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Abstract. The goal of this article is to study the coaugmented curved As-
coalgebra structure of the Koszul codual of a filtered dg algebra over a field k. More
precisely, we first extend one result of B. Keller that allowed to compute the 4.-
coalgebra structure of the Koszul codual of a nonnegatively graded connected algebra
to the case of any unitary dg algebra provided with a nonnegative increasing filtration
whose zeroth term is k. We then show how to compute the coaugmented curved
Aoo-coalgebra structure of the Koszul codual of a Poincaré-Birkhoff-Witt (PBW)
deformation of an N-Koszul algebra.
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1. Introduction. The objective of this article is twofold:

(i) extend one result of B. Keller that allowed to compute the 4,.-coalgebra structure
of the Koszul codual of a nonnegatively graded connected graded algebra to the
case of any unitary dg algebra provided with a nonnegative increasing filtration
whose zeroth term is the field & (see Theorem 5.2);

(ii) apply the previous result to compute the coaugmented curved A4..-coalgebra
structure of the Koszul codual of a PBW deformation of an N-Koszul algebra
(see Theorems 6.2 and 6.4).

The paper is organised as follows. In Section 2, we first recall some of the basic
definitions on curved A,,-coalgebras, following essentially [9]. The only new result is
Proposition 2.1, which is only an exercise in specializing the general definition to a
particular case. In Sections 3 and 4, we present the rudimentary and well-known facts
we will need on generalised Koszul algebras and their PBW deformations, respectively.

In Section 5, we present the first two main results of this article, which generalise
the mentioned theorem by Keller (see Proposition 5.1 and Theorem 5.2).

In Section 6, we apply the previous results to recursively compute the coaugmented
curved A,.-coalgebra of the Koszul codual of a PBW deformation U of an N-
Koszul algebra 4. More precisely, we first show that a PBW deformation U of an
N-Koszul algebra A determines a unique coaugmented curved 4,-coalgebra structure
on Tord(k, k) satisfying some assumptions (see Theorem 6.2). The results required
to prove this theorem are relegated to Sections 6.2-6.5, and they follow but also
complete the ideas in [3, Section 3]. Indeed, using the notation of that article, the
authors never proved that m; o d = 0 = d o m; (cf. Lemma 6.20). Moreover, they also
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used the previously mentioned result of Keller, which only applies to nonnegatively
graded connected algebras, even though the PBW deformations they consider are not
nonnegatively graded (they are just connected). Our Theorem 5.2 fills this gap as well.
Furthermore, some of our proofs are shorter and clearer (cf. [3, Lemmas 3.6 and 3.7]
and our Lemmas 6.19 and 6.21, resp.), and mostly with less signs (cf. [3, Lemma 3.5] and
our Fact 6.18). Finally, as an application of Theorem 5.2, we prove that the previous
coaugmented curved A4..-coalgebra structure on Tor?(k, k) is filtered quasi-equivalent
to the curved bar construction of U (see Theorem 6.4). In particular, this also gives
a description of a ‘small’ projective resolution of the standard U-bimodule U, and it
generalises the Koszul bimodule complex given by R. Berger and V. Ginzburg for a
particular case in [2, Section 5] (see Remark 6.5).

2. Some definitions and a basic result. In what follows, & will denote a field. For
Ao-(co)algebras, we shall use the conventions and terminology given in [S, Section
2.1]. We recall that, if V' = @,z V" is a (cohomological) graded vector space, V[m] is
the graded vector space over k whose n-th homogeneous component V[m]" is given by
pmtn for all n,m € Z, and it is called the shift of V. We will denote by sy : V' — V1]
the suspension morphism, whose underlying map is the identity of V. We are not going
to consider any shift on other gradings, such as the Adams grading. All morphisms
between modules will be k-linear (satisfying further requirements if the modules are
decorated). All unadorned tensor products ® would be over k.

Finally, N will denote the set of (strictly) positive integers, whereas Ny will be
the set of nonnegative integers. Similarly, for N € N, we denote by Ny the set of
positive integers greater than or equal to V. The analogous conventions hold for other
inequality symbols. When working with N? or N, we will denote by ¢; € Nj the p-tuple
whose i-th coordinate is §;;, the Kronecker’s delta. We also recall the convention that
a sum over an empty set of indices is zero.

2.1. Basics on curved (strongly homotopic) coalgebras. We will now recall the
basic definitions of curved (strongly homotopic) coalgebras, since they are not so
widely known. We follow the basic conventions of [9] (see also [5,10]), to which we
refer.

Let (C, Ac,ec) be a counitary (coassociative) graded coalgebra, i.e., the
homogeneous maps A¢c: C — C® C and ¢¢ : C — k of degree zero satisfy that
(AC ® ldc) o AC = (ldC ® Ac) o Ac, (EC ® ldc) o AC = ldC = (ldc ® Ec) o Ac. Let
(M, p) be a (counitary) graded bicomodule over C. We recall that this means that
we are given a homogeneous map p : M — C ® M ® C of degree zero satisfying that
(Ac®idyy ® Ac)op =(dec ® p®id¢e) o p and (e¢ ® idy ® €¢) o p = idy,. Setting
pe M — CM and p, .M > M Q C by pr=({dc®idy Q@ €c)op and p, =
(ec ®1dy ®idc¢) o p, respectively, we see that they satisfy that (M, pe) is a left
comodule over C and (M, p,) is a right comodule over C, i.e., (Ac ®idy) o pe =
(ide ® p¢) 0 pe, (idyr @ Ac) o py = (pr ®idc) 0 pyr, (€c ®idy) 0 pr =idy = (1dy ®
€c) o p,. Itis clear that a C-bicomodule is a left and right comodule over C satisfying
the compatibility (id¢ ® p,.) 0 pe = (pe ® id¢) 0 p,.

Assume that C is concentrated in even degrees and M is concentrated in
odd degrees. Define D = C[M] the counitary graded coalgebra whose underlying
graded space is C @ M, with the induced grading, the comultiplication given by
Ap = Acomc+ peomy + pu omy and the counit €p = €c o e, where re : D — C
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and 7y, : D — M are the canonical projections. It is easy to see that, if n¢ : k — Cisa
coaugmentation of C, i.e., a homogeneous map such that A¢c one = (e ® ne) o Ag,
where Ay ik — k®k is the obvious isomorphism, and €c o n¢ = idg, then np =
iconc is a coaugmentation of (D, Ap,€p), where ic: C — D is the canonical
inclusion.

We recall that a noncounitary curved As-coalgebra is a derivation D¢ of
cohomological degree 1 on the unitary graded tensor algebra 7'(C[—1]) provided with
the concatenation product, such that D¢ o D¢ = 0. The previous unitary dg algebra is
called the (noncounitary curved) cobar construction of C and is typically denoted by
Q,.(C). If n € N, we will typically denote an element s~ '(¢;) ® - - - ® s~ !(c,) € C[—1]®"
by (ci|...len), Where ¢y, ..., cy € C,and s = s¢—1j : C[—1] = C is the suspension on
C[-1].

Since ©2,,.(C) is a free graded algebra, D¢ is uniquely determined by its restriction
to C[—1], which we denote by d = ZieNo d; for d; : C[—1] = C[—1]®. Set A;: C —
C® by means of d; = (—1) (sc[ 1]) "o A; o sci_1y- Then, the collection of maps A; :
C — C® for i € Ny is locally finite, each of homological degree i — 2, and satisfy the
following identities:

Do DT @ Ay ®idE) 0 Ay =0, (SI(n))
(r,8,0)€Z,

for n € Ny, where Z,, = {(r, 5, 1) € NS :r+ s+t = n}. Reciprocally, starting from a
locally finite collection of maps A; : C — C® fulfilling the previous properties we
obtain a noncounitary curved A.-coalgebra structure. A noncounitary curved dg
coalgebra is a noncounitary curved A..-coalgebra such that A; =0 for all i > 3.
We recall that a noncounitary curved A..-coalgebra (C, A,) is called cocomplete (or
conilpotent) if the cobar construction 2,,.(C) is a cofibrant dg algebra with respect to
the model structure constructed by V. Hinich in [7].

Given two noncounitary curved A..-coalgebras C and C’, a morphism f, : C —
C’ is a morphism of unitary dg algebras Q,.(f,) : 2,.(C) = 2,.(C’) of the cobar
constructions. Since €2,.(C) is a free graded algebra, such a morphism is completely
determined by its restriction to C[—1], which we denote by F = ZleNO F;, where F; :
C[—1] = C[-1]®. Define f; : C — (C)® by F; = (—1)*1(s% C,[ l)_ o fi o scp-, for
i € No. Then, f; : C — (C)®' is a locally finite collection of maps, each of homological
degree i — 1 for i € Ny, satisfying

D0 DAY @ AP @idF) o ik = Y D (=D (f;, ® - ® ;) 0 AS,
(r,8,)€Z, q€No TeNg”

(MI(n))
for n € Ny, where w' = 31, (j — 1)(i; + 1) and NG" is the subset of elements 7 of Nj
satisfying that [7| = i; 4+ --- + iy = n, and the term of the right member of (MI(n))
for g =0 is SH,OAOC . Reciprocally, starting from a locally finite collection of maps
fi : C = (C")® fulfilling the previous properties we obtain a morphism of coaugmented

wo-coalgebras. If f, : C — C’andg, : C' — D are morphisms of noncounitary curved
Aso-coalgebras, we can consider their composition ,,.(g.) © 2,.(f.). Using the previous
comments we see that €2,,.(g,) 0 Qu(fe) = Que(he) Where {h, : C — D®"},en, is of the
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form

hy = Z Z =) (g, ® - -- ®gi,) o fys )

q€Np 7eNg"

where w' = 2;1:1(7 — 1)(§; + 1) and the term with ¢ = 0 is 8, ofo. A morphism {f, }sen,
of noncounitary Ay-coalgebras is called strict if f,, = 0 for all n € Ny \ {1}, and it is
said to be a quasi-equivalence if the map ,,.(f,) is a quasi-isomorphism. The identity
morphism of a noncounitary A..-coalgebra C is the strict morphism satisfying that
f1 = id¢. Moreover, if C and C’ are noncounitary curved dg coalgebras, a morphism
from C to C’ is a morphism of noncounitary A4.,-coalgebras f, such that f, = 0 for all
n € N\ {1}. It is easy to check that the previous composition rule preserves morphisms
of curved dg coalgebras.

A noncounitary curved A-coalgebra (C, A,) is called (strictly) counitary if there
exists a homogeneous linear map ec : C — k of degree zero such that (id¥" ® ec ®
id®") o A; vanishes for all i € N\ {2} and all r,7 € Ny such that r+ 1+t =1, and
(ide ® ec)o Ay =ide = (¢ ® 1d¢) o Aa. A morphism of (strictly) counitary curved
Aso-coalgebras f, : C — C’ is a morphism of noncounitary curved A.-coalgebras
such that (idocz’,(ifl) Rec ® id?,(ifj)) o f; vanishes for all i >2 and j € {l,...,i}, and
€c o f1 = €c. A counitary curved A..-coalgebra (C, A,, €¢) is said to be (strictly)
coaugmented if there is homogeneous linear map n¢ : k — C satisfying that ec o ne =
ide, As o ne(lx) = ne(1)®% and A; o ne(lx) = 0foralli € Ny \ {2}. Thisis tantamount
to say that n¢ is a strict morphism of counitary curved A..-coalgebras, where k has the
trivial structure given by A; = 0ifi € Ny \ {2}, A; isthe obviousmapk — k£ ® k and ¢
is the identity. A morphism of (strictly ) coaugmented curved A-coalgebrasf, : C — C’
is a morphism of counitary curved A4.,-coalgebras such that its composition with €¢
gives ec. Given a coaugmented curved A.-coalgebra, we will denote the cokernel of
ne by Je. Let us consider the functor from the category of coaugmented curved A4 -
coalgebras to the category of noncounitary curved A4..-coalgebras given by sending
(C, A, €c, n¢) to J¢ provided with the comultiplications A, induced by A, by means
of

A, o coker(ne) = coker(nc)®" o A,

for alln € Ny, where coker(n¢) : C — Jc is the cokernel morphism. We remark that A,
is well-defined and unique for coker(nc)®" o A, o n¢ vanishes for all n € Ny. A similar
expression gives the action of the functor on the morphisms. It is clear that this functor
is an equivalence of categories, whose inverse sends the noncounitary curved A4..-
coalgebra (C, A,) to the coaugmented curved A.,-coalgebra structure over C = C @ k
with counit €¢ given by the canonical projection on k, coaugmentation 7¢ given by the
canonical inclusion of k, A, : C — C®" is the composition of the canonical projection
C — C, A, and the canonical inclusion C®" — C®" if n %2, and A, : C — C%?
satisfies that Ay(1) =1® 1 and Ax(¢) =1® ¢+ ¢ ® 1 4+ As(¢), for all ¢ € C, where
1 € k. A coaugmented curved A4,,-coalgebra (C, A,, €c, n¢) is said to be cocomplete
(or conilpotent) if the corresponding noncounitary curved A.,-coalgebra structure on
Jc is cocomplete. Moreover, if (C, A,, €c, n¢) is a coaugmented curved A ,-coalgebra,
its (coaugmented curved) cobar construction Q7 (C) is defined as Q,.(J¢).

All the previous definitions of this section make also perfect sense if we drop the
adjective ‘curved’, by which we mean that the curvature terms A and f; vanish.
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We also recall that given any unitary dg algebra A, there exists a canonical curved
dg coalgebra B*(A) associated to A, called the (curved) bar construction of 4, and it
is constructed as follows. Let v : 4 — k be a linear map satisfying that v o n4 = id,
and let V' = Ker(v). Define uy (resp., ux) as the composition of uy|ygy and the
projection idy —ngov: A — V (resp., and v), and dy (resp., di) as the composition
of d4|p and the projection idy — n4qov: 4 — V (resp., and v). Let B,(4) = T(V[1])
be the (cocomplete) graded tensor coalgebra cogenerated by F[1]. An element
s(v]) ® - - - ® s(vy) is typically denoted by [vi]...|v,], where vy, ..., v, € V. Let B be
the unique coderivation of T(V[1]) whose composition with the canonical projection
onto V[1]is the map b : T(V[1]) — V[1] sending [v,]...|v,] to zero if n € N5, U {0},
[vi|va] = (=D (vr, v2)] and [v] = —[dy(v)]. Moreover, set h: T(V[1]) = k
by A([vi] ... |v,]) =0 if 7€ Noo U {0}, A(vi|va]) = (=D wg(v1, v2) and A([v]) =
—d(v). Then, B,(4) = T(V[1]) provided with the deconcatenation coproduct, the
coderivation B and Ay = & is a curved dg coalgebra. It is clearly counitary for the
counit €p (4 given by the canonical projection T(V[1]) — k and even coaugmented
for the coaugmentation 7p,(4) defined as the canonical inclusion &k — T'(V[1]). Given
another linear map v’ : 4 — k satisfying that v o n4 = idg, the coaugmented curved
dg coalgebra B, (A) is isomorphic to B,(A4), as coaugmented curved dg coalgebras.
Indeed, let g: V' — V be the linear isomorphism idy» — n4 o v|p» (with inverse
idy —n40v'ly), and fi = 32, (l1D®" - TOV'[1]) — T(V[1)). Let fo : T(V'[1]) — k
be the composition of the canonical projection onto V’[1], 5,/ and vy~ Then, (fo, 1)
determines an isomorphism of coaugmented curved dg coalgebras from B,(A4) to
B,(A). The inverse is obtained from interchanging v and v’ in the previous expressions.
Hence, we may drop the explicit dependence on the retraction v and will denote B,(A)
simply by B*(A4). It will be called the (curved) bar construction of A4, or also, the Koszul
codual coalgebra of A.

Finally, it is clear that, given a morphism f : 4 — A’ of unitary algebras, it induces
a strict morphism B*(f) : Bt(4) — BT(A") of coaugmented curved dg coalgebras.
Indeed, givenv’ : A" — ksatisfying thatv’ o ny = idg, definev = v’ o f. Then,v o ny =
idy, and f sends V' = Ker(v) to V' = Ker(v’). The mentioned strict morphism B,(4) —
B,(A4') of coaugmented curved dg coalgebras is finally given by ) (f1v[1D®".

2.2. A particular result. The next result follows directly from the definition of
coaugmented curved A-coalgebra.

PROPOSITION 2.1. Let (C, Ac, €c) be a counitary (coassociative) graded coalgebra
concentrated in even degrees and (M, p) be a (counitary) graded bicomodule over C

concentrated in odd degrees. We consider the counitary graded coalgebra D = C[M]
defined before, with coproduct Ap and counit €p. Assume we are given linear maps

AL C— M®?, 2)

for all p € Ny, of degree p — 2, and a bicoderivation
3: M~ C, (€)
of degree —1, ie, Acod=({1dc®d)ope+ (3 ®idc)o p,.. For p e Ny, set A,:

D — D® by A, = A;, ome+8p10 oy + 8,2Ap. Then, (D, A)een, is a curved
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Aoo-coalgebra if and only if

Ayod =0, doA;=(A)®idc)oAc—(ide ® Ao Ac, @)

Ay 00 = (8, ®idu) o pe — (=1¥(idu ® A)) 0 pr, 5)

(e ®id5 ) 0 A = (ide ® A o Ac + (8 ®@idy) o AL, (6)

(dy ® pe @ id5 7)o AL = (i3 " ® pp @ 1d5 ) 0 A 7)
+(-1V(dy] @ d ®id§ )0 A,

(1d5 " ® py) o AL = (A, ®idc) o Ac + (=DT(dF ® 8) 0 AL, (8)

forallp e Ng,q € Nandj € {1, ..., q— 1}, where the latter set (so equation (7)) is empty
if ¢ = 1. It is strictly counital with counit ep if and only if we further have ec o d = 0.
Moreover, assuming that the previous conditions hold, np is a (strict) coaugmentation of
(D, As) if and only if A, onc =0, for all p € Ny.

Proof. Note that SI(0) coincides with the first equation in (4). Moreover, using
that C is a graded coalgebra and M is a graded C-bicomodule, and some basic
computations, we see that

(1) SI(1)|¢ is equivalent to the second equation in (4);

(i1) SI(p + 1)|y is equivalent to the third equation (5), where we have used that 9 is a
bicoderivation for p = 1 and that p is a bicoaction for p = 2;

(iii) SI(2)|c¢ is equivalent to the equations (6) and (8) for ¢ = 1, respectively;

(iv) mo o SI(g + 1)[¢ (resp., m; o SI(g + 1)|c, m,0SI(g + 1)|¢) is equivalent to the
antepenultimate (resp., penultimate, last) equation (6) (resp., (7), (8)), for ¢ > 2,
where 7; : D2UTD — M® @ C ® M®47) is the canonical projection.

On the other hand, D is strictly counital if and only if €p o A = 0, for the other
equations are automatically satisfied. The former equation is tantamount toec o 3 = 0.
Finally, np is a strict coaugmentation if and only if Ay o np = (np ® np) o Ay, where
Ay ik — k® k is the obvious isomorphism, and A, onp =0, for all p € Ny \ {2}.
Since Ap is a coaugmentation of (D, Ap, €p), the first of the previous identities is
tantamount to A} o n¢ = 0, whereas, the second collection of identities is equivalent
to A, onc =0, forall p € Ny \ {2}. The proposition follows. O

3. Koszul algebras. In this section, we recall the basic results we will need on
homogeneous generalised Koszul algebras. Let V7 be a vector space over &, and let
A = TV/(R) be an N-homogeneous algebra for N € N.,, i.e., R € VN, We say that
A is generalised Koszul (or N-Koszul, if we want to emphasise the degree of R) if the
minimal projective resolution P, of (either left or right) 4-module k satisfies that P, is
(a graded free module) generated in degree ¢ (n), for all n € Ny, where ¢py(2m) = Nm
and ¢oy(2m + 1) = Nm + 1, for all m € Ny. We recall that, if 4 is N-Koszul, then

-1
(V®j QRN (Z ot QR® V®(f—€)) C peu-1 QRQV, 9)
=0

forallj=2,..., N —1][1, Theorem 2.11 and Proposition 2.5].
We now recall the (strictly) coaugmented A4.,-coalgebra structure on TorZ(k, k),
for an N-Koszul algebra 4. The Koszul property of 4 implies that D = Tor(k, k)
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satisfies that

en(p=2)
D, =Torl(k k)= () V® @ Re ye(er-2-), (10)
i=0

for p > 2, together with Dy = Torg'(k, k) =k and D, = Tor{(k, k) = V [1, equation
(2.5)]. Moreover, D has the following A.-coalgebra structure. We will denote
the corresponding comultiplications by A,, for n € N. If N =2, all the higher
coproducts vanish, as well as Aj, and A, = Ap is given by the usual deconcatenation
formula (see (i) below). Suppose, else that N > 2. There are only two nonvanishing
comultiplications, A, = Ap and Ay, which satisfy that

(1) (pp, ®pp,) 0 A2|D,, is the canonical inclusion if p; + p» = pand ¢n(p1) + PN (p2) =
on(p) for p1, p2, p € Ny, and zero else;
(i) (pp, @ --- @ Pppy) o AN|Dp is the canonical inclusionif p; +---+py =p+ N —2
and ¢n(p1) + - -+ + dn(pn) = dn(p) for py, ..., pn. p € N, and zero otherwise;
where p,, : D — D,, denotes the canonical projection. Note that the nonvanishing
statement of item (i) implies that either p; or p; is even, whereas in the case of item (ii) it
implies that py, ..., py are odd (and p even). It is easy to verify that (D, Ay, Ay, €p, np)
is a coaugmented A,-coalgebra for any N > 2, where the canonical projection py :
D — Dy = k gives the strict counit €p of D and the canonical inclusion k = Dy — D
is the coaugmentation (this can be seen as an application of Proposition 2.1 to this
particular case). Moreover, by a result by B. Keller (see Theorem 5.2), it is a model for
Tor(k, k), i.e., it is quasi-equivalent to the coaugmented dg coalgebra B*(4).

REMARK 3.1. It is easy to see that the previous comultiplication, counit and
coaugmentation of D respect a second grading on that space, induced by the internal (or
Adams) grading of A4, given by regarding V" to be concentrated in degree 1. We remark
that the Adams grading of a nonzero element in D,, is ¢(p), whereas, the homological
degree is p. This can be compactly reformulated as saying that (D, Aj, Ay, €p, 11p) 18
an Adams graded coaugmented A,-coalgebra.

4. PBW deformations. In this section, we will recollect the basic results on PBW
deformations of homogeneous algebras. We first recall that a filtered k-algebra B is a
k-algebra provided with an increasing sequence {F* B}.cn, of subspaces of B such that
F"B.F"B C F"t"B, forallm, n € Nypand 13 € F'B. As usual, such filtrations may also
be seen to be indexed over Z, where the negatively indexed terms vanish. Given a vector
space V, the tensor algebra T'V has a filtration {F*},cn, defined by F' = @}:0 V& Now,
given P C FV, we shall consider the algebra U = T'V/(P), with the filtration {F* U},
induced by the filtration of the tensor algebra, i.e., F*U = 7 (F*), where 7 denotes the
canonical projection from 7'V onto U. Of course, 7 is a morphism of filtered algebras.
The filtration can be described more concretely as follows: if (P)' = F' N (P), then
F'U = F'/(P),forie Ny.If 7; : TV — V® is the canonical projection, let us denote
R = ny(P) and define the N-homogeneous algebra 4 = T'V/(R).

Since w : TV — U is a morphism of filtered algebras, it induces a morphism of
graded algebras gr() : gr(TV) — gr(U). Moreover, the filtration of U is induced by
the filtration of TV, so gr(s) is surjective. On the other hand, since the filtration of
TV comes from a grading on the tensor algebra, we see that there exists a canonical
isomorphism¢ : TV >~ gr(T'V). So, we may consider the surjective morphism of graded
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k-algebras given by the composition gr(z) ot : TV — gr(U), which we shall call IT. It
is easy to see that TI(R) = 0, since «(R) = P/FN~!. Hence, IT induces a surjective
morphism of graded k-algebras p: A — gr(U). We say that U satisfies the PBW
property or that U is a PBW-deformation of A if p is an isomorphism.

As noticed by R. Berger and V. Ginzburg [2, Proposition 3.2], the filtered algebra
U satisfies the PBW property if and only if (P)" = 3", ., x VPV, foralln e Ny
(in fact, it is sufficient to prove the equality for n > N — 1). Moreover, if we denote
In =D ivjen-n VO PV for n € Ny, Proposition 3.3. in [2] states that U satisfies the
PBW property if and only if J, N F"™~! = J,_y, for all n € Ny (or just n > N). The
identity Jy N FN=1 = Jy_; is simply

PNF¥-1 =0, (11
whereas, Jy41 N FN = Jy is easily equivalent to
(VeP+PRV)NFNCP. (12)

From now on, we shall suppose that identity (11) holds, which implies that the map
my : FN — V®N gives an isomorphism between P and R = my(P). Then, there exists a
linearmap ¢ : R — FN~!suchthatid — ¢ is theinverse of wy|p,i.e., P = {r — @(r) : r €
R}. We further write, ¢ = Z;\i El @, where ; : R — V® is the composition of ¢ with the
canonical morphism F¥~! — V¥ Let Ry, = (RQ V)N (V ® R) € V®WN+D Then,
it is easy to see that identity (12) is equivalent to [2, Proposition 3.5]

(p ®@idy —idy ® p)(Ry+1) C P,
or equivalently [2, Proposition 3.6]
(pnv—1 ®idy —idy ® gn_1)(Rn4+1) S R, (13)
9o o (pn—1 Q@ idy —idy ® en—1)(Ry4+1) =0, (14)
(¢j o (pnv—1 ®idy —idy ® en-1) + (¢j—1 @ idy —idy @ ¢;—1))(Ry+1) =0,  (15)
for0 <j<N.

DEFINITION 4.1. Given a filtered algebra U = T'V/(P), where P C FV, we say that
U is a weak PBW-deformation of A = TV /(R), where R = iy (P), if (11) and (13)—(15)
hold.

One very interesting property of Koszul algebras is the following result, called the
Koszul deformation principle (see for instance [2, Theorems 1.2 and 3.4], [3, Theorem
1.1], and [6, Theorem 3.5]).

THEOREM 4.2. Let A be an N-homogeneous algebra satisfying that Tor{ (k, k) is
concentrated in degree N + 1, and let U = TV /(P) be a weak PBW-deformation of A.
Then, U satisfies the PBW property.

5. Curved A,.-coalgebra of the Koszul codual of a filtered dg algebra.

5.1. Twisting cochains and twisted tensor products. In this section, we will present
an extension of a result that was announced by B. Keller at the X ICRA of Toronto,

https://doi.org/10.1017/5001708951800037X Published online by Cambridge University Press


https://doi.org/10.1017/S001708951800037X

THE CURVED 4,,-COALGEBRA OF THE KOSZUL CODUAL 583

Canada, in 2002. For the definitions and notation used we refer the reader to [5,
Theorem 4.2].

We first remark that all the definitions given in Section 2.1 can be done
for the category of (homological) graded vector spaces V provided with further
increasing (nonnegative) filtrations {F*V}.en, of graded vector subspaces and all
the maps preserve the filtrations. We will assume that the filtrations are exhaustive,
ie, UpenF"V =V. We will talk in that case of filtered noncounitary (resp.,
counitary, coaugmented) curved Aoo-coalgebras, morphisms of filtered noncounitary
(resp., counitary, coaugmented) curved Aoo-coalgebras, etc. We recall that k is provided
with the trivial filtration F"k = k, for all n € Nj. In the case of a coaugmented curved
Aq-coalgebra C, one further imposes FOC to be the image of the coaugmentation ¢ of
C. As a consequence, Grp.¢(C) has zero curvature, so it is in fact a coaugmented A4.,-
coalgebra. Moreover, we recall that a morphism f, : C — C’ of filtered coaugmented
curved A.,-coalgebras is called a filtered quasi-equivalence if the associated morphism
gr(f,) is a quasi-equivalence of coaugmented A,-coalgebras.

Let C be a coaugmented curved 4,,-coalgebra and 4 be a unitary dg algebra. We
recall that a twisting cochain from C to A is a linear map t : C — A of cohomological
degree 1 such that T o n¢ vanishes and that it satisfies the Maurer—Cartan equation

dgot+ Y (1D 6786 A, =0, (16)
ieNy
where ,u(j) : A®" — Ais theiterative application of the product of 4if 7 > 2, the identity
map of 4 if i = 1, and the unit n4 of 4 if i = 0. Note that the sum in (16) is well-defined
by the local finiteness assumption on the higher comultiplications of C. If Tw(C, A)
denotes the set of twisting cochains from C to 4, we have a canonical map

Hom,gg.1¢(27(C), 4) > Tw(C, A) (17)

given by g+ go 1€, where 1€ : C — Q*(C) is the composition of the canonical
projection C — J¢, s;CIH] and the canonical inclusion of J¢[—1] inside Q+(C), where
J¢ 1s the cokernel of the coaugmentation n¢ of C. It is clear that the map (17) is
a bijection, and we will denote the image of a twisting cochain t under its inverse
map by F;. Furthermore, by means of the previous morphism, we can define the
composition twisting cochain of a morphism of coaugmented curved 4,,-coalgebras f, :
C" — C with a twisting cochain 7 from C to 4. Indeed, if F; € Hom.4g.a15(Q21(C), A)
is the morphism such that F, o 7€ = 7, and Q*(f,) is the morphism of unitary dg
algebras from Q7 (C’) to Q*(C), the composition twisting cochain t o f, is defined as
F,oQ*(f))o1€.

Given a coaugmented curved A4,-coalgebra C, a unitary dg algebra 4 and a
(unitary) dg A-bimodule M with biaction 0 : A Q M ® A — M, the twisted tensor
product M @, C is the complex whose underlined graded module is the usual tensor
product M ® C and the differential is

dy @ idc +1dy ® A4
+ ) (=)™ ®ide) o (¥ ®idy ® T¥ ®idc) o gij o (idy ® Argjyr), (18)

i,j e Ny
i+j=>0
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where o) : 4% @ M ® A® — M is obtained from a successive application of the
biaction of M, ¢;; : M ® C®HH) — C® @ M ® C®U+D is the cyclic permutation
sending m®c; @+ @ Cipjy1 0 2 ® - @ Cipjr1 OMI €1 ® --- Q ¢j41 (Without
sign), and the sign ¢;; is obtained from [5, equations (5), (6) and (13)].! If 4 is augmented
by means of €4 and M is a right dg 4-module, then ., M denotes the dg A-bimodule
with the same right action as before and the left action a - m = € 4(a)m, form € M and
acA.

5.2. The main results. We now present the following preparatory result, which is
an extension of a theorem announced by Keller at the X ICRA of Toronto, Canada,
in 2002 (see [8]). The proof given in [4, Theorem 4.7], can be extended straightforward
to the following case.

PROPOSITION 5.1. Let C be a coaugmented (minimal) Ay-coalgebra and A be an
augmented dg algebra over a field k such that its augmentation ideal I 4 = Ker(e 4) and the
cokernel Coker(n¢) are provided with another grading (besides the cohomological one),
called internal or Adams, concentrated in (strictly) positive degrees, and the product
wy:A¢ — A of A and all the comultiplication maps A, of C preserve this degree. Let
T : C — A be a twisting cochain preserving the Adams degree. Then, the following are
equivalent:

(i) the associated morphism of unitary dg algebras F, : QT (C) — A is a quasi-
isomorphism,
(i1) the twisted tensor product ., A @, C is quasi-isomorphic to the trivial left dg module
k (viaes @ €ec);
(iii) the twisted tensor product A° ®., C is quasi-isomorphic to the standard dg A-
bimodule A via g ® €c.

Proof. Note that the augmented dg algebra Q*(C) is cofibrant, due to the grading
assumption on C (see [7, 2.2.3]), so C is cocomplete. Moreover, as in the case of
conilpotent coaugmented dg coalgebras, where one utilises the usual homotopy of
the standard bar resolution of the trivial left dg C-comodule k constructed from the
counit of C, the complex ., C)Q*(C) ®.c C is quasi-isomorphic to k via eq+(c) ® €c,
where 7€ : C — Q*(C) is the universal twisting cochain of C. Else, the result follows
from dualizing [10, Theorem 3.25]. The same holds for g+ ® €c : QT (C)° ®,c C —
QT (0).

On the other hand, let 7' : C — A4’ and 7 : C — A4 be two twisting cochains,
where C is a coaugmented A4,,-coalgebra and A4 and A’ are augmented dg algebras
satisfying the extra conditions about the grading. Let M and M’ be dg bimodules
provided with a compatible extra degree over 4 and A’, respectively, f: 4’ — A4 a
morphism of augmented dg algebras and g : M’ — M a morphism of dg bimodules
over A, both preserving the extra degree, where M is a dg A’-bimodule via f. We
assume further that f o = 7. Then, if g is a quasi-isomorphism, g ® id¢ induces a
quasi-isomorphism from M’ ®, C to M ®, C. Indeed, since the components of fixed
internal degree of M’ ®, C (resp., M ®, C) are obtained from those of C and M’ (resp.,
C and M) as the result of a finite number of steps involving taking tensor product,

'We incidentally correct a typo in [5], equation (6), where the third term of the right member should include
(Zf;l deg ¢; + Z;’zl deg ;) instead of Z‘l’:l deg ¢;.
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cones and shifts, and those operations preserve quasi-isomorphisms, the result follows.
Conversely, by reversing the steps in the previous argument, we see that, if g ® id¢ is a
quasi-isomorphism, then g is a quasi-isomorphism as well.

Assume now that (i) holds. Since F, : Q1(C) — 4 is a quasi-isomorphism, the
comments in the previous paragraph tell us that F, ® id¢ : ém«:)QJr(C) ®.c C —>
,A®; C i3 a quasi-isomorphism, and it clearly satisfies (€4 @ €¢) o (F; @ id¢) =
€q+(c) ® €c. By the 2-out-of-3 property of quasi-isomorphisms, we conclude that
€4 ® €c is a quasi-isomorphism, which proves (ii). Replacing F; : Q1(C) — A with
F¢: Q*T(C)* — A°in the previous argument, we obtain (iii).

Finally, assume that either (ii) or (iii) holds. In the first case, since the
morphism F, ® id¢ : €§Z+<C)Q*(C) ®.c C —> ., A ®,; C satisfies that (e4 @ €c) o (F; ®
idc) = €q+(c) ® €c, the 2-out-of-3 property of quasi-isomorphisms tells us that
F, ® id¢ is a quasi-isomorphism. Using the converse result in the second paragraph
of this proof, we see that F; is a quasi-isomorphism of augmented dg algebras. If we
assume that (iii) holds, then the same argument shows that F¢ @ id¢ : QT (C)* ®,c C —
A€ ®, Cis a quasi-isomorphism. From the converse result in the second paragraph of
this proof we see that F¢ is a quasi-isomorphism, which in turn implies that F; is a
quasi-isomorphism as well, by the Kiinneth theorem. This proves (i). O

We now prove the first main result of this article.

THEOREM 5.2. Let D be a filtered coaugmented curved Aso-coalgebra and U be a
nonnegatively ( Adams) filtered unitary dg algebra over a field k, whose associated graded
algebra A = Grp.y(U) is an Adams nonnegatively graded connected dg algebra. Then,
the following are equivalent:

(i) there is a filtered quasi-equivalence of coaugmented curved A-coalgebras
F:D— BT (U); (19)

(if) there is a filtered twisting cochain t : D — U such that one of the following
equivalent conditions holds:
(a) the associated graded of the filtered morphism of unitary dg algebras F; :
QT (D) — U is a quasi-isomorphism;
(b) the associated graded map of the filtered morphism uy ® €p : U ®, D — U to
the standard dg U-bimodule U is a quasi-isomorphism, where py : U ® U —
U is the product of U.

Proof. Given a morphism F satisfying (19), consider the twisting cochain t : D —
U such that F, = By o QT(F), where By : QT (BT(U)) — U is the usual adjunction
morphism. It is clear that Gr(B*(U)) >~ B*(Grp.y(U)) = B*(A), where the grading
of BT(U) is the one induced from that of U following the usual tensor constructions,
and analogously Gr(QT (B (U))) ~ QT (Gr(BT(U))) = QT(B*(A4)). Furthermore, By
is a quasi-isomorphism (see for instance the proof of [9, Theorem 6.10]), and
gr(By) coincides with B4 under the previous identifications. Moreover, T and F;
preserve the corresponding Adams filtrations. Conversely, given a twisting cochain
7 : D — U preserving the corresponding Adams filtrations, consider the associated
morphism F; : Q(D) — U of unitary dg algebras. Recall that there is a canonical
filtered quasi-equivalence BT(Q27(D)) — D whose cobar construction is Bg+p). Let
j: D — BY(QT(D))beany quasi-inverse (preserving the Adams filtration), which exists
by the usual homotopic argument using the model structure on the category of unitary
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dg algebras. Finally, define F : D — B*(U) as the composition of j and B*(F;). Let
C = Grpp(D). By the previous comments, it is clear that gr(F;) is a quasi-isomorphism
if and only if gr(F) is so.

Moreover, it is clear that, if C and C’ are coaugmented A4,,-coalgebras provided
with an extra degree satisfying the conditions of Proposition 5.1 and f, : C — (' is
a morphism between them such that f] is a quasi-isomorphism, then Q*(f,) is quasi-
isomorphisms of augmented dg algebras. Indeed, this follows from the fact that the
components of fixed internal degree of QT (C) (resp., Q1 (C’)) are obtained from those
of C (resp., C") as the result of a finite number of steps involving taking tensor product,
cones and shifts, and those operations preserve quasi-isomorphisms. As a consequence,
a morphism of coaugmented A4.,-coalgebras preserving the internal degree is a quasi-
equivalence if and only if it is a quasi-isomorphism. This proves the equivalence
between (i) and (i), (a).

It remains to prove that the conditions (a) and (b) in (ii) are equivalent. In order
to prove it, we first note that if 7 : D — U is a filtered twisting cochain, then the
associated graded morphism gr(r) of t is a twisting cochain from C to 4 and it
preserves the Adams degree. Moreover, the complex U¢ ®, D is canonically provided
with the filtration on a tensor product induced from those of the factors and its
associated graded space is precisely 4° ®g(r) C. Hence, Proposition 5.1 tells us that (a)
and (b) are equivalent. Il

6. Application: Curved A4.,-coalgebras from PBW deformations.

6.1. The conventions, basic facts and the mainresult. Let A be an N-homogeneous
algebra that is generalised Koszul, and let U = T'V/{P) be a PBW-deformation of A4.
We use the notation of the previous sections. Since the case N = 2 is well-known in the
literature, we will focus on N > 2.

Let C = @ypeon, Torfp(k, k)and M = ®2p1eon+1 Torfpﬂ(k, k). By the comments
in Section 3, C is a coaugmented counitary graded coalgebra (concentrated in even
homological degrees) with coproduct A¢, counit €¢c and coaugmentation n¢, and
M is a counitary graded bicomodule over C with bicoaction p, concentrated in
odd homological degrees. We will consider the increasing filtrations {F*C}.en, and
{F*M}een, of C and M associated with the corresponding Adams gradings recalled in
Remark 3.1. We will call them Adams filtrations. Regarding both C and M inside of TV,
the previous filtrations are just the induced ones from the standard filtration {F*}4en, of
TV seen in Section 4. Since the coproduct A, the counit €¢ and the coaugmentation
nc preserve the Adams degree, as mentioned in Remark 3.1, they preserve a fortiori
the corresponding filtrations, where k& has the trivial filtration F*k = k if @ € N, and
the filtration of a tensor product is given by the usual formula. The same argument
implies that the bicoaction of M preserves the corresponding filtrations.

REMARK 6.1. The reason for considering the previous filtrations is the following:
although the previous structures even preserve the mentioned Adams degree, we will
soon complete them with several maps involved in a curved A.-coalgebra structure
on D = C[M] that will preserve the corresponding filtration but not the grading.

The main results we will prove in this section are the following.
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THEOREM 6.2. Let A be an N-homogeneous algebra that is generalised Koszul, and
let U = TV/(P) be a PBW-deformation of A. Let D = Tor(k, k) be the coaugmented
Aqo-coalgebra described in Section 3, with nonvanishing comultiplications A»> and
Ay given by (i) and (ii), counit €p: D — k given by the canonical projection and
coaugmentation np : k — D given by the canonical inclusion. Recall that D = C® M,
where C is the direct sum of the even homogeneous components, whereas, M is the
direct sum of the odd homogeneous components, and let 3 : M — C be the coderivation
given in Lemma 6.7. We provide D with the Adams filtration. Then, there is a
unique structure {AJ}eeN, Of filtered curved Ao-coalgebra on D such that Ay = An,
Ay =N, omc+8,10 0y + 8,28, for pe{0,...,N —1}, with A= Al/)|]g®‘" and
Allr = —@pforallp €{0,..., N — 1}, and A, = 0 for all @ > N. The previous structure
is also counitary for €p and coaugmented for np.

Proof. The fact that we obtain a structure of a counitary curved A4,,-coalgebra
on D is a direct consequence of the Lemmas 6.7, 6.14, 6.16, 6.19-6.21, which will
be proved in the forthcoming sections, together with Proposition 2.1. As noted in
the first and last paragraphs of Section 6.4, the morphisms A;, preserve the Adams
filtrations for all p € N, as well as €p and np. The latter condition implies in particular
that A) onc =0, for all p € Ny. By Proposition 2.1, we conclude that D is a filtered
coaugmented curved Ay-coalgebra. The uniqueness follows from the fact that the
definition of A}, for p € {0,..., N — 1} given via (33) and (34) is tantamount to some
special cases of identities (6) and (7). ]

REMARK 6.3. As noted in [3] for the particular case that ¢y vanishes, the converse
of the previous result holds: consider a coaugmented curved 4,,-coalgebra structure
on D = Tor(k, k) that is compatible with the Adams filtrations and of the form given
in Proposition 2.1 for the coaugmented coalgebra structure on D given by A, in
Section 3, A, = 0 for p > N, and Ay is given by Ay in Section 3. It determines a PBW
deformation of 4 by means of ¢, = —AI’,|R forall p € {0, ..., N — 1}. Indeed, we first
note that the bicoderivation 9 is uniquely determined by p, o 9, which in turn satisfies
that ps 0 3|, =0 for k> 1 and ps 0 3|y, = 0 for it has homological degree —1.
The expression for py o 3|, given in Section 6.3 follows now from (5) forp = N — 1.
Finally, we see that (14) is equivalent to the vanishing of the restriction Aj o 9|az,; if
1 <j <N —1,(15) is precisely the composition of (5) for p = j — 1 with &M, where
7=(1,...,1) e N?*! whereas (13) is the previous composition for p = N — 1. This
induces a bijection between the set of filtered coaugmented curved A4,,-coalgebra
structure on D satisfying the previous properties and the one of PBW deformations of
A.

THEOREM 6.4. Let A be an N-homogeneous algebra that is generalised Koszul, and
let U= TV/(P) be a PBW-deformation of A. Let D = Tor(k, k) be provided with the
coaugmented curved Ax-coalgebra described in Theorem 6.2. Then, there is a filtered
quasi-equivalence between D and Bt (U).

Proof. Tt is easy to check that 7 : D — U given by the composition of minus
the canonical projection D — V' and the canonical inclusion V' — U is a twisting
cochain that preserves the Adams filtrations. By Theorem 5.2, it suffices to show
that the associated graded to the filtered complex U¢ ®, D is quasi-isomorphic to the
standard 4-bimodule 4. This is indeed true, since the associated graded complex is just
A¢ Rgr(r) Gr(D), where Gr(D) is precisely the coaugmented A.-coalgebra described
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in Section 3, and A°¢ ®, Gr(D) coincides with the Koszul bimodule complex of the
standard dg 4-bimodule A. O

REMARK 6.5. Note that the proof of the previous result also gives a description
of a ‘small’ projective resolution of the standard U-bimodule U, which extends the
Koszul bimodule complex given by R. Berger and V. Ginzburg for the particular case
where ¢ = ¢ (see [2, Section 5)).

6.2. Some larger spaces. The rest of the paper is dedicated to prove Theorem
6.2. We will essentially follow and complete the (duals of the) ideas in [3, Section 3].
However, as indicated in the introduction, there were missing steps in that article,
e.g., the identities m) od =0 = d om; were not proved there (cf. Lemma 6.20).
Furthermore, some of our proofs are shorter and clearer (cf. [3, Lemmas 3.6 and
3.7] and our Lemmas 6.19 and 6.21, resp.), and mostly with less signs (cf. [3, Lemma
3.5] and our Fact 6.18).

Define the graded vector spaces TR = ®jen, R¥ and T(VEY) = @jen, VOV, where
R® and V®N are concentrated in homological degree 2/, for all j € Ny. We provide TR
(resp., T(V®")) with the cofree cocomplete coaugmented graded coalgebra structure
cogenerated by R (resp., V®V), and that we will denote by C (resp., ), i.., the
coproduct A (resp., Ag) is given by deconcatenation, the counit € : C — k (resp.,
€e C — k) is the canonical projection, and the coaugmentation ng : k — C (resp.,
ne : k — C)is the canonical inclusion. They are also provided with the induced Adams
grading from that of A4, and thus the associated filtration, which also coincides with
the induced filtration from that of the tensor algebra TV where TR and T(V®V) are
canonically included. We will also call them the Adams filtration of C and C, and
will denote them by {F*C}.cn, and {F* C’}.ENO, respectively. It is easy to see that the
canonical inclusions 7¢ : C — C and iy : C — C as well as their composition i¢ =
i¢ o Ic are morphisms of counitary graded coalgebras that preserve the Adams degree,
so a fortiori they preserve the corresponding Adams filtrations. As a consequence, M
is canonically a counitary graded bicomodule over C and C.

Let us also define the graded vector spaces M = @jcn, V!, where we set J&V+!
to have homological degree 2j + 1. We provide M with a bicomodule structure / over
C, whose bicoaction p is defined by

p(v1 ... UNj11)

j j*il (20)
= Z Z V1 ... UNiy @ UNij+1 -« « - UN(ij+in)+1 @ UN(ij+ir)+2 « - - UNj+15
i1=0 iz=0
where vy, ..., vnjp1 € V, we omit the tensor symbols for the elements of M, vy ... vy;, =

1if iy = 0 and vy 4i)42 - - - vnj41 = 1 if i} + i =j. In particular, this induces a left
(resp., right) coaction p¢ (resp., p,.) of M over C. Moreover, let 7y, : M — M be the
canonical inclusion. It is clearly a morphism of C-bicomodules, so,

peoly =(de ®in)ope, and  p,oly = (Iy ®1dy) o Py, 2n
where we denote the left (resp., right) coaction on M over C also by p¢ (resp., p,.). As

usual, M has the Adams filtration {F M JeeN, ~induced from the canonical filtration of
TV by regarding its canonical contention of M. We will also consider the map
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Ay:C— M®N (22)
defined as the linear map sending 1 € k to zero, and vy ... vy; € Coj = VW) to

Y Vi®--®Vy e Mo,

=) 1
where vy, ..., vy; € V, and V/? e MQl'j+1 = V®Wi+D i given by
Vi = UNGtti )4 - - - UNGi+bi) 4 (24)

forallj=1,..., N. Note that Ay o ic =15 o Ay|c.

We will use the following notation. For p e N and 7= (i1, ..., i) € N\, set i3 =
Ty @ @7y, with 70 TV — V®%0 the canonical projection. For the following,
recall the canonical inclusion tp : D — T'V. We remark that 7; o 1p|c vanishes if i
is odd and it coincides with the composition of the canonical projection p; : C — C;
together with the inclusion C; — V®¢¥® _if jis even. Analogously, 7; o tp|s vanishes if
iis even and it coincides with the composition of the canonical projection p; : M — M;
together with the inclusion M; — V®¥@ if j is odd. We will denote 7; o tp|y by 7,
and the tensor product 7' ® - -- ® ;"' by ;. The analogous notation will be used

for C, C and M.

FACT 6.6. For i,j € Ny such that i is even and j is odd, we have ;o 15 = (ﬁi@ ®
ﬁjM) o pe and Fiyj oty = (ﬁ]M ® 7?[@) o py, by definition of the coactions of M, where
tir : M — TV is the canonical inclusion. Analogously, the same holds for the coactions
pe and p,. of M.

6.3. The definition of the morphism 3. Define

d:M—C (25)
as the unique ‘picoderivation satisfying that > 09 = (idy @ py_1 — ¢n_1 ® idy) o
p3, where pop:C— R and p3: M — M3;=(R® V)N (V ®R) are the canonical
projections. This is well-defined by (13). It is clear that 9|, vanishes, where V =

Tor{'(k, k) € M, as well as ez o 3. Moreover, if o € Tory,,(k, k) € M, where p € N,
we have a fortiori

p—1
ae(|R¥®(R®V)N(V®R) @R,
i=0

So, forevery i € {0, ..., p — 1}, we can write @ = Z(a,-) To ® &y, ® T, , Where 7y, € R®
@y, € Ry41 and 7, € R®P==D Then,

p—1

a) = Z Zl_’a,- ® (idy ® gx-1 — oy-1 @ idy) (@) @7, (26)
i=0 (@)
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Finally, we remark that d preserves the corresponding filtrations (but it does not
preserve in general the Adams degree).
The first result is the following.

LEMMA 6.7. The bicoderivation d defined in (25) factors through the canonical
inclusion C — C, so it induces a bicoderivation 3 : M — C satisfying that ec o d = 0.
Moreover, 3 preserves the Adams filtrations.

Proof. By definition of 3, the image of | p, isincludedin R € C, so 5(D2p+1) ccC
forp =0and p = 1. Let p > 2. It is clear that it suffices to show that
(Do) SR @ V¥ @ R® VW) @ ROP—1-2), (27)

foreveryj € {0,..., N} and every h € {0, ..., p — 2}. The cases j = 0 and j = N (and
arbitrary /) follow immediately from the definition of 9. Moreover, since

D2p+l - <<HR®I (R® V)ﬂ(V@R)) ®R®(h i— 1)) ®D ®R®(p h— 2))

p—h-=3
m<R®’1®D4®< ﬂ R¥® (R®V)N(V ®R) @ R#"- 3’)

for every h € {0,...,p—2} and p > 3, (26) tells us that it suffices to prove (27) for
p = 2. Let us first prove the case j = N — 1. Furthermore, since

dlp, = (idy ® oy_1 — oy_1 ®idy),

a telescopic argument implies that

N

. ~ . ®(N—t+Np—h-2)
> idP " @ b, ® 1dV( )
=0

) ) . . ®(N(p—h-2)
_ 1d;tg(zvm ® (1d§(N+1) @ PN_1 — PN_1 ® 1d}8}(N“)) ® 1dV( ! )

forp>2andh €{0,...,p—2}. If p = 2, this is equivalent to
dlp, ®1dEY +id$" ® d|p,

N-1
. . Q% . i (28)
= (12" @ oyt — gy_1 @1dENTY) - > idY @ dlp, ® idP™ 7,

J=1

Every term on the right member of (28) clearly sends Ds to ' V& @ R @ V®N-0,
so the same is true for the left member. By (26), the left member of (28) is precisely
E] ps- Moreover, the tensor product of the inclusion (9) for j = N — 1 with V' on the left
tells us that
N-1
(VN @ R)N (Z V' @R® V®<N’Z’) cre™VeReV,
=1

which, combined with the previous arguments, yields (27) for j = N — 1 (and p = 2).
Assume that (27) holds for all j=jo+1,...,N (and p =2), with 1 <jo < N —2.
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Then, by tensoring (9) for j = jo + 1 on the right with P®¥=0=D_we get
Jo
(V®(/0+1) QR® V®(N—f0—1)) N <Z V®f QR® V®(N—l)> C V®j0 QR® V‘X’(N—]'O)7
=0
which, together with (27) for p =2 and j = 0, implies that (27) holds for all j = jo,
by the inductive hypothesis. Finally, €c 0 9 = 0 follows from €z o 9 = 0. The lemma is
thus proved. ]

In what follows we will denote by d : M — C the composition of 9 and i.

6.4. The definition of the morphisms A;,. For p € Ny, we will proceed to define
linear maps

AL C— M (29)

that preserve the Adams filtrations. If p = 0, set Aj as the composition of the canonical
projection C — R together with —¢g. Moreover, A is the zero map if p > N and the
map Ay, given in Section 3, if p = N. It is clear that these maps also preserve the
corresponding filtrations.

FACT 6.8. The first equation in (4) holds, i.e., Aj o d = 0, where 9 is given in Lemma
6.7.

Proof. By definition of 8 and of Ag, we see that Aj o d|yy,,,, trivially vanishes for
all p # 1. Furthermore, Aj 0 3|y, = ¢o o (pn—1 ® idy —idy ® @y_1), which vanishes
by (14). ]

FAcT 6.9. Equations (5)—(8) hold for all p, ¢ > N, where 9 is given in Lemma 6.7.

Proof. Indeed, the mentioned identities are precisely the Stasheff equations
SI(m) with m > N for the coaugmented A.-coalgebra structure on D considered in
Section 3. O

Note that Aj o nc = 0and
A,onc=0 (30)

hold for all p > N, because (D, As, Ay, €p, 1p) is a coaugmented A,.-coalgebra.

DEFINITION 6.10. Let £ € {0,..., N — 1}. Recall that A} is defined for all p €
{0} UN.y in (29). Assume that A} PP Ay _, are also defined, they preserve the
Adams filtrations, and that the equations (5), (6), (7) and (8) hold for all p,q > ¢,
where 9 is given in Lemma 6.7. We will call this hypothesis the assumption A, of degree
¢. By Fact 6.9, the assumption Ay_1 holds.

Assume A, holds for some p € {1, ..., N — 1}. For ¢ € N, U {0}, define the linear
map

Ay C— M® (31)
as the composition of A; and Z%,q, where iy, : M — M is the canonical inclusion
(defined in the third paragraph of Section 6.2). Moreover, set &,[,0] :C — V®P as the
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composition of the canonical projection p, : C — R together with —¢,. Consider the
finite increasing filtration {G*(M®P)},c(... ) given by G{(M®P) = M®* @ V®~¢ This
is clearly different from the Adams filtration on M®”. Note that the image of A,[,O]
is included in G(M®”), which is also included in M®. Suppose further that there
is jo€{0,...,p — 1} such that &,[,’] 1 C — G/(M®P) is defined for all j € {0, ..., o}
and the composition of AE,’] with the map id -y ® P ®id}e;(p_j) (whose image is
GU=D(i1®r))is AU forallj e {1, ..., jo}, where p; : M — V the canonical projection.

Let7=(i1,..., 1) € 2Ng + 1) be such that jj;» = --- =i, =1 and ij;1 > 1. Then,
define
Aco it e, (32)
by
F® (ﬁ(]}/{iz,...,i,,) o Ao A+ (#F 0y @7, )) SRAVRY (33)
if p=1,0rp>2andj, =0, and by
~ M A Lol
jT(i],...,i/O,],i/O+i/0+1 1,1 i,0+7 ..... i/,) © A ’ (34)

+ (_1)/0 (ﬁ(/ll:[ ijo) ® (7‘[1/ 1-1° ) ! (Lgjg+2 ip)) A;"H’

..........

if p > 2 and jy > 0. It is clearly well-defined, by the assumption .4,. Moreover, the
image of Al is even included in M®00*+) @ Mer==1 Note that Al trivially preserves
the Adams filtrations. Finally, define AI[{‘J“] : C — G (M®P) as the unique linear
map satisfying that #¥ o AY*! = Al for all 7€ N7*! such that i 5 =+ =i, = L.
The fact that the Adams ﬁltratlon is locally finite dimensional, i.e., each subspace
of the filtration is finite dimensional, implies that AP is well-defined, for all j; €
{0, ..., p — 1}. Finally, set AP = A,[,p].

_ FAcT 6.11. Assume the hypothesis A, for some g € {1,..., N —1}. Then, the map
A, preserves the corresponding Adams filtrations.

6.5. The properties satisfied by the morphisms A;,.
FACT 6.12. Assume the hypothesis A, for some q € {1, ..., N — 1}. The identity

Fro(pe ®idST ) o Ay =To(idc®A)oAc+To@®Iy) oA,  (39)

is verified for allT € Nt such that iy = - - = iy = 1, where &; = 7r ® n(h ..... fost)’
If ¢ = 2, then,
7o (i @ pe ®idy )0 Ay = 7o (7" @ By @idG ) 0 A, (36)
+(=mo(y @i ) oA,
holdsfqr allj € {1, . ..,q — 1}, and all T € N*! such that ijo = -+ = iz = 1, where
- ~C
T =G i) @y, ®F (1,.,.2 ..... i)
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Proof. Note that (35) trivially holds if 7 does not satisfy that i; is even, and (36) is
directly fulfilled if 7does not satisfy that i;, iseven and i, . . ., i; are odd. It thus suffices
to prove them when these conditions are met. Then, (33) for p = 1 is equivalent to (35)
forg=1and7=(i— 1, 1), where i € N |, and we have used Fact 6.6 to deal with the
first member of (35). Analogously, if ¢ > 2, (33) is tantamount to (35) for ¢ = p and
(i1 — 1,1, i, ...,10y), where 7 € N satisfies that i = --- =i, = 1 and i; > 1. The first
part of the statement thus follows. The second part is proved from an easy inductive
argument based on the fact that (34) for p > 2 is equivalent to (36) for ¢ = p, j = jo
and (i1, ..., G, fp+1 — 1, 1, §j42, ..., ip), where 7 € NP satisfies that jj 1o = --- =i, = 1
and ij41 > 1. U

REMARK 6.13. If the assumption 4, holds for some p € {1,..., N — 1} and let
q > p, then (35) and (36) are a particular case of (6) and (7), respectively.

LEMMA 6.14. Assume the hypothesis A, for some q € {1, ..., N — 1}. Identity (35)
(resp., (36)) holds for allT € N*! (resp., forallj e {1,...,q— 1} and allT € NI'). In
other words,

(e @ 1dF ") 0 Ay = (ic @ Ag)o Ac+ (D @I 0 A, (37)
holds, and

(dY @ pe ®1d5 7 )0 A, = (dZ " ® by ®1d57) 0 A,

VB o A o BN A7 (38)
+ (Y@ ®0®75," 7)o AL,

holds if g >2andje {1,...,q— 1}.

Proof. Note again that (35) trivially holds if 7 does not satisfy that 7; is even and for
allj e {2,...,q+ 1}, is odd, and (36) is directly fulfilled if 7 does not satisfy that 71
is even and the other indices iy, ..., ij, ij42, . .., ig41 are odd. It thus suffices to prove
them when these conditions are met. For simplicity we shall treat the case of (35), but
the proof for (36) follows the same pattern.

We will proceed by induction. Assume that there is £y € {1, ..., g — 1} such that
(35) holds for all7 € N¥*! such thatiy, | = --- = ig+1 = 1. By Fact 6.12, this hypothesis
is fulfilled if ¢y = 1. We will prove it holds for £y + 1, provided it does for £;. Assume
£y > 2. Let 7 € N! be such that ip10 =+ = iq+1 = 1 and iz > 1. We recall that
we are also assuming that i; is even and the other indices i, .. ., i;4 are odd. Using
definition (34), the left member of (395) is just

~M x
jT(ilJrini}w---si/ZO—l»i60+i20+]*lylinOJrwaqurl) ° Ay (39)
_ Z()*l ~ M ~C ~M /
+ D (A i i) ® (i 2100 @A, ) © Do

whereas, the first term of the right member of (35) is given by

~C o il X
(T[il ® (T[(l ..... i{io—lvi60+i150+171717i//0+2 ..... iq+l) © Aq)) o AC

b+l (~C o (=M . M (40)
+ (=1)bt (”il’ ® (7Y @GS onerl,

Leg+1—

)o A;Jrl) oAc,

-aiq+1)
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and the second term of the right member of (35) is

~C : ~M ’
((771‘1 00)® 1dM®") © (ﬂ(ilJrl,iz,...,ieo1,izo+izo+11,1,i/z0+2q~~.,i4+l) °© Aq"’l
(41)

lo(~M ~C ~M /
+(=1) O(n(i|+l,iz,...,iyo) ® (%Oﬂfl 00)® T (L 20 iﬁl)) o Aq+2>-

By applying the inductive assumption we can rewrite the first term of (39) as the sum
of the first two terms of (40) and (41), respectively. Moreover, since the statement of
this lemma is a particular case of (6) and (7), which holds for ¢ + 1 by A, (see Remark
6.13), we see that the second term of (39) is the sum of the last two terms of (40) and
(41), respectively. Note that the sign difference is compensated by the Koszul sign rule
applied to the commutation of the morphisms 7 o 8 and ﬁ,&_l 0.

Finally, the missing inductive step for £y = 1 in the proof of (35) follows in the
same fashion, using (33) instead of (34) for rewriting the left member and the first term
of the right member of (35), but without rewriting the last term of the right member of
(35). The first terms obtained from these reexpressions of the left member and the first
term of the right member of (35) clearly coincide. The required equality, involving the
3 remaining terms, follows from the property that d is a coderivation. O

FACT 6.15. Suppose that the assumption A, holds for somep € {1, ..., N — 1}. Then,
given any jo € {1, ..., p} we have that

(idfﬁﬁ"“ ® (Ay ®idj) o pe) ® idfi;"—f“) o &,
=(—DP VAN ® Ay) o Ac
4 Z(_l)}-&-(/O‘./-l)N(Z‘/%; ® (AN ° a) ® Z?}(P*])) ° A;;-H'
=0

(42)

Note thatp —j = p —jo + 1 > 1 in the last sum.

Proof. If j, = 1, (42) is precisely the composition of (37) for ¢ = p with Ay ® id?j’,
where we have used that Ay oic = Ay. Assume that Jjo > 1, and that (42) holds for
{1,...,jo — 1}. It is easy to see that the composition of (38) for ¢ = p and j = j, — 1
with iV @ Ay @ id5" " gives

(idj;(f"‘” ® (Ay ®idg) o pe) ® idj’if"m) oA,
— (=) (id?fﬂ) ® (Ay ®idj;) 0 pe) ® id?f“*ﬂ)) ok, @)
+ (_1)}‘0—1(2%1(1'071) Q (AN X)) ®Z?ﬁ[(p+l*jo)) o A}H—l’
where we have used the identity (Ay ®id;) o pe = (=1)¥(id;; ® Ay) o p, (which
follows from the definitions) in the first term of the right member of (43), and

Ay o0d = Ay o9 in the second term of the right member of (43). The result follows
from the inductive hypothesis. Il
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LEMMA 6.16. Assume the hypothesis A, for some q € {1, ..., N — 1}. Then,
Ryr100 =B, ®Tu) o pr — (1) ® B,) 0 p, (44)

holds.

Proof. We will prove that (44) holds for ¢ € {1, ..., N — 1}, if A, is verified. It
suffices to prove that the compositions of the left and the right member of (44) with
7; coincide, for~ all7e 2Ny + 1)1 If 1 < g < N — 1, it is clear that the composition
of (44) with #M, where 7= (1, ..., 1) € N¢*1 is precisely (15) for j = ¢ + 1, whereas if
qg= N — litgives(13).1t thus suffices to prove that the compositions of the left and the
rlght member of (44) with #¥ coincide, for all 7 € (2N + 1)7*! such that [7] > ¢ + 1.
This is clearly tantamount to proving that the compositions of the left and the right
member of (44) with

(id?l("“’” ® (Ay ®idj) o pe) ® id?l(mfjo)) (45)

coincide for all jy € {1, ..., ¢+ 1}. This follows from the fact that (Ay ® id /) o pelj,
is injective for every odd integer ¢ > 1, which is a consequence of (23), (24) and
Fact 6.6. Moreover, we will prove that the composition of (44), (45) and #! holds
for all a € 2Ny 4+ 1)7*N*1 by induction on |a|. Assume we have proved it for all
a € 2Ny + 1)7N+1 such that |a| < £y for some £y > g + 1, and we will now show it
holds for |a| = £.

Consider now the composition of d and equation (42) for p = ¢ + 1. This tells us
that the composition of the left member of (44) with (45) is precisely

(=D DN (AN 0 3) ® Ags1) 0 pr + (1Y IN(AN @ (Ays1 03)) 0 pe
Jo—1
+ Z( 1)}+(IO—J DN (~®] Q (AN 0d) ®~®(<{+1 ])) (A;Jrl ®idas) o pe
j=0

(46)

Jo—1
_ Z( 1)1+(10 —j— 1)N+q+1(~®/ (AN ) ®~®(q+l 1)) (idy ® A;H) o py
j=1

- (_1)(]'071)N+q+1((AN 00)® Aqul) O Prs

where we have used that 9 is a bicoderivation, i.e., Acod = (0 ® id¢) 0 p, + (Idec ®
d) o pe, and (5) for p = g + 1, which holds due to the assumption 4,. It is clear that the
first and last terms cancel each other. Consider now the composition of the remaining

terms in (46) with IT = ﬁc-fh . By the inductive hypothesis, we see that

ITo (AN ® (Al]+l o 8)) O pe
=Mo(Ay®(A;®n) o pe) o pe — (=)Mo (Ay ® (lu ® Ao p,) 0 pe
=To((Av®A)oAc)® tM) ope—(=1)o (((AN ®1u) o pe) ® Aq) o Py )

((
( (Ay® Ag)o Ac )®ZM) opr — (=)o (((ZM®AN)OIO1‘) ®Aq) ° Py
= Ho(

Ay ® Aq) o Ac) ® ZM) o pe — (=1)*N (ZM ® ((AN ® Aq) o AC)) o /Or>,
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where we have used that M is a C-bicomodule in the second and last equality, and

the identity (Ay ® Iy) o pe = (—1)V(Iy ® Ay) o p, in the penultimate equality, which
follows from (5) for p = N due to Fact 6.9. Hence, the composition of the left member
of (44) with (45) and IT gives

(=1)=DNT o (((AN ® Aq) o Ac) ® 7M> o p¢

—@JWMWHOOM®«AN®AQOAQ)OM
Jo—1 o
+ Z(_I)H-(IO—J—I)NH (~®] ® (AN 0 9) ®~®(£1+1 j)) (Aq+1 ida) o pe
j=0
Jo—1
- Z( 1)]+(I<J —=DN+g+17 4 (~®/ ® (AN 0d) ®~®(q+1 J)) (idy ® A;H) o Py
j=1

(43)

Fact 6.15 tells us that the first and third terms add up to precisely give the composition
of the first term of the second member of (44) with (45) and IT, whereas the second
and the fourth terms give precisely the composition of the second term of the second
member of (44) with (45) and IT. The lemma is thus proved. O

FACT 6.17. Suppose that the assumption A, holds for somep € {1, ..., N — 1}. Then,
foreveryp €{0,..., N —p — 1} we have

Pty
YN @ Ay o)) @ ) o A

j=0
=(AN_p-1 ® Apipi1) 0 Ac — (Bpip+1 ® Ay_p_1) 0 Ac (49)
p+p/+1
. N -
+ Y VP @ Ay 00) @1 T ) 0 AL
j=0

Proof. Since N — p' — 1 > p, applying (44) for ¢ = N — p" — 1 in the left member
of (49), we obtain that the latter is given by

o
MNP @ Ay oy @5 o (Y © pr @ id5 o A
J=0

p+p/+1
(50
p+p’
_ Z( 10 "+1(N—p 1>(~®/ +1 ®A N - (p+p’ /)) (1d®’ ®p¢®1d®(”+” />) A
j/=0

pp +1°

Then,

(1) usingidentity (6) for ¢ = p + p’ + 1 in the term with j = 0 of the first sum of (50),
we obtain the first term of the right member of (49) and the term with j = 0 in
the last sum of the second member of (49);

(ii) using (7) for g = p+ p' + lin the terms withj = 1, ..., p + p’ of the first sum of
(50), we obtain an expression consisting of a summand that precisely cancels the
term with j/ = j — 1 in the second sum of (50), and the j-th summand in the last
sum of the second member of (49);
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(iii) using identity (8) for ¢ = p + p’ + 1 in the term with j = p + p’ of the second sum
of (50), we obtain the second term of the right member of (49) and the term with
j=p+p + 1in the last sum of the second member of (49).

The statement is thus proved. O

FACT 6.18. Suppose that the assumption A, holds for somep € {1, ..., N — 1}. Then,

(Ap® Ax)o Ac—(Ay ® Ap) o Ac

~ 51
— Z( l)j(N 1) ~®/ ®(AN o 3)® R(p ])) o Ap+1- ( )

Proof. A repeated use of identity (49) for p’ € {0, ..., N — p — 2} tells us that

Z( 1y- 1)(~®] ®Ayod)® L®(p /)) o A,,+1
Jj=0
N—p-2
Z (AN—p-1 ® Apipi1) 0 Ac — (Apips1 ® An_py_1) 0 Ac) (52)

N—

Z —1YP (@ @ (Apy100) @15 ) 0 Al
j=0

Moreover, the first sum in the second member of (52) vanishes. Indeed, the first (resp.,
second) summand of the p’-th term of the second sum in (52) with p’ € {0, ..., [(N —
p —2)/2]} cancels with the second (resp., first) summand of the (N —p — p’ — 2)-th
term of the second sum in (52), where | | is the (integer) floor function. Since p > 1,
another application of (49) for p’ = N — p — 1 tells us that second sum in the second
member of (52) gives the first member of (51). The statement follows. ]

LEMMA 6.19. Assume the hypothesis A, for some q € {1, ..., N — 1}. Then,

(1d® D@ p) o Ag=(A;®ic)o Ac+ (1)@ ®d)o A (53)

holds.

Proof. We will prove that the identity
;0 (ld®(q V@ pr)oA, =0(A, ®@ide) o Ac+ (=)' 70 (5 @) o AL, (54)

is verified for all 7€ Ne*!, where 7 = ! i ® ﬁlg . It is clear that (54) holds if
iq+1 = 0, since €c o 0 vanishes (see Lemma 6.7). It suffices to prove the statement for

iq+1 > 1 even. This is tantamount to show that the composition of (53) with id% ® Ay
holds, by (23) and (24). It is clear that the composition of the first member of (53) with
d®" ® Ay gives precisely the left member of (42) for jo = p = ¢ multiplied by (—1)V,

since (Ay ® id i ope=(=DNidy ® Ax) o p, (which follows from the definitions).
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By (42), we conclude that

(id?}q’l) ® ((idy; ® Ay)o Z»)) oR, = (~)™MAy®A,) o Ac

o | (55)
+ I YN @ Ay 0 9) @157 0 AL,
j=0

By applying (51) for p = g to reexpress the first term of theA second member of (55),
we obtain precisely the composition of (53) with id?;’ ® Ay, where we have used

Ay oic = Ay. The lemma is thus proved. O

LEMMA 6.20. Assume that the hypothesis Ay holds. Then,

do Al =(Ay®idc)o Ac —(ide ® Ap) o Ac,

- A R (56)
Apod = (Ag®Tn)ope— (I ® Ag) o ps

hold.

Proof. 1t suffices to prove that the composition of the first (resp., second) identity in
(56) with ¢ (resp., #) holds for every i € 2N (resp., i € 2N + 1). The composition
of the first equation in (56) with ftoc is clearly verified, by definition of 9, Aj and A].
Moreover, the composition of the second equation in (56) with 7 is precisely (15)
for j = 1. Assume now that the composition of both identities in (56) with 7 (resp.,
7#M) holds for every i € 2N (resp., i € 2Ny + 1) such that i < £, for some £y € N. We
will prove that the composition of both identities in (56) with 7 (resp., #) holds for
i={.

Let us deal with the second identity in (56). We remark that all of the arguments
in the proof of Lemma 6.16 up to (and including) (48) are also valid for ¢ = 0. We will
also follow the notation given there. In this case, the last sum in (48) is trivial, and we
only use the expression for the first two terms of (48) given by the third member of
(47), which tells us that the composition of the left member of (44) for ¢ = 0 with (45)
and IT gives

ITo (((AN®AO)OAC) ®7M) ope—Ilo (((AN®ZM)OP€) ®Ao> o Py
—i—l’Io((&NoaoA'])@ZM)opg.

(57)

By (21), it is clear that second term in (57) is precisely the composition of the second
term of the second member of (44) for ¢ = 0 with (45) and I1. Moreover, using the
fact that M is a left C-comodule together with the inductive assumption on the first
equation of (56), we conclude that the sum of the first and third terms of (57) is equal
to the composition of the first term of the second member of (44) for ¢ = 0 with (45)
and IT.

Finally, let us prove the first identity in (56). We first note that we can consider
£y > 1. Moreover, proving that the composition of the first identity in (56) with ﬁfo
holds is tantamount to showing that the composition of the first equation in (56) with
ﬁIM o Ay holds for all7 € 2Ny + 1)V such that |7| = £, by definition of A y. This latter
composition is precisely the composition of the identity (51) for p = 0 with 7M. To
prove it holds, we remark first that all of the arguments in the proof of Fact 6.18 up to
(and including) the vanishing of the first sum in the second member of (52) are also

https://doi.org/10.1017/5001708951800037X Published online by Cambridge University Press


https://doi.org/10.1017/S001708951800037X

THE CURVED 4,,-COALGEBRA OF THE KOSZUL CODUAL 599

valid for p = 0. Indeed, by the inductive assumption on the second equation of (56)
and Lemma 6.19, we see that the proof in Fact 6.17 also holds for the composition
of (49) with #M if p = 0. Hence, another application of (49) for p = 0 and pP=N-1
gives exactly the composition of the identity (51) for p = 0 with &7, as was to be
shown. The lemma is thus proved. ]

LEMMA 6.21. Assume that the hypothesis A, holds for some q € {1,..., N —1}.
Then, Aq cC— M®1 factors through the canonical inclusion Z;?}’ , Le., there exists (a

unique map) Ay : C — M®9 such that o A, = A,

Proof. Tt suffices to prove that, given any j € {0, ..., ¢} and any 7 € 2Ny + 1)4,
then
(A 0 R) S My ® - @My @ My | ® -+ ® I, (58)
where for the case j = 0 the right member of (58) is M e ® AN/I,-;I, whereas, for the
case j = q it gives precisely M; ® --- ® M, i which is what we want to prove. In order
to do it, we proceed by induction on the index j, the case j = 0 being obviously verified.
Assume that (58) holds for allj € {0, ..., jo — 1}, with jo € N.,. We will prove it forj =
Jo. Note that the inductive assumption together With (35) for7= (i/1 —L L, . 0)
if jo=1,and 36) forj=jo—1andi=(i,..., ]0 b =1L i) if jo > 1
(which hold due to Lemma 6.14) tell us precisely that

jo+1""’

@ 0 A) S My @ @My ®(Cy 1@V)@ My ®- @i, (59

whereas, the inductive assumption together with (36) for j = j, and the vector 7=

(i],...,i/ L z l z] +1,..., q) if jo < ¢ (which holds due to Lemma 6.14), and
4 fori=(, ... q » 1,7, — 1) if jo = g (which holds due to Lemma 6.19) imply
that

Im@GE 0 A) S M; ®--- @ M;

Jo—1

e C?;o*1)®Mi§0+1 ®...®]f4i&. (60)

Indeed, (60) holds for jo = ¢ due to the mentioned equation (54), and the other cases
follow from an inductive argument on j, and [7| using (9), (35) and (36). Since M; =
(Cio1 @ V)NV Q Cr_y) for any i’ € 2Ny + 1 (by (10)), then (58) for j = j holds. The
lemma is thus proved. O
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