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The paper is concerned with positive solutions to problems of the type
—Agvu—u=a(@)|uPtut finBY, uwe H(BY),

2
where BY denotes the hyperbolic space, 1 < p < 2* — 1 := %, A< <N21) , and

f € HYBY) (f #£0) is a non-negative functional. The potential a € L>°(BY) is
assumed to be strictly positive, such that lim ¢, 0y— oo a(z) — 1, where d(z, 0)
denotes the geodesic distance. First, the existence of three positive solutions is
proved under the assumption that a(z) < 1. Then the case a(z) > 1 is considered,
and the existence of two positive solutions is proved. In both cases, it is assumed
that p({x : a(z) # 1}) > 0. Subsequently, we establish the existence of two positive
solutions for a(z) = 1 and prove asymptotic estimates for positive solutions using
barrier-type arguments. The proofs for existence combine variational arguments, key
energy estimates involving hyperbolic bubbles.
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1. Introduction

In this paper, we aim to study the existence, multiplicity, and asymptotic estimates
of solutions to the following elliptic problem on the hyperbolic space BY

—Apvu — u = a(z)|ulP " u + f(z) in BY,
u>0 inBY, (P)
ue H' (BY),

2
where 1<p<2-—1:=N42 if N>31<p< oo, if N=2, A< &L

H'(B") denotes the Sobolev space on the disc model of the hyperbolic space B,
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Ag~ denotes the Laplace-Beltrami operator on BY, % being the bottom of
the L2— spectrum of —Ag~, and a(z) € L>®(BY). Further, 0 < a € L=(B"), and
0# f € H~Y(B") is a non-negative functional i.e., f(u) > 0 whenever u > 0. Let us
postpone the discussion on the technical assumptions of function a(z) for a while.

If the hyperbolic space B is replaced with the Euclidean space RY, i.e., when
the equation (P) is posed on RN with f = 0, has been investigated widely in the
last few decades, and several seminal results have been obtained, we name a few,
e.g., [4, 5,7, 8, 18, 24, 25|, and this list is far from being complete. The diffi-
culty in treating this problem arises because the domain RY is unbounded, and
standard variational methods would fail due to the lack of compactness of Sobolev
embedding even in the subcritical regime. So to tackle such issues, several authors
have introduced new tools, particularly the papers mentioned above. Firstly, the
existence of Ground state is established by using delicate energy estimates and
carefully analysing the breaking levels of Palais-Smale sequences (see [4]); we also
refer to [13] for a comprehensive treatment of the problem in the last thirty years.
Then onwards, the question of the multiplicity of solutions came into prominence
for slightly modified problems in the Euclidean space RY

—Au+ a(z)u = [u/P"'u in RV,
(EP)

ue H' (RY),

where the potential a(x) — ao >0 as |z| — co. Under the radially symmetric
assumption on a(x), existence of infinitely many solutions was obtained by Beresty-
cki-Lions in [8]. Moreover, the question is even more interesting when the symmetric
assumption on the potential a(x) is dropped. However, considerable progress has
also been made in the case in which a(x) is not radially symmetric. The existence
of infinitely many positive solutions is obtained in [14]. Also, see [15-17, 28, 31].

Adachi-Tanaka [2] considered Eq. (P) in the whole Euclidean space, with A = —1,
and studied the multiplicity results. In fact, the problem (P) is considered as a per-
turbation of the classical scalar field equation. From the mathematical point of
view, it is natural to ask whether the problem (P) admits a positive solution and if
yes, then its multiplicity /uniqueness, i.e., whether the positive solutions are stable
after the perturbation of type (P) is studied. These questions were quite compre-
hensively studied by Adachi-Tanaka [2]. Also, refer to [1, 3]. In [2], the existence
of four solutions has been obtained under the hypothesis (A;) below. Moreover,
in [12, 22], the existence of two positive solutions is established when the poten-
tial a satisfies (Aq), and f # 0 (but small). Although, the cases (A1) and (As) do
not cover the case a(x) = 1, Zhu treated this case in [34], where he proved exis-
tence of two positive solutions. The papers mentioned above employ topological
arguments, like the Lusternik—Schnirelmn (L-S) category and the min—max argu-
ments, to obtain their multiplicity results. But for such arguments to work, precise
energy estimates of solutions to the ‘limiting problem’ are required so that we are
away from the critical level (breaking level) of the Palais-Smale sequences. By the
‘limiting problem,” we mean the following problem

—Agvu+u=u" mRY we H'RY), u>0 inRY, (1.1)
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It is well-known that the above problem admits unique radially symmetric solutions
W € C>=(RY) up to translations. Furthermore, it satisfies

—(N—-1)

W(z) ~ |z|

e 17l as |z| — oo.

In particular, W € LP(RY) for all p > 1. As described, the energy estimates in the
papers mentioned earlier were involved with integrals of W, and this decay estimate
plays a pivotal role in it.

Now coming back to our problem (P) in the hyperbolic space setting, even
if it seems that the equation is a generalization of problems in the Euclidean
space, it has many fascinating phenomena. Let us start with the seminal result
of Sandeep—Mancini [29], where the author showed the existence/uniqueness of
positive solutions to the problem

—Agvu— Au= |[ulf"tu, uwe H'(BY), (1.2)
where A < (Nzl)z, 1<p< % if N >3;1<p<if N=2. They established in
the subcritical case, i.e., p>1if N=2and 1 <p<2*—1if N > 3, the problem

(N-1)?

(1.2) has a positive solution if and only if A < *=5~~. These positive solutions are
also shown to be radially symmetric with respect to some point and unique up to
?1(71«:;2) Furthermore, the
radially symmetric solution V satisfies the following asymptotic estimates

hyperbolic isometries, except possibly for N = 2 and A >

. logV?
lim =

r—00 'S

~(N=1)+ /(N —1)2—4x,

where 7 := d(z, 0) denotes the geodesic distance (we refer § 2 for more details).

It is worth mentioning that when p =2* — 1, and a(z) =1, (1.2) is a natural
generalization of the widely recognized Brezis-Nirenberg problem [11] in the hyper-
bolic space. In turn, it is possible to regard the problem (P) addressed in this
article as an extension of a generalized version of the Brezis-Nirenberg problem.
Moreover, the authors in [29] discovered that (1.2) naturally arises when study-
ing the Euler-Lagrange equations that correspond to the Hardy—Sobolev-Maz’ya
(HSM) inequalities. They derived a sharp Poincaré-Sobolev inequality in the hyper-
bolic space (2.3) via the HSM inequality [30] involving first-order derivatives. In
the recent past, this equivalence has sparked the curiosity of mathematicians to
explore analogous HSM inequalities for higher-order derivatives (see [26, 27]). The
authors in [23] have thereafter studied the existence, nonexistence, and symmetry
of solutions to the higher-order Brezis—Nirenberg problem in the hyperbolic space.
The work of the authors highlighted above relies on highly involved estimations of
Green’s functions for the kernels of powers of fractional Laplacian and the Helga-
son—Fourier analysis, as well as the Hardy—Littlewood—Sobolev inequality on the
hyperbolic space. Concerning the multiplicity of (1.2), the existence of infinitely
many radial sign-changing solutions, compactness, and non-degeneracy was stud-
ied in ([9, 19, 20]). We also refer [6, 10] for existence, asymptotics of non-finite
energy solutions. In this article, we are interested in whether the positive solutions
still exist under the perturbation of type (P). If it exists, then study its asymptotic
estimates and multiplicity. In our previous article [21], we showed the existence of
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a positive solution with high energy when f = 0. Here we considered a multiplicity
of solutions along the lines of previous authors. As one anticipates, we follow the
topological /variational arguments to obtain multiple solutions. Still, the major
hurdle lies in the energy estimates involving solutions to (1.2) since one could see
easily that V ¢ LP(BY) for p € [1, 2). This step is quite delicately handled in § 6.
Moreover, we also studied asymptotic estimates of solutions to (P) for a(x) = 1 and
f satisfies some decay estimates. Indeed the ode approach won’t work in this case,
as apriori f is not given to be a radial function, and hence we tackle this problem
using the barrier argument (See § 5).

Now let us describe all the necessary assumptions before stating our main
theorems. We investigate the solutions of (P) under the following cases separately:

(A1) : a(z) € (0,1] Yz e BY, u({z:a(z)#1}) >0, xierlleN a(z) >0, and

a(x) — 1 as d(x,0) — oo, where u denotes the hyperbolic measure.
(A): a(z) =1 Ve e BN, u({z:a(x) #1}) >0, ac L®BY) and a(z) — 1
as d(x,0) — oo.

(As) : a(z) =1 Vo e BY.
Further, let us prescribe an assumption on the parameter A :

2(p+1) —
(_007 W} ) N = 27
AE (1.3)

(—oo, <N;1)2) . N>3.

We are now in a position to state this article’s main theorems. Let us begin with
the Adachi-Tanaka [2] type result in the hyperbolic space setting :

THEOREM 1.1. Let a € C(BY) satisfies (Ay). In addition, assume that a also
satisfies

a(r) =1 —C exp(—dd(x,0)) VaecBY, (1.4)

for some positive constants C' and d. Then there exists dg > 0 such that the equation
(P) has at least three positive solutions for any non-negative f € H—1(BYN) with
Il fllz—1 @~y < do and for X satisfying (1.3).

REMARK 1.2. In contrast with Adachi-Tanaka [2], here we obtain the existence of
at least three solutions instead of four. This is purely a technical reason for not
getting the fourth solution, which can be attributed to the new energy estimates
phenomenon in the hyperbolic space.

Next, we assume a(x) > 1, and we prove the following result :
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THEOREM 1.3. Let a satisfies (Az), 0 # f € H-Y(BY) is a non-negative functional
and S1,x be defined as in (3.10). Furthermore, if

p+1 1 1
p— =T p
Ifll-1@vy < CpSTR~ " where Cp := (pllallpe@v)) 7 (p) .

Then (P) admits at least two positive solutions for X satisfying (1.3).
Further, if @ satisfies (As), i.e., (P) becomes the following
—Agvu — Au = |uP u 4 f(x) in BY,
u >0 in BY, (P)
ue H' (BY),

where all the notations are the same as for the problem (P) then we have the
following theorem.

THEOREM 1.4. Assume that a satisfies (As). Then there exists 6, >0 such that
the problem (P ) has at least two positive solutions any non-negative f € H~*(BY)
with || f|| g1 @~y < 0 and for X satisfying (1.3).

The paper is organized as follows: In § 2, we introduce some of the notations,
geometric definitions, and preliminaries concerning the hyperbolic space. Section 3
describes the energy functional, setting up the problem, and associated auxiliary
lemmas involving functionals. In § 4, we state and prove the Palais-Smale decom-
position theorem as Proposition 4.1 and 4.2. Whereas in § 5, we obtain asymptotic
estimates for the solution of (77/) S 6 is devoted to the key energy estimates involv-
ing the solutions of (1.2). The proof of Theorem 1.1 and Theorem 1.3 are given in
§ 7. Finally, § 8 is devoted to the proof of Theorem 1.4.

2. Preliminaries

In this section, we will introduce some of the notations and definitions used in this
paper and also recall some of the embeddings related to the Sobolev space on the
hyperbolic space. We will denote by BY the disc model of the hyperbolic space, i.e.,
the unit disc equipped with the Riemannian metric ggn 1= Zil(ﬁ)z dz?. To
simplify our notations, we will denote gg~ by ¢g. The corresponding volume element
is given by dV~n = (ﬁ)]\’ dz, where dz denotes the Lebesgue measure on RV,

Hyperbolic distance on BY. The hyperbolic distance between two points z and y

in BY will be denoted by d(z, 3). For the hyperbolic distance between 2 and the
origin we write

T2 147
= d(z,0) = | ——ds=1
p = d(z,0) /0 T2 ds=log —,

where 7 = |z|, which in turn implies that r = tanh £. Moreover, the hyperbolic
distance between z, y € BY is given by

T = cosh™* 2|CU—3J‘2
d(z,y) = cosh <1+ (1—|z[2)(1 - |y|2)>'
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It easily follows that a subset S of BY is a hyperbolic sphere in BY if and only
if S is a Euclidean sphere in RV and contained in BY, probably with a different
centre and different radius, which can be computed. Geodesic balls in BY of radius
a centred at the origin will be denoted by

B(0,a) := {zx € BY : d(z,0) < a}.

We also need some information on the isometries of BY. Below we recall the
definition of a particular type of isometry, namely the hyperbolic translation. For
more details on the isometry group of BY, we refer to [32].

Hyperbolic translation. For b € BY, define

(1 =10z + (Jz|* + 22.b+ 1)b
b]2[x]? + 220+ 1 ’

m(T) = (2.1)

then 7, is an isometry of BY with 7,(0) = b. The map 7 is called the hyperbolic
translation of BY by b. It can also be seen that 7_, = Tb_l.

The hyperbolic gradient Vg~v and the hyperbolic Laplacian A~ are given by

1-|z[2\* 1—|z[2\* 1— |z
VBN:( 2'“"|>v, ABN:( 2|‘T|>A+(N—2) 2|z| (@, V).

Laplace—Beltrami operator on BY. It is well known that the N-dimensional
hyperbolic space BY admits a polar coordinate decomposition structure. Namely,
for x € BY we can write x = (r, ©) = (r, 61, ..., On_1) € (0, 00) x S¥=1 where r
denotes the geodesic distance between the point x and a fixed pole 0 in BY and
SN=1 is the unit sphere in the N-dimensional euclidean space RY. Recall that the
Riemannian Laplacian of a scalar function « on BY is given by

1 1
(sinhr)N=1 Or sinh?

Agnu(r,0) = (sinhr)Nﬁl@(r, 0)| + Agn-1u(r, 9),

(2.2)

where Agnv-1 is the Riemannian Laplacian on the unit sphere SNV —1.

A sharp Poincaré-Sobolev inequality. (see [29])

We will denote by H*(BY) the Sobolev space on the disc model of the hyperbolic
space BY, equipped with norm |jul| = (f]BN |V]BNU|2)%, where |Vgnu| is given by
‘VBNU‘ = <V]EN u, VBN U>]§N .

For N > 3 and every p € (1, %} there exists an optimal constant Sy, > 0 such

that
ﬁ (N 1)2
SN.p (/ JufPF dVva) </ [|VBNU|2U2 dVey,  (2.3)
BN BN 4

for every u € Cg°(BY). If N = 2, then any p > 1 is allowed.
A basic information is that the bottom of the spectrum of —Ag~y on BV is
(N —1)2 Jon | Vevul? dVax

= inf . 2.4
4 uengB}N)\{O} fBN |u|? dVgw (24)
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(N-1)2
4

REMARK 2.1. A consequence of (2.4) is that if A < , then

1
2

[lullm, = ||ul|x := {/N (|VBNU|2—)\U2) dVpn| , uwe€e C'SO(IB%N)
B

is a norm, equivalent to the H'(B") norm and the corresponding inner product is
given by (u, v)p,.

3. Energy functional and preliminary lemmas

3.1. Unperturbed equation

First, let us recall the asymptotic estimates of positive solutions to the following
homogeneous problem

— Agvw — dw = |wlP " w, w>0 in BN, we H! (BN). (3.1)

Then by elliptic regularity, any solution, w € H*(BY), is also in O and satisfies
the decay property (See [29, Lemma 3.4]): for every £ > 0, there exist positive
constants C7 and C5 such that there holds

Cse NN+ d@0) 4y (z) < C5e™ (WA= d@0) = for all 2 € BV, (3.2)
where ¢(N, A) = 2(N — 14 /(N — 1)2 — 4)).

3.2. Energy functional

For given a(x) and f(z), we define Iy , s(u) : H'(BY) — R by
b
p+1

Das ) = 5lhulfy, =~ [ oo Vas@) = [ f(opu(e) avas @)

]BN
(3.3)
It is obvious that if u is a critical point of I 4 ¢, then u is the solution to the

following problem
—Agnvu — Au = a(z)u’, + f(z) in BY, (3.4)
34
ue H' (BY).

REMARK 3.1. If we take v =wu_ as a test function in (3.4) where u is a weak
solution of (3.4) and f is a non-negative functional, we obtain u_ =0, i.e., u > 0.
Thus u > 0 follows from the maximum principle, and hence u is a solution to (P).

Define

Ina,f(v) = max Iy, f(tv) : 34 — R, (3.5)
where

Y= {v et (IBSN); lollm, = 1},

Sy={veX: vy #0}.

In the subsequent sections, we will establish that the positive solutions of (P)
correspond to the critical points of Iy 4 r(u) : H'(BY) — Ror Jy 4 (v) : 4 — R.
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To this end we set

= inf a(z) >0,
z€BN

1<

a:= sup a(x) = 1.
z€BN

Using the definition of J) 4 ¢, and carrying out some easy calculations we obtain

Trao(®) = Trag (( [ atatt v @) - )

1 1 1 p—1
_ <2 - p+1) ( /B ala) Ve (x)) . (3.6)
Therefore

(T%JA,LO(U) = Jxa0) < Ina0®) < Iraov) = éfﬁJA,Lo(?})-

Further, since w is the unique radial solution of (3.1), we have

max I)\lo(t’w)—f)\lo( ) (37)
te[0,1]
Moreover,
a7 Ly 1o(w) < inf Jyao(v) <a 7T 0(w). (3.8)
vEX L

We define the functionals J, Jo. : H'(BY) — R as

2 2
Ty ||u||A = Jul
(IBN z)|P+1 AV (@ )) FES (IBN lu(z)[P+1 AV (z )) 7T
(3.9)
and the energy levels
Siai= inf  Jo(u), Smai=mriSiy, m=234--  (3.10)

weH (BY\{0}

3.3. Auxliary Lemmas

We require the following auxiliary lemmas to prove Theorem 1.1.
The subsequent lemmas give us the inequalities involving Iy 4 f (Jxq,r) and

Iy a(6),0 (Ixa(e),0) for e € (0, 1).
LEMMA 3.2.

(i) The following inequality holds for u € H*(BY) and ¢ € (0, 1)
1
(1 =)y 1o o(u) — ngH?rl(BN) < Dag(u)

1
<+ o0 + o 113 2om)- (3.11)
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(ii) Suppose v € X yand e € (0, 1). Then there holds

ptL
(1—2)r 1 Jxa0(v) — ”fHH 1@Y) < Iaaf(v)
ptl 2
<0+ no(0) + o 2o (3.12)
(iii) In particular, there evists dy > 0 such that if || f|| g1 @~y < do, then,

mf J)\yayf(v) > 0.

VEX 4

In the next lemma, for v € ¥, | we analyse the function §(t) : [0, 00) — R defined
by

9(t) := Ina,f(tv).
LEMMA 3.3.
(i) The function g has at most two critical points in [0, c0) for every v € Sy

i) I a-1@N) < do(do as chosen in Lemma 3.2), then for any v € S, there
) +

exists a unique tq r(v) > 0 such that I o f(te,f(v)V) = Jxa,f(v), where Jx q 5

is defined as in (3.6). Moreover, t, ;(v) > 0 satisfies

11 *plfl _ (p+1) 7%
ta,f(v) > p/ a(z)oy"™ dVw (x) > (pS), 2 . (3.13)
BN '

Additionally, we also have
I)\ af (ta,f(v)v) (v,v) < 0. (3.14)
(i) Any critical point of § distinct from t, ;(v) lies in [0, (1 — %)_1||f“H71(BN)].

We omit the details of the proof of the above two lemmas. They can be proved
exactly in the spirit of [2]. The following proposition characterises all the critical
points of the functional I 4 ¢ in terms of the functional Jy 4 ;.

PROPOSITION 3.4. Assume || f||g-1~) < d2 where dz = min {dl, (1- 1%)7“1} >0

and dy, r1 as chosen in Proposition 7.1. Then the following holds
(i) Jaaf € CHS4, R) and
Tranf O = ta (V)3 o 5 (ta s (v)0) I, (3.15)
for allh € T, = {h € H'(BY) | (h, v)u, =0}.

(i) v € $yis a critical point of Jx a.f(v) iff ta s(v)v € H'(BN) is a critical point
of I a,5(u).
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(iii) In addition, the set containing all the critical points of Iy q f(u) can be
written as

{tas@)v v e, L, 1 (0) =0} U {Uap(2)} (3.16)
where Uq, ¢ is a critical point of Ix a5 obtained in Proposition 7.1.

Proof. We skip the proof for brevity. The proof can be concluded with the necessary
modifications for the hyperbolic space. For details, we refer [2]. O

4. Palais—Smale Characterization

In this section, we study the Palais—Smale sequences (PS sequences) corresponding
to the problem (P). We say a sequence u,, € H*(B") is a Palais-Smale sequence for
Inag at alevel dif Iy o f(un) — dand Iy , ;(u,) — 0in H~'(BY). One can easily
see that PS sequences are bounded. Throughout this section, we assume a(x) — 1
as d(z, 0) — oo.

In the subsequent propositions, we examine the Palais-Smale condition for
I, ¢(u) and Jy o r(v). In particular, we prove the following proposition :

PROPOSITION 4.1. Assume 0 < a € L>®(BY), a(z) — 1 as d(z, 0) — oo and 0 #
f € HY(BY) is a non-negative functional and suppose that a sequence {uj};il C
H'(BN) satisfies

Boays(uy) =0 inH ' (BY),
I)\’a’f (uj) —ceR

as j — oo. Then there exists a subsequence—still denoted by {uj}jil, a criti-

cal point ug(x) of Ixq f(u), an integer £ € NU{0}, and ¢ sequences of points
(o] oo

{y}}jzl e {yf}jzl C BY such that

(1) d(y;“, 0) o0casj—oo Vk=1,2, ... ¢,

(2) d(y¥, y*') — 00 as j — oo for k # K,

(3) |[us@) = (wo(@) + iy wlr_ (@), =0 asj— o,

A
(4) Ina,5(u;) = Ina, f(uo) + lIx1,0(w) as j — oo,

where 7,, a € BN denotes the hyperbolic translation, and w is the unique positive
radial solution to the unperturbed equation.

Proof. The proof is a straightforward adaption of [21, Proposition 3.1] in the case
f # 0. We also refer ([24], [25] and [33]) for the Euclidean case. O

Next, we study the Palais-Smale condition for Jj 4, ¢.

PROPOSITION 4.2. Suppose || f|| g1 @~y < da for d2 > 0 as given in Proposition 3.4.
Then,
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(a) As the dist g, m~)(vj, 9%, ) = inf {||vj —ully, uED, up = O} 2,0 implies

Ira,p(vj) — o0

(b) Suppose that {Uj};i1 C X, satisfies as j — oo

Ira,f (V) — ¢ for some ¢ > 0,

1740y (00) L)

ry s, =W {Boas @) RE TS, By =1} 0.

Then there exists a subsequence—still denoted by {Uj};ip a critical point

uo(z) € HY(BYN) of Irq f(u), an integer £ € NU{0} and ¢ sequences of points
Yi o0

oo
y]1 jmr o Wi o C BY such that

(1) d(y;-“,O)—u)o asj—oo Vk=1,2,... ¢,
(2) d(yk, y¥') — 0o as j — oo for k # K,

wo(@)+ hoy w(r_yx (2))

— 0 as j — o0,

(3) ||vi(z) =

o ()45 fy w(r_ k(@)
J Hy H)\

where 74, a € BY denotes the hyperbolic translation,

(4) Ira,5(v5) = Ina r(uo) +£€Ix10(w) as j — oo.

Proof. For any € € (0, 1) and using (3.12) and (3.6), we obtain,
ptl 1 9
Inag (v5) 2 (1= €)7 =T Ina0 () = oIz ey

2
il 1 1 +1 ot 1 2
> (1—¢)r <2 — p—|—1> </]BN a(z)vly dV]BN> - ?EllfHH*l(]ESN)‘

As dist(vj, 9% ) — 0 gives

(vj)+ —0in H' (IBN),
(vj), — 0in LPH(BY).

Therefore,

/N a(ats)varl dVin
B

+1 J
< ||a||Loo(IBN) /BN |Uj+|p dVBN = 0.

Hence Jy q,7(v;) — oo as dist g1 @ny)(vj, 9% ;) — 0. This proves part (a).
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For part (b), using (3.13) and (3.15), we get
1
Hff\,a,f (ta,s (IUj)’Uj)HHfl(BN) = m ||J,/\,a,f (Uj)|
pi1y L
2

< (5037 )" s @)l 5, >

T3, 24

e

Further, we also have Iy, ¢(ta,f(vj)v;) = Jra,r(vj) = ¢ as j — oo. Applying
Palais—Smale lemma for I o r(u) (Proposition 4.1), the rest follows. O

The subsequent corollary is an outcome of the above Proposition 4.2. Before
moving to the corollary, note that we say Jy o (v) satisfies (PS). if and only if

any sequence (v;)52; C ¥ satisfying (4.1) has a strongly convergent subsequence
in H'(BY).

COROLLARY 4.3. Suppose that || f|| -1~y < da for dg as in Proposition 3.4. Then
Ix,a,f(v) satisfies the condition (PS). for ¢ < Ixa f(Ua,f(x)) + Ix1,0(w) where w is
the unique radial solution of (3.1) and U, s is the critical point of I 4 ¢ obtained
in Proposition 7.1.

Proof. Proposition 4.2 suggests that the condition (PS). breaks down only at levels
¢ = Ixa,5 (uo) + £Ix1.0(w),

where ¢ € N and ug € H*(BY) is a critical point of I 4 f(u) .
From Proposition 7.1, we have

Iya,t Uap(x)) = ue%lfm Ina,p(u) < Ina,r(0) =0, (4.2)

Furthermore, all the critical points of Iy q f(u) except U, ¢(x) corresponds to a
critical point J 4, r(v), which follows from (8.3). Thus there exists v1 € ¥ for a

critical point wq of Iy o f(u) such that Iy 4 ¢(u1) = Jra,f(v1) > 0 by using (44¢) of
Lemma 3.2. Consequently,

Ina,f (Ug,¢(z)) = inf {I,\,a’f (up) | ug € H? (IB%N) is a critical point of IA,a,f(u)} .

Hence Iy o, (Ua,r(2)) + Ixn1,0(w) is the lowest level where (PS). breaks. O

5. Asymptotic estimates for solutions of (P")

This section is devoted to deriving asymptotic estimates for positive solutions to
(73/) for A < 0. It is worth noting that when f =0, the precise estimates were
obtained by Sandeep—Mancini in their seminal paper (See [29, Lemma 3.4]) and has
been slightly improved in [10] for A = 0. Indeed they showed using the moving plane
method that all positive solutions to the homogeneous equation are radial with
respect to a point. Further, asymptotic was obtained by analysing the corresponding
ode. On the other hand, when dealing with f # 0 and non-radial, the solution u need

https://doi.org/10.1017/prm.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.18

Multiplicity of positive solutions 13

not be radial; hence, this approach does not help us obtain asymptotic estimates for
solutions of (P") Thus we follow the approach of constructing suitable barriers as
sub and super-solutions to obtain the desired asymptotic estimates. When f = 0,
we recover the optimal estimates obtained by Sandeep-Mancini [29] and and also
([10], A = 0) for radial solutions. In particular, we prove the following theorem:

THEOREM 5.1. Let u be a positive solution of (P') and f € L*(BN), non-negative
and assume

f(z) < C exp—(k +¢)pd(x,0),

for all z € BY and for some positive constants k, C, and .
Then, for any § > 0, there exist positive constants Cy, Co such that

Cyexp(—((N = 1) 4+ 0)d(z,0)) < u(z) < Coexp(—((N — 1) — §)d(x,0))

for all x € BN, and X\ = 0. Furthermore, for A\ < 0, there exist positive constants
C,, Cy such that

Cyexp(—(c (n, A) + 8)|Ad(z,0)) < u(z) < Cyexp(—(c (n,A) — §)|A|d(z,0))

for all z € BN and ¢ (n, \) = (N=D+y/(N-1)2—4x

EIRY

Proof. The solution u € H'(BY), this immediately implies limg(, 0)—oo u(z) =0
a.e. Furthermore, using the Calderon—Zygmund estimate and elliptic regularity, we
have u € C?(BY); thus, limg(z,0)—oc u(x) = 0 for all z € BY. The proof is divided
into two cases: A < 0 and A = 0.

Case 1: A <0

2
Choose o > 0 such that & A=1

“(N=-T) > 1. To be precise, o € [c/(N, \), oo) where

(N =1)+ /(N 1) —4x
2(A|

¢ (N,\) =

Thus we can choose Ry > 0 large enough such that
@?\| — a(N — 1) cothd(z,0) > 1, Vd(z,0) > R;. (5.1)

For m = min { ‘/l\lu(x) | d(z, 0) = Rl} > 0, set vy () 1= vy (r) = me~@AI(d@0)=F1)

where r := d(z, 0). Now for any L > Ry, denote

QL) ={zeB |Ry <d(z,0) <L and |Avi(z)>u(x)}.
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Then Q(L) is open. Moreover, for z € Q(L) and using (5.1) we have

Apn (u—[Avr) (z) = Apvu(z) — [A] Agw (v1(z))

2
=—du—uP — f(z)— |} (;)ﬂvl(r) +(N-1) cothraarvl(r)>

—Xu— uP — f(z)— A [@®|A]* = a|A[(N = 1) cothr] vy (2)
< [Mu(z) — [A? [@®|A] = (N — 1) cothr] vi ()

<A = [Alor) ()

<0

Applying the maximum principle, for z € Q(L) will result in
u(x) — [Avr(x) = min {(u — [A|vy) () | 2 € OQ(L)}
= min {O, min  (u — [AJv1) (x)} .

d(z,0)=L

Since lim  wu(z) = lim  wy(x) =0, by letting L — oo, we see that Q(L
d(x,0)——+o0 ( ) d(x,0)—+o0 2( ) Y & - ( )

is empty and hence
u(x) = [A|vi(x) for all d(z,0) > Ry, (5.2)
By the supposition on f(z) there exists some ¢, and C' > 0 such that
F(z) < Cem (@ NNHORNPA0) for o) o ¢ BN, (5.3)
(5.2) will imply the existence of a Cy >0
u(z) > Cle(c/(N’)‘H‘s)"\'d(z’o) for all z € BY, and for any § > 0. (5.4)

Choosing ¢ appropriately, and using (5.3), (5.4) together will provide Ry > 0 such
that

Moreover, since p > 1, there holds
u? = o(u) for d(z,0) — oo.

’

Let 3 > 0 be such that 32|A\| — (N —1)3 < 1, i.e., B < c(n, A)
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Define vy (z) = Me=PIA@0)=R1) " where
M = max {u(z) | d(x,0) = Ry} > 0.
Further, for any L > R4, denote
QL) = {z €BY | Ry <d(z,0) <L and wu(x)>uwa(x)}.
Then Q(L) is open and, for z € Q(L),

Agn (vg —u) (z) = [62|/\|2 — BIAN(N —=1) cothr] va(x) + Au+ uP + f(x)
< —Avg + du + 24P
< —Avg + Au+ o(u)
= —A(vg — u)(x) + o(u)
< 0.

By the maximum principle, for z € Q(L),

va(2) — u(z) > min {(v2 —u)(x) |z e BQ(L)}

" d(z,0)=L

:min{O min (Ug—u)(x)}.

Since  lim w(z)= lim  wvy(x) =0, by letting L — oo, we see again that
d(z,0)—+o0 d(z,0)—+o0

Q(L) is empty and hence
va(x) = u(zx) for all d(x,0) > Ry.

Now by choosing a = § = c'(N, A), the proof is complete.

Case 2: A\ =0
This case can also be tackled similarly by appropriately choosing the functions
vy and vs.

To be precise, let

vy = me_'y(d(m’o)_&) and vy = Me_n(d(m’o)_R"‘) for some -, Rll,n,R/Q >0
where m = min {u(x) | d(z, 0) = R;} >0 and M = max {u(a:) | d(x, 0) = R;}
> 0.

Indeed > 0 satisfies v > N — 1, and thus R] is chosen such that v — (N — 1)
cothr >0 for all r > Rll. Also, R/2 is chosen similarly as Rs mentioned above.
Further, we can conclude the lemma by applying the maximum principle in the
hyperbolic balls of radius Rll and Rlz and proceeding as in the previous case. [
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6. Key Energy Estimates

This section is devoted to deriving key energy estimates for the functional Iy 4 ¢
with a(z) < 1. The subsequent energy estimates will play a pivotal role in the
existence of solutions. In fact with the help of the proposition 6.1, we shall show
that the energy of the functional is below the critical level given in the Palais—Smale
decomposition.

PROPOSITION 6.1. Let a satisfies 0 < a € L>(BY), a(z) — 1 as d(z, 0) — oo and
(1.4). Further, assume that ||f||g-1~y< d2, f >0, f#0 andUy is any critical
point of Iy q 5. Then there exists R > 0 such that

Inas (Z:fa,f(w) +fw(7—y(l’))> <Ina,f (da,f(x)) + In1,0(w), (6.1)

for all d(y, 0) > R and t > 0.
Moreover, if a satisfies (As), i.e., a =1, we have

Sl>113 [)\’1,]0 (Z/N[Lf + tw (Ty(a?))) < I/\,l,f (Z;{Lf) + I)\,l,o(w), (6.2)
t=

for all d(y, 0) > R.

Proof. Performing straightforward calculations implies

2 1

Iyng (Toos (@) + 10—y (@) = 5 | o T

U, (@) + tw(r—y (2))|

[ al@) (tly @)+ twir_y @) aVis(z)

BN

[ 1@ (fus@) + 1wl (@) dVan(a)
BN

1

=5

1 (U (@) (7 ()
- 1

p+1Jen

trtl p+1

- /B (@) (w(r—y (@)} Vs (2)
1

S p+1 Jp

- (fup@)" =t @0 o)

- 2 +2 )
oy @), + 5 Il o)

Hy

a(z) (ua, f(:c))’n+1 AV ()

ofo){ (Futo) + tur- @)™

[ 1) (s @) + (e (@))) Vi (o).
BN
(6.3)
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Now for all h € H*(BY), we have

O—Iw( <>) ()

_ <u /BN a(z) (U s (x )),, hdVy (z) — | fh dVes (2),

BN

i.e.

<L?a,f(x),h>m - /IB _a(a) (da,f(x))ph QVin () + [ fh Vs (2).

BN

In particular, for h = tw(7_,(x)) in the above yields

(U s (), w(7_y (2)))

Hy

= t/BN a(x) <Z/?a,f(x)>pu}(7——y(x)) dVe~ (z) + t/BN fw(r_y(2)) AV~ (2).

Hence utilizing the above equation and appropriately rearranging the terms in (6.3)
will result in

Dot (Uap(@) + tw(r—y () = Dyas (Uas (2)) + Dys oltw)

;pi 11 /BN(l —a(@))w(T—y(2)P T dVw (2)
_ ]ﬁ N a(z) {(Z;la,f(x) + tw(T_y(x)))pH - (Z:lwf(l‘))pﬂ

—~t(p+ 1) (U p(@)) wlry (@) = 0wl (@)} dVay (@)

= Dyt (o (@) + Lusoltw) + (1) = (1),

——
where
t;D+1 p+1
b= /BN<1 — a(@))w(r_y (@) dVaw (@), (6.4)
and
11 := Zﬁ BN a(z) {(Z;la,f(x) + tw(T_y(x)))erl B (Z:{a’f(x))p+1

, (6.5)
—t(p+1) (s () wlr—y(@)) =t w(ry (@)} dVin (@),

To complete the proof of the proposition, we need to show that (I) — (I1) < 0,
for suitably chosen R > 0.

https://doi.org/10.1017/prm.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.18

18 D. Ganguly, D. Gupta and K. Sreenadh

Using the continuity, we easily get

Dnars (U (@) + t00(7—y () ) = Inag Ul s ()
as t — 0. In addition, we also have
Dyag (Uas(2) + tu(ry (2))) = 00 as ¢ — .

Thus using the above two facts, we can find m, M with 0 < m < M such that

Dot (Uas (@) + tw(r—y (@) < Das (Vo (@)
+ Ini1,0(w) forall t € (0,m)U (M, o0).

As a result, to prove the proposition at hand, it suffices to show (6.1) for ¢ €
[m, M]. Hence to finish the proof, we need to show I < II. To this end, let us recall
the following standard pth inequalities from calculus.

(1) (s+ )P+t — Pt —¢pTh — (p41)sPt > 0 for all (s, t) € [0, 00) x [0, 00).
(2) For any r > 0 we can find a constant A(r) > 0 such that
(s 4+ t)PTt — P P (p 4 1)sPt > A(r)t?,
for all (s, t) € [r, 00) x [0, 00).

We can estimate I1 with the help of the above inequality as follows:
Set A := A(r) := A(ming(y,0)<1 Ua, () > 0, then

m=—— | a@) {(L?a,f(w) Hw(ty(%)))p+1 - (Z’N’W‘(””))p+1

B p+ 1 BN
~t(p+1) (o s(2)) (7 (@) = (7 (2)P*} AVaw ()

1
> — a(x)A(r)EPw? (1, (z)) dVa~ (z
P L gy MRACI o (0) Vi @)
m?a (7")/ 2
> — w(7_y(z)) AV~ (z
S )

E;

Estimate of F; : We shall estimate F; in the domain d(z, 0) < 1. Using traingle
inequality we have
d(z,0) < d(z,y) <1 d(x,O)'
d(y,0) = d(y,0) d(y,0)
Since, d(z, 0) < 1, there exist R > 0 and eg > 0 such that whenver d(y, 0) > R,
there holds

~—

d(z,y
(y,0)

1—ep< <l+eg,

S
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where eg — 0 as R — oo. Thus using above and (3.2) we conclude for any € > 0,
E; := / w?(1_y () dVgn () = C. / e 2NN d@ )V (2)
d(z,0)<1 d(z,0)<1

S 0. 2NN+ 1+ d(5.0) / AVien ()
d(z,0)<1

=C
_ Cfa 672(C(N,)\)+5)(1+€R)d(’y,0) ]

Therefore we have

N 2
7> Cemad(r) _a(e(W 2 +e)(1+er)d(.0) (6.6)
p+1

Estimate of I : Let us now compute an estimate on I for § > ¢(n, A)(p+1) +
(N —1), then for every £ > 0,

d> (c(n, \) —€)(p+1)+ (N —1). We shall estimate I as follows:

tp+1
- /BN@ — a(@))w(ry(2)PH dVis (2)

tr ~(em N~ (P D)
St . (I —a(x))e ’ Y dVgw (2)

tp-‘rl 6d(x,0 A ! 1)(d d
<c. / ¢~ 0(2.0) (e(n.X) = ) (p+1) (d=.0)~d(v.0)) iz ()

p + 1 BN

tptl , /
<0, P =) 1.0 / 0 0)+(e(nX) =) (PHDA0) GV ()

p+1 BN

$p+1 , 0 ,
<0, T et 1,0 / o= H(e(n\) =) (pADrHN=D)r g,

p+1 0

+1
<o M N )0
1
6.7)
Thus we have deduced
+1
<M - 1w (6.8)
p+1

Now applying(6.6) and (6.8), we can choose Ry > R > 0 large enough and also
choose ¢ and &’ appropriately such that

(I) < (II) for d(y,0) = Ry.

As a result, (6.1) is proved. This completes the proof (6.1). Now the proof of (6.2)
can be concluded in a similar line by noting that (I) is zero and @ = 1. O
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7. Proof of Theorem 1.1 and Theorem 1.4

7.1. Existence of the first solution of (P) for a(x) satisfying (A1) or
(As)

The below-mentioned proposition helps us establish the existence of the first
positive solution in the neighbourhood of 0.

PROPOSITION 7.1. For dy as chosen in Lemma 3.2 and a(x) satisfying (A1) or
(As), there exists r1 > 0 and dy € (0, do] such that

(i) Ina,f(u) is strictly convez in B(ri) = {u € H'(BY) : ||lullg, <ri}.

(i) If 1 fllz— @~y < di, then

inf I>\7a7f(u) > 0.

[l mry =r1

Moreover, there exists a unique critical point Ua r(x) of Ina r(u) in B(ri).
Furthermore, U, ¢(x) satisfies

Uo,r(x) € B(r1) and In g 5 Ue r(x)) = elg(f )I/\af( u).
u 1

Proof. We proceed to prove part (i) as follows:

5 o ¢ (w)(hyh) = ||R|IF, *p/BN a(z)uly ' h® AV (). (7.1)

Applying Hélder inequality, Sobolev inequality and the fact that a < 1 or a = 1, we
get an estimate on the second term of RHS of (7.1) as follows

p—1 2
p+1 p+1
/ a(x)u " h? dVgn (z) < (/ |u[Pt? dVBN) (/ |h|ptt dVBN>
]BN IBN BN
_p-l _
<817 Sl bl
= S1A2 el IR0,

Thus using this above estimate in (7.1) yields

T aos (@) h) > (1= 08,37 il ) 1011,

i1
Defining ry = p~ 77 Sz(P Y results in Iy, +(u) being positive definite for u € B(ry).

Therefore, Iy q f(u) is strlctly convex in B(ry). We are done with the proof of
part ().
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(#4) Assuming |lu|| g, =71 gives

Iy o, f(u) = 5HU||%{A e a(z)ul"t AV () — (f,u)
Lo L |
=z 57"1 - P17 it

_T1||fHH*1(]B%N)
1 1 —Lﬂ —1
= (2_p+15“2 1 )r%_ﬁ”f”Hl(IBNy

Further,

1 1
1 I (R — S - ,
@ > (5=~ ) =l s

p—1 _ 1%
where we have used 7 = 2.5, % .

Thus there exists d; € (0, dg] such that
inf I)\,a,f(u) >0 for ||f||H—1(BN) < ds.
[l £y =71

Moreover, there exists a unique critical point U, ;(x) of Iy 4 s(u) in B(r1) because
Iya,f(u) is strictly convex in B(ry) and infj,), = Ixa,r(u) >0=1Ixq5(0).
Furthermore, this critical point satisfies

I)\yayf (Z/[a’f(l')) = inf I;Mayf(u).

lwllmy <r

This completes the proof of the proposition. O

7.2. The case a(z) < 1, u{x : a(x) # 1} > 0 : Existence of second and
third solutions.

We now aim to prove the existence of the second and third positive solutions. To
fulfil this aim, we will utilize the Lusternik—Schnirelman category theory, a care-
ful investigation of Palais—Smale characterization, and energy estimates involving
hyperbolic bubbles to prove the multiplicity result. The following notation will be
used to define level sets in the subsequent sections.

[Jnar <= {v € i+\J>\7a7f(v) < c}

for ¢ € R. To compute the critical points of Jy 4, f(v), we will show for a sufficiently
small £ > 0,

cat ([Jxna,r < Ina,f Uap(7)) + Ix10(w) —¢€]) =2

where cat denotes Lusternik—Schnirelman Category.
We now study the properties of the functional Jj 4,0 under the condition A;.

LEMMA 7.2. Assume a satisfies 0 < a € L*(BY), a(x) — 1 as d(z, 0) — oo, (1.4)
and Ay. Then there holds
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(1) infv€§+ J)\’(L()(’U) = I)\’Lo(’w).
(i) inf,cs, Jxa,0(v) is not attained.

(iil) Jxq,0(v) satisfies (PS). for ¢ € (—oo, I 1,0(w)) U (Ix1,0(w), 2Ix1,0(w)).

Proof. Using (3.8) and A1, we immediately get

inf Jxa0(v) = Ingo(w).

vEX L

Now define w;(z) = w(m.(z)) for a unit vector e in RY and 0 <1 <1 so that
le € BN. Moreover, | — oo in the disc model of the hyperbolic space means [ — 1.
Applying Lemma 3.3, corresponding to w; = Hw 7€ >4 implies the existence of a
unique t,,0(w;) such that

w, w
J)\,a,O — = I)\,a,O ta,O (’lI)l) l .
[[we] [Jwr|

Let us now determine the RHS of the above equation

wy tz,o (ﬁ’l) _ 12 tz,+()1 (wl)
= ol e, — =
[[wr| 2 p+1

Ixa0 (ta,o (wy) / a(z) (w)"T AV ().
]BN

Also, tq,0(w;) can be expressed in an explicit form that occurs in the proof of Lemma
3.3 which is given by
— p+1

=T =1
ta,0 (101) = / (@) AV (o)) oy (el )
BY [wll Lo+ @)

Since w is the unique radial solution of (3.1), we further get

1 H ” 2((p+11))
_ o\ l— Wil H P
Ban(e) =% {pele )

[wll r+1 @~
(e+1)? +1
1 { lw]] } = y ||w||ip+1(BN)
p+1 [wl|Lo+1 @) [lli=

1
= (5 5) 10 o) = Duaow),

Hence (i) follows.
~ We will now show (ii) by contradiction, i.e., let us assume that there exists vy €
¥4 such that Jxq0(ve) = inf,c5, Jxa,0(v) = Ix1,0(w). Define, the Nehari manifold
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N as

N::{UEHI(]BSN) (I>\10 (u) —O}
It is not difficult to find a ¢,, > 0 Such that ¢,,v9 € N. Further, note that that for
any v € N, we have [[v]|3, = [pn (V) 1 AV, and consequently,

p—1 p—1 +1 p—1 5
I __p-l P gV > L g T
A1,0(0) = FICE) vl = 2p+ 1) /BN (v)% BT o)

where S  is as defined in (3.10). Thus I 1,0(v) = Iy 1,0(w) for all v € M. Moreover,
w € N, and hence

ulél./\/ )\,I,O(U) A,1,0 (w)
Therefore,

1o (w) = Jxae0 (vo) := max I 0,0 (tvg) = Ix 4,0 (tu,v0)

= ol = [ o) )
Ol P+ 1 BN 0/+ B
t2 2 thtl
o Vo p+1
= — dVi
2 ool =2 [ o) @)
g / (1 —a(z)) (vo)2*" dVw (z)
p—|— 1 BN 0+ B
= I)\ 1.0 (tv 'U()) + tgjl / (]. — a(x)) (’Uo)erl dVBN (ZL’)
o 0 P + 1 BN +
2 I)\ 1.0 (’UJ) —+ tgjl / (1 — a(x)) (’Uo)p+1 dVBN (IZ’)
w p+1./pn -
(7.2)
Thus the above inequality and A result in
ot +1
) /IBN(l —a(x)) (vo)i dVp~(z) = 0. (7.3)
Thus
(v0), =0 in {zeB" :a(z) #1}. (7.4)

Moreover, the inequality in (7.2) becomes an equality by substituting (7.3) into
(7.2). Therefore,

ijl\lff In10(v) = Ix,0 (w) = Ix 1,0 (teevo) -

Thus t,,v9 is a constraint critical point of I ;. Therefore t,,vo > 0 follows from
the Lagrange multiplier and maximum principle, which further implies vy > 0 in
BY. This contradicts (7.4). Hence (2) holds.

The proof of part (3) follows from the Palais—Smale decomposition. O
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LEMMA 7.3. Let a as in Theorem 1.1. Then there exists a constant g > 0 such that
if J)\,a,O(U) < I,\,L()(UJ) + &g, then

L P+l qVen
L sl aves (@) £ 0, (7.5)
where m(z) > 0 is defined such that d(%,0) = %, i.e., m(x) = tan‘il(%).

Proof. Suppose on the contrary that there exists a sequence {v,} C X~)+ such that
1 n—oo
Trao(n) < Inpo(w) + - and / L @) [P AV () "2 0 hold.
n BN M

Then there exists v,, C 2~3+ by Ekeland’s variational principle such that

n—oo

”Un_{)n”HA — 0,

N 1
Ina,0 (On) < a0 (Un) < Ihap(w) + )
S} a0 (Tn) = 0in H' (BY) .

The above implies {7,,} is a Palais Smale sequence for Jy 40 at the level I 1 o(w).
Further, by Proposition 4.2, we have {y,} C BY such that d(y,, 0) = oo and

. w (T—y, (x))
S (x))”Hl(]EN)

n—oo O

H1(BN)

Therefore,

__w(Ty, (@)
l[w (7—y,, (@)

Un, < ||Un_7~’n||Hx

Hy

w (T, (7))
[ (7—y, (@) 1,

n—oo

+

Uy, —

Hy

Thus we can deduce

o) = [ Zfon(@)l* dVen (o)

] pt1
:/ tanh(4)x< {7y (@) ) dVaw +o(1)
BN

2] \ l[w (7—y,, (@) g,

_ (Jfl)/ 7y, (9) lw(y)[PT AV~ (y) A 0, upto a subsequence.
Tl Jox Trn )

Hence we have come to a contradiction. O
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Finally, in this section, we state some refinement of Corollary 4.3.

PROPOSITION 7.4. Assume a as in Lemma 1.1. Then for any € > 0, there exists
d(e) € (0, da] such that for || f|| g1 @~y < d(e), the following holds

(i) infvei:+ J,\ﬂ,f(v) € [I>\71,o(w) — &, I,\71,o(w) + 6].
(ii) Jx,a,r(v) satisfies (PS). for
ce (7003 I)\,a,f (ulocmin(aa fa 1')) + I)x,l,O(w))
U (Ixa.f (tioe min(a, f52)) + In10(w), 2Ix1,0(w) —€) .

Now Lusternik—Schnirelmn (L—S) category theory will help us find the second and
third positive solutions to (P). Note that the (L — S) category of A with respect
to M is denoted by cat (A, M). Particularly, cat (M) denotes cat (M, M).

The following proposition is vital to obtain the second and third solutions to (P).

PROPOSITION 7.5. Suppose M is a Hilbert manifold and ¥ € C*(M, R). Assume
that for co € R and k € N

(i) W(x) satisfies (PS). for ¢ < cop.
(ii) cat({x € M : ¥(z) < co}) > k.
Then ¥(x) has at least k critical points in {x € M : ¥(z) < co}.

LEMMA 7.6 [2], lemma 2.5. Let N > 1 and M be a topological space. Assume that
there exist two continuous mappings

F:SN (={zeB" 1d(z,0)=1}) = M, G:M— SN

such that G o F' is homotopic to the identity map Id: SQN_l — S]JBYN_l, i.e, there is a
continuous mapn : [0, 1] x SHv " — SN such that

n(0,z) = (G o F)(z) for all z € SH
n(l,x) = for all x € SSN_l
Then cat (M) > 2.

Taking into account the above lemma, our next goal will be to construct two
mappings:

F St = [Dna < Dvaf Uag (@) + Ino(w) — ¢,
G [Inas < Dag Ua (@) + Inio(w) —e] — SO

such that G o F' is homotopic to the identity map.

Let us define Fy : SgN_l — i+ as follows:
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For d(y, 0) > Ry, where Ry is as found in Proposition 6.1, (6.1) holds for all
t > 0. For d(y, 0) > Ry, we will find s = s(f, y) such that

Ua,f () + sw(T_y(x))
[Ua, 7 () + sw(T—y ()] 4,

Ua,j(2) + sw(T—y(2))
o, g () + sw(T—y (@)l 7,

U, () + sw(T—y(2)) = ta 5 (

This implies

(7.6)

[Ua,p (2) + sw(T—y ()|l = tas < Uy 5(x) + sw(T_y(z)) ) .

[Ua, 7 () + sw(T—y (@)

Therefore,

Ina.f ( Ua,f(x) + sw(t—y(z))

U s () + SU)(T_y(SC))”HA> = Ina,f (Uap(x) + sw(t_y(x)))
< Da,r Ua,p(2)) + Ixa,0(w).

PROPOSITION 7.7 [2], proposition 2.6. Assume a as in Theorem 1.1. Then there
exists dz € (0, d2] and Ry > Ry such that for any |/ f|lg-1@~) < d3 and any
d(y, 0) = Ry, there exists a unique s=s(f,y) >0 in a neighbourhood of 1,
satisfying (7.6). In addition,

{y e BY :d(y,0) > Ri} — (0,00); y+ s(f,y)

s continuous.

Now we define a function Fpg : Sngl — §~]+by

anh(Z
Un, j(2) + 5(f, “ y)wn(r nen, (@)

’ tanh %

tanh 1
Fr(y) = &
R(y) tanh( &)
ua,f(x) + S(f7 tanh 3 y)w(7—7 tanh (L) (.’L‘))
tanh 5 Hy

for | fllg-1@~) < d3 and R > Ry.
Then we have,

PROPOSITION  7.8. For O <|/fllg-1@sv)y<d3s and RZ> Ry, there emists
g0 = €o(R) > 0 such that

Fr (Sgn ') € e < Dnao Ua, (@) + Dnao(w) — o] -
Proof. The following expression follows from the construction of Fg
Fr (S5 ") € [ras < Do Uas(2) + Doro(w)]

Hence the proposition follows as F' (SgN_l) is compact. O
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Thus we construct a mapping
Fr:Spn ' = nag < Inaf Ua f(2)) + Inao(w) —eo(R)]
Now the following lemma is crucial for constructing the mapping G.
LEMMA 7.9. There exists dy € (0, d3] such that if || f||g-1@~y < da, then
(Inaf < InafUaf(x)+ Ixio(w)] C[Iaao < Ixnio(w)+ do] (7.7)
where §g > 0 is as found in lemma 7.3.

Proof. for any € € (0, 1), the following holds using (3.12)

_ptl

1 -
Tnao(®) < (1—¢) 5 <J>\7a7f(v) n 25|f||§{1(w)) forallveS,.  (7.8)

Now, if
v E [Inas < Iaaf Uap(@)) + Diro(w)],
then
Ixa,r(v) < In1o(w)
because Iy 4 f(Us s(z)) < 0.
Therefore, (7.8) implies

_ptl 1
Irao) € (=27 (Busow) + o))

for all v € [Jxa,5 < Dya,fUa,p(x)) + Ix10(w)].
Zpt1
Thus v € [Jrna0 < (1 =€) 7 (Inn0(w) + a2 151 any)]-
Since € € (0, 1) is arbitrary, we get

v € [Jxa,0 < In1,0(w) + o] for sufficiently small || f[| -1 ().
Hence (7.7) follows. O
We are now in a position to define the function G as follows:

G [Inaf < Inaf Uap(x) + Inyo(w)] — Spu
1) Jev ZloPtt dViy (z)
27| fon ZlolPtt dVpw (2)]

G(v) := tanh(

where m as defined in Lemma 7.3, and the above function is well defined again by
Lemma 7.3 and by Lemma 7.9. Besides, we will show that these developments, i.e.,
F and G will serve our purpose.
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PROPOSITION 7.10. For a sufficiently large R > Ry and for sufficiently small
Ilfll -1~y > 0, we have,

GoFpg: SSN_l — SgN_l
is homotopic to identity.
Proof. The proof follows as in [2]. O
We are now in a situation to establish our main results:
PROPOSITION 7.11. For sufficiently large R > Ry,
cat ([Ixna.f < Ina.f Uap(x)) + Ix10(w) —eo(R)]) =2

Proof. The proof of the proposition follows by combining Lemma 7.6 and Proposi-
tion 7.10. ]

The above proposition led us to the following multiplicity results.
THEOREM 7.12. Let a satisfy the assumptions as in Theorem 1.1. Then there exists
ds > 0 such that if || fllg-—1@~) < ds, f20, f#O0, then Jxa,r(v) has at least two
critical points in

[(Inaf < Ina,f Uap(x)(a, f32)) + Ix10(w)]

Proof. Combining Corollary 4.3, Proposition 7.11, and Proposition 7.5, the theorem
follows. |

We can now finish the proof of Theorem 1.1 as follows:

Firstly, set u(Y) (z) = U, ;(x) as found in Proposition 7.1. Also, using (4.2) u") ()
satisfies

Daf (u(l)(m)) <0.
By Theorem 7.12, J) , ;(v) has at least two critical points v(? (), v3) () in
[Ixa.r < Ina s Uap(z)(a, fi2)) + In10W)]-

Then u? (z) = t, (V@)@ (2), u® (z) = t, ()0 (2) will be the correspond-
ing solutions to (P) using Proposition 3.4. Moreover, by Lemma 3.2, we get

0 < Inaf (u(k)(x)) = Jraf (v(k) (x))

<Ixnarf (U(l)(l‘)) +Iio(w) fork=23.

Hence uM(z), u® (z), u® (z) are distinct, and P possesses at least three positive
solutions.

https://doi.org/10.1017/prm.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.18

Multiplicity of positive solutions 29
7.3. The case a(x) = 1 : Existence of the second solution

The Remark 3.1 suggests that we need to find the critical points of the energy
functional Iy 1, to guarantee the existence of solutions to (P).

Proof. There exists 1 > 0 such that
Iiis(uw) >0 foruesS, = {u c H! (IB%N) | [|ul] = rl} , (7.9)

where 77 is as found in Proposition 7.1. Also, using Proposition 7.1 and (4.2), we
found a positive solution U ¢(x) of (P') in B(ry) with Iy 1 (U s(x)) <O0.
Now fix y such that (6.2) holds. Further, it is not difficult to find ¢ty > 0 such
that Iy, (U, ¢(2) + tw(r, () < 0 and [ty 4(z) + tw(ry (@), > 1 for t > to.
Set

U={yeC(0,1,H" (BY))[1(0) =g, v(1) =l +tow (7))},

= inf I .
¢ = Inf max I(v(s))

Moreover, we have

0<c=inf I <DLusU I : 7.10
¢ = Inf max I(y(s)) < Iyrg Us (@) + Do(w) (7.10)

which follows from (7.9) and 6.2.
Thus applying the mountain-pass theorem of Ambrosetti and Rabinowitz and
then using PS characterisation (4), we get a solution of (P ), say Vi ¢, such that

¢ = Iy (Vip() +mixgo(w), (7.11)
for some non-negative integer m. Furthermore, 7.11 and 7.10 imply U ¢ # Vi ¢.
We have finished the proof of Theorem 1.4. O
8. Proof of Theorem 1.3

In this section, we prove Theorem 1.3 by finding two positive critical points of the
functional I, s (as defined in (3.3)). We essentially follow the approach in the
spirit of Jeanjean [22]. Towards that, we partition H!(B") into the following three
disjoint sets:

Up={ueH (BY):u=0o0rg(u) >0}, Us:={ueH" (BY):g(u)<0},
U= fu e 1 (BY)\(0) < o) =0}
where g : H'(BY) — R is defined as
g(u - HuHH)\ _p”a’HLC>O IBN)||U||L1)+1(BN)

REMARK 8.1. Observe that [[ul|z, and [[ul|z»+1 (g~ are bounded away from 0 for
all w € U. It follows from the fact that p > 1 and Poincaré-Sobolev inequality on
the hyperbolic space.
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Further, define

co = i(I]lf Do f(u) and ¢ := ir[}f Do, f(u). (8.1)

REMARK 8.2. Clearly, g(tu) = t2||uHHA(BN) - tp+1p||a/HLoo(]BN)Hu||Lp+1(BN) for any

t > 0. Moreover, for u € H*(BY) with ||ul|z, = 1, there exists unique ¢ = ¢(u) such
that tu € U. On the other hand, g(tu) = (t* — t**1)[|u||3;, for any u € U. Thus

tue Uy forallt € (0,1) and tu € Us for all ¢ > 1.
LEMMA 8.3. The following inequality holds Yu € U,

_ 1 Ptl
Pl = €8T,

where St 5 as defined in (3.10) and C, as defined in Theorem 1.3.

2

u p+1
Proof. As uweU, we get |ulps = L% This, together with the

(p”a”LOC(mN))erl
definition of S, gives
1 ||UH”+1

wlley, > Sf,A”“HLPH(BN) =57 - VucU.
(pllall g @y) 7+

Therefore, for all uw € U, we have

: p 26on
lullar, > P = 2GS
(pllallpe@ny) ™" P
Thus the lemma follows. O
LEMMA 8.4. Suppose
2p
inf Collul| 7" — f,u}>(), 8.2
ueHuBm,mupH@N)_l{ hull T — {7 ) (32)

where C,, is defined in Theorem 1.3. Then cy < c1, where ¢y and c¢; are as defined
n (8.1).

Proof. Define,

g Ja Hw
J) = gl = F Dl oy — (), we HY(BY). (83)

step 1: This step aims to show the existence of a constant a > 0 such that

d

Ej(tu) >a Vuel.

t=1
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It directly follows from the definition of .J that

i](tu)

1
= = Nl — llall ooy 25 gy — (0.

t=1

Therefore, from the definition of U and substituting the value of C), we
have for u € U

d p—1 1
—Jtu)| = ——llul, — (f,u) = @llallpe@y) 7 Collulldy, —(f )
dt —1 P
[l o >
= (W Copllullg, @)
Lr+1(BN)
lull 7,
—(fou) = Cp——ar™— = (fu).
lull 5 o
(8.4)
Furthermore, the given hypothesis, i.e., (8.2) implies there exists d > 0
such that
2p
inf Cllull 2t — f,u}}d. 8.5
uem(w),mw@ml{ ullf — (Fu) (35)
Now,
[[u IIHA BY)
(8.5) <= C, T —(fiw) =2 d,  Nullgprryy) =1
||U||Lp+1(]BN)
I ||H (BN
Cor—pr - = (fw) 2 dllull ey, we H' (BY)\{0}.
||u||Lp+1(]BN)

Hence, step 1 follows by using the above estimate in (8.4) and by Remark
(8.1).

Step 2 Let u, be a minimizing sequence for I o f on U, ie.,
Ina f(uy,) — ¢ and ||un||HX = pllal| LB~ ||un||Lp+1(]BN) Thus for n large,
we get

~ 1 1 9
+0(1) > Iya s (un) > (i1
c1+o(1) Na,f (un) = J (un) (2 (o 1)) ||unHHA

- ||f||H*1(BN) ||Un||HA .

As a result, {j(un)} is a bounded sequence. Also, [lu,|;, and

||U/n||Lp+1(]BN) are bounded.
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Claim: ¢y < 0.

To prove the above claim, it suffices to show that there exists v € Uy such
that I 4 r(v) < 0. Remark (8.2) implies we can choose u € U such that
(f, u) > 0. Therefore,

oo tp—1
e 2T <o

+1
I/\,a,f(tu) < t2||uH1[),P+1(]BN) 1

for t << 1. Moreover, by Remark (8.2), tu € U;y. This proves the claim.
Now I 4 f(un) < 0 for large n by using the above claim. Consequently,

1 1

0> Ty ) > (5 = ot ) ol = ().

Therefore, p > 1 implies (f, u,) >0 for all large n . As a a result,
%J(tun) < 0 for ¢ > 0 small enough. Thus, by Step 1, there exists ¢, €

(0, 1) such that %j(tnun) = 0. In addition, ¢, is unique because
2

dt?

7 — 1
J(tu) = Jullfr, = pllall @y~ ullf g

= (1—t""Y) [jul|f, >0, VueU, Vte[0,1).

Step 3 The goal of this step is to prove the following

nmeJm”—juwﬁ}>a (8.6)
We can notice that J(uy,) — J(tpt,) = ti 4 {j(tun)} dt and that for all
n € N, there is &, > 0 such that ¢, € (0, 1 —2¢,) and %j(tun) > « for

€l-¢&,, 1]
To prove (8.6), it is enough to show that &, > 0 can be chosen inde-
pendently of n € N. But this is true because, by step 1, we have

%j(tun) - > a. Moreover, the boundedness of {u,} gives

J (tuy,)

2 _ +1
2 = [lunly @y = llallzm @t lunlly i )

go;

. 2
= (=) iy,
foralln > 1 and t € [0, 1].

Step 4 It straight away follows from the definition of Iy, s and J that
A Tyar(tu) > L J(tu) for all u € H(BY) and for all t > 0. Therefore,

1

d

Iy () = Do (o) = [ (130 (1)) / @ J (tun)a
tn t

= J (un) — J (tpuy).

n
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Since {u,} € U is a minimizing sequence for Iy, ¢, and t,u, € Uy, we
deduce using (8.6) that

= inf I\, inf Iy, =
co= inf Inap(u) < inf Iyar(u) =
This completes the proof of the lemma. O
It is worth mentioning explicitly the problem at infinity corresponding to (3.4) :
— Apvw —dw=w, inBY, we H' (BN). (8.7)

and the associated functional I 10 : H*(BY) — R defined by

1 1
IAJ,O(U) = 5”“”%‘[}(%1\/) - m /IBN uf:‘"l dVBN'
Define,
X1 = {ue H BY)\{0}: (In10) () =0}, S>:= inf Iy 10. (8.8)
1
REMARK 8.5. We can easily see I 1,0(u) = p+1 ||u||Hk on X1 Further,(3.10) also
pt+1
gives [ull, > S{\ on Xi. Consequently, S > 2(p+11 S”A > (0. Moreover, it is
known from [29] that S ) is achieved by unique positive radial solution w of (3.1).
Therefore,
-1 el
I = 75” .
)‘7170 ( ) (p + 1) 1

Thus S°° is achieved by w.

PROPOSITION 8.6. Suppose (8.2) and all the assumptions in the Theorem 1.3 hold.
Then there exists a critical point ug € Uy of Iy 45 such that I, ¢(uo) = co. In
particular, ug is a weak positive solution to (P).

Proof. We divide the proof into the following few steps.

Step 1 ¢y > —cc. y :
As Iy q,7(u) > J(u) so, to prove Step 1, it is enough to show that J is
bounded from below. The definition of U; implies

~ 1 1
Jw) > |5 = sy |l = 1l forallu € Uy. (8.9
“ [2 p(p+1)} lullzr, = 1 |- @~y llullm, for all we Ur. (8.9)

Since the RHS of the above inequality is a quadratic function in |jul| g,
implies J is bounded from below. Hence Step 1 follows.

Step 2 We aim to find a bounded PS sequence {u,} C Uy for I, s at the
level cg.
Let {u,} C Uy such that I, ;(u,) — co. As Iy qr(u) > J(u) so, from
(8.9), we get {uy} is a bounded sequence. Since by Lemma 8.4, ¢y < ¢1,
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without restriction we can assume u,, € U;. Therefore, by Ekeland’s varia-
tional principle, we can extract a PS sequence from {u,, } in Uy for I 4 s at
the level ¢y. We still denote this PS sequence by {u,,}. Thus step 2 follows.

Step 3 In this step, we show that there exists ug € Uy such that u, — ug in
HY(BN).
Applying PS decomposition (4) gives

—uonw HOIDHI(BN) (8.10)

for some ug such that (I 4,f)'(uo) = 0 and some appropriate w’ and {7 }.
We will proceed by the method of contradiction to show that m = 0, which
in turn will imply step 3. Assume that there is w’ 75 Oforie{l,2, ---,m}

such that (I 10)"(w®) =0, i.e, ||wl||i[A Jaw (W) AV Therefore

9 (') = [[0' ][, = pllall@) [l 752 v,

= [ Ve = plalm [0 des

< ||U’ZH};L(BN) (1 —pllall=@~y) <0,

where for the last inequality, we have used that p > 1 and |[al[pe @) 2
1. Further, using the Remark 8.5, we get Iy 1o(w") > S>>0 for all
1 <i < m. Therefore, I>\7a,f(un) — I>\7a7f(’LL0) + Z:il I,\7170(wi) implies
I q,5(uo) < co. Thus ug ¢ Uy, ie., g(ug) < 0.

We have g(u,) >0 because wu, € U;. We now compute g(ug+
S wi(ri(z))). Thus (8.10) and uniform continuity of g implies

0 < liminf g (u,) = hmlnfg (uo + Zw a:))) . (8.11)

n— oo
=1

On the other hand, as 7 (0) — oo, d(7%(0), 74(0)) — oo for 1 <i# j <
the supports of ug(e) and wi(7i(e)) are going increasingly far away as
n — oo. Therefore,

m

+ ,}LH;OZQ (w' (7)) = g (uo) + Y g ('),

i=1 i=1

where the last equality follows from the translation invariance of g. Now
because g(up) < 0 and g(w’) < 0 for 1 < i < m, we get a contradiction to
(8.11). This proves step 3.

https://doi.org/10.1017/prm.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.18

Multiplicity of positive solutions 35

Step 4 Using the previous steps, we can conclude that Iy . f(up) =co and
(Ix,a,7) (1) = 0. Thus, g is a weak solution to (3.4); combining this with
Remark 3.1, we complete the proof of the proposition. O

PROPOSITION 8.7. Assume (8.2) holds. Then Iy o ¢ has a second critical point vy #
uo. In particular, vy is a positive solution to (P).

Proof. For ug to be the critical point found in Proposition 8.6 and w to be as in
Remark 8.5, set wy(z) := tw(x).

Claim 1: ug + wy € Uy for t > 0 large enough.
As p > 1 and |al[pe@ry = 1, we have

g (o +we) < uollfy, + lwellf, +2 (uo, wi) g,
-p (||u0||LP+1(]BN) + ||wt||1£—zﬂ1([gzv))
< (L) [l + (14 C(@) fluollz,
-Pp (||u0||LP+1(]BN) + ||wt||1;j1([31v))
= (1 +¢) Jwl, + 1+ C(©) luoll,
-p (||u0||LP+1(BN) + ¢t ||w||iti1(]BN)> >

where the second last step follows from Young’s inequality with £ > 0. Moreover,
as w is the solution to (3.1) implies

2
||w||Lp+1(BN) = HU’HH,\ :
Finally,
2 +1 2
g (o + we) < (1+CE)) ol — p o5+ g, + ol [(1+ )22 — pt1]

Thus choosing € > 0 such that 1 + ¢ < p gives g(ug + w;) < 0 for t > 0 large enough.
Hence the claim follows.

Claim 2: Iy o f(uo +wi) < Ina,f(u0) + Ix1,0(we) Ve > 0.
As ug, wy > 0, using wy as the test function for (3.4) yields

(o, we) gy :/ a(z)ubwy AV + (f,we) .
BN

Therefore, utilizing the above expression and assumption a > 1, we compute the
following

1 1

Ina.s (w0 +we) = o lluolzy, + 5 llwell7r, + (uo, we)
2 2

1

- m N a(x) (UO + wt)pﬂ dV]BN (.13) — <f7 u0> — <f’ wt>
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= Iy a,f (o) + Ix 1,0 (wi) + (uo, we) g,

1
P gy

o [ gt s o)

1

P gy

+p+1 - Wy BN

1 p+1
_ AVen —

[l ot Ve — ()
< Daa, (wo) + a0 (we)
1

p+1

a(x) [(p + Dupwe +ub™ + wf+1

Jr
p+1 /g~
= (uo + wt)pﬂ} dVew (z)
<Ixa,f (uo) + In 1,0 (we)

This proves the claim. Further, the straightforward calculation gives

t? 2
Ingo(we) = 35 w7, — b1

From (8.12) and Remark 8.5, we have

Su%) Diio(w) =Inao(wi) =110 (w) =85%.
t>

Combing this with Claim 2 yields
I/\,a,f (uo + wt) < I)\’a,f (uo) + 5% Vt>0.
Claim 2, together with (8.12), results in

Iyngg(uo+w) < Inggr(up) for tlarge enough.

||w||’£J,fi1(BN) — —00 as t— oo.

(8.12)

(8.13)

(8.14)

We now fix to > 0 large enough such that (8.14) and Claim 1 are satisfied. Then

set

;= inf Ina £(i(t)),
v = Inf mas Iyar(it)

where

I':={ieC([0,1],H" (BY)) :i(0) = uo, i(1) = uo + wy, }

As ug € Uy and ug + wy, € Us, for every i € T, there exists ¢; € (0, 1) such that

i(t;) € U. Therefore,

Ina f(i(t) = Ina s (i(t;) = inf Iy , =c1.
mas Iy () > Dy (0 (8) 2 inf Dy g () = o

Thus, using Lemma 8.4, we have v > ¢1 > ¢o = Iz q, 7 (o).

Claim 3: For 5, as defined in (8.8), v < Iy 4,7 (uo) + 5.
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Observe that lim;_.q HthHA = 0. Thus, if we define Z(t) = ug + Wiy,

then lim, ¢ |ﬁ(t) - UOHHA = 0. As a result, i € I'. Therefore, using (8.13) will
give us

7S max Ixar(i(t) = o Dya.s (uo + wiry) < Ina,f (uo) +5%

Hence the claim follows. Thus
Iya,p (uo) < < Inay(ug)+ S™.

Applying Ekeland’s variational principle, there exists a PS sequence {u,} for I . ¢
at the level . Also, note that {u,} is a bounded sequence. Further, from PS
decomposition and Remark (8.5), we have S = I, 1,0(w) and u,, — v for some
vg € HY(BY) such that (I 4.)"(vo) = 0 and Iy 4 f(vo) = . Further, as Iy 4 f(ug) <
v, we conclude vy # ug. Finally, (I 4 ) (vo) =0, along with the Remark 3.1,
completes the proof of the proposition. O

p+1
LeMMA 8.8. If [|fllg-1@v) < CpSya ", then (8.2) holds.

p+1
Proof. We can find an e > 0 such that || f|| g-1 vy < CpS7% " — ¢ using the given
assumption. Therefore, using Lemma 8.3. we have

p+1
() <|UWH»1@N)nunﬂk<:[C;Sit-”-—e}nu|HA®N>

p—1

< lullr, — ellullmy @), Yu € U.

Thus
—1

. p .
it |l — | = <igt

Moreover, Remark 8.1 gives us that |ul|z, is bounded away from 0 on U, so the
above expression yields

e p—1
it |2 ully, - (£, > .

On the other hand,

2p
[Jullzr, _
(82) 4 CPT — <f, 'LL> >0 for ||U||Lp+1(BN) =1
||“H£;+1(]B;N)
2p
IS
@T—<f,u>>0 for uelU
||UHE;+1—1(]B;N)
p—1 2
= llullg, — (fiu) >0 for weU.

Hence the lemma follows. O

https://doi.org/10.1017/prm.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.18

38

D. Ganguly, D. Gupta and K. Sreenadh

Combining Proposition 8.6 and Proposition 8.7 with Lemma 8.8, we conclude the

proof of Theorem 1.3.
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