval
1<1<% is precisely S;. From the Jordan theorem we know that y, separates
E, into two disjoint regions, say Q, and Q% having y, as common boundary;
moreover, if Q, is the bounded region, then it is clear that

Q, = {4 1) | (A p) € Ey, 2 = 72 (1), p = 1p0,($(1), 0 < 7 < 1, § <t < 3}

We note that c,,(A") € Q,; and if we denote by ¢, the curve {c,,(2) | A'<i<0},
then c}, lies in the sector ¢f <$<és. Since Q, is bounded, we conclude that c;;
intersects S;,. From subsection 2.3 it then follows that ¢}, intersects S} in precisely
one point, namely (A, ,u, fn.m)- Thus (A, ., fn.) lies in the sector ¢Ff<d<px
and ¢, (%) € Q} for A>2

n,m*
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Assume now that for some n>N, 4,,1,,<4, n; and for 0<s<1, denote by
v,(?) the point of y, corresponding to z. Then we know from above that there is a
t*, 1<1*<%, such that y,(t*)=pms Hn.m) and p,(t*) € QX ;. On the other
hand, from subsection 2.2 and the definition of Q,,,, we see that y,(¢) € Q,, for
1<t<2, Thus we must have 4, ,,<2,.1,,. This and the results of subsection
2.2 complete the proof of our theorem.

We now choose the number 4,, where 0<A; <1, so that g(h,)=G (see subsection
2.1). Put

AGe) = (b)) TaCbah)—bGdah)l 0<% <1,
D= ey ax,

where here and in the sequel the positive root of a positive quantity is always
taken.

THEOREM 4. As n—>c0,
Aom = [n7[DFP[A4+0(1)],  fhnm = [n7/DP[—G+o(1)].

Proof. From theorem 3 and subsection 2.1 we see that for n>N, u, .=
—2, ,G+r,, where r,=o0(4, ,) as n—oco. For n>N, put Q,=(1+|r,| B+Q),
where B (resp. Q) is the supremum of |b,] (resp. |g;]) in 0<x; <1, and choose the
integer N*>N large enough so that for n>N*, {Q,/A, 0%} <%, where 0 is the
infimum of A2 in 0<x,<1. Now for any ¢>0 there exists the partition of [0, 1],
0=t,<t,<**-<t,=1, p>2, such that D7 ; M,(t,—t,_,)<(D+¢), and

._il myt;—t;_1) > (D—¢),

where M, (resp. m,) is the supremum (resp. infimum) of AV2in [t,_,, ¢,],i=1, ...,
p. Observing that for n>N*, y,(xy1, 4,,1m» ts,n) satisfies the differential equation

V't mBx)+rbi(x)+a:(x))y =0,  0<x <1, ' =dfdx,,

it follows from a simple application of the Sturm fundamental theorem to each
of the intervals [¢,_;, ;] that

1 < [(0m) 3 Mt—t )+ 0ol 1,+20),

k4
n> {0 3 mit—t0)=0ufm ol,~2p),
=1
where I3=1,, ,,. Hence the limit superior of the sequence {n-rr/l:_/:,D};f’: n does not

exceed (1+4¢/D) and the limit inferior is not less than (1 —¢/D). Since ¢ is arbitrary,
our theorem follows.
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We note that the proof of theorem 4 depends upon the fact that u, ()=
A(—G+o(1)) as A—c0. Since in [4] we have been able to sharpen this result, it
is natural to ask whether the results of [4] can be used to improve the results of
theorem 4. In the sequel we show that this can be done provided that certain
conditions are fulfilled. Hence in the following theorem it will be assumed that
(i) the hypotheses of theorem 2 are satisfied, and (ii) both a,(x,) and 5,(x;) belong
to Cyin [0, 1]. Let A(x,) and D be defined as in theorem 4 (where now #, is given
by theorem 2) and put

1
b =f by(x)(AGx)) ™2 dxy,
0

F= D[ f (AGD) ™23 () +AGe)) “d*(AGey)) 4]/ dx?] dxl],

F' = 2D[(A(1) ™2 cot B +DA AW if By # m,
F* = —2D[(A0)) ™ cot o, +(DA(ONAO)™] if oy # 0,

where '=d/dx,. We shall also put (see theorem 2),

Dl.m = D*Gl,mlz, D2.m = ‘D*G2,'m/2’
1
Dy, = D*Gy /2~ (G2./8) f (b)) AG)) ™" dxy,

4,,, =-2D, ,, Ay = -—2D1/2D2_m, A, ,, = (D},,—2DD, . —F),
By, = (DGy,,,—GA;, ), B;,, = (D3/2G2_m-—GA2'm),
B, = (D*Gs,,,— DG, ,,D; ,,—GA4, ).
THEOREM 5. As n—o0,
() Ay = [+ D)7/ DL+ Ay, pf(n+ D7+ A (04 1))
+ 43/ (n+ D7) +0(1/n%)],
tnm = [(n+ 1) 7| DP*[=G+By [ (n+ D)7+ By o (n+ D))"

+ B, ./(n+1)7)*+o(1/n%)],
if «;=0 and f,=m;

(i) Apm = [(n4+3)7/DP[1+ Ay 0/ (n+ D7+ Ay (1))
+(45,m—FN[(n+3)m)*+0(1/n7)],
tinm = [(n+3)7[DI*[— G+ By, [(n+ )7+ By [ (04 D))
+(Bs,u+GFN/((n+1)m)*+0(1/n)],
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if 0;=0 and py#m;

(i) A, pm= [n7T/D]2[1+A1'm/n7'r+A2_m/(n7r 3/
+(43,m—F'—=F¥)(nm)*+o(1/n)],
Pnm = [ DP[—G+By u/nm+ By, (nm)**
+(Bs, ,u+ GF'+GF¥)[(nm)*+0(1/n%)],
if 0,70 and py#7;
(V) Aum = [+ D7 DP[L+ Ayl (n+ D7+ A (0 4+ 7Y
+(43, = F*)[((n+H)m)*+0(1/n?)],
tnm = [0+ 37 DF[—G+ By, [ (n4+1) 7+ B, [ (n+3)m)**

+(Bs,n+GF¥)[(n+3)m)*+o(1/n%)],
if ,#0 and py=m.

Proof. We shall only consider the case «;=0, f;=m; the other cases may be
similarly treated Now we have seen that c,,(2) lies in the sector ¢f <é<¢s for
A>2T; hence from subsections 2.1 and 2.2 it follows that

1
L) = [ G 41y )
is analytic in A'<A<oo. If for A>2" we put

L(2) = 2Y2D+ D, 4+ 1Y4D,+ 1~2Dy+ h(2),

where D,=D,,,, i=1, 2, 3, then h(2) is analytic in A'<1<o0; also, a simple
computation involving the use of theorem 2 shows that A(1)=0(1"1/%) as A—c0.
From theorem 3 it then follows that for n> N,

1
L, = f o m@s(50) -1t mbi G2 i,
0

(4) 1/2 —1/4 —1/2
= }'n,mD+D1+ln,m D2+An,m D3+h(lnm),

where h(2,, ,.)=0(i7") as n—o.

Now from subsection 2.2 we know that ¢(x;, $)>0in 0<x; <1 and ¢y << ;.
Hence there are positive numbers d;, d, such that 6, <yp<d, in this rectangle.
For n>N put y,(x)=v(x;, $,), 0<x, <1, where ¢,= tan"*{u,, ,.,/A,..} and the
principal branch of the inverse tangent is taken. Then ¢,<%,<d, in 0<x,;<1.
Moreover, both |y} | and |y)| remain less than some bound independent of » and
X, Where '=d/dx;.

We now show that as n—o0,

) L, = (n+1)m—y,/(n+D)m+o(1/n),
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where, with

H,(x1) =J; prdr,  Hix) = [a+elen 0<x <1, =ddx,

1
o = (DD [ i d,
0
We argue as in [7, pp. 271-273]. For n>N put

tn = Hzl(l)Hn(xl)s 0 S X1 g 1’ Yn(tn) = (Wn(xl))lmyl(xl) ln.m) ;un,m),
pn=Hiy(Dhy s  Quts) = () " HADH(x), &, = putn,

and
5% = (o Q) *H, (D).
Then for 0<7,<1,
tn
©) Y1) = i [6:': sin &, [ Sin(&,— p. 90, (I0) ).
0

In light of the above remarks concerning bounds for , and its first two derivatives,
it now follows from the Gronwall lemma that the supremum in [0, 1] of | Y, |, of
|Y.| (=d/dt,), and of p.|Y¥,—06%p;"sin &,| all remain less than some bound
independent of n. Hence, using an argument similar to that used in the proof of the
Riemann-Lebesgue lemma, we deduce from (6) that

Y(t) = p;fa:[sin £+ ( f "0, dr) cos §n+p;1z1.n(t,,)},
0

Yi(t,) = 6;cos &,+ 25 ()],

where, for i=1, 2, the supremum in [0, 1] of |z, ,,| tends to zero as n—oo. Thus,
since Y, has n zeros in (0, 1) and Y,(1)=O0, a standard argument now shows
that p,=7(n+1+¢,), where

1
tan e, = [~ Cp)" [eu dtot ']
0

and ¢ =o0(1) as n—co0. From this (5) follows.

From (4), (5), and theorems 2 and 3 we conclude that as n—o0, (l,},/iD/
(n+1Dm)—1 and (4, /An,m)=(—G+0O(1/n)). A simple calculation now shows
that y,=((F/2)4+0(1/n)) as n—>co0. Hence, from (4) and (5), we see that if for
n>N we put

A2 = [(n+1)7/D)[1—D,/(n+1)m— DV2D,|((n+1)m)*/2
—(DDy+F[2)[((n+1)m)*+£]],

then &', =o0(1/n?) as n—>o0. Our results follow from this and theorems 2 and 3.
To conclude, we remark that the formulae given in theorem 5 have been ob-
tained to an accuracy determined by the conditions which we have imposed upon
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the coefficients of the differential equations (la) and (2a) and under suitable
conditions, these formulae may be further developed. This follows from the fact
that our results depend upon the formulae of theorem 2 and upon formulae of the
type given in (5) (see [7, pp. 272-273]), and in the manner described in [4, sect. 1]
and [6], these formulae may be further developed for suitable coefficients in our
differential equations.
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